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1 Introduction

Dengue fever is a mosquito born infection which causes flu-like illness, fever and severe
pain in the body. Dengue virus is transmitted by Aedes mosquito bite. It is a lethal disease
that starts with painful fever. Some people have non-febrile illness with rash, headache,
pain behind eyes and joint pains. Dengue hemorrhagic fever is highly complicated which
can cause high fever, hemorrhage and enlargement of liver and circulatory failure. Dengue
is an epidemic disease which can be prevented by awareness programs against it. There
is no vaccine and specific medication to treat it. In order to get a good understanding of
the nature and dynamics of the transmission of dengue epidemics, various epidemic mod-
els of dengue disease dynamics are discussed in the literature [1-7]. Most of the epidemic
models of infection disease dynamics are based on ODE systems. Recently, the researchers
were developing integer order models in the setup of fractional calculus. Since the frac-
tional calculus is an extension of the classical calculus, its scope is wider than that of its
counterpart. Epidemic models, in the framework of fractional calculus, address more pa-
rameters which reduces errors. Also, by including these parameters, the models express a
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very close behavior to the actual physical problem. Several authors used various fractional
operators for developing epidemic models, for detail, see the references [8—10]. These
models provide a motivation to the young researchers.

In order to get appropriate perception of dispersal and control of dengue transmission,
it is important to consider the dengue epidemic model with diffusion because individuals
do not mix homogenously.

Let us consider a dengue epidemic model proposed by Rafiq et al. [11]:

as

E = pn — PuSL(Cluy) — S, (1.1)
ax

E = —(Olh + Mh)X + ﬁhSIV(C/Mv)r (12)
dal

o —(r + )l + o X, (1.3)
ax,

% =—(ay + )X, + BINT(1 - X, - ), (1.4)
al, I X (1.5)
7 = —Myly T+ 0G4, .
ar - T

and the conditions

S+X+I+R=1 and S,+X,+1,=1. (1.6)

Note that (1.1)—(1.5) is a normalized system discussed by M. Rafiq et al. [11].
Let ds, dx, d;, dx, and d;, be the diffusive constants of S, X, I, X, and I,, respectively.
Then system (1.1)—(1.5) with diffusion can be written as

aS 9%S

=2 = ds=— + i — BuSL(Cliy) — 1S, 17
o7 = @55+ = BuSL(Clity) = (L7)
X 32X
— =dx— + BuSL(C/y) — apX — unX, (1.8)
ot dx?
ol 921
& =d1w +Oth—7‘I—MhI, (19)
0.X, 9%X,

L X, w5t IBVH\[T(1 _Xv _Iv) - ava - /vava (110)
ot dx?
oI, 021,
—=d VXV - vIv, L1l
o ) to 12 ( )

where S(x, £), X(x, £) and I(x, £) are population sizes of susceptible, exposed, and infectious
humans, while X, (x, ) and I,(x, ) are population sizes of exposed and infectious vectors,
respectively, at location x and time ¢, where wy, B, ay, r and Nt are the rate of death of
humans population, infection rate from vector population to human population, rate at
which infected human population becomes infectious, recovery rate for human popula-
tion and total human population, respectively. The rates ,, o, 1, and C are infection
rate from human population to vector population, rate at which infected vector popula-
tion becomes infectious, death rate of vector population and recruitment rate of vector

population, respectively.
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The main theme of this work is to provide numerical techniques which are consistent
to the continuous diffusive epidemic model. The epidemic models describe the unknown
quantities as population sizes therefore negative solutions of epidemic models are mean-
ingless. In order to find the solution of dengue epidemic model, the method of solution
should preserve the positivity of the solution. Also proposed epidemic models of dengue
dynamics have two stable equilibrium points, the numerical technique must show con-
vergence towards these equilibrium points. Normally, classical and well-known numerical
techniques have flaws in their construction, therefore these techniques cannot preserve
most of the properties possessed by the continuous epidemic models. The proposed tech-
niques not only preserve the positive solution but also converge towards the true equilib-
rium points of the continuous system.

2 Equilibrium points
Dengue epidemic model (1.7)—(1.11) describes two possible equilibrium points, disease
free equilibrium (DFE) and endemic equilibrium (EE), namely

DFE

Ey(1,0,0,0,0),
EE
Ei (S5 X% 17, X513,
where

o (o + ) MNpy + any i)
anyylpn(ay + 1) + ayynl
- Mﬂiﬂv(av + 1) (JRo - 1)
ano oy + y) + yyul’
e (@, + ) (Ro — 1)
ol pen(on + 1y) + ayynl’
o o (MN 13 11,)(Ro — 1)
" e yn + MNpqe,)’
MN iy
YilotnYopen + MN 13 14,)

(m() - 1)7

I -

and where

_ ROy YnVy
0 — 3
(r + ) (o + pn) (o + ()

whends =dx =d;=dx, =d;, =0,

is the reproductive number.
Also

:r+uh and N:Olh+Mh

“h “n

C
Vh:ﬂh<M_>r vy = BuNT, M

v

The reproductive number 2R decides the outcome, namely if Ry < 1, the disease is elim-
inated from the given population, and if Ry > 1, the disease persists in the population.
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3 Computational method

A nonstandard FD method, introduced by Mickens [12], is an efficient tool to solve epi-
demic models because this method is structure-preserving and consistent with the solu-
tion of epidemic models. Many researchers used structure-preserving methods to solve
epidemic models with a system of ordinary and partial differential equations [11, 13-22].
For the reaction—diffusion epidemic model and some of the work concerning positivity-
preserving finite difference schemes, we refer to the literature [23-26].

In the present study, we design two structure-preserving finite difference schemes [27-
30] for dengue epidemic model with diffusion. The proposed schemes are convergent
towards all steady states of the continuous system and preserve positivity property that
highlights the significance and efficacy of the proposed schemes.

In this section, we rewrite system (1.7)—(1.11) as

aS 928
— =ds— = BuSL(C/wy) — uiS, 3.1
oy = s+t = BuSL(Cl1ey) = (3.1)
aX 92X
— =dx—— + BuSL(C/ 1) — o X — uiX, (3.2)
ot dx?
oI 3%l
Ezd]w +ahX—rI—H,hI, (3.3)
X, 3%X,

= dXV -5 T ﬂleT(l - Xv - Iv) - ava - MVXV: (34')
ot dx?
al, 021,
—=d va - vIw 3.5
9t Xy 92 ta w (3.5)

for all £ > 0, x € [0, L] and the initial conditions are:

S(x,0) = 81(x) >0, X(x,0) = 82(x) >0, I(x,0) = 83(x) > 0, (3.6)

X,(x,0) =684(x) >0 and I,(x,0)=65(x) >0, (3.7)

while the boundary conditions are:

35(0,) 9X(0,8) 8I(0,8) 9X,(0,8) 3L,(0,1)

=0, t>0, (3.8)
ox 0x 0x 0x ox
oS(L,t) o0X(L,t) oI(L,t) o0X,(L,t) oI,(L,t
(Lo) _OXWo) 9L XL LY o 659
0x 0x 0x 0x ox

Divide [0, L] x [0, T'] using M x N mesh points having time and space step sizes /1 = ﬁ and

_I
T—N.

The nodal points then are

x;=ih, i=0,1,2,...,M,

t,=nt, n=012,...,N,

St X!, I, X)) and [T, are denoted as FD values of S(il, nt), X(ih, nt), I(ih, nt), X, (ih, nt)
and 1, (ih, nt), respectively.

Four FD schemes are used to solve system (3.1)—(3.5) numerically: forward Euler explicit
FD scheme, Crank-Nicolson implicit FD scheme and the proposed FD scheme. Forward
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Euler FD scheme for system (3.1)—(3.5) is:
S =S+ Ry (S7, =28 + S1y) + Ten — TBW(CI ) SI L — TSy,
X=X+ Ro(XP —2X] + X[L)) + rﬁhsgfl;ﬁ.(%) =t + o)X,
I =1+ Ry(Iy - 200 + 1)) + T X) — T (r + un)If,
X0 = X0+ Ra(X0_y = 2X0 + X0 ) + TBNLL (1= XU = 1)) — T oty + i) X

vi—-1

I =10+ Ry (I =200 + I, ) + o, X0t — T L.

The stability range of Forward Euler explicit scheme is R; <
27 — Vv V. — v
T(Z*Mh)’R‘L < 2 T(OZHI- ) and Rs < 2 Zu )

Crank—Nicolson FD scheme for system (3.1)—(3.5) is:

R
(L+ Ry)S! = 2281 + S

R
=(1-R)S! + 71(551_1 +8P1) + Tun — TBu(Cl ) ST — T sy,

R
(L Ro)X = 22 (X4 X

R, C
=(1-R)X! + 7(}([’_1 +X0) + rﬁhs,%“l;z(E) —(un + an) X},

R R
(1+Ry)I! — 73(1;131 + 1) = (1= R + 73(1;11 1) + T X! — T+ )

R
(L R)XG = 2 (X0 + X510)

R
=(1-Ry)X" + 7‘* (X + X 0) + DB (1= X0 — 1) — Ty + 1) X7,

R R
A+ RIL = (I + 1) = (U= R+ =2 (T + 1) + ten X = Tl

Crank-Nicolson scheme is unconditionally stable.

2-tpy 2-7(pup+op)
7 Ry < — 2 Rs; <

’

Now the proposed explicit positive FD scheme is developed [27-30] with the help of

rules defined by Mickens [12] as follows:

SI = ST+ R (SEy +Sy) = 2R S + T — TBRL(Clun) S — TSI, (3.10)

C
Sty rﬂhlfi(ﬁ>5i”+l +TupSI + 2R S = S+ Ry (SEy + SI) + T

o
(1 + rﬁhlz’l(E) T+ 2R1>S;”1 =S+ Ry (SIy + Siy) + T

n+1 — S:l +R1(Sz}‘1—1 + Sz}‘q+1) T Tl
! 1+rﬂhlz’i(%)+ruh+2R1‘

A similar process is used and we get

’

X+l X'+ Ro(XL + X0 ) + Tﬂhsz}‘q[yi(u_ch)

! 1+tu,+tay+2Ry

(3.11)

(3.12)
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I + Rs(I' ) + 1)) + oy X!

= (3.13)
! 1+ tr+tuy+2R3

K= X0+ Re(X)  + X0, ) + T8N (1 - 10) (3.14)
vt 1+ BN + Tay + Ty + 2Ry ’

Iffl _ I+ Rs(I]_ +1);,1) + T, X, (3.15)

1+7Tu, +2Rs

Now we design the proposed positive implicit scheme for the given model (3.1)—(3.5) as:

(1+2R)S! =Ry (SP4 + 8P = SP + +7 o — TBu(Clun) SI L — TSI, (3.16)

i+1

i+1 itvi

C
(1 +2R)X[™! = Ry (X! + X74) = XTI + +1BuS!T, (M—) — T (un + o)X, (3.17)
h

(1 +2R) [ = Ry (I + 1Y) = I + Top X' — T (r + )1, (3.18)
(1+2Ra)X — Ra(X)5 + X))
=X+ BN (1= X0 = I0) — Ty + )X, (3.19)
(1+ 2RI = R (I + IEY) = I + Tt X — T I (3.20)
Here,
R = dS%, Ry = dx%, Rs = dI%, Ry= dXV% and Rs = d,V%.
3.1 Stability

For the stability analysis, we apply the von Neumann method to (3.10). Substituting S
with ¢(£)e®* and linearizing, we have

g(t + At)eiwx _ g(t)eiwx + Rl (eiw(x—Ax) + eiw(x+Ax))g(t)

—2Ris(t+ At)el ™ — Tuns(t+ At)el*,

After simplification, we have

t+ At 1+ 2R, — 4R, sin*(wAz/2 1-2R

s( ) _ 1 18in“(wAz/2) < 1 - (321)
c(t) 1+2R + Ty 1+2R + Ty

A similar process is used for X1, I'"*!, X"+ and I”**!, so we have:
— ] 2 —

o(t + A¥) _ 1+ 2Ry — 4R, sin“(wAz/2) < 1-2R, ‘1, (3.22)
o(?) 1+ 2Ry + t(oy, + ) 1+ 2Ry + t(oy, + fn)
t+ At 1+ 2R3 — 4Rz sin*(wAz/2 1-2R

of )| _ 3 3 5in”(w ) < 3 <l (3.23)
o(t) 1+ 2R3+ T(r+ up) 1+ 2R3+ T(r+ up)

. 2

o(t + At) _ 1+ 2Ry — 4Ry sin“(wAz/2) < 1-2R, <l (3.24)
o(t) 1+2Ry + T(aty + [4y) 1+ 2Ry + (ot + ()
t+ At 1+ 2R5 — 4R5 sin*(wAz/2 1-2R

o )| _ 5 5 sin”(w ) < 5 . (3.25)
o(¢) 1+2Rs+ 1y 1+2Rs + 1,

From (3.21)—(3.25), it is clear that the proposed FD scheme is unconditionally stable.
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In a similar fashion, the stability of the proposed implicit scheme (3.16)—(3.20) can be
verified [21].

3.2 Consistency
To check the consistency of the proposed FD scheme, we use Taylor series expansion of

Sml, 8 and 87,
A 2928 3938
Sf”:S;’+1:—+T——+t——+ ,
ot 2! 9tz 3! 8t3
S K2 825 /58
Sta =S +he+ S
ax 2! sz 31 9x3
as W 328 Ko S
sto=stop2 22 L

ax 2! 9x2 3! 8x3

The proposed scheme for equation (3.1) is
C
S =S+ Ry (S!, + Siy) = 2Ry SI + Ty — TPl <E)Sf’” — TSI (3.26)

Putting the values of S¥*!, S | and S” | in (3.26) and simplifying, we get

S T 9%S t%33S
—t =t =+
at 2192 3! a8

)<1+2dsh + TPl (C/uh)+ruh)
1 azs K2 94S

21 3x2 4 9xt + > (lghln (Clun) + Mh) (3.27)

=y + ds(
Putting T = /43 and letting & — 0, equation (3.27) becomes (3.1) [27, 28].
In a similar way, by using Taylor series expansion of X/*!, X and X!, in (3.12) and

simplifying, we get

aX 732X t?9%X dxt
ot Tz T ) U2 T )

19°X K a4X _— .
= 2dx<2‘ o2 Tl " ) + BuSIT(Cln) + X (—(on + 1an)). (3.28)
Putting 7 = /3 and letting # — 0, equation (3.28) becomes (3.2).

Substituting the Taylor series expansion of I/*!, I" | and I’ in (3.13) and simplifying,

we get

9l T 9: 29I ) 2d1r ( )
— e e +2—— +T(r+
ot T2t T 3108 W Hon

102 h2 94 Y
=2 (2‘ 2 I@ +- ) +ap X! = I (r + up). (3.29)

Putting T = /2 and letting & — 0, equation (3.29) becomes (3.3).
Putting the values of X”*!, X", and X”. | in (3.14) and simplifying, we get

vi

X, 7t 9%X, LT 293X,
+.
ot 21 92 3l o3

NI} + (o, + m))
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19°X, 19X, it m
i dXV(Z' ox2 Al gxt ) * AN (1=13)
= X[ (BN + (o + ). (3.30)

Putting t = /® and letting # — 0, equation (3.30) becomes (3.4).
Again substituting the Taylor series expansion of I’;'!, I. | and I”. ;, in (3.15) and sim-

plifying, we get

al, v 3%, t%d%,
— =+ —=——+- )1+
at 21 92 3! 983

19%1, W% 0%,
=9, el I
21 9x2 4! 9x*

. ) — I+ o, X (3.31)

Putting T = /3 and letting & — 0, equation (3.31) becomes (3.5).
The consistency of the proposed implicit scheme (3.16)—(3.20) by applying Taylor series
expansion and after simplification is given as:

C
£,=(1+2R)S! =Ry (S + SI) = S — T + Tﬁh(ﬂ_>57+1lfi + TSI
h

05 TS TS oS Lok res o S\
=7 — —— - +2R — Ry + 1B — )l +
9t 20082 3108 4l o C L O R TR

ds 3*S
-n? oo
12 dxt
—0, ash—> 0,7 >0,

C
£y = (1+2R)X!! = Ry(X + XIY) = X! — tBuSIT (u_> + Ty + ) X
h

X T 3%X t2otX 13X
— vttt ———
9t 20092 31 33 41 ot

dXBX
y»
12 8x4

-0, ash—> 0,7 >0,

+ --)(1+2R2—R2+t(uh+ah))

£7= 1+ 2R = Ry (I + 1) = I — toun X]' + T (r + )™
al T 1 831 T a41
ot 202 3o T alas

dr 341
/2 eI
(128x4+ )

—0, ash— 0,1 —>0,

)(1 + 2R3 —R3 + T(r + jun))

£x, = (1 +2R)X)H = Ra(XJH + X02Y) = X0 — BN (1 - X - 1)
+ (e + ) X0

8XV T 82XV T 33XV T 84XV
e
ot 2‘ 012 3' ot? 4‘ ot

d; 3*Xy
—_— + oo
12 ox*

X (1 + 2Ry — Ry + ‘E,BVNtIin + T(av + /"(’V)) - h2<
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—0, ash— 0,7 —0,

fr, =1+ 2125)1171,+1 — RS(I;’[*_l1 + I””) -1 -t X + T/LVI‘Z”

vi+l

oL, v 3%, 129, %9ty
=1\ — + = + = + —
ot 2! 9tz 3! 93 4! ot

2 d; 34y .
12 9x*

—0, ash— 0,7 — 0.

+~~~)(1+2R5—R5+tuv)

Hence the given implicit scheme is consistent.

The accuracy depends upon the numerical design. In the present scenario, the proposed
implicit method has an order of accuracy O(#* + t) and the stability is unconditional. It
is independent of the step size but implicit in nature. On the other hand, the proposed
explicit scheme is a modification of the forward Euler technique. The consistency of the
scheme can be observed when t = /3. The forward Euler design also has the order of
accuracy O(h? + 7).

3.3 Positivity
This section is devoted to the positivity analysis of both proposed techniques.

Lemma 1 Expressions (3.11)—(3.15) have the non-negativity property associated with aux-
iliary data.

Proof The proof smoothly follows from the non-negativity properties that appear on the
right-hand side of expressions (3.11)—(3.15). This fact, along with the non-negative initial
conditions, yields the required proof. O

Next we furnish the matrix representation of the designed implicit scheme (3.16)—(3.20).
System (3.16)—(3.20) can be arranged as

AS™ =, (3.32)
BX"™1 =M, (3.33)
CI"' =N, (3.34)
DX"! =0, (3.35)
EI™ =P, (3.36)

Here A, B, C, D, E are square matrices of dimension (N + 1) x (N + 1); L, M, N, O, P are
block matrices:

az a; O 0 0 O
ax ads a 0 0 O
0 ay as 0 0 O
A= )
0 0 O a3 a; O
0 0 O a, as a




Ahmed et al. Advances in Difference Equations (2020) 2020:202 Page 10 of 22

bs; by 0 0 0 O
by, by by --- 0 0O
0 by bs 0 0 O
B= ,
0 0 O bs b, 0
0 00 by b3 ap
0 0 O 0 b bs
C3 (1 0 0 0 O
Cy C3 Cy s 0 0 O
0 Cy C3 0 0 O
C-= )
0 0 O C3 Cy 0
0 0 O Cy C3 Cy
0 0 O 0 C1 C3
ds di 0 0 0 O
dy ds dy - 0 0 0
0 dy ds 0 0 O
D= ,
0 0 O d; dy 0
0 0 0 dy d3 ap
0 0 O 0 d ds
e € 0 0 0 O
e €3 € te 0 0 O
0 €y €3 0 0 O
E = . .
0 0 O €3 €y 0
0 0 O te e €3 €
0 0 O 0 ey e3

In these matrices the entries are a; = —2R1, ay = Ry, a3 = (1 + 2R; + Tﬂh(%)ffi + Th),
bl = —2R2, bz = —Rz, bg =1+ 2R2 + ‘L’(/,Lh +O[h), C1 = —2R3, Cy = —Rg, C3 = 1+ 2R4 + 'C(V+ /,Lh),
dl = —2R4, d2 = —R4, dg =1+ 27]1 + TﬂVNtI;l + T(Olv + Mv), ey = 2R5, e = —R5, e3 = 1+ 2R5 +
Tihy.

Definition 1 A real matrix is called an M-matrix, if it is
e A square matrix with strictly dominant diagonal;
e Diagonal entries are positive;
e Off-diagonal entries are non-positive.

Lemma 2 The matrices A, B, C, D and E possess all the properties of M-matrices.

Proof At the initial stage, observe that all Ry, R;, R3, Ry and Rs are positive. It may be
noted further that A, B, C, D and E are strictly diagonally-dominant matrices. The other
properties of M-matrices are also fulfilled by the entries of the matrices A, B, C, D and
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E as their diagonal and off-diagonal entries satisfy the definition of the M-matrix. Thus
ultimately, we arrive at the logical result. O

Theorem 1 ([21]) For every positive h and t, the system has positive solution, i.e. S", X",
I", X} and I} are positive for all n € {0,1,2,...}.

For detailed proof of the above theorem, we refer to [21].

4 Experiment and simulations
The parametric values [1, 11] used in this experiment are presented in Table 1.

4.1 Experiment
In the experiment, we take the following initial conditions:

S(x,0)=0.1,
X(x,0) = 0.0001,
I(x,0) = 0.0001,
X,(x,0) = 0.001,
I,(x,0) = 0.001.

The values of the diffusion coefficients in this experiment are ds = dx = d; = dx, = dj, =
0.0001.

4.1.1 Disease-free equilibrium

Now we present simulations for DFE (disease-free equilibrium) using all methods. For
the DFE, we use C = 3 (o < 1). DFE graph for the forward Euler explicit FD scheme is
presented in Fig. 1, and DFE graph for Crank—Nicolson implicit FD scheme is presented
in Fig. 2.

Figures 1-2 represent the graphs of exposed population by using the forward Euler and
Crank—Nicolson methods. The graphs clearly show that both methods fail to retain posi-
tive solution, which is the main feature of the continuous model as we deal with the pop-
ulation dynamics. Now we present the graphs of DFE using the proposed implicit scheme
in Figs. 3-7.

Figures 3-7 clearly show that the proposed implicit scheme converges to disease-free
equilibrium point Ey(1,0,0,0,0) and preserves the positivity property.

Next the simulations by using the proposed explicit positive scheme are presented at
same equilibrium point as above.

Table 1 Parametric values

Parameters DFE values Endemic values
N7 5000 5000

op 1/5 1/5

Bhn 0.00005 0.00005

Wh 0.0000391 0.0000391

oy 1/10 1/10

wy 1/14 1/14

r 1/14 1/14

C 3 300
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Forward Euler Method
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Figure 1 Graph representing the exposed humans for DFE implementing forward Euler approach with
h=0.1, R, = 0.0800007

Crank Nicolson Method

%107
15

Exposed Human Proportion

Figure 2 Graph representing the exposed humans for DFE using Crank-Nicolson approach with h = 0.1,
Ry = 0.0800007
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Susceptible Human Proportion

Figure 3 Graph representing the infected humans for DFE using the proposed implicit approach with h=0.1,
R3 = 0.0800007
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Figure 4 Graph representing the exposed vectors for DFE using the proposed implicit approach with h = 0.1,
R4 =0.0800007
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Figure 5 Graph representing the infected vectors for DFE using the proposed implicit approach with h=0.1,
Rs =0.0800007
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Figure 6 Graph representing the exposed vectors for DFE using the proposed implicit approach with h=0.1,
R4 =0.0800007
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Figure 7 Graph representing the infected vectors for DFE using the proposed implicit approach with h=0.1,
Rs =0.0800007
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Figure 8 Graph representing the susceptible humans for DFE using the proposed FD scheme with h=0.1,
Ry =0.0800007

Figures 8—12 represent the graphs using the proposed FD scheme. These graphs show
the disease-free equilibrium. Graphs clearly show that the proposed FD scheme converges
to the disease-free equilibrium point Ey(1,0,0,0,0) and preserves the positivity property.

4.1.2 Endemic equilibrium
The graphs of EE (endemic equilibrium) are presented using four finite difference

schemes: forward Euler FD scheme, Crank—Nicolson FD scheme, the proposed implicit
scheme and the proposed positive explicit FD scheme.

For the endemic equilibrium, we use C = 300 (R > 1).

Figures 13—14 represent the graphical behavior of susceptible individuals at EE for the
forward Euler and Crank—Nicolson methods. Graphs clearly show that both schemes
demonstrate nonphysical behavior and do not converge to the EE.

Figures 15—24 represent the graphs of the endemic point by implementing the proposed
implicit numerical method and the proposed FD scheme. Graphs clearly show that the
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Figure 9 Graph representing the exposed humans for DFE using the proposed FD scheme with h=0.1,
R, = 0.0800007
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Figure 10 Graph representing the infected humans for DFE using the proposed FD scheme with h=0.1,
R3 = 0.0800007
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Figure 11 Graph representing the exposed vectors for DFE using the proposed explicit approach with
h=0.1, R4 = 0.0800007
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Figure 12 Graph representing the infected vectors for DFE using the proposed explicit approach with
h=0.1, Rs = 0.0800007
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Figure 13 Graph representing the susceptible humans for EE implementing the forward Euler approach with
h=0.1, Ry = 0.0800007

Crank Nicolson Method
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Figure 14 Graph representing the susceptible humans for EE using Crank-Nicolson approach with h =0.1,
Ry =0.0800007
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Figure 15 Graph representing the infected humans for EE using the proposed implicit approach with h=0.1,
R3 = 0.0800007
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Figure 16 Graph representing the exposed vectors for EE using the proposed implicit approach with h=0.1,
R4 =0.0800007
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Figure 17 Graph representing the infected vectors for EE using the proposed implicit approach with h=0.1,
Rs =0.0800007
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Figure 18 Graph representing the exposed vectors for EE using the proposed implicit approach with h=0.1,
R4 = 0.0800007
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Figure 19 Graph representing the infected vectors for EE using the proposed implicit approach with h=0.1,
Rs =0.0800007
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Figure 20 Graph representing the susceptible humans for EE using the proposed explicit approach with
h=0.1, Ry =0.0800007
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Figure 21 Graph representing the exposed humans for EE using the proposed explicit approach with h=0.1,
R, = 0.0800007
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Figure 22 Graph representing the infected humans for EE using the proposed explicit approach with h=0.1,
R3 = 0.0800007
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Figure 23 Graph representing the exposed vectors for EE using the proposed explicit approach with h=0.1,
R4 =0.0800007
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Proposed FD Method
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Figure 24 Graph representing the infected vectors for EE using the proposed explicit approach with h=0.1,
Rs = 0.0800007

Table 2 Comparison of time efficiency between proposed methods

Proposed numerical schemes Execution time (in seconds) with h =0.1,
R1 :R2:R3:R4:R5:0.08

Proposed positive explicit scheme 6.113

Proposed positive implicit scheme 2.067

proposed schemes converge to the endemic equilibrium point E, (S*, X*, I*, X}, I) and sus-
tain the positive solution.

Now we present the time efficiency at disease-free equilibrium point which is discussed
in Table 2.

Table 2 demonstrates that the positive explicit method is time efficient as compared to
the positive implicit method. The implicit method takes more than double execution time
than the explicit method. This efficiency is shown in the reaction—diffusion model in one
space dimension. As far as the complicated situation of two and three space dimensions
is concerned, the implication of the proposed implicit scheme is very difficult. We have to
observe the long-term behaviour of such a model, therefore time efficiency is crucial for

the numerical scheme in a multidimensional space; for the details, see [29].

5 Conclusion

In this paper, we proposed two positive FD schemes to solve a reaction—diffusion dengue
epidemic model with incubation period of the virus. We used four FD schemes to solve
numerically the reaction—diffusion dengue epidemic model. These schemes were the for-
ward Euler FD scheme, Crank—Nicolson scheme, the proposed implicit FD and the pro-
posed explicit FD schemes. Both existing schemes fail to preserve the positivity prop-
erty, show nonphysical behavior and converge to false steady states, whereas the proposed
FD schemes converge towards the true steady states of the continuous model. The pro-
posed FD schemes are unconditionally dynamically consistent with the positivity property,
which is necessary as negative values of a subpopulation are meaningless. Simulations of a
test problem were presented in this paper. These simulations show that the proposed im-
plicit and explicit FD schemes converge to all the steady states of the system and preserve
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the positivity property. The proposed explicit method is time efficient as compared to the
implicit method. In the future the proposed explicit scheme will be an important tool to
solve many other infectious disease reaction—diffusion mathematical models in multiple
space dimensions because of its time efficiency. Our future plans include spatio-temporal
numerical analysis of a stochastic dengue epidemic model [31] and fractional order dy-
namical systems [32, 33].
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