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1 Introduction
In this work, we study sufficient conditions for the oscillation of the solutions of second-

order nonlinear differential equations with an advanced argument of the form

(r(u’)a)/(t) +p(t)f(u(g(t))) =0, (1.1)

where we assume that the following conditions hold:
(H1) o and B are quotients of odd positive integers;
(H,) r e C([to,00),(0,00)), satisfies

o0 1
ty) = ——— ds < o0
u(to) /to Pl (5) s <

(H3) g € CY([ty,00),R), and we suppose that, for all ¢ > t, g(t) > ¢, g'(t) > 0 and p €
Cl[to, 00), [0, 00) does not vanish identically.
(Hy) f € R,R) is such that uf(u) > 0 for u # 0 and satisfies the following condition:

There exists a constant « > 0 such that f(u) > kuP forall u #0. (1.2)
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A solution of (1.1) is an x € C([£y, 00), [0,00)) with £, = min{z(¢),g(¢)}, for some t;, >
to, which satisfies the property r(u/)* € C!([t,, 00), [0,00)) and moreover satisfies (1.1) on
[£5, 00). We consider the nontrivial solutions of (1.1) existing on some half-line [£;, 00) and
satisfying the condition

sup{‘x(t)’ il <t< oo} >0 forany ¢ > t.

If x is neither positive nor negative eventually, then x(¢) is called oscillatory. Otherwise, it
is a non-oscillatory solution.

Differential equations with advanced arguments are used in many applied problems
where the rate of development depends on the future, as well as on the present time.
In a delay equation, delays represent the retrospective memory of the past. In differen-
tial equations with an advanced argument, advances represent the prospective memory
of the future, accounting for the influence on the system of potential future actions, which
are available at the present time. For instance, population dynamics, economics problems,
or mechanical control engineering are typical fields where such phenomena are thought
to occur, see [14, 20].

The many applications of functional differential equations have been the motive behind
the active research movement in recent times, see [1-13, 22, 24—33] and [34, 35, 37]. In
recent decades, a great amount of work has been done on the oscillation theory of the
different order differential equations with delay and advanced argument [4—13, 15-21, 23]
and [24-33, 36].

This work aims at further developing the oscillation theory of second-order quasi-linear
equations with advanced argument. We use an approach that combines the comparison
with first-order advanced differential inequalities and the Riccati transformation. That en-
ables us to get various conditions, ensuring the oscillation of (1.1). In this paper, we sim-
plify and improve the results in [36, Theorem 1.7.8] and obtain a new criterion for ensur-
ing the oscillation of the solutions of (1.1). We illustrate the improvement obtained by the
results in this paper, through an example.

Lemma 1.1 ([7]) Let o > 1 be a ratio of two odd numbers. Then
1
AlrDie (4 — p)esle < —pU*[(1+a)A-B], AB>0 (1.3)
o
and

DV — Cv(oﬁ-l)/o{ < o DOHI

_*__Z_ cso
= (@ + 1) Ce g

Lemma 1.2 ([33]) Let «, B > 0 and assume that u is an eventually non-increasing positive
solution of (1.1). Then, u?=(t) > n(t) holds, where n(t) is defined by

1 fora = p;
nt)=ym fora > B;
auP=(t) fora<p,

and a, a, are positive constants.
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2 Auxiliary lemmas

The proofs of our main results are essentially based on the following lemmas.

Lemma 2.1 Assume that (1.1) has an eventually positive solution u. If

/OOP(S) ds = oo, (2.1)

to

then
(P1) uisdecreasing and (r(u’)a), is non-increasing, eventually.

Proof Assume that there exists a t; > £, such that equation (1.1) has a positive solution u

on [t,00]. Hence, from (H,), we obtain

(r(#)") (6) < ~cp(c (g(2). (2:2)

Thus, we get that «/ is of fixed sign, eventually. Now, we will prove that &’ < 0. To the
contrary, suppose there exists a £, > ¢; such that ' > 0 for t > t,. Define a positive function
w by

w(t) = % (2.3)

Differentiating (2.3), we get

_ @@ @) r@O@ @) u(e)

wO="—050n P g

From (2.2) and g(¢) > ¢, it follows that

/ u@®)\’ )W ®)* u(t)
wiD) = -kp (t)( u(t) ) Py wo
()

u(t)’

< —kp(t) - pw(?)
Thus
w'(t) < —kp(t). (2.4)

Integrating (2.4) from £, to ¢, we get

t

wie) < wits) —« [ p(9)ds

5]

which yields a contradiction to w being positive. Hence, #/(£) < 0, therefore, the proof is

complete. O

Page3of 17
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Lemma 2.2 [fequation (1.1) has an eventually decreasing positive solution u, then

u
(Py) — is non-decreasing, eventually.
7

Proof Assume that there exists a t; > £, such that equation (1.1) has a positive solution u
on [#1,00] and #’ < 0. Hence, from (H,), we get that (2.2) holds and therefore

(s (s) < ()i (2),
for all s > ¢. Integrating this inequality from ¢ to v yields

u() — u(t) < r'*@)u' () /V Y s)ds, v>t.

t

Letting v — oo in the above inequality, we see that

r e @u(e) + u (@) = 0, (2.5)
and consequently,

d/u\ o rtouy

5(5) R =0

Thus, the proof is complete. d

Lemma 2.3 Assume that equation (1.1) has an eventually positive solution u and

00 1 v 1/a
/to <@/top(s)ds> dv = o0. (2.6)

Then u satisfies (P1), and
(P3) tlim u(t) =0.

Proof Assume that there exists a #; > ty such that u(¢) > 0 for all £ > #,. From (2.6) and
(H,), we conclude that condition (2.1) holds. From Lemma 2.1, it follows that u« satisfies

(Py).
Next, since u is a positive decreasing function, we get that lim,_, o, #(£) = ¢ > 0. Suppose
that ¢ > 0. Then, there exists £, > t; such that u(g(¢)) < ¢, and so

—(r(@)*) (O = kp&)u (g(£)) = kP p(o),

for t > t,. We integrate this inequality twice from £, to ¢. Then, after the first integration,

we get

16 ((0) - 0w @) = e [ plo)ds.

ty
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Therefore,

u'(t) <k (% /t:p(s) ds) &. (2.7)

After the second integration, we obtain

u(t) - u(ty) < —kc” / t

(%/ p(s)ds)a dv.

This implies that lim;_, , u(¢) = —0o, which contradicts ¢ > 0. The proof of the lemma is
complete. d

Lemma 2.4 Assume that equation (1.1) has an eventually positive solution u and (2.6)
holds. Then, there exist positive constants 8, and 8, and ts > t, such that

S1u(t) < u(f)

1 B 1
1 [t 1 au@s)\e [ °* «
552‘”‘"("““/m<r(s>n(s>> ( () ) (/” (g)d‘E) ) 28)

fort>t;s.

Proof As in the proof of Lemma 2.3, we get that (P;), (P3) and (P3) hold. From (P,), there
exist t; > t; and §; > 0 such that u(¢)/u(¢) > 8; for all £ > ¢,. Next, by integrating (1.1) from
tp to t, we get

()" = —r(t2) (W (12))° + / s (g(s)) ds

t

> —r(t) (v (&))" + kui® (g(t))/ p(s)ds.

2
Therefore,

t iy

p(s)ds = —r(6) (1 (8)" = i (g(0)) / p(s)ds.

to

O @) - e (g0) /

Lo

From (P3), there exists a t3 > £, such that the left-hand side of this inequality is positive
for ¢t > t3, and thus

O () = i (g(0) / p(s)ds,

to

for t > t3. By Lemma 2.2, the last inequality gives

() = K%(/ﬁ (¢(®)) f ' p(s)ds
40) t
> k0 g(0) [ poras.

to
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Hence,

’ a B pt
WOr o (M) [,

ub(t) ~r(\ w@)

From Lemma 1.2, we obtain

O — (@)’ [t
(u(t)) ”(t)fﬁ( (@) ) /to” (5)ds.

Then

1 B 1
GO (B Y () ([ ga
u(e) = (n(t)r(t)> ( 1(t) /to ps)ds ) - (2.9)

Integrating (2.9) from t; to ¢, we have

t g v L
u(t)fu(tg)exp(—/t <M,t(f((v‘;))) <n(vl)cr(v) tp(s)ds) dv)

B 1
Cue\E[ k[ :
552“"(_/@( ) ) <n(V)r(V) . (S)d“) dV)’

where
B 1
B BEw)\ e K ! «
32‘”“3)“"('[0 ( ) ) (n(V)r(V) f ? (S)ds) d”)>°‘
The proof is complete. O

Lemma 2.5 Assume that (2.1) holds and (1.1) has a positive solution u on [t,,00). Let there
exist constants y and § such that y + 3§ € [0,1),

PO (20) n®On(g®)re (t) > % (2.10)
and

_1/ 1-8/ Bl ‘ He 4

e () P () (g(t))( / p(s)ds> > (2.11)

Then, there exists a t, > t, such that

u
1—
MV

and — are non-decreasing and non-increasing, respectively,
W
fort=>t,.

Proof From (2.1) and Lemma 2.1, we get that (P;) holds, and hence

d s
3 (O @)W @) = (-ro( ©)) 1w ©
+y (r@) (' @)") O @)
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Using (2.10), we obtain

d e
a("(t’(” G)0))

y-1
= —iep(O)u” (g(0)n(g®)w” (1) + W(”,(t))“:lT((t?
o« 7 7H(2)
ylia (t)

=00 10 kPO G O(e() - T ) =0

> —kpOr(®) (' () n(e®) 1n* (g(&)) w” (&) + yr(u'(®))

Hence, —r(u/)* 17 is non-decreasing, and thus there exists a t, > #; such that

< ur(s)
rl/oz (S)

ult) = P (O (O (1) f

N )
1-y

Thus,

i ; = 1 1 1/a ’
dr <”“1_y(t) u(t)> - y)rE () (u A (t)> =0

Proceeding as in the proof of Lemma 2.4, we obtain that (2.9) holds, and so

u(t) W) (0" _n@ \"( [ o
W(t)rl/a(r)5‘w+1<t><7> (M(g(t))> (ftop(s)ds) '

Therefore, we arrive at

d < u(t) > u'(t) Su(t)

e\ @) ~ 2@ T ()

(1) 8 (n@\"" (@) ([ e
fm(l‘m(T) (mof») (/top(”ds) )

<0.

The proof is complete.

3 Main results

In this section, we shall establish some oscillation criteria for (1.1). Let us define

i k[ N
A0):= (u(t)+a / en (g<s))p(s)ds).

We are now ready to state and prove the main theorems.

(2.12)

Page 7 of 17
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Theorem 3.1 If

o0 1 s 5 1/a
— d dt = oo, .
/to (r(t) /to ps)u’ (g(s)) s) =00 (3.1)

then every solution of (1.1) is oscillatory.

Proof Suppose, against the theorem’s statement, that equation (1.1) has a non-oscillatory
solution u on [t, 00). Without loss of generality, we may assume that u(¢) > 0, u(g(¢)) > 0
for t > t; > £p. Now, a necessary result to satisfy Condition (3.1) is that ftzo ps)uf(g(s))ds
is unbounded. Thus, from (H;) and ©/(¢) < 0, it is easy to note that (2.1) is valid. So, by
Lemmas 2.1 and 2.2, we get that (P;) and (P;) hold. Therefore, there exista >0 and £, > t;
such that u(¢) > au(t) for ¢ > t1, and then

—(r(w)") (&) = kpO)u (g(2))
> kap(O)’ (&), (32)

Integrating (3.2) from £, to ¢, we get

L) (0)" = ) (i ()" + cd? / P (g(s)) ds,

2
ie.,

—u'(t) > (m’g)g‘($ / p&)u’ (g(s)) dS)a-

Integrating this inequality from ¢, to ¢, letting £ — oo, and using (3.1), we get a contradic-

tion to u being positive. The proof is complete. d

Theorem 3.2 If

limsup @ (¢, 1) > 1, (3.3)

t—00

forany t; € [ty, 00), where

t
0,9 =kn(g0)s*(0) [ pO)
N
then (1.1) is oscillatory. Moreover, if (2.6) holds and

limsup @ (¢, ty) > 1, (3.4)

t—00

then (1.1) is oscillatory.

Proof Suppose, against the theorem’s statement, that equation (1.1) has a non-oscillatory
solution u on [t, 00). Without loss of generality, we may assume that u(¢) > 0, u(g()) > 0
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for t > t; > 5. We can see that (3.3) and (H;) imply (2.1). Thus, Lemma 2.1 is valid for

t > t;. Integrating (1.1) from #; to ¢, we obtain

A0 ©0) = (e @)+ [ o’ (g &

3]
t

> (0 (i (1) + it (5(0) / p(s)ds

5]

> —r(ty) (' (t1))" + e (g (1)) u” (g(0)) / pls)ds

51

> —r(tl)(u/(tl))a + Kn(g(t))u“ (g(t))/ p(s)ds. (3.5)

5]
The last inequality, together with (2.5), implies that

t

—r(6) (' ()" = —kn(g(6)r(g®)n (e®)) (' (¢®))" / ps)ds. (3.6)

1

Since r(¢)('(t))* is non-increasing and g(¢) > ¢, we get

B (t,11) = en(g(0) 1 (g(0)) / pls)ds < % <1 (37)

which contradicts (3.3).
On the other hand, let (2.6) hold. From the definition of 1, we note that 1(¢) is bounded.
Thus, from Lemma 2.3, we get that lim;_, », #(¢) = 0, and hence there exists a £, € [t;,00)

large enough, such that

t1

en(e®)u (g(0) [ p(o)ds < (e )"

to
for all £ > t,. Therefore, from (3.5), we obtain

t

—r(6)(#' ()" = —r(t) (s (01))" + xen(g(®))u* (g(0)) / pls)ds

to

—en(e(®)u* (g0) / ps) ds

to
t

> kn(g@)(g(0) [ po)ds

to

As in (3.6) and (3.7), we get a contradiction to (3.4). The proof of the theorem is com-
plete. O

Theorem 3.3 Assume that

g(t) 1
timint [ p(o (o) ds> oo ifa=p (38)

Ke
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or

lim / pls)u® (g(s)) ds=oc0 ifa<§B. (3.9)

t—>00 to
Then (1.1) is oscillatory.

Proof Suppose, against the theorem’s statement, that equation (1.1) has a non-oscillatory
solution u on [ty, 00). Without loss of generality, we may assume that u(¢) > 0, u(g(¢)) > 0
for t > t; > t9. We note that the following condition is necessary for (3.8) to be valid:

/ p(s)u®(g(s)) ds = oc. (3.10)

to

Moreover, (3.10) with (H,) ensure (2.1). From Lemma 2.1 and 2.2, we have that (P;) and
(2.5) hold. It follows from (1.1) and (2.5) that

~(r®O@ ®)") + O™ (g (¢(0) (' (g®))” = 0.

This implies that ¢ := —r(«')” is a positive solution of the first-order advanced differential

inequality
¢'(t) - kp(e)u” (g(2)) P (g(1)) = 0. (3.11)

In view of [24, Theorem 2.4.1] and [23, Theorem 1], conditions (3.8) and (3.9) imply that
the advanced inequality (3.11) has no positive solutions when « = 8 and « < 8, respec-
tively. This contradiction completes the proof. 0

Theorem 3.4 Assume that

g(t) 1
liminf/ Pl (gls))ds> — ifa=p, (3.12)
t—00 ¢ ke
or
t
tlim / pls)n® (g(s)) ds=o00 ifa<p, (3.13)
-0 Juo
where

A0)= )+ £ [ won o)) o

Then (1.1) is oscillatory.

Proof Proceeding as in the proof of Theorem 3.3, we obtain that (3.10), together with
(H>), implies (2.1). Then, from Lemma 2.1 and 2.2, we get that (P;) and (2.5) hold. Now,
let ¢ := r(u')* and

wi=u+ ue® > 0. (3.14)
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Then,
1
w(t) =/ () - r O () + =)V (0)e (2)
o
1 (1/a)-1 ’
= au(t)w (De'(2)
which, together with (1.1), implies that
W (1) <~ p(Op(e ) Ou’ (g(0)) < 0. (3.15)
o
Integrating (3.15) from ¢ to oo, we get
K oo
we) = < f PSPV ) (¢(5)) ds
t

= / P (s)n(gls))u (g(s)) ds.

Using (2.5) in last inequality, we have

== [ hon ()pn(ee)e o) ds
o Jy
> —Ewl/“(t)/oou(S)M“ (g(s))p(s)n(g(s)) ds.
o ¢
From (3.14), we arrive at
K * o 1/
u(t) > —(M(t) + ;/ m(s)u” (g(s))p(s)n(g(s)) dS)(ﬂ (®)
= 1) (2). (3.16)
Using (3.16) and (1.1) yields
9'(6) - kpOR’ (¢(0)) " (g(8)) = 0,

where ¢ := —¢. The rest of proof is similar to that of Theorem 3.3, and therefore we omit
it. O

Theorem 3.5 Assume that (2.1) holds. If there exists a p € C*([ty, 00), (0,00)) such that

. ne ) [ n(gs)\” r(s)(p'(s))**!
hzisoljp{ o0 Jr (KP(S)P(S)( 1(s) ) n(s) - m) dS} >1,

forany T € [ty,00), then (1.1) is oscillatory.

Proof Suppose to the contrary of the theorem’s statement that equation (1.1) has a non-
oscillatory solution u on [£y, 00). Without loss of generality, we can assume that u(t) > 0,
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u(g(t)) > 0 for t > t; > . By Lemma 2.1 and 2.2, we have (P;) and (P;) hold for ¢ > £;.
Equation (1.1), together with (P), leads to

() (D)) WP (g(2))

e = PO
uP (g(t))
ub(t)

B
- —xp(t)(“(g(”)) n o) (3.17)
u(t)

< —«p(t) uP (1)

Now, let us make the positive generalized Riccati substitution:

(&) (' (£) . 1
u®(t) ue(t

w(t) = p(t)|: ):|, forall £ > t,. (3.18)

Differentiating (3.18), we get

) O ©)) W\
o0 = 200+ o0 (t)r(t)(u(t))
ap
+ 17
ra (£)pueri(t)
e COWOFY  ap
=20 w(t) + p(t) I + Towd
w(t) 1 =
00 ) 19

From (3.19) and (3.17), we have

o'(t)
p(t)

B
M(g(t))) n(e) + #
0 ra (£) e (6)

o p(t) ) Ea
—_ t — .
(p(O)r(t))& (w( ) w(t)

Using Lemma 1.1, with

o'(t) < w(t) - p(t)KP(t)<

:p(t) D a andV = o(t)

PO (o)r(t)e e (2)

’

we obtain

p ! (£))o+
o'(t) < —Kp(t)p(t)(u(g(t))) 0 +2L ®) @)

u(2) 1 (@) o+ 1) p(2)
ap
T
)
n(g®)\’ ORY
= eelp (t)( 1(0) ) "““(wr(t))
r&)(p' ()"

m. (320)

Page 12 of 17
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We can write inequality (2.5) in the form

_ PO _

() ()*
o) = pt)——— <

u®(t)

(3.21)

Integrating (3.20) from ¢, to ¢, we get

: e\’ OO
[ (sotopto( M52 ) w0 - O s

p(s)  p(ta)

=)0 )

In view of the definition of w(t), we get

: ue@)\’ o O e
[ (sotopto( M52 ) w0~ 0L s

r(ty)(ud (£2)) r(t)(u'(£))*
< p(t2) 2 (5) - p(?) TP (3.22)

Using inequality (3.21) into (3.22), we are led to

w@ [ nig®)\’ r(£)(p' ()"
p(t) /tz <K,O(t)p(t)( w(t) ) n(t) - m) ds<1.

Taking the limit superior of both sides of the inequality, we get a contradiction. This com-
pletes the proof. O

4 Discussion and examples
By using Lemma 2.5, we further improve the established oscillation criteria in Theorems
3.2,3.3,and 3.5.

Corollary 4.1 Assume that there exist constants y and § such thaty +6 € [0,1) and (2.10)
and (2.11) hold. If

limsup 7 ()7~ (g(s))” / 17 (g(s))p(s)n (g(s)) ds > a-rF

t—00 t K
then (1.1) is oscillatory.

Proof Suppose to the contrary of the corollary’s statement that equation (1.1) has a non-
oscillatory solution # on [ty, 00). Without loss of generality, we may assume that u(t) > 0,
u(g(t)) >0 for t > t; > ty. From (Hy), as t — oo, we get

w7 (g(8)) < u@®* — 0.

Then, we see that f:l w1’ (g(t))p(s) ds and f; p(s)ds are unbounded. Hence, (2.1) is neces-
sary for (3.1) to be valid. From Lemma 2.1, (P;) is satisfied for ¢ > ¢;. By (1.1), we obtain

) (0)" = =) ()" + / ep(s)u? (g(s)) ds.

t
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Using Lemma 2.5, we get

O ©) = ( ”(g(s”) / ki (¢(9)p()n (2(6)) ds

()
1-y-6
_ (M—(t‘)g> / ki (g(9))p(s)n (g(s) ds
OGN [F
_ (%) / k™ (g(5)) (o) (¢(9)) ds. (4.1)

Moreover,

ue) _ -r®)ew On)
wr () T 1=yt
_ —r (O p)

- a-n

Therefore, (4.1) becomes

_é 1-y-8 t
—r(t)(u’(t))“z( re(eu ()(‘jy(ty) i) ) / ki (¢9)p()n (2(6)) ds

1-y-$
= o) (“OGE) [ oonteto) e

Then

s a ot
(%W) /t kiu (g(s))p(s)n(g(s)) ds < 1.

This completes the proof. d

Corollary 4.2 Assume that y is a constant satisfying (3.4) and 0 <y <1.Ifa = B and

(t) _ )8
liminf/g P (gls)) ds > u,

t—00 Ke
then (1.1) is oscillatory.

Corollary 4.3 Assume that (2.1) holds. If there exists a function p € C([to, 00), (0, 00))

such that
. () [* r(s)(p’(s))**!
llggp{m/ (K,O(t)rl(s) (s) - m) dS} >1,
where
B(1-y)
p(s) =p(t)(“ff}%”) , )

then (1.1) is oscillatory.
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For an appropriate choice of the function p (1 or u(£), or u*(t)), Theorem 3.5 and Corol-
lary 4.1 can be used to study the oscillation of (1.1) in a wide range of applications. Hence,

by choosing p(£) = u*(t), we get the following results:

Corollary 4.4 Assume that (2.1) holds. If

t B a+l
limsup/ (Kp(s)r](s)u ©() - * (s)u(s)) ds>1,

o0 T Mﬁ—a(s) (O( + 1)a+lrl/a

forany T € [y, 00), then (1.1) is oscillatory.

Corollary 4.5 Assume that (2.1) holds and p is defined as in (4.2). If

t a+l
lim sup/ (Kn(s)/t"(t)p(s) - « (s),u(s)) ds>1,

00 T (C( + 1)o¢+1r1/o¢

then (1.1) is oscillatory.

Example 4.1 Consider the equation
(t2°’ (u’)a)/ +pot"LuP (At) = 0, (4.3)
where A > 1 and

a+1, fora>p;

B, fora < B.

v =

We note that k = 1, r(£) := £2%, p(t) := pot¥~}, g(t) := At, and f(v) := v2. Thus, we see that
u(t) =1/t and

00 1 v 1/
/ (T / sv! ds) dv=o00 (i.e, (2.6) holds).
to [ to

First, let @ < B. We see that (3.1) is not satisfied and therefore, Theorem 3.1 does not
apply. Also, since (3.4), namely kaspo > AP, for any a,, Theorem 3.2 does not apply in
this example. On the other hand, by Theorem 3.3, we see that

t
lim ‘@/ sP1ds = o0,
to

t—00 A\

and thus (4.3) is oscillatory.
Assume that o > 8. Using Theorem 3.2, we get that (4.3) is oscillatory.
Finally, let « = 8. From Lemma 2.3 and 2.4, any positive solution u of (4.3) satisfies

lim;_, », u(t) = 0o and there exist positive constants §; and 8, and £5 > #; such that

81 )
7 <u(t) < ot
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B
B l 2 @ 1/
n Y o ,
for t > t;. The following list shows the conditions that have resulted from our theorems:

Theorem 3.1: cannot be applied;

1
Theorem 3.3: (c1) Po InA>—;

AY e

P ¢ A
Theorem 3.4: (cy) po<1 + —Ok(l_“)) Ini>—;
o e

Corollary 4.1: (c3) po(M)*7 V> a1 -y)*(1-9);

“ A (L—y)”
Corollary 4.2:  (c4) po(l + @A(l‘“)> Ini > M;
o e

o+l
Po o
Corollary 4.4 : — ;
orollary (cs) T > (a " 1)

o+l
. Po o
Corollary 4.5:  (cg) e > (a " 1) ,

where y := poA~ and § := p}/*/(Aa’®). We note that Theorem 3.4 improves Theorem 3.3,
Corollary 4.2 improves Theorem 3.4, and Corollary 4.5 improves Corollary 4.4.
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