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1 Introduction
In the present work, we study the existence of three positive periodic solutions for the
second order neutral functional differential equation of the form

(x(0) = cx(t = 8))" + a(O)g(v(®))x(e) = AbO) (£,x(0), x(t — 11 (1)), & (£ - 2(2))), (1)

where A > 0 is a positive parameter, ¢, § are constants, and |c| < 1. a(t), b(t) are nonnegative
w-periodic continuous functions, t;(£), i = 1,2, are continuous w-periodic functions, f :
R x [0,+00)? x R — [0, +00) is a continuous function, and f(t, u, v, w) is w-periodic with
respect to t, g € C([0, +00), [0, +00)).

Neutral functional differential equations have a wide range of applications in the field
of physics, biology, economics, and so on, see [1-14] for more details. In [15], the authors
pointed out that the growth of single or multiple species was mainly affected by seasonal
changes (especially cyclical changes) and time lags. So it is important to study the peri-
odic solutions of such models. The issues of the existence of positive periodic solutions
of neutral functional differential equations have received more attention in recent years,
see [7-14]. The existence of positive periodic solutions for first order neutral functional
differential equations has been studied by many authors, see [7—12] and the references
therein. But the research results on the case of second order are more seldom.
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In [13], the authors studied the existence, multiplicity, and nonexistence of positive pe-
riodic solutions of second order neutral functional differential equations of the form

(x() — cx(t = 8))" + a(Ox(t) = Ab(E)f (x(¢ - T(2))),

where A > 0 is a positive parameter, ¢, § are constants, and |c| < 1, a(t), b(t) are nonnegative
w-periodic continuous functions. But the nonlinear term does not contain the derivative
term.

Recently, Li [14] discussed the existence and nonexistence of positive w-periodic solu-
tions of second order neutral functional differential equations with delayed derivative in
nonlinear term by using the positive operator perturbation method and the fixed point
index theory

() — ex(t = 8))" + a(Ox(t) = £ (£, x(t), x(t - T(2)), % (t - ¥ (1)),

where § >0, |c| < 1, a € C(R,00) is an  periodic function, f : R x [0,00)? x R — [0, 00)
is continuous, and f(t, u,v,w) is w-periodic with respect to ¢, 7,y € C(R,[0,00)) are w-
periodic functions. But he did not consider the multiplicity of the positive periodic solu-
tions.

Motivated by the above mentioned results, in this work, by using a different method,
we mainly study the existence and multiplicity of positive periodic solutions for a class of
second order neutral nonlinear functional differential equations with delayed derivative
of the form (1).

Let C,(RR) be the Banach space of all continuous w-periodic functions endowed with the
norm ||x||c = max;e(o, [%(£)|, CL(R) be the Banach space of all continuous differentiable
w-periodic functions with the norm |x||c1 = ||%|/¢ + |#]|¢c. In general, for n € N, C?(R) rep-
resents the Banach space of all nth order continuous differentiable w-periodic functions.
Let C}(R) = C,(R, [0, 00)) be a nonnegative function cone in C,(R).

The main results of the present paper are summarized as follows:

(i) We establish the existence (and uniqueness) of w-periodic solutions for the
corresponding linear second order neutral functional differential equation

(x(6) — cx(t - 8))" + a(t)g (x(t))x(t) = Ah(t), teR.

See Lemma 5.

(ii) We provide the strong positive estimate and C!-estimate of the periodic solution
operator by using the positive operator perturbation method, see Lemma 6.

(iii) Let

K ={xeCL(R):x(t) = o |xlc,

&' (7)] < Colx(2)

T, LR},

where o and C will be specified later. We define an operator Q, which maps K
into itself and prove that the operator Q; has at least three positive fixed points by
using Leggett—Williams fixed point theorem, see Theorem 1.
In this paper, we always assume that
(H1) f e C(R x [0,00)? x R, [0,00)), f(¢, u, v, w) is nondecreasing with respect to u, v, w
and w-periodic in ¢; g € C([0, 00), [0, 00));
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(H2) a,be Ci(R), b:= L[ b(s)ds>0,and 7; € C,(R), i = 1,2;
(H3) there exist two positive constants d and D satisfying 0 < d < a(t)g(x(t)) <D < (g)2
for any t € [0,w], x € C}(R).

2 Preliminaries
Firstly,let0 < M < (%)2. We consider the second order linear ordinary differential equation

x"(t) + Mx(t) = Lh(t), he Cu(R). (2)
By Lemma 2.1 of [14], the following lemma is obtained.

Lemma 1 For Vh € C,(R), linear equation (2) has a unique w-periodic solution x € C>(R)

expressed by
t
x(t) = k/ Ut -s)h(s)ds:= Th(h)(t), teR, (3)
t-w
where

cos\/ﬁ(t—%) i< @

Ut) = ———+—, 0=t<
2«/A_/Isin@

And the operator T;, : C,(R) — CL(R) is a linear completely continuous operator.

For the sake of brevity, let 8 = /M and denote

1 . cos ‘%‘”
L=max U(t)= —————, = min U(t) = —=—,
te(0,0] 2B sin %‘” te(0,0] 2psin ’37’”
sinB(t— 2 1
Ly = max |U'(¢)| = max Lﬁz)l =-,
tel0,w] telow] 2B sin 52 2
l Bw Ly Bw
= — =C0S —, Cop=— =fBtan —.
771 2 o= =huany
Then

O0<o <1, O<I<U@)<L.

Clearly, if & € C}(R), the solution x € C2(R) of (2) is positive.
Define a cone K in C} (R) by

K= {xe CLR):x(t) = o llxllc, [«'(v)| < Co|x(2)

T, tE€R}. (5)

Lemma 2 T;(C;(R)) CK and ||T; | < ;.

Proof Let h € C(R). By (3) and (4), we have

x(t) :A/t U(t—s)h(s)dszL/t h(s)ds:)LL/wh(s)ds, vVt eR.
t-w t 0

—w
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That s, ||xllc <AL [y’ h(s)ds. Hence we have
t )
x(t) > Al/ h(s)ds = Al/ h(s)ds > o|lxllc, VYteR.
t-w 0
For Vt € R, noticing that x'(t) = A f:_w U'(t — s)h(s) ds, we have

|x/(7:)| < )\/T |U/(‘L' —s)|h(s) ds

-

T
§AL1/ h(s)ds

= ALl/ h(s)ds
0

< Cox(2).

Consequently, by (5), T, (C!(R)) C K. In addition, for / € C}(R), the inequality

t
A
o] <2 [ ute-9dsiihlic = 3 lhc
t—-w
implies that ||T; || < 2 and the proof is complete. O

In order to prove the existence of w-periodic solutions of equation (1), we consider the

corresponding linear neutral functional differential equation

(%(8) — cx(t = 8))" + a(t)g(x(2))x(£) = Ah(8), h e Cy(R). (6)
Define a linear operator A : C,(R) — C,(R) by

Ax(t) = x(t) —cx(t - 98), teR,xeC,(R). (7)
Then A : C,(R) — C,(R) is bounded.

Lemma 3 ([11, 12, 14]) If|c| # 1, then the operator A, defined by (7), has a linear bounded

inverse operator A~* on C,(R) given by

o dy(t—j8), 1,
- Tpem s
=21 ¢yt +j8), el > 1,
and
”A—ly” < I¥llc
CT =l

Lemma 4 If |c| < o, then for any y € K, we have

o —|c|
1-c2

Ay(t) > Iyllc, VteR.

Page 4 of 12
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Proof For any y € K, by virtue of Lemma 3, we have

ATy(e) = Y Iy =)o) =D lely(e-2j8) = D lel¥y(t - (21 - 1)9)

j=0 jz0 jz1

>3 lePolylc =Yl yle

j=0 jz1

> (2=
= G L0

Then the proof of Lemma 4 is complete. d

Let y = Ax. Then by (7), equation (6) can be rewritten as
¥ +ag((A™y)®)(A'y) () =rh(t), teR. ®)
Itis available from Lemma 3 that when y € C} (R), A~y € C} (R), and (A™'y) = A™'y/, when
y€ C:(R),Aly € C3(R),and (A'y)" = A!y". Therefore, x € C2(R) is an w-periodic solu-

tion of equation (6) if and only if y = Ax € C2(R) is an w-periodic solution of equation (8).

Lemma 5 If |c| < ﬁ, equation (8) has a unique w-periodic solution y € C*(R) for any

heC,R). When h e C}(R) and |c| < min{ﬁ, %}, the w-periodic solution y € K.

Proof Define an operator B; : C,(R) — C,(R) by

Biy®) =~ [(M - alog((4™)0)y0 - GO©)]. teE, ©)
where G(y(t)) = ca(t)g((A7y)(£))(A1y)(¢ — §). Then equation (8) can be rewritten as

y'(£) + My(t) = ABy(t) + Ah(t), teR. (10)
By Lemma 1, we have

(I = T\By(t) = Thh(t), teR. (11)

It follows from (9) that

|B,y(0)]

‘ % [(M - a(tig((4719)(0))y(0) - caltlg((A™)(0) (A7) (¢ - 6)]

1 llyllic
—|(M-d D——
A|:( Mylic + el 1 |C|]

1 lc|D
“(M-d .
A( ¥ 1_|C|)||J’||c

IA

Consequently,

1 lc|D
IBill < =\M—-d+ .
A 1-|c|

Page 5 of 12
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Combining this fact with || 7; || < %, we have

I I < ITxlBxll < ! M-d i
T,B 1 — —d+ .
P = * * M 1- |C|

Then || T;B; | < 1 because of || < ﬁ. Hence the operator I — T) B, has a bounded inverse
operator (I — T)B;)~! which can be expressed by

[e¢]

(I-TiB) ™ =) (T:By)".
n=0

Therefore, operator equation (11) has a unique w-periodic solution y € C2(R) expressed
by

y=U-T:B) ' T:h= Z(TABA)n T)h. (12)

n=0

Let z = T,k for any & € C(R). By Lemma 2, we get z € K. Then we have

Byz(t) = %[(M - a(t)g((A‘lz)(t)))z(t) - ca(t)g((A'lz)(t)) (A_lz)(t - 6)]
> %[(M—D)z(t) —le|D|A™2| ]
> ! (M -D)o|zllc - M||Z|| ]
Z 3 c-1C B C
B 1 |c|D
Y |:(M—D)U - 1——c|:| lzllc.

Since |c| < %, it follows that
lc|D
(M -D)o - . >

Hence B,z(t) > 0 for any ¢ € R, that is, B,z € C;(R). Then applying Lemma 2 again,
(T).By)z = T) B,z € K. Consequently, (7,B,)"z € K for Vi € N. By boundedness of the lin-
ear operator 75 : C,(R) - CL(R), >_7°,(T3B;)"z is convergence in C., (R). Since the cone
K C CL(R) is closed, then by (12), we have

y=Y (T:iB)'Thh= (T;B:)'z € K. (13)
n=0 n=0
This completes the proof of Lemma 5. O

Lemma 6 Let h € C)(R) and |c| < min{DLfd, UE;\(KBQD}. Then h*(-) := b(-)h(-) belongs to

C!(R), and the operator S, : C}(R) — C}(R) defined by
(Suh*)(t) = / Ut - s)[(M - a(s)g(A7'y)(s)y(s) = G(y(s)) + Al*(s)] ds

t-w

maps C}(R) to K and it is completely continuous.
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Proof ByLemmal,y = S;h* € C2(R) is an w-periodic solution of equation (10) since equa-
tion (10) is equivalent to equation (8). By Lemma 5, equation (8) has a unique w-periodic

solution y € C?(R) expressed by

y= Z(TABA)" T,h".

n=0

By (13), we know that y € K. Hence S, : C}(R) — K and it is completely continuous. This

completes the proof of Lemma 6. d

At the end of this section, we introduce a fixed point theorem, which will be used in the
proof of our main result.
Let (X, || - ||) be areal Banach space and K be a cone in X. A map p is called a nonnegative

continuous concave function on K if p : K — [0, +00) is continuous and

p(tx+ (1 —1)y) = tp(x) + (1 - )p(y)

forallx,y € K and ¢ € [0, 1].

Let 0 <7 < R and p be a nonnegative continuous concave function on K, set

Ko={xeK:|xl<r}, K,={xeK:|x|=<r},

K(p,r,R) ={x€K:r < p(x), x| <R}.

Lemma 7 ([16, 17]) Let Q : Kz — Kz be a completely continuous mapping and p be a
nonnegative continuous concave function on K with p(x) < |lx| for all x € Kg. Suppose
that there exist positive constants r, r1, ry, R with 0 < r < ry < ry < R such that

(a) {x e K(p,r1,712): px)>r} #P and p(Qx) > ry for x € K(p,r1,72);

(b) ||Qx| <7 forx e K,;

(c) p(Qx) > ry for x € K(p,r1,R) with ||Qx|| > r.
Then Q has at least three fixed points x1, x,, x3 satisfying

x1 €Kp,xp € {x € K(p,r1,R) : p(x) > 11}, 43 € Kp \ (K(p,71,R) UK,.).

3 Existence theorem
Theorem 1 Let assumptions (H1)—(H3) hold. In addition, we suppose that
: d__oM-D) ..
(H4) |c| < min{o, Did’ m},
(H5) 1—|c| > Lo(M —d)(1 - |c|) + LDw|c|;

(H6) there exist positive constants r, ri, and R with 0 < r < ry < R such that

<

r r Cor R R CoR
S0l (& T T 1) SUWPrepowl/ (& g e o)
Aor < AR
L(1-cl) L(1-cl)
; o-lel . o-ld o—c|
infrejo,0)f (6 =511 T2 70 =5 ey Cort)
)

(14)

Bory
1(1-lel)
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where

Ag=1-Ic| - Lo(M —d)(1 - |c|) — LDwlc|,

By =1-|c| - lwo(M - D)(1-|c|) + IDw]c].

Then equation (1) associated with A € (A1, A2) has at least three positive w-periodic solu-

tions, where

Bor1
I(1-]c])

1= = )
: o=lel.. o=l o—|c|
bw lnfte[O,a)]f(t¢ —2 v T2 —J(l_cz)corl)

AR
L(1-c])

-7 R_ R GCoRy"
be> supye (o, (6 = T T4

A2

Proof By (H5), we obtain Ag > 0 and

By > 1—|c| - Lwo (M - D)(1 - |c|) - IDw]c|
> 1~ |c| — Lwo (M - D)(1 - |c|) - LDwl|c|
>1-|c| - Lw(M - D)(1 - |c|) - LDw|c]
>1-lc| - LoM - d)(1 - |c|) - LDoc|

> 0.

Furthermore, in view of (14), we get 0 < A1 < Aj.
For each A € (A1, A;) and y € K, denote F by

FG)©) =£ (6, (A7) @, (A7) (- u®), (A7) (¢t - 22()),
then F: K — C/(R) is continuous. We define a mapping Q; by
Qiy =S, o F(). (15)

By Lemma 6, Q; : K — K is completely continuous.

Define a function p : K — [0, 00) by

ply) = min y(0).

te[0,w]

Then p is a nonnegative continuous concave function on K and

o) <lylc, VyeKg.

Page 8 of 12
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For any y € Kz and A € (A1, A2), by (4), (14), (15), Lemmas 4 and 5, we have

t

Q@) = | U=-)[(M-al5)g(A™9)()y(s) + G(x(s)) + AB(F()(s)] ds

t-w

< L|:(M - d)/ y(s) + G(y(s)) ds

- R R CoR
+ Aybw sup f(t,l ) , = )]

te0.0] —lel" 1—le| 1 —Icl

sL[(M—d)/[ y(s)ds + ID_'T'd

— R R CoR
+ Aabw supf(z.‘,1 ) ,— )]

tef0,0] —lel" 1—le|" 1—Icl

wR

=R.

Hence [|Q;y]lc < R and Qj, is completely continuous on K.
We now verify that condition (b) of Lemma 7 holds. Indeed, if y € K, we have

Q) <L f [(M - a(s)g((A79)(9)))y(s) + G(y(s)) + Ab(s)E(y)(s)] ds

< L[(M—d)/ y(s)ds + 1D—|C||c|w

— C
+ Abw supf(t,lr ) i ) o )j|

tel0w] —lel" 1—e|” 1—1cl

D A
§L|:(M—d)a)r+ I or ]

or +
1—|cl L1~ el)

=7.

Hence, ||Q:yllc <.

Choose a positive constant r, such that 0 < r; = ory < ry < R. In the next discussion, we
prove that condition (a) of Lemma 7 holds. Obviously, p is a concave continuous function
on K with p(y) < ||yllc for y € Kz. Noticing that if y(£) = —rl + rz for any ¢ € [0, w], then
y € K(p,r1,rp) and p(y) > r1, which means that {y € K(p,r1,72) : p(y) > r1} #9. So, for any

y € K(p, r1,73), we have

r<py)= tg[l(}g]y(t) <llyllc < ra.

Hence, for any y € K(p, r1,r,), by Lemma 4, we have

t

p(Q:y) = min U(t—s)[(M - a(9)g((A™9)(9))y(s) = G(y(s)) + Ab(S)F () (s

te[0,w]
=1 min / [(M - a(s)g((A719)(9)))(s) = G(3(s)) + Ab(s)E(y)(s)] ds
Dw|c|
= Ie|

r

> Z[M D)/ )’()ds—

Page 9 of 12
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+ Mbw inf f<t,0_|c|r U_|C|r o~ el Corl):|

te[0,0] 1-c2 V1-¢2 1’_0(1—02)
Dwic| By, ]

ry +
1-|c| 11— cl)

> l|:(M —D)wor; —
=1r.
Consequently, condition (a) of Lemma 7 holds.

In the end, we prove that condition (c) of Lemma 7 holds.
Lety € K(p,r1,R) and ||Q,y|¢ > r2. We prove p(Qyy) > ry. It follows from (15) that

IQullc <L / j [(M - a(s)g((A"9)(5)))y(s) — G(x(s)) + Ab(s)F(y)(s)] ds.

Therefore,

p(@y) = min [ (e-[(M-aO((415)9)0) - G0(5) + OFOI] ds
=1 [ [ ag((47)6)6) - GO) + AOFOIS)]

1
> /. —
> L”QU/”C
> o

=Tr.

Now, all the conditions of Lemma 7 are satisfied. By Lemma 7, Q; has at least three positive

fixed points y1, y2, and y; satisfying
y1 €K, Yy € {yeK(,o,rl,R):p(y)>r1}, ygeFR\(K(p,rl,R)ﬂF,).
Then equation (1) has at least three positive w-periodic solutions:
X1 = A’lyl, Xy = A’lyz, X3 = A’lyg.
This completes the proof. O

Example 1 We consider the positive 27 -periodic solutions for the second order neutral

differential equation

(x(t) - 0.35x<t— %)) + 3—12x(t) = EF(t,x(t),x(t— 71(0),%' (t- 1)), teR, (16)

where A > 0 is a constant. Corresponding to equation (1), we choose

=035, 8-, a=g,  ge0)=1  bO=

AN
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1
Let M = 1. Then

B = L= L= e-2
—4; _ﬁ, 1_2; =4
1 2 - 1 1
Co=—, G=—f, b=—, D=d=—.
4 2 4 32

Therefore, it is easy to verify that conditions (H2)—(H5) are satisfied.

Let F € C(R x [0,00)% x R, [0,00)), F(¢, u, v, w) is nondecreasing with respect to u, v, w
and w-periodic with respect to t. If there exist positive constants r, r;, and R with 0 < 7 <
r1 < R such that the function F satisfies the following inequalities:

r r  Cor R R CoR
SUPsefo,0) F (6 T T 7). SWPeetoel £ T T e
Aor < AoR
L(1-|cl) L(1-lcl)
: o-=lc| o=lc| o—lc|
lnfte[O,w] F(¢, 212 ) Corr)
< b

Bory
I(1~el)

where Ay & 0.095, By ~ 0.602, then equation (16) has at least three positive 27 -periodic

solutions provided that

Bory AoR
{(1-]c]) <h< L(1-c])
Deni o-lel . o-lcl o—|c| A R R CoR\y®
boinfieiow F(t, =511, T3 1, — S Cory) bw supye (0,01 F (6 57 T2 1))
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