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and jump-diffusion. We first prove that the model admits a unique solution which is
global and positive. Then we study the stochastic permanence and extinction of the
model. In addition, we estimate the growth rate of the solution. Our results reveal that
the properties of the model have close relationships with the jump-diffusion. Finally,
we work out several numerical simulations to validate the theoretical results.
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1 Introduction

In the natural world, plenty of species exhibit the Allee effect [7], for instance, meerkats [6]
and the African wild dogs [4]. In order to describe the Allee effect, a lot of mathematical
equations have been developed and studied, see, e.g., [5,9-11, 14, 23]. In particular, Dennis
[9], Stephens and Sutherland [23], Kang and Udiani [14] considered the following single

species model with Allee effect:

dy(2)
- v(©)[r- sy ()] -

By (2) 1)
Boar(£) +1°
where
¥ (t) population size,
r intrinsic growth rate,
B1 >0 intraspecific competition rate,
B> >0 attack rate,
o >0 handling time of predator.

On the other hand, the growth of populations often encounters environmental per-
turbations. Therefore, one should introduce stochastic factors into population models
[8,9,12,13,18,26].In[9, 26] the authors researched the following stochastic single species
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model with Allee effect driven by the Brownian motion:

B2

dy () = w(t)|:r— By (t) - W

] dt + &) dB(2), 2)
where B(t) stands for a standard Brownian motion defined on a completed probability
space (£2, F,P), & represents the intensity of the stochastic perturbations. The authors of
[26] investigated the persistence, extinction, stochastic permanence and the ergodicity of
model (2).

Nevertheless, there are lots of abrupt perturbations in the environment which cannot be
characterized by the Brownian motion, for instance, drought, epidemic, pesticides. Several
scholars (see [2, 3, 8, 19, 20]) have suggested that one might utilize a Lévy jump process to
characterize these abrupt perturbations. Hence, Eq. (2) is replaced by

B2

dy )=y (t) [V -py () - By () +1

] dt + &y (t7) dB(2)
+ / 0y (£7) 7 (dt, dx), 3)
X

where ¥ (¢7) is the left limit of ¥ (¢), X C (0, +00), ?(dt, dx) = 7 (dt,dx) — w(dx) dt, T rep-
resents a Poisson counting measure, 7 stands for the characteristic measure of 7~ with
7 (X) < +00. To the best of our current knowledge, there are no studies of Eq. (3).

In this paper we explore model (3). We will prove in Sect. 2 that the model admits a
unique solution which is global and positive. Then we study the stochastic permanence
and extinction of the model in Sect. 3. In Sect. 4, we estimate the growth rate of the solu-
tion. In Sect. 5, we work out several simulations to numerically illustrate that the proper-
ties of the model have close relationships with the jump-diffusion.

2 The existence and uniqueness of the solution
Let C;,Cy, ..., C; be positive constants. Throughout this article, we assume that 7" and
B(t) are independent, 1 + 0(x) > 0, Vu € X, and
(H) fX (In(1 + 6(x))]%7 (dx) < C;. This hypothesis illustrates that the jumps are tempered.
Equation (3) is a population system, we must illustrate that it admits a unique global
positive solution for any given positive initial value. To prove this, we need to recall a
lemma. Let Y (¢, y) represent the solution of the following scalar equation with initial value
Y(0) =y #0:

dY(@) = Gy (Y () dt + G (Y(£)) dB(t) + /X Ga((Y(£),%) T (dt, dw), @)

where G1(0) = G»(0) = 0, and G3(0,x) = 0 for Vx € X; G1, Gy, G3 are locally Lipschitz con-
tinuous and measurable functions. Define

2
A(y):/(ln W) 7 (dx).
X Iyl

Lemma 1 ([25]) Ifforeveryn>1,

sup A(y) < oo, (5)
0<lyl<n
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then
P(Y(t,y) #0and Y(t",y) #0,Vt>0) = 1.

Theorem 1 For arbitrary initial data v (0) > 0, model (3) admits a unique solution V(t)
which is global and positive almost surely (a.s.).

Proof Since the coefficients of Eq. (3) are locally Lipschitz, for arbitrary v(0) > 0, Eq. (3)

admits a unique local solution v (¢) for ¢ € [0, 7.), where T, is the explosion time (see [3]).
Notice that for ¢ € [0, 7,),

~ 52 t t ,32
I/I(t)—l//(O)CXp{l’t—Et—&‘/o 1/f(5)d5—/0 st+‘§3(t)
—t'/x(é(x)—ln(l+9(x)))n(dx)+/0 '/Xln(1+9(x))17(ds,dx) .

Therefore for ¢ € [0,7,), ¥(¢) > 0. In addition, it follows from Hypothesis (H) that the
equation in (3) obeys (5). In view of Lemma 1, ¥ (¢) > 0 for ¢ € [0, 7,).

We are in the position to show that 7, = +00. Let ko > 0 be a sufficiently large positive
integer such that ¥ (0) < ko. For every k > ko, define

Ty = inf{t e [0,z.): ¥(t) > k}.

Define 7y := limg_, 100 k. Then 7 < 7. a.s. Define V(¥) = ¥4, 0 < g < 1. Making use of
Ito’s formula (see [15]) yields that

E(y(2) =¥ (0)+E /0 LV (Y(s)) ds, (6)
where

G~ - g2y

+ / [(1+ 9(x))q —-1-g0x)]r(dx)y.
X

LV(Y) = Q[r—ﬂﬂﬂ -

Notice that
u*<1l+a(u-1), u>00<a<l, 7)
therefore,
£V =alr-prv - 5P gere e
Boayr +1

+/[(1+9(x))q—1—q8(x)]n(dx)1/fq
X

<qlr-pvy? < C,.
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For k > 0, define
o (k) =inf{V(y),1y| = k}.
Consequently,

lim o (k) = +o00.

k—+00

Thus for any T > 0,
o (k)P(tx < T) < E(V (¥ (t)) L1, <1y) <E(V (¥ (e A T)) < Cs.

Letting k — +o0o results in P(t5, < T') = 0. It then follows from the arbitrariness of T that

Too = 00. In other words, 1, = co. O

3 Permanence and extinction

Now we explore the permanence and extinction of model (3).

Definition 1 ([2]) If for Ve > 0, there are two positive constants x1 = k;(g) and ky = ko(€)
such that for Vi (0) > 0,

liminfP{y () <1} >1-e 8
and
liminfP{y () > 2} > 1 -, )

then Eq. (3) is said to be stochastically permanent (SP).

Theorem 2 If i > 0, then model (3) is SP, where

w=r—pBy— - /X(Q(x) —In(1 +6(x)))7 (dx).

Proof To begin with, we claim that (8) holds. According to It6’s formula, we have
t
E(e'y(2) = ¥(0) + Ef e[y (s) + LV (¥ (s))] ds.
0
It is easy to see that Y7 + LV () < [1 + gr — B1g¥]¥?, as a result,
t
By (0) < $(0)+ G [ ¢ds=p(0)+ Cafe' - 1).
0
That is to say,

limsup E(y4(2)) < Cy.

t—+00
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ForVe >0, letx; = Ci/q/sl/q . Then Chebyshev’s inequality (see, e.g., [21]) indicates that

Pl (2) > kr} = P{y(t) >k} < E[v(t) ]|/} = k; "E[(8)].

In other words, limsup,_, , .. P{¥/(¢) > 1} < ¢, and so we obtain (8).
Now we claim that (9) holds. Define Vi () = ¥, ¥ > 0. By It&’s formula, one obtains

B
dvi(y) = —WwKr—ﬁn/f—ﬁz ;+ )dt+$dB(t)} wgs 2y dt

1 1
/(m v wze(ﬁﬁ) (dw) dt
1 1
d,d
+/((1+9( Vv w) (dz,dx)

:Vl(w)[—r+ﬂz+52+/<1 19( )—1+9(x)>71(dx)] de

+Brdt - ﬂz(f; dt - sv1(¢)d3(t)+v1(w)/< )?(dt,dx).
Clearly,
[ &2 1 1 1
i [l 5o} - [ e

- _/ In(1 + 6 (x))7 (dx).
X

Since u > 0, there is a constant A > 0 such that

£ 2> 1 1
r_ﬂ2_7_/X9(x)N(dx)_{T+/§;|:m_Xi|N(dX)} >0. (10)

Define V5(v/) = V(). It then follows from Itd’s formula that
dVa()

- Avf‘l(l//){vl(llf)[—ﬂﬁz +&+ / (

X 1+9(x)
pra
+ﬂl_ﬂ2a1p+]_}dt

+0.5000 = DV 2(W)E2VE(Y) de — AVE (W)E Vi (v) dB(E)

Vi) + Vi() 1 1AVA()
+/X{[11//+ lw(1+9(x)—>]— bW

1 -1
- Vl(iﬁ)(l 00 1>)\V1 (w)}ﬂ(dx) dt

1 N P
[ (155 -1)] -vio| Fase

= )\Vf‘_l(l//){—vl(lﬁ)[r—ﬁz - 0.5¢2 _/X(l 00

-1+ G(x))n(dx)}

-1+ 9(x)>7'[(dx) - 0.5k§2:|
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P

A 1 1
ey 114140 [ i 1+ ) v

CAEVE () dB(O) + V() fx [

+p1—

1 ~
7(1 T - I]T(dt, dx)

= Avf-l(z//){—vl(w)[r — B, —0.56% - /Xe(x)n(dx) —0.50&2

1 1
B /x<m oWy X)”(d’“)}

2
Bya

By +1

}dt—xgvf(w)dza(t)+vf(w)/x[ 1 > —I}T(dt,dx).

thi- 1+6(x

Define V3(v/) = e’ V5 (), where 6 > 0 is a sufficiently small constant satisfying

r—,32—$2/2—/xe(x)rr(dx)—{A§2/2+/X[m—%]n(dx)} >0/A. (11)

Making use of Ito’s formula leads to

dVs(t) = 0 V() dt + Aeefvf-l(lp){—vl(x//)[r - By —&%2- f 0 (x)7r (dx) — AE2/2
X

1 1 Bio
- /;g(m T X)”(d’“)} P } de

—Ageefvf(w)dB(t)+e9tVf(1ﬁ)/X[

1 ~

< Ae”fv%'l(w){—vl(w)[r ~pr—E*2 - /X 0 (x)7r (dx) — AE2/2

1 1
[ — A AT

- AE VI () dB() + € VI (Y) fx [ .

. ot _ Oty Aty 1 _ >
= e P(Y)dt —rEe” Vi (Y)dB(t) + " V] (1//)‘/;&[7(1 00 1]T(dt,dx),
where
W<w)=W%l(w){—vl(w)[r—ﬁz—sz/z— fx 6 ()7 (dx)
) 1 1
_)MS /2—A<m — x)n(dx)—@/)»:| +ﬂ1}.
Then (11) implies that Cs := sup,,., ¥ () < +00. Hence,
dVs(t) < Cset dt — r&e” V() dB(¢) + e(’tvk(l/f)/ 1 —1|7(d¢, dw)
3\) = (5 1 1 « (1 +6(x))* ’ !

Therefore,

E[e" Vi (¥ (2))] < Vi(0) + C5 (e - 1)/6.
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Thereby,

limsupIE[l//’k(t)] < Cs/0 =: Cg.

t—+00

For Ve > 0, let ik = £/*/CY*. Then Chebyshev’s inequality indicates that
P{y/(t) <ia} =P{y () > 1,7} <E[y(0)] /" = SE[v (1))
Thus limsup,_, , ., P{¥/(¢) < k2} < &. Consequently, (9) holds. O
Now we study the extinction of model (3).
Theorem 3 If u <0 and B > ﬁ%a, then lim,_, oo ¥ (¢£) =0 a.s.
Proof By Itd’s formula, one has
Inyr(£) — In ¢ (0)

& ! B2
=rt— ?t—‘/o |:ﬂ11ﬁ(s) + W]ds+§3(t)

[ [ () 0w ) -y ) -0ty () s i

. /0 t /X (0 () + 660 (7)) - In(w () T, dx)

Baar(s) + 1

2 t
=rt—ﬂzt—%t—/o [ﬁlw(s) }dHSB(t)

—t'/X(H(x)—ln(l +(9(x)))n(dx)+‘/:/xln(1 +9(x))’f(ds,dx)

~ ! Bia(s)
= ut— /o |:,311/f(s) " Bav )+ 1 1:| ds + £B(t) + Q(¢), (12)

where

Q(t) :/(;t/Xln(l +9(x))77(ds,dx).

In view of Hypothesis (H), we can derive that

(Q Q) =t / (In(1 +6(x))) 7 (dx) < Cyt.
X
Then the strong law of large numbers for local martingales (see [16]) indicates that

lim :1Q®) =0 as.

—+00

In addition, notice that if g; > ﬂ%a, then for B> 0,

PV g ey >0,

/311#—’320“/,_”_
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Consequently,

limsup¢ ' Iny(¢) < pu <O.

t—+00

Thus lim,_, ;o ¥ (£) =0 a.s. O
4 The growth rate

Lemma 2 ([1, Theorem 5.2.9]) Suppose that h; : [0,00) — R and h; : [0,00) x X — R are
two Fi-adapted predictable stochastic processes. If for arbitrary T > 0,

T T
/ |1 ()| ds < o0, / /|h2(x,s)|2n(dx)ds<oo,
0 0 X

then for arbitrary constants ¢y >0 and ¢y > 0,

P{oifET[/o hl(v)dB(u)_%/o |h1(v)|2dv+/o /Xhz(x,u)?(dx,dv)

1 S
- — / / (ecth(x’”) —1-cihy(x, v))rr(dx) dv] > cz} <e 12,
€1 Jo JX

Theorem 4 For Eq. (3), we have

ny @) _,

P v
Proof According to It&'s formula, we get
¢ nyr(£) - Iny(0)
/t |:ln1//(s)+r—§ By (s) - %}u
/sedB //eln1+0 )T (ds, dx). (14)

¢e lnk

Let T =kx, c1 = ee*%, ¢, ,wherei e N, ¢ €(0,1), x >0and ¢ > 1, then Lemma 2

implies that

{sup [/ ge" dB(v et /s“”dv+f/e1n1+9 T (dx, dv)
0<s<T

¢ Ink
&

/S/ (1+ H(x))gewx ~1-ge" ™ In(1+6(x)))m(dx) dvi| >
0 Jx

gekx
¢

<k

Notice that )2} k% < +00, so the Borel-Cantelli lemma implies that there is an integer
% such that for arbitrary k > % and 0 <t<ky,

/O e dB(v)+/0 /Xe In(1 +6(x)) Y (dx,dv)

Page 8 of 11
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kx1 k —kx t
< ¢e X In + i/ 5262” dv
) 2 Jo

1

e

+

¢ ek
k)(/0 /X((1+0(x)) 1-ge"™In(1 +6(x)))m (dx) dv. (15)

It follows from (7) that

geVk

(1 + Q(x)) © 1 e’k ln(l + G(x)) < ege'kx (B(x) - ln(l + G(x))).

Making use of this inequality, (14) and (15) yield that for arbitrary k > kand0<t< kx,

eny(t) —Iny(0)

P Ink
e

=

‘o g2 P
+/0 e[lnw(S)”—j‘ﬂ“/’(S)_W]ds

+

—ky ot
862 ’ /(; £2e¥ds + (' - 1) /X(Q(x) —In(1 +6(x)))m(dx)

~ ¢ekx Ink t i ‘;;:2 8§2es—kx ﬂZ
= . +/(;e[ln¢(s)+r—2+ 5 —,BIW(S)—W}ds

+(ef-1) fx(e(x) —In(1+6(x)))m (dx)

3 t 2
§¢6X1nk+/ es|:ln1//(s)+r—$—+$——ﬁ11//(s)}ds
0 2

2
e 2

+(e - 1) /};(Q(x) ~1In(1 +6(x)))m (dx)

¢ Ink
&

=

+ <C7 + /X(Q(x) —In(1+ Q(x)))n(dx)) (¢ -1).

In other words, for k > % and (k-=1)x <t=<ky,

Iny () Iny(0) ¢ Ink 1-e
Tt < T Int +e(k_1)xln((k_1)x)8+<C7+/X(9(x)—ln(1+9(x)))n(dx)) IR

Letting k — +00 results in

Iy () _ get

lim sup <
t— +00 n &
Letting ¢ | 1, x | 0, and ¢ 1 1 gives the required assertion. O

5 Conclusions and simulations
In this paper, we utilized a Lévy jump process to characterize the abrupt perturbations in
the environment, and formulated a stochastic single species model with Allee effect and
jump-diffusion. We proved that the model admits a unique solution which is global and
positive, and investigated the stochastic permanence, extinction and the growth rate of
the solution.

Out results reveal that the properties of the model have close relationships with the
jump-diffusion. As a matter of fact, Theorem 2 illustrates that if the intensity of the jump
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Figure 1 Solutions of Eq. (3) with r=04, 8; =0.1, B =02, =03,E? =02, X = (0, +00), T (X) = 1, step size
At=0.001:(a) 8(x) = 0.3504, hence u = 0.05 > 0. This figure shows that the species is SP; (b) 8 (x) = 0.7722,
hence B > ,32205 and p =-0.1. This figure shows that the species is extinctive. The numerical method is the
Euler scheme in [22]. The parameter values are hypothetical

is sufficiently small such that
52
/(Q(x) ~In(1+6(x)))m(dx) <r— bX
X

then the species is SP (see Fig. 1(a)); Theorem 3 illustrates that if 8; > f7« and the intensity
of the jump is sufficiently large such that

2

/X(O(x) —In(1+6(x)))m(dx) >r— g - %,

then the species is extinctive (see Fig. 1(b)).

Some problems related to these fields deserve further studies. First, there is a condition
B1 > B2« in Theorem 3. What happens if this condition is not satisfied? Second, it is in-
teresting to consider other random perturbations, such as the telephone noise (see, e.g.,
[17, 18, 24]). When the telephone noise is considered, model (3) is replaced by:

B Baly ()Y (2) ) dr
Baly @)y )y (£) +1

+£(y(O) (0 dB() + /X 6 (%, () ¥ (O T(dt, d),

dy(¢) = ¥ (2) <r(y(t)) By @)y ()

where y(¢) is a continuous-time Markov chain with finite state. Finally, the present study
supposes that only r is perturbed by the white noise. It is of interest to test the case that
other parameters, for instance, both f; and S, are also influenced. That is to say, to con-
sider the following model:

_ By (£)
av(® =0 (r- o) - 20
&y (t)

T By () + 1

) dt + £ (6) dB(8) + £9°(0) dBa(®)
dBs(1) + /X 0w (O T (dt, ),

where B (t), B»(t) and Bs(t) are standard Brownian motion.
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