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Abstract
This paper is concerned with the following system:

AU+ AAMU - KXQRw + @)pu=Ff(x,u) +h(x), xeR3
AP =KX+ @)?, xeR3,

where A > 1 is a parameter, w > 0 is a constant and the potential A is sign-changing.
Under the classic Ambrosetti—-Rabinowitz condition and other suitable conditions,
nontrivial solutions are obtained via the linking theorem and Ekeland’s variational
principle. Especially speaking, we use a super-quadratic condition to replace the
4-superlinear condition which is usually used to show the existence of nontrivial
solutions in many references. Our results improve the previous results in the literature.
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1 Introduction

The following type of Klein—Gordon—Maxwell system is considered:

—Au+ MK u - Kx) (2w + ¢)pu = f(x, u) + h(x), xeR3,

1.1
AP =K(x)(w+ d)u?, xeR3 (1)

where A > 1 is a parameter, @ > 0 is a constant, 4 € C(R% R), f € C(R? x R,R), and f
satisfies the following basic condition:
(F1) f(x,t) = o(|t]) uniformly in x as t — O, there exists a constant C > 0 such that
flx, t)] < C(|¢] + |£|), 2 < g < 6, for all (x,t), and F(x,t) = f(;f(x,s)ds > 0 for all
(x,2).
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The Klein—Gordon—Maxwell system was first introduced by Benci and Fortunato [1] as
a model to describe a nonlinear Klein—Gordon equation interacting with an electromag-
netic field.

When h(x) = 0, K(x) = 1 and AA(x) = m? — w?, system (1.1) becomes to the following
homogeneous system (1.2). We now first recall some results about homogeneous case. In
2002, Benci and Fortunato proved that system (1.2) with constant potential has infinitely
many radially symmetric nontrivial solutions when f (x, %) = |u|?"2u, @ and m are constants
and |m| > ||, 4 < q < 6. For more physical background, see [2]. We have

—Au+[m? —(w+ @) pu=f(x,u), xeR3 (1.2)
Ag = (w+@)u?, xeR3, ‘

The authors in [3] investigated the case 2<g<4and O<w <,/ % — 1m. Later, the exis-
tence of a ground state solution for (1.2) was obtained in [4] either 4 < g <6 and w < m,
or2<g<4andw<m/(qg-2)/(6-q).

When the potential A was an external Coulomb function, or a steep function, or a peri-
odic function, or a sign-changing function, etc., the Klein—-Gordon—Maxwell system had
been extensively studied in the past decades. For example, positive ground state solutions
for the following system were obtained by Cunha [5]:

—Au+AX)u + [m® — (0 + ¢)2)pu = E|uT2u + |u|* 2u, xeR3,

Ap=(w+@)u?, xeR3

where A is a periodic potential.

In [6], Georgiev and Visciglia investigated a homogeneous system with a small external
Coulomb potential and A = 1. In [7], Chen and Tang considered the geometrically distinct
solutions for Klein—Gordon—Maxwell systems by using Lusternik—Schnirelmann theory.
In [8], Ding and Li proved that the Klein—-Gordon—Maxwell system with sign-changing
potential had infinitely many standing wave solutions. Liu, Chen and Tang [9] studied the
ground state solutions for Klein—Gordon—Maxwell system with steep potential well. In
[10], Wang improved the results of [2].

Next, let us present some results for the nonhomogeneous case.

When A =1 and K(x) = 1, Shi and Chen [11] established the multiplicity of solutions
for nonhomogeneous system (1.1). Wang and Chen [12] investigated the system (1.1) with
sign-changing potential A and f satisfies the following crucial assumptions:

(F2) F(x,t)/t* — +00 as |t| — +00 uniformly in x;

(F3)" F(w,8) := 1f (x,£)t — F(x,£) > 0 for all (x,) € R? x R;

Existence and multiplicity of solutions for a type of Klein—Gordon—Maxwell system with
sign-changing potentials were got via the symmetric mountain pass theorem in [13]. In
[14], under a variant super-quadratic condition, two solutions for a nonhomogeneous
Klein—-Gordon—Maxwell system were got by Wang via the mountain pass theorem and
Ekeland’s variational principle. Via Ekeland’s variational principle and the mountain pass
theorem, the author in [15] studied the nonhomogeneous Klein—Gordon—Maxwell sys-
tem with constant potential.

Finally, we mention some recent work also related to the Klein—Gordon—Maxwell sys-
tem. In [16], the authors investigated positive ground state solutions for a kind of fractional
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Klein—Gordon—Maxwell system. In [17, 18], some results on reaction-diffusion equations
involving fractional operators were obtained. In [19], some results on Klein—Gordon equa-
tions involving fractional operators were obtained. The authors in [20] studied a nonlinear
heat equation and obtained some results. In [21], the authors investigated the numerical
computation of Klein—Gordon equation by using a homotopy analysis transform method.

Inspired by the above-mentioned work, we will make the following conditions which are
weaker than conditions (F2) and (F3). Otherwise, we consider a more general potential
A(x):

(F2) F(x,t)/t? — +00 as |t| — +00 uniformly in x;

(F3) There exists u > 2 such that wF(x,t) < f(x, )t for all (x,t) € R® x R;

(A1) Thereis a > 0 such that meas{x € R3: A(x) < a} < +0oc;

(A2) A € C(R3,R) is bounded from below;

(A3) 2 =intA~1(0) is nonempty, 382 is smooth boundary, 2 = A~1(0).
In our assumptions, the nonlinearity f just needs to satisfy a super-quadratic condition at
infinity. The 4-superlinear assumption is not necessary. Conditions (A1)—(A3) were first
introduced in [22]. Since the potential in (1.1) is sign-changing, the usual way of verifying
the compactness is invalid. Following [12, 23], we establish the parameter which is depen-
dent on compactness conditions to recover the compactness. The following assumptions
will be needed throughout the paper.

(F4) There exist a1, Ly > 0 and o € (3/2,2) such that

[f(x, L‘)‘U <a1 F(x,0)|t]°, forallxeR>and |t| > Lo,

where F(x,t) := ﬁf(x, t)t — F(x,t);
(K) K(x) € L3(R3) U L®(R3), K(x) > 0 and K(x) # 0 for a.e. x € R3;
(H) h(x) € L2(R3) and h(x) > 0 for a.e. x € R®.

Remark 1.1 It is not difficult to see that (F2) and (F3) are much weaker than (F2)’ and (F3),
respectively. The following function satisfies (F2) and (F3) but not (F2) and (F3)”:

fxt)=c@)|t|°?,  Vxt) e R xR,
where ¢ € (2,4), ¢ is a continuous function with inf, g3 c(x) > 0.

Theorem 1.2 Let (F1)—(F4), (A1)—(A2), (K) and (H) hold. If there exists xo € R> such that
A(xo) < 0, then Vn € N, there exist A, > n, b, > 0 and n, > 0 such that system (1.1) admits

at least two nontrivial solutions for every A = A, |K| < by, (o1 |K|3 < by,) and |h|y < n,.

Theorem 1.3 Suppose (F1)—(F4), (A1)—(A3), (K) and (H) hold. If the interior of A~1(0) is
nonempty, then there exist A >0, by, > 0 and ;. > 0 such that problem (1.1) possesses at

least two nontrivial solutions for every . > A, |h|y <, and |K|s < b, (or |K|3 < by).

Theorem 1.4 Assume A > 0 and let (F1)—(F4), (A1)—(A3), (K) and (H) hold. If the interior
of A=(0) is nonempty and h # 0, then there exist A > 0andn > 0 such that system (1.1) has
at least two nontrivial solutions for every X > A and |h|, <.
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In the present paper, we use weaker conditions than the previous literature to show the
boundedness of Palais—Smale sequence and obtain nontrivial solutions for the nonhomo-
geneous Klein—-Gordon—Maxwell system involving sign-changing potential, which extend
and generalize the related results in the literature.

In this paper, C denotes different positive constant in different place. The paper is orga-
nized by four sections. Some preliminary results are stated in Sect. 2. The proofs of main
results are given in Sect. 3. The conclusion is given in Sect. 4.

2 Preliminaries

Some notations are given first. For 1 <s < +00, L*(§2) denotes a Lebesgue space with the
norm given by | - |s. Let D*(R?) be the completion of C3°(R?) endowed with the norm

= W = [ | V.
R
The space H!(R3) is endowed with the following standard product and norm, respectively:
(u,v):/ (VuVv + uv) dx; ||u||2:/ (IVul® + |ul*) dx.
R3 R3
The best Sobolev constant S is given by

. u
S- inf [ ”D.
ueD2(R3)\{0} |Uls

For any p > 0 and x € R3, B, (x) denotes the ball of radius p centered at x.

As pointed out in [4], the existence of solutions are not related to the signs of w, so one
can assume that @ > 0. Similar to [12], we now first give the variational structure of system
(1.1).

Let A" = max{A(x),0} and A~ = max{-A(x), 0}, then A(x) = A*(x) — A~ (x). Let

H= {u e H'(R®): / [IVul® + A* (x)u* ]| dx < oo}

R3

be a Hilbert space, whose inner product and norm are given by

(u,v) = / (Vqu +A+(x)uv) dx and |lu| = (w,u)"?,

R3

respectively. For A > 1, the inner product and norm are defined as

(u, )y, = / (VuVv + 1A* (x)uv) dx, llocll = (e, )}/

R3

It is obvious ||u|| < |lu||, for A > 1. Let H, = (H, | - |l»). By (A1)—(A2) and the Poincaré
inequality, the embedding H; < H'(R3) is continuous. Thus, for s € [2,6], there exists

ys > 0 which is independent of A such that

luls < ysllulln,  Vu € H,. (2.1)
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Let E, = {u € H), : suppu C A71([0,00))}, EAL be the orthogonal complement of E; in H,.
Obviously, if A > 0, then E; = H;, otherwise E;- # {0}. Define

AA =—A+ )\A,
the corresponding bilinear form of A, is defined as

a; (u,v) = /]R3 (VuVV + AA(x)uv) dx,

it is obvious that A, is self-adjoint in L?(R®) and a; (1, v) is continuous in Hj. As in [23],

for fixed A > 0, consider the following eigenvalue problem:
—Au+ AT (X)u = EMA"(K)u, ueckEr. (2.2)

From (A1)-(A2), the mapping u fR3 LA~ (x)u? dx is weakly continuous. Hence, follow-
ing [24], the following proposition is obtained in [12].

Proposition 2.1 ([12]) Let (A1), (A2) be satisfied, then, for any A > 0, there exists a se-
quence of positive eigenvalues {£,(1)} for problem (2.2), which is characterized by

&) = inf sup{||u||§ :ueN,/ M~ (x)u? dx = 1},
dimN>i,NCE;- R3
wherei=1,2,3,.... Furthermore, £1(1) < &(A) < --- < &(A) — +00 as i — +00, the corre-
sponding eigenfunctions {g;(1)} can be chosen such that (g;(1), (1)), = 8, then {gi(A)} is a
basis of Ei-.

Proposition 2.2 ([23]) Suppose that (A1), (A2) are satisfied and A~ % {0}. Then, for i € N,

&(A) > 0as A — +00 and &,() is non-increasing with respect to A.

Denote
H; := span{g,-()») 1E(0) < 1} and H; := span{gi(k) 1E(0) > 1}.

Then H, = H; @ H} ® E,. Moreover, a4, <0 on H;,and a, > 0 on H; @ E,. It can easily
be verified that a; (i, v) = 0 if # and v come from different subspaces of H;, respectively.
By Proposition 2.2, there exists Ao > 0 such that & (1) < 1 for all A > Ay, so one has
dimH; > 1when A > Ao. Moreover, for every fixed A > 0, dim H; < +00 since (L) — +00
as i — +00.
System (1.1) has a variational formulation. Actually, the corresponding functional ¢ :
H, x D'?(R®) — R is defined by

0. (1, P) = 1/ (|Vu|2+)\A(x)u2)dx—1/ |V¢|2dx—/ h(x)udx
2 Jr3 2 Jrs R3

- 1/ K(x) Q2w + ¢)pu? dx—/ F(x,u)dx.
2 Jgs3 R3
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The pair (i, ¢) € Hy, x D?(R3) is a solution of system (1.1) if and only if it is a critical point
of ¢;. By borrowing the reduction method used in [25], we can study ¢; (¢, ¢) with only
one variable #. The following technical result comes from [12].

Proposition 2.3 ([12]) Let K(x) satisfy the condition (K). Then, for any u € H,, there exists
a unique ¢ = ¢, € DV?(R3) which satisfies

A¢p =K(x)(¢p + w)u® inR3.

Moreover, the map @ : u € H; — ¢, € DV2(R3) is continuously differentiable, and
(i) —w < ¢, <0 on the set {x € R3|u(x) #0};
(i) ullp < CrIKIslull} and [ps K(x)uu® dx < Co|K|3llully, if K € L3(R3);
(iii) lI¢ullp < CslKloollull} and [gs K(x)guu? dx < ColK |2 ||ull}, if K € L®(R?).

Remark 2.4 1t is pointed out in [12] that the condition (K) can be replaced by
(K) K(x) e LT (R3) UL®(R3), K(x) > 0, and K(x) 0 for a.e. x € R, where q; > 3.

Multiplying both sides of the equation —A¢, + K(x)¢p,u? = —wK(x)u? by ¢, and inte-
grating by parts, we get

A; . (IVou|* + Kx)ppu®) dx = — /R ; wK (%)p,u’ dx. (2.3)

From (2.3), we obtain a C! functional ¥, : H; — R which is given by

W, (u) = @2 (4, 1)

= %/I‘gg“vulz + MAx)u*) dx — % Ag(|v¢u|2 + K(x)p2u2) dx

—/‘ w[((x)q&uuzdx—/ F(x,u)dx—/ h(x)udx
R3 R3 R3

1 1
= —f (|Vu|2 + )»A(x)uz) dx — —/ K(x)wp,u® dx
2 R3 2 R3

—f F(x,u)dx—/ h(x)udx. (2.4)
R3

R3

By ¢, = (A — K(x)u?) " [wK (x)u?], the Gateaux derivative of ¥, (u) is given by

(¥ (w),v) :/

(Vu -Vv+ AA(x)uv) dx — / Kx)2w + ¢,) ¢, uvdx
R3 R3

— / flx,u)vdx — / h(x)vdx (2.5)
R3 R3
forall v e H,. Set
G(u) = / —wK (x)¢p,u® dx.
R3
The properties of the functional G is given by [12], the derivative G’ possesses the Brezis—

Lieb-splitting (written for BL-splitting) property, which is similar to the Brezis—Lieb
lemma [26].
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Next, the compactness conditions for the functional ¥, is considered. It is well known
that a C! functional I satisfying Palais—Smale ((PS) for short) condition at level c if for
any sequence {u,} C H such that I(u,) — c and I'(u,) — 0, there exists a convergent sub-
sequence of H, which is called a (PS), sequence. Since K € L*(R?) and K € L3(R3) are
similar, in the following, we just consider the case K € L™(R3).

Lemma 2.5 Let (A1)—(A2), (F1)—(F4), (K) and (H) hold. Then, for each c € R, every (PS).
sequence is bounded in H,.

Proof Let {u,} C H, be a (PS). sequence of ¥,. Arguing indirectly, suppose ||u,]|, — 0o
such that

i(un) = ¢ v/ (u,) >0, n— 00, (2.6)

after passing to a subsequence. Denote w,, := u,/||u,|,. Then ||w,|l, =1, w,, = wy in H;
and w,(x) — wo(x) for a.e. x € R3.

If wp = 0, by the fact w,, — 0 in L2({x € R3: A(x) < 0}), (2.4), (2.5), (2.6), (F3), (F4) and
Proposition 2.3, there are two cases to consider.

Case (1). 2 < u < 4. From (2.4), (2.5) and (2.6), we derive

0(1) = (1 ut) — (5 (1), 1)

(A

w 2 13 _ 2 1
=\ ==1)wull5 - (— - l)f A~ (x)w, dx + f I((x)¢u undx
(2 ) P2 R luaall? Jrs "

_ K —
L279) / K@opuidde+ —— [ Feuyder 2 [ o, dx
R3

Nl lnlly, Jr3 llaen 3

z(ﬁ-1>—(ﬁ-1>/\|A| / w? dx
2 2 o0 Supp A~

w
_(2_§)|I(|ww2|wnli + (1= wlhlyr7—o

= (% - 1) +0(1),

then 0 > & — 1, which contradicts u > 2.
Case (2). ;¢ > 4. In this case, by (2.4), (2.5) and (2.6), we have

1
ll2tn

of1) = - 1” (10 () = (W 1), )
Unll}

2_&
z(ﬁ—1>—<ﬁ-1>,\|A| / Widx+( )/ K(®)wy,u, dx
2 2 ° Supp A~ ”un”A
1
+ (1= wlhlady—-

ll2n 15

1
z(ﬁ_1>_<ﬁ_1>k‘,4—\mf w2 dac+ (1= o) hlody ——
9 2 supp A- N2 1

= (% - 1) +0o(1),

then 0 > £ — 1, which contradicts u > 4.
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If wy # 0, then the Lebesgue measure of £2; := {x € R3 : wy(x) # 0} is positive. For x € £2;,

one has |u,(x)| — oo as n — 00, and then, by (F2),

F(x, un())

7Wi(x) — +00 asu— o0. (2.7)
Uy (x)

From (2.7) and Fatou’s lemma, it yields

F(x,u
/ %wfl dx — +00 asn— oo. (2.8)
21 u

n

From (2.4), (2.6), (2.8), (K), (H) and Proposition 2.3, we have

'Z
0= lim A(Mn)

n=+00 |||

1 1 K U2 F(x, h
= lim |:———/ de_/ (v ug) dx_f (x)uzy, dxi|
n—+oo| 2 2 Jgs3 el r3 |lually &3 lunll?

1 F(x,u,
=—+0(1) - lim/ (xu)dx
2 n—+00

2
R3 ”Mn”)\
1 . F(x,u,)
<-+0(1)- lim #wfl dx
2 n—+oo Jo u;
= —OO,

a contradiction. Hence, the boundedness of {u,,} in H, is obtained.

The case K € L3(R3) can be proved in a similar way as shown above. O

Lemma 2.6 Assume A > 0 and let (A1)—(A2), (F1)—(F4), (K) and (H) hold. Then, for any
M > 0, there exists A = AM) > 0 such that, forall c <M and ) > A satisfies (PS),

condition.

Proof Let {u,} C H, be a (PS), sequence with ¢ < M. According to Lemma 2.5, {u,} is
bounded in H;, and there exists C > 0 such that ||u,||, < C. Hence, passing to a subse-

quence, we have

U, —~u inH,;

u, — u inL} (R?) (1<s<2%); (2.9)

u,(x) > u(x) ae xeR53

For A > 0 large enough, we should prove u,, — u in H,. Let w,, := u,, — u, then w,, — 0 in

H;. By [12, Lemma 2.8], we know

() = Wi (wy) + Wi (u) +o(1), (2.10)

(llfl{(un), V) = (II/A’(WH), V> + <11/A/(u), V) +0(1), uniformly forall v e H, (2.11)



Gan et al. Advances in Difference Equations (2020) 2020:167

as n — 00, in particular, if ¥, (4,) — ¢ € R and ¥, (4,,) — 0 in H;, then ¥, () = 0 and up
to passing to a subsequence, we have

U (wy) = ¢ — ¥ (u),
(2.12)
(llfx/(w,,), go) — 0, uniformly for all ¢ € H;.

From (2.12), we have ¥, (x) = 0, and
¥, (wy,) = ¢c— ¥ (u), v/ (w,) > 0 asn— oo. (2.13)

From A > 0 and (F3), we get

%w=%w—5%ww

= (l - l) el + 1/ K(x)p2u* dx + (3 - 1)/ K(x)w¢,u® dx
2w u Jr3 w 2/) Jrs
1
+ .F(x,u)dx+<——1)f hudx
R3 w R3

=@, (u) + (z - l)/ K(x)w¢,u® dx + (l — 1)/ hudx,
w2/ Jgs H R3

where
11 2 1 2.2
D)= =—— |llulls + — K(x)p,u” dx + F(x,u)dx > 0. (2.14)
2w M JR3 R3

From (2.1), we get

1 1
—<— - 1)|h|2|u|2 < —<— ~ 1>|h|2)’2||u||x
M W

1 ..
§—<——1 |A1]2y2 liminf ||z,
//L n— o0
< lhly,C <M, (2.15)

where M > 0 is independent of A. We have two cases to consider.
Case (1). 2 < u < 4. From (2.9), (2.13), (2.14), (2.15), ¢ < M and Proposition 2.3, we have

1 1
(———)wmﬁ+/'fmwum
2 /,L R3

1
=y n__lp, n) Wn
3 (Wn) u( 2 (W), W)

_<3_1)/“Kumwwth+(1-l)/°hWMM+ou>
w  2) Jgs w/ Jrs

<c-¥,(u)+o(l) + (% - %) /Rs K(x)a)zwfl dx

2 1
<c-¥u) +o(1) + (— - §>|K|oow2|wnli
m

Page9of 16
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<c-W(u)+o(1)

—c— i _ d. 3 — 1 Zd

=c |:(D,\(u) + < 1> ./11@3 hudx + < 2) /}RS Kx)wo,u x] +0(1)
- l _ _ E - 1 2

=c— D, (u) ( 1) /3 hudx +o(1) ( 2) f3 Kx)wop,u” dx

1 2 1
§c—¢x(u)—<——1>/ hudx +o(1) + <———)w2|l(|oo|u|§
iz R3 no2

<M+M+C+o(1). (2.16)

Case (2). > 4. By (2.9), (2.13), (2.14), (2.15), ¢ < M and Proposition 2.3, we have

1 1
(— - —) Iwall? +f Fa,wy)dx
2 /L R3

_ L (21 >
=) = ) ) (H 2) /R Kop,widy

1
+ <1—;> /Rshw,,dx+o(1)

<c-(u)+0(1)

—c— l_ E_l 2

=c [lllk(u) + ( 1) fshudx+ ( 2) /BK(x)a)(b,,u dx:| +0(1)
—c— _ l_ _ E_l 2

=c—- ¥, (u) < 1) /3 hudx + o(1) ( 2) /3K(x)w¢>uu dx

<M+M+o0(1). (2.17)
Hence,
/Rs Flx,w,)dx <M+ M +C+o(1). (2.18)
From (A1) and w,, — 0, we get

1 1
lw,l3 < —/ LA (x)w? dx+/ w2 dx < —|lw,|12 + 0(1). (2.19)
Ard Ax)>a Ax)<a Aa

For 2 < s < 6, by the Holder inequality, Sobolev inequality and (2.19),

0, :/ wal* dix
R3
9s-18

@
5(/ |wn|2dx> (/ |wn|6dx)
R3 R3

1 6-s 95-18
< |:—f (IVw,|* + AA*w2) dx]
ra R3

3\ 75
<§_6[f |Vw,,|2dx] ) +o(1)
R3

L) T3 %2,
<\—=] S lw,ll5 +o(1). (2.20)
Aa
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According to (F1), for any ¢ > 0, there exists C = C(g) > 0 such that |f(x,£)| < ¢|¢| for all
x € R3 and |t| < C(g), and (F4) is satisfied for |¢| > C(g) (with the same o but possibly
larger than a;). Thus, by (F4), (2.18), (2.20) and the Holder inequality, we obtain

fe,w)w,dx < 8/

&
wﬁ dx < — ||w,,||§ +0(1) (2.21)
Wal<C lwal<C Aa

and

f (%, wy)

Whn

o 1/o
/ S wp)wydx < (/ dx) [Wal?
|wn|>C [wn|>C

1/o
5(/ alﬂx,wn)dx) w2
|Wn|ZC

- = | 0
< [ﬂl(M + M + C)] S % ()\,_) ”Wn”fL + 0(1)7 (222)
a

where s =20/(c —1) and 6 = % > 0.

Since u,, — u in L*(R®) and 4 € L*(R?), we obtain

h(u, —u)dx — 0 asn— oo. (2.23)
R3

Therefore, by (2.21), (2.22), (2.23) and Proposition 2.3, we have
o(1) = (¥ (Wn), w)
= - [ Ko+ du)buw2ds= [ foswwnds— [ s
R3 R3 R3

-2 M+M+C ”’3‘3(2574) LY 2 4 0(1 2.24
>|1-—- |l — . .
_[ v [a:(M + M+ C)] (M) }Ilwnll,\w( ) (2.24)

It follows from (2.24) that there exists A= /i(M) > 0 such that w,, — 0 in H, when A > A.

Since w,, = u,, — u, so u,, — u in H,. O

Lemma 2.7 Assume (A1)-(A2), (F1)-(F4), (K) and (H) hold. Let {u,} be a (PS). sequence
of W, with level ¢ > 0. Then, for any M > 0, up to a subsequence, there exists A = A(M) >0
such that u, — u #0 in H,, satisfying ¥, (u) = 0 and ¥, (u) < c for all c < M and 1 > A.

Proof By Lemma 2.6 and [12, Lemma 2.8], we obtain

W (u) =0, v, (w,) = ¢ — ¥ (u), W (u,) >0 asn— oo. (2.25)
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However, since the appearance of the nonlinear term / in ¥, (1) and A is sign-changing,

we cannot deduce that ¥, (1) > 0 from

%w=%w—5%ww

= (l - l) ||u||§ + (l - 1) / M (x)u? dx + l/ K(x)d)iuzdx
2 u no 2/ Jgs w Jrs
2 1 s 1
+—-= / K(x)wo,u dx+f F,u)dx+| —-1 / hu dx.
w 2) Jrs R3 12 R3

So there are two situations to consider: (i) ¥; (u) < 0; (ii) ¥, («) > 0.
If ¥ (1) < O, then u # 0, thus, the proof is complete. If ¥; (i) > 0, following the proof of
Lemma 2.6, we can deduce u,, — u in H,. Indeed, from (A1) and w, — 0 in L2({x e R®:

A(x) < a}), we obtain

’/ A‘(x)wi(x) dx
R3

< |A_ |oo / wfl dx = o(1), (2.26)
supp A~

We have two cases to consider again.
Case (1). 2 < u < 4. In this case, from (2.25) and (2.26), we have

/ F(x,w,) dx
R3
~wsom) = w0+ (5= 3 Yt (53 ) [ ram s

1 1 2 1
- —/ K(x)qbf, wfl dx + (— - —)/ I((x)wq’)wnwfl dx + <1 - —>/ hw, dx
M JR3 " 2 u)Jgs w/) Jrs

2 1
<c-¥w)+o(1) + (— - —) K| oo@? Wy}
no 2

<c-(u)+o0(1) <M+ o(1).
Case (2). i > 4. In this case, from (2.25) and (2.26), one has
/ Fx,w,)dx
R3

=y, (w,) - %(llfk’(w,,), w,,) + (% - %) wall? + (% - i) /11;3 AA™ (X)W dx

1 1 2 1
- —/ K(x)d)f, wfl dx + (— - —)/ I((x)wqbwnwﬁ dx + <1 - —>/ hw,, dx
M JRs " 2w/ Jrs n/) Jrs

<c—-W(u)+o0(l) <M +o(1).

Hence, (2.22), (2.23) and (2.24) still remain valid. Therefore, u,, — u in H), ¥/ (u) = 0 and
¥ (u) =c>0. O
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3 Proof of main results
Lemma 3.1 ([27]) Let E = A, ® A, be a Banach space, dim A, < oo, ® € CH(A,R3). If there
exista>0,R> p >0ande e Ay such that

a:=inf@(A; NL,)>supP(dS),

where L, ={u c E: |lull =p}, S={u=z+te:veAyt>0,|ull <R}. Then ® has a (PS),
sequence with c € [, sup @(S)].

Let A; = Hf ® E; and A, = H; . By Proposition 2.2, £(1) — 0 as A — oo for every fixed i,

and there exists A; > 0 such that H; # ¥ and dim H; < oo for A > A;. The following lemma

comes from [12].

Lemma 3.2 ([12]) Assume that (A1)-(A2), (K), (H) and (F1) are satisfied. Then, for each
A > Ay, there exist ay, py and 0, > 0 such that

U (u) >y forallu e Hy & E;, with |ull; = py and |kl < ;. (3.1)
Furthermore, if A > 0, we can choose o, p,n > 0 independent of A.

Lemma 3.3 Let (A1), (A2), (F1), (F2), (K) and (H) hold. Then, for any subspace E; C H,

with finite dimension,
W (1) »> —o0  as |ull; — oo, u € E;.

Proof Suppose by contradiction, it can be assumed that there is a sequence (x,) C E; with

ll#4,]1, = oo such that
inf ¥, (u,,) > —o0. (3.2)
n

Letv, := u,/||u||,. Since dimE; < +00, after passing to a subsequence, there is vy € E,\\{O}
such that

Vv, — Vo In E,\,, Va(x) = vo(x) a.e.x e R3.

If vo(x) # 0, then |u, (x)| — +00 as n — o0. Thus, it follows from (F2) that

F(x,u,(x)) ,

v,(x) > +00 asn— 0o,

(%)
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which coupled with (F1), (2.4), Proposition 2.3 and Fatou’s lemma yields

III n 1 F PRl /] n
A ) < 5 / K(x)wqbunui dx—/ Ge u2) dx—/ h(x)u_2 dx
N2, 113 =3 20unlly Jrs r3 llunll; R3 llanlly

1 1 F(x, h

< =+ Z[Kloo@|val} - (/ / ) ( 2””) 3dx+| 272
2 2 v9=0 JvyH0 u;, [z, 11
1 1 F(x,u h

<= _|]<|Ooa) |Vn|A / ( n) 2d | |2V2
2 2 s Us Iz, 1|2

— —00.

This contradicts (3.2). g

Proof of Theorem 1.2 Firstly, we prove that there is a function up, € H, satisfying
W/ (u,) = 0and ¥ (uo,,) < 0. Since & € L?(R?) and & > 0(z 0), we choose a function ¢ € H;
satisfying

/ hx)y (x)dx > 0.
R3

Therefore, it follows from —w < ¢, < 0 that

2

2o, At I 1 5
w(e0) = el -5 [ Acds- ] [ Kwopeods

—f F(x,t;)dx—t/ h(x)¢ dx

R3 R3

2 £

—||<;||x+—/ a)2§2dx—t/ h)e dx
2 3 3

<0 fort >0 small enough.

Let uy; = t¢ small enough such that ¥, (u0,,) < 0. For p; > 0, which is given by Lemma 3.2,

from Lemma 3.3, we get
Cop = inf{lI/A(u) ‘U € Em} <0.

From Ekeland’s variational principle, there is a minimizing sequence {u,,;} C B,, such that

1
oy < W (Uny) <cop + PR
A

1
Uy (wy) = W () — Py lwy — el
A

for all w; € B,, . Hence, the boundedness of {u,,} is obtained. By a standard argument,
from Lemma 2.6 and [12, Lemma 2.8], there is a function u, € H, such that ¥, (1,) =0
and ¥, (ug,.) = co < 0.

Next, we prove that there is a function u, € H, satisfying ¥, (i,) = 0 and ¥, (1,) > 0. By
Lemma 3.1, and [12, Lemma 3.2, Lemma 3.4], for each k € N, A = A; and |45 < g, ¥3, has
a (PS), sequence with ¢ € [y, sup ¥, (Sk)]. Let M := sup ¥y, (Sk), then, by Lemmas 2.6, 2.7
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and 3.1, ¥, has a nontrivial critical point i, € H), such that ¥ (i;) = 0 and ¥, (it) = c >
ay, > 0. O

Proof of Theorem 1.3 The first solution can be proved in the same way as shown in The-
orem 1.2. The second solution follows from [12, Lemma 3.2, Lemma 3.5], Lemma 2.6,
Lemma 2.7 and Lemma 3.1. O

Proof of Theorem 1.4 If A > 0, from the proof of Theorem 1.2, we can check that p;, ¢,
uy,, are independent of A. So we choose ¢y = ¢, B, = B, 1, &, p, and 7 are independent of
A, then, by the mountain pass theorem [27, 28], the proof of Theorem 1.4 is complete. [J

4 Conclusion

In this paper, we first obtained a Palais—Smale sequence by using super-quadratic con-
dition. Then we establish the parameter which depends on compactness conditions to
recover the compactness. Finally, the existence of nontrivial solutions is proved by the
linking theorem and Ekeland’s variational principle. Obviously, the super-quadratic con-
dition has been successfully applied to find the solutions of the nonhomogeneous Klein—
Gordon—Maxwell system with sign-changing potential, we hope that these results can be
widely used in fractional systems as discussed in [29] and [30].
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