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modulus is a generalized harmonic convex function.

1 Introduction
The following result is well known in the literature as error estimation, Simpson’s second

formula.

Theorem 1.1 Let ¢ : [c,d] — R be a four times continuously differentiable mapping on
(c,d) and |9 [loo = SUP,c(o0) 19| < 00, then

1 2c+d 2d 1 4
’§[w<c)+3w(%)+3w<“3 )+<p(d)}—ﬁfc () dx

1
(4) AT

This result is also known as a Newton type of inequality. Since these results have wide
applications in the pure and applied sciences, this topic attracted considerable attention
of several mathematicians. Some researchers focused on new Simpson type inequalities
based on a two step quadratic kernel and Simpson’s second type results based on three step
quadratic kernel via different classes of functions. For example, Alomari et al. [4] provided
Simpson type inequalities via s-convex functions and they also gave some applications
to special means and numerical quadrature rules. Sarikaya et al. [21] gave some new in-
equalities of Simpson type based on s-convexity and their applications to special means of
real numbers. Park in [17] gave some Hadamard and Simpson type results for functions
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whose second derivatives are s-convex in the second sense. In addition, Gao and Shi [9]
obtained new inequalities of Newton type for functions whose absolute values of second
derivatives are convex. Inspired by this, some researchers obtained Hermite—Hadamard,
Simpson and Simpson’s second type/Newton type inequalities via harmonically convex
mappings (see [10, 14, 15]).

Integral equations play an important role in pure and applied mathematics. A large num-
ber of initial and boundary value problems related to ordinary and partial differential equa-
tions can be transformed into problems of solving some approximate integral equations.
However, some initial and boundary value problems are fractal curves, which are every-
where continuous but nowhere differentiable. In these cases, it can be used local fractional
theory to handle the fractal and continuously non-differentiable functions, because this
theory deal with everywhere continuous but nowhere differentiable functions in fractal
space.

Local fractional theory that was introduced by Yang in [27] is used to handle differ-
ent non-differentiable problems which appear in complex systems of the real-world phe-
nomenon. Specifically, the non-differentiability circumstance in science and engineering
was modeled by means of ordinary or partial differential equations including local frac-
tional statements. What is more, local fractional derivatives and integrals are effectively
applied many equations such as Fokker—Planck, diffusion and relaxation equation in frac-
tal space, the fractal heat conduction equation and local fractional diffusion equation. We
also note that concepts of fractional calculus have many advantages, for example one of
the significant advantages of the Caputo fractional derivative is that it allows traditional
initial and boundary conditions to be included in the formulation of the problem. On
the other side, Fractional calculus have played a significant role in different fields of pure
and applied sciences such as mechanics, electricity, chemistry, biology, economics, no-
tably control theory, and signal and image processing etc. Due to this, local fractal the-
ory has received significantly great attention from scientists and engineers. Therewith,
these topics are observed a lot of researchers who study in areas such as mathematical
physics and applied sciences (for example [25]). For more details, see [25-27]. Further-
more, local fractional versions of some inequalities which have a very significant role in
application areas of mathematics are studied by many mathematicians. For instance, Chen
established a Holder inequality and some integral inequalities on fractal space in [6]. In
[13], Mo et al. discovered the generalized Hermite—Hadamard inequality for a generalized
convex function. Also, generalized Hermite—Hadamard type inequalities for generalized
convex functions were presented by Sarikaya and Budak in [19]. New Simpson type inte-
gral inequalities involving local fractional integrals were obtained by Sarikaya et al. [20].
Sun, in [22], introduced the concept of generalized harmonically convex functions and ob-
tained Hermite—Hadamard type inequalities. He has also worked on some inequalities on
generalization of Ostrowski and Simpson type inequalities for functions whose absolute
values of derivatives are generalized harmonically convex in [23]. In addition to these re-
sults, Noor et al. deduced several new Hermite—Hadamard inequalities for a new class of
convex functions including generalized convex functions and harmonic convex functions
in [16]. For some useful and recent studies on fractional calculus and its applications in
different fields of mathematics, see [1-3, 5, 7, 8, 11, 12, 18, 24].

The main objective of this paper is to obtain a new auxiliary result based on a three step
quadratic kernel by utilizing the concepts of local fractional calculus. With the help of this
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new auxiliary result we obtain several new integral inequalities of Newton type for func-
tions whose powers of local fractional derivatives in modulus are generalized harmonic
convex. The main motivation of this paper is to capture new estimations for generalized
convex functions. We expect that the ideas and techniques used in this paper will inspire

the interested reader working in the field of inequalities.

2 Preliminaries
In this section, we discuss some preliminary concepts and results which will play signifi-
cant roles in the development of the main results of the paper.

First of all, we give the set R* of real line numbers to describe the definitions of the local

fractional derivative and integral. For 0 < @ < 1, we have the following ot-type sets:

Z*: The a-type set of integer is defined as the set {0%, £1¢, £2¢,. N

Q“: The a-type set of the rational numbers is defined as the set { = (%’) »qe’Z,
g #0}.

J¢: The a-type set of the irrational numbers is defined as the set {m* # (5)"‘ ‘p,qeZ,
q#0}.

R*: The a-type set of the real numbers is defined as the set R* = Q* U J.
If p%, 0% and 7* belongs to the set R* of real numbers, then

(1) p%+ 0% and p*c® belongs to the set R%;

(2) p*+0%=0%+p*=(p+0)" = (0 +p)%

(3) ,o +(0 +1¥)=(p+0)*+1%

(4) p%o% =0%p* =(po)* = (0p)%;

(5) o (G %) = (p%*)T%;

(6) p*(0® +71%) = p0® + p*T%

(7) p*+0%=0%+ p% = p¥ and p¥1* = 1%p% = p“.

The definition of the local fractional derivative is given as follows.

Definition 2.1 ([27]) A non-differentiable function ¢ : R — R, k — ¢(k) is called local

fractional continuous at ko, if for any ¢ > 0, there exists § > 0, such that
|o(k) — p(ko)| < &

holds for |k — ko| < §, where ¢,8 € R. If (k) is local continuous on the interval (c, d), we
denote ¢(k) € Cy(c,d).

Definition 2.2 ([27]) The local fractional derivative of ¢(k) of order « at k = kg is defined
by

de®)| . A%p(K) - (ko))

@ (kp) = = L
o) = g |, T T kkge

where A% (p(k) — ¢(ko)) = I'(« + 1)(¢ (k) — ¢(ko)).

k+1 times

——
If there exists %D (k) = Dg..Dy¢(k) for any k € I C R, then we denote ¢ € D11y (),
where k=0,1,2,....
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The definition and some properties of the local fractional integral that we will use

throughout this article are defined as follows.

Definition 2.3 ([27]) Let ¢(k) € C,[c, d]. Then the local fractional integral is defined by
N-1

« 1 ¢ . 1 .
500 = o [ o - s i Yot

with Ax; = %51 — % and Ax = max{Ax, Axy, ..., Axn_1}, where [x},%.1],j=0,...,N -1
and ¢ =xp <x1 <--- <xy_1 < XN = d is a partition of the interval [c, d].

Here, it follows that J5¢(k) = 0 if ¢ = d and [ @(k) = —2I¢ (k) if c < d. If, for any k €
[c,d], there exists [ ¢(k), then we denote ¢(k) € I} [c,d].

Lemma 2.1 ([27])

(i) (Local fractional integration is anti-differentiation) Suppose that
o(k) = 9 (k) € C,lc,d], then we have

Lgok) =y (d) - ¥ (o).

(i) (Local fractional integration by parts) Suppose that ¢(k), ¥ (k) € Dy [c,d] and
P9(K), v (k) € Cylc,d], then we have

L5 Y @ (k) = )y (k)| - 1% (k)¢ (k).

In addition, we ought to give some properties of the local fractional derivative to use in

the change of the variable in the integrals.

Lemma 2.2 ([26]) Suppose that ¢(k) € Cylc,d] and ¢(k) € Dy(c,d), then, for O <a <1, we
have a o-differential form

d“o(k) = (k) dk*.

Lemma 2.3 ([26]) LetI be an interval, ¢, : 1 C R — R* (I° is the interior of I) and y(k) =
oY (K)) such that ¢, € Dy(I°). Then we have

d*y(k)

=@ (k) (v (k)"

Lemma 2.4 ([27]) We have
(i) doike C(tka) p(k-De,

dk® T I'(1+(k-1)a)

i) L [Tk _ _I(+ka) (g(k+1 k+1
(i) Ty Jo K(d0)* = mrg iy @D = D), ke R.

The class of generalized harmonic convex function which will be examined in this paper
is defined as follows.
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Definition 2.4 ([22]) Let ¢ : I C R\ {0} — R“. For any ¢,d € I and k € [0, 1], if the in-
equality

cd
- ) <@1-k) k%*p(d
i) <0000+ K@
holds, then ¢ is called a generalized harmonic convex function on I.

Chen [6] presented the generalized Holder inequality on fractal space as follows.

Theorem 2.5 Let ¢(x), ¥(x) € Cylc,d), p>1, }7 +==1.Then

1
q

1 d N 1 d » . 119
i [ vl < (7t [ Tewper)

a ;
x (—F(11+(x)/c |w(x)|q(dx)°‘) )

In this section, we first give an auxiliary result involving local factional integral and then

3 Results and discussions

we use this result to obtain new Newton type inequalities via generalized harmonic convex

functions.

Lemma 3.1 Let ¢ : I° C R — R* be a function such that ¢ € Dy(I°) and ¢® € C,[c,d],
where I° is the interior of I C R\ {0}. Then, for all x € [c,d], we have

1 a 3cd N 3cd
8_“|:(p(c) +3 ¢<c+2d> +3 ¢(2c+d) +<p(d):|

cd \* L 9®)
_F(1+a)(d_c> oL o
-0 [ g0 f e a
- I'(l+a) /0 (tc+(1—]k)d)2“(p (tc+(1—]k)d>(dk)’ (3.1)

where x (k) is defined by

(k_ é)a’ k € [0¢ %):
xK)=1k-3)* kel ),
k-2, kel31].

Proof From the definition of x (k), we have

(cd)*(d —c)* (1 x (k) @ cd o
T+a) Jo (te+(1-Kaz=’ (tc+(1—k)d)(dk)

(edd-of [ (k=) (@) cd o
T T T+ /0 (tc+ (1-kyd=? <tc+(1—k)d>(dk)
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(cd*d-c* (3 (k=3  f .
T TTrva) /é (tc+(1—k)d)2a"’ (tc+(1—k)d>(dk)

, (e k- %) e cd
ra +a) (tc+ 1- k)d)ZO‘ (tc+ 1-k)d

) (dk)*. (3.2)

Applying the local fractional integration by parts to the first integral in the right side of
(3.2), we find that

(cd*d-o [  &-D* o .
r(l+a) /0 e+ (1-kd2=” (tc+(1—]k)d)(dk)

1\¢ cd 3
z(k_§> g"<tc+<1—k)al) 0

1

1 3 cd o
B 'l+a) /0 F(1+a)(p<tc+(1—k)d)(dk)
5\% [ 3cd 1\* 3 cd .
(1) o 52) - (55) 0 [ ol 32

Combining the resulting identities after calculating the other integrals in (3.2), from the

property of fractal space ¢* + d* = (c + d)*, it follows that

(cd)*“(d - [! x (k) (@ cd «
rd+a) /O(tc+(1—k)d)2a“’ (tc+(1—]k)d>(dk)

1 o 3cd " 3cd ! cd N
- 8_0‘|:('0(C)+3 g0(c+2d) +3 (p<2c+d> +¢(d):| _/0 g0(tc+(1—]k)d)(dk) '

it and from (dk)* = 4 (dx)?, then
we obtain the desired equality (3.1) which completes the proof. O

Finally, if we use the change of the variable x =

Remark 3.1 1f we take o = 1, then Lemma 3.1 collapses to the previous well-known result
obtained by Noor et al. in [14].

Theorem 3.2 Let ¢ : I° C R — R® be a function such that ¢ € D,(I°) and ¢'* e C,[c,d)
where I° is the interior of I C R\ {0}. If |¢¥)|7 is a generalized harmonic convex function

for 1 <gq, then one has

1 N 3cd o 3cd
8“|:¢(C)+3 < +2d>+3 g0<2c+al>+‘p(d)]
cd \* o)
—F(1+a)(d_c> b

v W17\ TA+a)\
< (cd)*(d - ) [((ﬁ) m)

x (01(e )] (@ + va(c, d)|§0(“)(d)!q(dk)“)%

d xZa
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where

hed) =

a(c,d) =

Us(c,d) =

Uy (C7 d) =

Us(c,d) =

I'l+a)
< > I'(1l+2) )

x (93(6,d) 00" + D4, )]0 (d)|") 7

I'l+a) i
(288) I'(l+2a )

x (95(c, )| (0)|" + Do(c, )| (@) );]

1 [<c°f (¢ + 7d)*) (=2 — 2(E500)1=20 4 (e22d) 12y
(d-cper(1+a) (1-2g9)
8% (32 — 2(%1)3-2(1 + (%1)3—261)0;
(3-2g)"
(e + 7d)* + (80 ) (21 — D4y 4 (22 p-2aye
) 2-2¢)" }

1 ((c+ 7d)" + (8 )(d* 2 — 23220 4 (=24)-20)e
(d-c)Per@ +oz)[ (2 -29)
(d(c + 7d)")(d'=20 — 2(£52)1 20 4 (e24)1-2y0
(1-2g)"
8« (d3—2q _ 2(%)3—% + (%)S—M)a
(3 -2g)" ]

1 [(c%c + d)?)(<224)1-20 ()12 4 (2ead -2y
(d-cper(l+a) (1-2g9)
2o (<220 — (220 4 (2epdyr-2aye
(3-2g)"
(e +d)” + (20)) (2420 _ (53820 4 (2epd -y
(2-2¢)° }

(3.4)

1 (e + ) + (2d))((224)220 (4221 4 (2pd 20y
(d—c)3°‘1“(1+ot)|: (2-2g)~

(dvt(c + d)a)((%i)l—Zq - 2(%1)1_2q + (20%1)1—211)0(

(1-2g)"
20 ((e424)320 _ p(e4 22 4 (2pd -2y
- (3-29) ]
1 ((7c + d))(254)1-2 = 2(5p)1-20 4 (1-2ay0
(d—c)3“1“(1+oc)|: 1 +a)(1-2g)

8a((2c%i)3—2q _ 2(%%1)3—% + C3—2q)a
'l+a)3-29)"

((7c +d)* + (8c)*)((252)22 — p(Terd )220 4 (224 )«
'(l+a)2-29) ]’

Page 7 of 14
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and

196 (C, d) =

1 (e + ) + (8d)") (222 - g(Terdy2-2a . -2y
(d—c)3“F(1+a)|: Id+a)(2-2g9)~

(d (e + ) )((254)! =20 = o)1= o =20y
B I'(1+a)(1-2g)

80:((%)3—2&] _ 2(76%1)3—251 + cS—Zq)a ]

r'd+aw)(3-29)"

Proof Taking the modulus in Lemma 3.1 and using the definition of y (k), we have

1 a 3cd o 3cd
|8_°‘|}0(C)+3 (p(c+2d) +3 g0(20+d> +<p(d)]
cd 2 9X)
—F(l+0[)<d C) c[d xZa

1

wrs ol 1 i kgl
< (cd)*(d - c) [mw)/o (te + (1 - K)d)™

(@) cd o
¢ (tc+(1—k)d)‘(dk)
(o) L o
¢ (tc+(1—]k)d>‘(dk)

@ cd o
¢ (tc+(1—]k)d)‘(dk) ] (3:5)

2

1 5 ”k 1 |a

" T(+a) /; (tc+ (1= k)
1 1 |k 7 |a

" Tra )i Ger(-0d"

If we also apply the power mean inequality to integrals in the right side of (3.5), and using

the fact that |¢® |7 is generalized harmonic convex on [c, d], we have

oo aa) voelala) )

d o
_F(1+Ot)< C) cld x(Za)

< (cd)*(d-c)* [(

1 % k_%la o, (a) q o, («) q o %
x (F(1+a)/0 s (e 1B [ + ko) Ndk))

114 1—%
- —| (dk)*
5| ¢ ))
1

R q
X< P—

F1+a

rA+a) /i (tc+(1-k)d)x

)

7(!

F(1+a

Page 8 of 14
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1 1 “k _|a
(F(1+a) 2 (tc+ (1 -k)d)*a«

% [(1-K)*|p@ ()| + k* |<p<a>(d)|q](dk)“) q]. (3.6)

From the Lemma 2.4, it is easy to see that

o (17 “Tl+a)

~g| W '(288) ra+2a) (37)
o (1 “Tl+a)

) _<18> r'(1+2a) (38)
o (17\* I'1+a)

k) _(288) I'(1+2a) (39)

On the other side, using the change of the variable by considering the Lemmas 2.3 and 2.2,
one can obtain

- 5l" 1 -k)* o
F(1+a)/ (tc+ (1 -k) )an(d]k)

_ kA=K Pk-bea-we
“TUra by Gtes 0 -wape +F(1+o¢)/1 e+ (1-idpe W

1 1 d rtc+7d)? (c+7d) (8c)* 8 d
B 8“(d—c)3"|:1’(1+a) c+7d< x2e  xaq-1) T ye(q-1) T x2a(g- 1))( x)”

c+7d

) /Zd ((8c)a K _cor(c+7d)a+(c+7d)a)( dx)a]_ (3.10)

" I'l+a) x%(2q-1)  x2a(g-1) x290 x2(2g-1)

Now, letting 2q > = u and from zq e (dx) = G20 2q)a (du)*, we get

1  (c+7d)* + (8¢c)

o
I(1+a) Jez x(24-1) (dx)

d2—2q

(du)*

c+7d 2 2q

~ (c+7d)* + (8¢)* /
1+ a)2-29)

e+ 7d)" + (8¢)%)(d>2 — (%1)2—211)(1

I'(1+a)2-2q)" (3.11)
and
1 S (c+7d)y + 8
F(+a) Jeu xa-1) (d)
(c+7d)* +(8c) [(F4P™ «
T TA+a)2-29" /uzd oy 94
_ (e 7d)" + B0 - () 0)" (3.12)

I'l+a)2-2g9)"

Page 9 of 14
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Letting zq : = u and from zqa (dx)* = T2 ——(du)¥, we have
1 e+ 7d)
Fl+a)Jeq  x%

c(c+7d)* al=
1"(1 +a)(1-2g)~ /

(dx)*

(du)®

c+7d 1 2q

(¢ (e Td)y ) - () 20y

r'd+a)1-2q) (3.13)

and

1 G (e 4 7d)
I'l+a) c2d x2q«

(dx)®

(c+7d)1—2q

c(c+7d)~ 8
'l+a)1-2g9)" /(ﬂ32_d)12q (du)
(e + 7d))((224 )12 — (2 )1-2aye

I'(1+a)(l-2g) (3.14)

—(dk)*, we have

Letting zq s = u and from (2q e (dx)* = Em 2q
1 d 8¢

F(1+a) Jem x*@a-2) (d)

8‘1 d3-24
- - du)*
T T+a)(B3-29" /um g 4
8¢ (d3—2q _ (%1)3—261)&

I'(1+a)3-2g9) (3.15)

and

c+7d

1 LI

o
r1+a) e x"‘(z‘l‘z)(dx)

( c+7d )3—2q

80(

F(l +a)(3-2g)" (24 )32 (du)®

87((£74)>2 — (£22d )20y 6516

'd+a)(3-2g9)"~

Substituting the equalities (3.11)—(3.16) in (3.10), one has

*(1-k)~

F(l +a) Jo (tc + (1 k)d)2a (dk)* = ¥ (c, d).

If we similarly calculate the other integrals in (3.6) and later substitute the resulting iden-
tities and the equalities (3.7)—(3.9) in (3.6), then we attain the desired inequality (3.4). The
proof is thus completed. g
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Theorem 3.3 Let ¢ : I° C R — R® be a function such that ¢ € D, (I°) and ¢'* e C,[c,d)
where I C R\ {0}. If |¢¥)|9 is a generalized harmonic convex function for p > 1, % + %1 =1,

then one has

1 N 3cd N 3cd cd 2 P)
8—a[¢(6)+3 w(c+2d)+3 w(zﬁd)w(d)] F(1+a)( C) dd" o

<(cd)*(d-c)*
([ 528 \* Il+a) (1008 \“I'(1+2a)
x [(vl(c’d’k)) ([(13,824) F(1+2a)+<13,824) F(1+3a):|
<[l + o))’

([ 528 \* Il+a) (1008 \“I'(1+2a)
+(le,dik) ([(13,824) F(1+2a)+<13,824) F(1+3a)]
x [[¢ ()] + |¢<“>(d)|])q

([ 528 \* I(l+a) (1008 \“I'(1+20)

+ (vl di k) ([(13,824) F(1+2a)+<13,824> F(1+3a)]

<[l + o))" |

Proof If we apply Holder’s inequality to the inequality (3.5), because of the generalized

harmonic convexity of (|7, we get

1 N 3cd N 3cd cd \* Lok
8_"‘|:¢(C)+3 (p(c+2d> +3 gD<2c+d> +<p(d)]—F(1+a)(d_C> cla x2

1

<(cd)“(d—c)"‘[( ! Ll i (d]k)“)li
- F(l +a) o (tc+ (1-k)d)2-

1

(1 k)| ()" + k| (@) ](dk)“)

L (tc + (1 = k)d)z~

X

+

I'l+a)

1

[(1- 1] “(0)[* +k“|¢<a)(d>|"]<dk)“)q

2

+

1 “k |oz .
I'l+a) (tc+(1 k)d)2pa( )>

[1-K)|e@()|" + k*| ") !](dk)“) }

X

(Fova
(Fe
(
(e
(7

ra k-3
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Using the change of the variable by considering the Lemmas 2.3 and 2.2, one can obtain

l|vt Y
viledik) = r(1 va) o (tc T (1 Wy )
) 1 (¢ + 7d) (@24 = 2(2)\ =24 4 (224 )2y
S (d-co*r(1 +a)[ (1-2g)

_ 7d \2— 2d\2—
~ 8a(d2 2q_2(%)2 2q+(%)2 Zq)oz
(2 -2g)° '
1[5 k-3

. — 2 o
nledik) = Ty ! et (1= Wape )

) 1 (e + dy((<24)1-20 ()20 1 (2endy1-2aye
- (d—c)3"F(1+a)|: (1-2g)™
(24220 _ g e o (2%’)2-24)6']

(2-29)"

and

7
_|01

vale,dik) = F(1+a)/ (tc + 1 ]k)d)2q“(dk)a

1 [(7c+d)“<(2%’)1-2q—2(7%1-% bl
d-cPer(l+a) '(1+a)(1-2g)®
80{((2C%1)2—2q _ 2(%%1)27% + 22y ]
rd+aw)(2-2g9)"

From Lemma 2.4, one can easily see that

1 . 1\ I(l+e) 1 \*I(1+20)

F(1+a)/ §_k> k()" = 512) r(1+2q) (5@) I'(1+3a)
N 48 I'(1+2a) 165 \* I'(1 +a)
F(1+a)/ k_§> k()" = 13,824) I'(1+3a) (13,824) r'(1+2a)

( (

( (
vy o) e () s - (s) s

ICHECE

( (

(

1\ o qie 3 (1 +2a) T(l+a)
”““)/ Kop) K@ T) T(1+3q) <216) T+22)
f Z_k> K (i) = 3885) ra+a) (5165 )“1"(1+2a)
1+ot) 8 13,824

1 7\% o o
F(1+a)f (k_g) K (i) =

(1+2e) \13,824/) I'(1+3a)

4563 ) r'(1+20) ( 2835 >“ I'(l+a)

13,824/ I'(1+3w) 13,824 ) I'(1+20a)
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Similarly, we have

1 “ o o
mw)/ k) 0w

4563 \“I'(1+20) (2835 \* I'(1+a)
13824 ) I'(1+3a) \13,824) I'(1+2a)

1+a)/ k- ) (1 - k)* (dk)®

3885 \“ I'(1 +a) 5165 \* I'(1 + 20)
(13,824) r'(1+2a) (13,824) r(1+3a)

1 “ (e 37\“I'(1+2) 21\* I'1 + )
F(1+a)/ 57%) @ = (5) R~ (5i6) Fiivagy
e - (15) T 19V T2

1+a)/ ) 1-1%(dl) (216) r'(1+2a) (216) I'(1+3a)

7 ¢ o o
M/ ) -

W

485 \*I'(1+20a) 165 \* I'(1 +a)
13,824) I'(1+32) \13824) I'(1+2a)

1 ! 7\" 1\"ra 1 \"Ir@+2
7f k—=) (1-Kkdk)* = — LQra) (1 M’
Ir'il+a) 7 8 512 ) I'(1+2«) 512 ) I'(1+3w@)

Thus, the proof is completed. d

Remark 3.2 For suitable and appropriate choices of « and g, one can obtain new and well-

known results.
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