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1 Introduction
The well-known predator—prey framework with modified Leslie-Gower and Holling-type
IT schemes (PPFMLHS) formulated by Aziz-Alaoui and Okiye [1] can be illustrated as
follows:

B0 = x(0)(r, - ax(t) - 1255),

dy(t) (t)
% =y(t)(’"2 - hj?x(t))’

(1)

where a, ¢, f and /& are assumed to be positive constants. 4 means the intraspecific com-
petition strength, ¢ measures the per capita reduction rate, /1 characterises the safeguard
of the environment and f possesses the like signification of c. In the past two decades,
model (1) and its generalisations have been subjected to intensive research, and a mass
of attractive features have been provided. For example, Aziz-Alaoui and Okiye [1] tested
the boundedness and global stability of model (1); Guo and Song [2] dissected model (1)
perturbed by the impulse; Abid et al. [3] probed into the optimal control of model (1); see
[3—15] for more related outcomes.

The parameters in model (1) are hypothesised to be deterministic, which neglects the
environmental perturbations, and hence model (1) cannot accurately depict the real situa-
tions. A mass of scholars (see [16—23]) introduced stochasticity into deterministic systems
to dissect the functions of stochasticity on population dynamics. Particularly, under the
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hypothesis that the growth rates in model (1) are disturbed by the random perturbations
dB;(t)
dt

with ri —> r; + 0;
PPFMLHS:

, several authors (see [16—18, 20]) tested the following stochastic

dx(t) = x(£)(r — ax(t) - 295) dt + 010(t) dBy (8), .

dy(t) = y(t)(ry - 225) dt + o3y(t) dBa(2),

where o means the intensity of white noise, B;(¢) is a standard Brownian motion defined
on (£2, F;, P), a given complete probability space. Ji et al. [17, 18] probed into several dy-
namical characteristics of system (2) and offered extinct and persistent conditions for the
system. Liu et al. [20] examined the persistence and extinction of model (2) with impulsive
toxicant input.

Model (2) hypothesises that the growth rate in the random environments is linear with

respect to the Gaussian white noise

- dB; .
7)) =ri+0; i i=1,2.
Integrating on the interval [0, T'] results in

1 T
ri= —/ ;’i(t)dt—> 1 + 0;
T Jo

Bi(T)
T~ N(ri,0}IT).

Therefore, the variance of the average per capita growth rate 7; over an interval of length
T tends to oo as T — 0. This is insufficient to describe the real situation. Several authors
(see [24, 25]) have claimed that using the mean-reverting Ornstein—Uhlenbeck process is
amore appropriate approach to incorporate the environmental perturbations. On account

of this approach, one has

d;l‘(t) = Oll‘(ri - ;’,(t)) dt + Si dBi(t), i=1,2,

t
7i(t) = ri+ (rio — ri)e " + ffif e~ dBy(s)
0

. dB;(t
=r;+ (rig —ri)e™" + a(t) { ), i=12,
dt
where r;g = 7;(0), oi(t) = ﬁ%«/ 1-e 2t ; > 0 characterises the speed of reversion, Eiz
1
means the intensity of stochastic perturbations. We then derive the following stochastic

PPFMLHS:

dx(t) = x(E)(r1 + (r10 — r1)e 1 — ax(t) — ;20 dt
+01(H)x(¢) dB, (1),

dy(t) = y(E)(ra + (ra0 — rp)e™! — 20y dt
+ o (2)y(t) dBy(2).
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As far as we know, little research has been conducted to explore model (3). For this reason,
we delve into the properties of model (3).

The arrangement of this paper is as follows. In Sect. 2, the persistence and extinction
threshold for each population are proffered. In Sect. 3, some numerical simulations are
performed to evidence the theoretical outcomes. In Sect. 4, a number of concluding re-
marks are put forward.

2 Main results

Define
R? = {zeRzlzi>O,i:1,2}, b,‘(t)zri—é—i2 + é—’ze—z‘"lt
* 40[,' 4051
- t g2
b; = lim t_I/ bi(s)ds=r;— 2, i=1,2.
t—+00 0 4o[l-

Lemmal Forarbitrary (x(0),y(0)) € R?, model (3) possesses a unique solution (x(t), y(t)) €
R? for all t > 0 a.s. (almost surely).

Proof Pay attention to the following system:

du(t) = (by(£) + (r1o — r)e 1t — ae® — <y 4y

T hver(®
+01(t) dB1(2),
P fev(t) (4')
dv(t) = (ba(2) + (ra0 — r2)e™™" — ;) dt
+02(£) dBa(2),

and #(0) = Inx(0), v(0) = Iny(0). Due to the fact that the coefficients of system (4) ad-
here to the Lipschitz condition, system (4) possesses a unique local solution (u(t), v(t))
on [0, t,) (see Theorems 3.15-3.17 in [26]), where T, means the explosion time. Then
we can deduce from Itd’s formula that on [0, 7,) model (3) possesses a unique solution
(x(2), () = (&9, e"¥) which is positive. Now we validate 7, = +00. Focus on the following
systems:

d@ (1) = @(t)(r1 + (ro — r1)e™ " —ad (1)) dt

+01(6)@(t)dBi(t), @ (0) =x(0); (5)
dy(t) = ¥ () <V2 +(ro0 — rp)e " - % t/f(t)> de
+02()Y(t) dBy(2), ¥ (0) = (0); (6)

0019012+ -y = Lt ) a
F D9 B, P(0)=x(0). g

On the basis of the comparison theorem [27], for £ € [0, 7,),

) =@(1), @) =<y@) <o), as. ®)
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In accordance to Theorem 2.2 in [22],

Jo 19 ds= G 1D [ 01 dB1(9)
o(t)

’

= § 071 —a S
x1(0) + a fL o IO D DB g

Jo ba(s) ds— 2772 (72 -1+ [ 02(s) dBa(s)

t = no-—r: S
v y10) +L [f 0 b2(0) dr= 272 (725 1)+ [ o2(x) dBa () 4
hJOo

and

¢ JE bas) ds— % (€72t 1)+ [§ 02(s) dBa(s)

(p(t) - S 720712 (,—ags s .
yO)+ fy h+{f>(3) oo 2O dr=0 (0211 [y oa(1) dBa (@) g

Due to the fact that ®@(¢), ¥(¢), ¢(t) are global, we can deduce that 7, = +00.

Lemma 2 ([28]) Let I'(t) € C(£2 x [0, +00), [0, +00)).

() If one can find out three positive constants k, i and g such that, for all t > «,
Inl"(¢) < ut— ,uofot I (s)ds + F(t), where F(t)/t — 0 as t — +00, then
limsup,_, o ¢ fy I'(s)ds < Loas.

(II) If one can find out three positive constants k, ju and Lo such that, for all t > «,
InI(f) > pt - ,u,ofot I'(s)ds + F(t), where F(t)/t — 0 as t — +00, then
liminf,_, ;o0 £ fot I'(s)ds > % as.

Lemma 3 Ifl_al >0 and by > 0, then lim;_, oo t™! Iny(¢) =0 a.s.
Proof Choose sufficiently large T which fulfils that, for t > T,

t _ -
(b;—e)t < / bi(s)ds < (b; + &)t elbime)t > 9pbi=e)T
0

For t > T, one can deduce from (9) that

ef(f b1(s) ds—%(e-alt-l)arfg o1(s)dBy(s)

B(t) = _
(®) x‘l(O) ‘a ft efg bl(r)dr—rlgill(e_"‘ls—lhfg 01(r)dBy(7) ds
0

efg b1(s) ds-% (et -1)+ [¢ o1 () dBy (5)

- afot ef(; bl(r)dr—%(e’“l-‘—l)ﬁfosal(r)dBl(r) ds

e(B1+e)t— AL (1t -1)+ 5 01(5) dB1 6)

IA

gm0ty o1(v) dBy (-G (71 -1)) [t ebr-o)s ds

(b - 8)6(El+s)t_%(eﬂ”‘l)+fé 01(s) dBi(s)

a(ebr-ot — e(51—8)T)emm05V5t{f0V o1(z) dBy (1= (1)

2 (1-91 _ g)e(i;ﬁs)p ’131’1 (€1 1)+ [§ o1(s) dB1 (s)

aelbi-e)t gminozv=e g 01(0) dBy (0)- G (ee17-1))

2(by -
= 7( ! S)EQStLl(t),
a

(10)

(11)
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where

efg o1(5)dB1 (5)- 9L (71 -1)

Ly(t) =

gminosv=efg o1(0)dBy (1)- 19 (e 1v-1))

It then follows from L;(¢) > 1 that

/t f J3 ba(1) dr="207T2 (6225 1)+ [ 5 (1) dBy ()
e 2 ds
h+®(s)

(by—e)s— 20 r2 (e7*25-1)+ [§ 02() dBa (1)
f d
2(b1—5) 2¢s S
1==e2e5 L (s)

- >s—%(e'a25—n+/§ 02(7) dBa(7)

by—¢
> / fe . ds
T (s 2

to- o0~
(b2-3¢)s+ [ 02(7) dBa(v)- 252 (e’“ZS—I)LI1 (s)ds

ah +2(b; —¢) /T

v

o _ L (ser _ ¢®73T) min {Lv)}
ah +2(b1 —€) by — 3¢ 0<v<t

=L (t)( (by—3e)t (52—35)T)’

where
Lo(t) = Ly (8)eo @ 40252 20,
a 1
Ls(t) = f min {Lz(v)},

ah + 2(by — &) by — 3¢ 0=v=t
Thus (11) implies that

1 >e Jrb2(9) ds+ 22 (2= -1)- [ 03 (s) dBa(s)

p(8) ~
XL?,(t)( bz 3e)t 6(52—36)T)

> /T by(s) ds+ rzozrz( eme2(t=T)_1)_ fTUZ s)dBa(s) % lLS(t)e(Eg—Sa)t

2
> Ly(t) x 674'”,
where
La(t) = 2 Ly(t)elo 2085+ 252 20D 010209 dBa(o)
2 .
For this reason,
t 1 ng(t) < —t 1 InLy(t) + 4e. 12)

We then deduce from lim;_, ;o0 £ fot 04(s)dBi(s) = 0 (i = 1,2) that if b, > 0,

lim ¢t 'InLy()=0 as.

t—>+00
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This, together with (12), indicates
limsupt~ ' Iny(t) <limsupt ' Ing(t) <0 as.

t—+00 t—>+00

Taking advantage of Itd’s formula to (6) deduces

diny(t) = (bz(t) + (1o — ra)e " —%wm) dt + 03(6) dBy(),
namely,

iy (@) =t ny(0) + £ /0 bz(s)ds—%(e‘“”_l)
-%{fl /0 tw(s)dﬁfl /0 ' 2(5) dB(s). (13)

For arbitrary ¢ > 0, one can find out T > 0 such that, for ¢t > T,

(r

— t —_
by—¢/2<t! [lny(o) _(ro-r2) (e —1)+ / by(s) ds] <by+¢/2.
(%%)] 0

We then deduce from (13) that, for ¢ > T,
t t
T ny () <by +e —%t_l / Y(s)ds+t7! / 05(s) dBs(s), (14)
0 0
t t
trny(t) > by—¢ —'%t‘l / Y(s)ds+¢! / o5(s) dBy(s). (15)
0 0

Choose 0 < ¢ < bs. Making use of (I) and (II) in Lemma 2 yields that

h(by - ¢ . O
< 1t1m1nft / ¥(s)ds <limsupt / Y(s)ds
—+00 t—>+00 0
< h(by +€)
S

We then deduce from the arbitrariness of ¢ that
. 1 h
lim ¢ Y(s)ds=—= as,, (16)
0

which indicates that lim;_, ., 1 In(¢) = 0 a.s. In accordance to (8),

liminfz! 1ny(t)> hm t1ny () =0 as. (17)

t—+00

Theorem 1 ([28]) For model (3), the following conclusions hold:
i) Ifl_al <0, by <0, then both x and y become extinct, i.e. lim;_, , x(t) = 0,

limy 400 y(t) = 0 a.s.
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(ii) Ifl_al <0, by > 0, then x becomes extinct and y is persistent in the mean, i.e.
limys 4o 71 foty(s) ds = hby/f as.

(iii) Ifl_al >0, by <0, then y becomes extinct and x is persistent in the mean, i.e.
limy_, o0 £71 fotx(s) ds=bi/a as.

(iv) When by >0, by > 0, (a) ifl_al < ch/f then x becomes extinct and y is persistent in
the mean, i.e. limy_s ;o0 £ fo s)ds = hb2/f a.s.; (b) szl > cbz/f then
limy poo t™ fo (s)ds = by/a — cby/(af), lim;_, o0 £ fo ds=by/f as.

h+x(s)

Proof (i). Taking advantage of Itd’s formula to (3) results in

dlnx(t) = (bl(t) + (r10 = 1) — ax(t) — —2 (t)t ) dt + o,(£)dB, (),

Jy(t)

dlny(t) = <b2(t) + (ry0 — rz)e—azt _ TS

> dt + Gz(t) ng(t).

As a consequence,

Inx(t) — Inx(0) = /Othl(s) ds - rloa—_]rl(e_“lt -1)- a/otx(s)ds

Loyls) t
_C/O h+x(s)ds+/0 01(5) dBy (), s
Iny(t) — Iny(0) :/tbz(s) ds — %(e—azz_l)
¥(s) t
_f./ B+ x(s) /0 02(s) dBy(s)- (19)

We then deduce from (18) that, for sufficiently large ¢,

_1 () 4! —a1t
In W<bl+8+t /0(71(5)d31(5) T(e 1). (20)

In accordance to lim;_, ;oo ! fot o1(s)dBy(s) = 0 and b; + ¢ < 0, we derive lim,_, ;o0 x(£) = 0
a.s. Analogously, b, < 0 means that lim_, , y(t) =0a.s.
(ii). Note that b; < 0, hence (i) indicates that lim,_, ,  x(¢) = 0. As a result, for sufficiently

large ¢,
Iny(¢) —Iny(0) < (by + &)t — hf? /Oty(s) ds + /Otoz(s) dB;(s), (21)
030~ 1030) 2 G-t 69854 [ on9108:09) 22)

Making use of Lemma 2 to (21) and (22) results in

lim sup ¢! /ty(s) ds < W’ liminft /ty(s) (h—s)}((ﬂ
t—+00 0 t—+00

We then deduce from the arbitrariness of ¢ that lim,_, ;o0 ! fot y(s)ds = hl;z/f a.s.
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(iii). Since b, < 0, then analogous to the proof of (i), one can validate that lim,_, , y(¢) = 0.
The proof of (iii) is analogous to that of (ii), thus is left out.
(iv). (a). Compute that (18) x f — (19) x ¢,

t " fln (O) -1 (0) +ft / bi(s)ds—ct™ / by(s)ds
70 =71 gt _ 720 =72/ gyt _
it (e l)f * oot (e l)c

—aft_l‘/o x(s)ds+ft_1/0 o1(s) dBi(s)

—ct! /tog(s) dB,(s).

0

On the basis of Lemma 3, for arbitrary ¢ > 0, we can find out 7' > 0 such that, for ¢t > T,
ct'ln j((—é)) < ¢/5. For this reason,

t £ Inx(0) < /5,
720 =72 1 4ot ro—"ri, _ t
2002 “1)c- 2L (e 5,
Olzt (e )C Ollt ( )f = 8/
t t
i / ) dB16) et [ a9 dBa(o) <5
0
t —_ —_
ft / bi(s)ds —ct™ / by(s)ds < fby — cby + €/5.
Asaresult, fort> T,

t f Inx(t) <& +fby — chs. (23)

Choose 0 < ¢ < chy —fl_al. Consequently, lim;_, , o x(£) = 0. The proof of

t
lim t‘I/ y(s)ds = hby/f
0

t—>+00

is analogous to that of (ii) and thereby is left out.
(b). On the basis of (19),

t —
tny(t) -t Iny(0) = 71 / bo(s)ds — y (efotzt _ 1)

(25}
¥(s)
i /h+x
-1 dBs(s). 24
+t /Ocrg(s) 5 (s) (24)

We then deduce from Lemma 3 and lim;_, ;o0 £* fot 05(s) dBs(s) = 0 that

L b
tE{rnoot h+x(s)d I (25)

Page 8 of 15
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As a consequence, for any ¢ > 0, we can find out T > 0 such that, for ¢ > T,

B _ t
_C_Z_gf_u(e—w_l)_cfl/ Y9454 £ Inx(0)
f ot o h+x(s)

- _Cfﬂ ‘e (26)

Applying (26) to (18) gives that, for ¢ > T,

B [‘7 t t
T nx(s) > by - % —2¢—at™! / x(s)ds + 71 / o1(s) dB1(s),
0 0

_ 5 t t
£ Inx(t) < by — Cf—2 12 —at! / x(s)ds + £ / o1(s) dBy (s).
0 0

Choose 0 < ¢ < (by — cby/f)/2. On the basis of Lemma 2,

by cby 2 t !
A _22 < liminft’lf x(s) ds < limsup t‘lf x(s) ds
a af a t—>+00 0 t—+00 0

“a af a

We then deduce from the arbitrariness of ¢ that lim,_, o £ fot x(s)ds = by/a — cl_az/(af). O

3 Discussions and numerical simulations

Now we test the functions of the mean-reverting Ornstein—Uhlenbeck process on the
persistence and extinction of model (3). There are two key parameters in the Ornstein—
Uhlenbeck process: the speed of reversion «; and the intensity of the perturbation ;. In
light of Theorem 1, the persistence and extinction of system (3) are entirely dominated by
the signs of b1, by and by — cl_ag/f . Clearly,

g_z‘;i 0 3(by — chylf) o
Q;
8_l;i <0 3(51 —Céz/f) < 8(151 —CEz/f)
aEH D) ’ 3(&3)

, d(by — chylf) 0
day dary

]

For this reason, with the rise of «; (respectively, &;), species i tends to be persistent (re-
d(b1=cha/f)

spectively, extinct), i = 1,2. Furthermore, due to the fact that Ty~ <0 (respectively,

d(b1=chrlf)
3(E3) i B
extinct (respectively, persistent) provided b, > 0 and b, > 0.

> 0), thus sufficiently large oy (respectively, &;) could make the prey population

Now we numerically validate the above outcomes (here we only provide the functions

of «; since the functions of &; can be proffered analogously). On the basis of the Milstein

Page 9 of 15
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method offered in [29], model (3) can be discretized as follows:

k
= oK g K (ry + (110 — r1)e 1 KAD _guk - LAt

h+ak
+ & /1_6—2a1(kAt)xk /A_ték

e
bl (1 - e ka0 (N2 AL - AL),
k
yk+1 =j/k +yk(’,,2 + (720 _ rz)e—az(kAt) _ %)At
+ %2 V1 — e 22k yk /A pk

2
+ 3 (1= 2Kk (F2 AL - AD),

where £, 0%, k = 1,2,..., K, mean independent Gaussian random variables.

Choose r; = 0.6, r, = 0.4, r19 = 0.3, 190 = 0.2, 512 =1.43, 522 =0.63,a=04, c=0.36, f =
0.25, 1 = 1 (these and the following parameter values are hypothesised). Now, we let o;
and o vary.

« Choose a; = 0.55, a3 = 0.35. Then b; = —0.05, b, = —0.05. On the basis of (i) in

Theorem 1, both x and y become extinct. See Fig. 1.

« Choose a; = 0.55, @y = 0.525. Then b; = —0.05, by = 0.1. On the basis of (ii) in
Theorem 1, x becomes extinct and lim,—, ;o0 £ foty(s) ds = hl_allf =0.4. See Fig. 2.

« Choose a; = 0.65, @y = 0.35. Then b; = 0.05, b, = —0.05. On the basis of (iii) in
Theorem 1, y becomes extinct and limy_, ;o £ fot x(s)ds = by/a = 0.125. See Fig. 3.
Comparing Fig. 1 with Fig. 2, one could perceive that with the rise of «3, the predator
population inclines to be persistent. Analogously, comparing Fig. 1 with Fig. 3, one

could perceive that with the rise of 4, the prey population inclines to be persistent.

0.7

x(t)
—y()

0.6

0.5

0.4

0.3

0.2

0.1

0 .
0 20 40 60 80 100 120 140 160 180 200

Figure 1 Solutions of model (3) with ry = 0.6, =04, r10 =03, 120 =02,E? =143,£7 = 063,a =04, c =036,
f=0.25h=1.With ay =055, &, = 0.35

Page 10 of 15
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0.7

‘X(t)
—y()
—_t 0y(s)ds

0.2 i

k

0 100 200 300 400 500 600 700 800 900 1000

0

Figure 2 Solutions of model (3) with r; = 0.6, 1, = 04,110 =03, 120 =02, &7 =143, =063,a=04,c=036,
f=025h=1.With a; =055, &ty = 0525

0.7 T
()
—y(
—_— t'1f‘0x(s)ds
0.6
0.5 ,
0.4 |

0 | | | | | | | |
0 100 200 300 400 500 600 700 800 900 1000

Figure 3 Solutions of model (3) with ry =0.6,r, =04, r19 =03, 20 =02, &7 = 143, 522 =063,a=04,c=0.36,
f=0.25h=1.With a; =065, a» =035

« Choose a1 = 0.715, ap = 0.7875. Then by = 0.1, by = 0.2, by < chy/f = 0.288. On the
basis of (a) in Theorem 1, x becomes extinct and lim;_, , o £~} fot y(s)ds = hby/f =0.8.
See Fig. 4.
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0.9

I

()
—y()
0.8 —_— t"fgy(s)ds !

L

0.7 -

0.6 i

0.4 -

0.2 i

0.1 —

0 | | | | | | | | |
0 100 200 300 400 500 600 700 800 900 1000

Figure 4 Solutions of model (3) with r; = 0.6, 1, = 04,110 =03, 120 =02, &7 =143, =063,a=04,c=036,
f=025h=1.With o; =0.715, o, = 0.7875

0.7
x(t)
—y(t)
—_— t'1J1Ox(s)ds
0.6 -1 M
—— ' y(s)/(hex(s))ds
0.5} B
0.4 B

0.3 {

0.2
0.1~ N
0 L I L L L L L L L J
0 100 200 300 400 500 600 700 800 900 1000

Figure 5 Solutions of model (3) with r; = 0.6, 1, = 04, rig =03, 20 =02, 7 = 143, &5 =063, a =04, c =036,
f=025h=1.Witha; =0715, a3 =045

« Choose a; = 0.715, a3 = 0.45. Then by = 0.1, by = 0.05, by > chy/f = 0.072. On the
basis of (b) in Theorem 1, lim,_, ;o0 £ " fot x(s)ds = by/a — cl_az/(af) =0.07.

limys yoo t7! fot h{gf()s) ds = by/f = 0.2. See Fig. 5. In comparison with Fig. 4, one could

perceive that with the rise of ay, the prey population inclines to become extinct.
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4 Concluding remarks

In the present article, we took advantage of a mean-reverting Ornstein—Uhlenbeck pro-
cess to portray the random perturbations in the environment and formulated a stochastic
PPFMLHS which might be more appropriate than model (2). We offered the persistence-
and-extinction threshold of the model and uncovered some significant functions of
Ornstein—Uhlenbeck process: sufficiently large «; (the speed of reversion) could make
species i persistent; furthermore, in some cases sufficiently large a; could make species 1
(the prey population) become extinct.

Several problems remain to be solved. First, the present article tests the predator—prey
framework, it would be interesting to dissect the food-chain framework (see [30]). Second,
the present article probed into the white noises, one could examine other random noises
such as the telephone noise (see [31]), the Lévy noise (see [32]) etc. When the telephone
noise is considered, model (3) is replaced with

dx(£) = 2(6) (r1 (A(0)) + (r10(A(8)) — 11 (A(6))e™ 1O — a((8))x(t)
— OO dt + 0 (£ A(£)x(2) dBy (8),

dy(t) = y(B)(ra((8)) + (rao(A () — ra(A(e)))e 20Ot — JEODD ) gy
+03(6, M(£)y(®) dBa(8),

where A(t) is a Markov chain with finite states. When the Lévy noise is considered, model
(3) is replaced with

dx(t) = x(t7)(r1 + (r1o —r1)e” " —ax(t™) - h?';i;_)))dt

+o1(E)(t) dBi (1) + [ ma(6)T(de, dé),

dy(t) = y(t7)(ry + (ra0 — r2)e™ 2" — ;f,(f(;z))dt

+oo(t7)y(t) dBa(t) + [ ma(€)T(dt, d§),

where wu(t”) means the left limit of w(z), I is the compensating measure of a Poisson
measure I', & C (0,+00) adheres to y(Z) < +00, where y is the characteristic measure
of . Finally, one could take the intraspecific competition of the predator population into
account, which was neglected in model (3).
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