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1 Introduction

Usually fractional differential equations are considered as a generalization of ordinary dif-
ferential equations, and they have been applied as more appropriate models of real world
problems in engineering, physics, finance, etc. [9, 22]. The applications of fractional cal-
culus have been growing, including anomalous diffusion [5], viscoelastic mechanics [6],
control system [12], petroleum engineering [19], multi-strain tuberculosis model [23], and
many other branches of physics and engineering. A good collection of different fractional
models applied to thermodiffusion, thermodynamics, mechanics, and viscoelasticity is
given in the book [24].

In many processes, such as chemical processes (behaviors in chemical kinetics), techni-
cal processes (electric, pneumatic, and hydraulic networks), biosciences (heredity in pop-
ulation dynamics), economics (dynamics of business cycles), a delay is observed. With the
combination of both fractional derivative and time delay, the topic of fractional order delay
differential equations is enjoying growing interest among mathematicians and physicists
(see, for example, [11] for delayed feedback control).

One of the main qualitative problems is connected with obtaining explicit formulas for
the solutions, especially in the case of linear equations. The generalized Mittag-Leffler
function with matrix arguments is applied for systems of linear Caputo fractional differ-
ential equations (see [8]). Recently, there have been developments on seeking the explicit
formula of solutions to delay Caputo fractional differential equations. Li and Wang [13]
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studied the linear homogenous Caputo fractional delay differential equations and gave a
representation of the solution. Also, in [15, 17] representations of the solution of linear
non-homogeneous Caputo fractional delay differential equations are provided.

However, little is known regarding Riemann-Liouville (RL) fractional differential equa-
tions with delays. For some related contributions about RL factional differential equations,
one can refer to previous works [1, 3]. Note that linear systems of RL fractional differential
equations without any delay are studied in [18] and explicit formulas for the solutions are
obtained. RL fractional differential equations with delays are not well studied. We men-
tion the papers [14, 16] where the lower bound of the RL fractional derivative coincides
with the left side end of the initial interval, but we note that this does not correspond to
the idea in the case of delay differential equations with ordinary derivatives and the idea
of the initial value problem of RL fractional differential equations.

In this paper we study initial value problems of systems of linear RL fractional differential
equations with constant delay of the type

gLD?X(t) =AX(t)+BX(t—1)+F(t) forte(0,T],

where A, B are constant matrices, T > 0 is a constant delay, and T < co. Similar to the
case of the ordinary derivative, the differential equation is given to the right of the initial
time interval. It requires the lower bound of the RL fractional derivative to coincide with
the right side end of the initial interval (usually this point is zero). Note that in this case
any solution of an initial problem (IVP) with RL fractional derivatives is not continuous
at the initial point. That is why RL fractional delay differential equations are convenient
for modeling a process with impulsive types of initial conditions. These types of processes
can be found in physics, chemistry, engineering, biology, and economics. To determine
the law of the initial impulsive reaction, we need to add to the usual initial condition (for
example, x(t) = ¢(£) on the initial interval [-7,0], T > 0 is the delay) a fractional condition.
This conclusion is based on the results obtained in [9] and [21] concerning the physical
interpretation of RL fractional derivatives and initial conditions which include derivatives
of the same kind. Based on the above, we set up appropriate IVPs for RL linear fractional
differential equations with the lower limit of the RL derivative equal to the right side point
of the initial interval, i.e., we study initial conditions of the type

X()=G(t) forte[-1,0]

and

_ 1 L X(s
of; "X (t)]1=0 = lim ©_ 4=
=0+ T(1—q) Jo (t=s)7

’

where C is a constant vector.

Explicit formulas for the solutions of initial value problems with both zero and nonzero
initial functions are obtained. Also, the cases of homogeneous as well as non-homoge-
neous equations are studied. In the case A = 0 the explicit formulas are comparatively
easy to be applied, and in the case A # 0 the g-matrix functions (or the matrix Mittag-
Leftler functions) are used. The scalar case of the linear RL fractional differential equations
with the above mentioned initial conditions is studied in [2] and explicit solutions are
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obtained. Note that in [2] the Mittag-Leffler function is applied in all formulas for the
explicit solutions. In the case of systems and vector functions, the Mittag-Leffler function
is notapplicable and it is replaced with the g-matrix exponential function defined and used
in [4]. The application of this function not only leads to more complicated calculations but
also to new formulas for the exacts solutions.

2 Preliminary notes on fractional derivatives and equations
Let m € LI°([ty, T],R) and £, T > 0:ty < T < oo (in the case T = oo the intervals (to, T]
and [ty, T are (¢, T) and [ty, T'), respectively). In this paper we use the following definitions
for fractional derivatives and integrals:

— Riemann-Liouville fractional integral of order q € (0,1) [7, 20]

1 E m(s)
I ————ds, telt,T],
0= |, ot et
where I'(+) is the gamma function.
Note that sometimes the notation ;, D, m(t) = ., I m(¢) is used.
— Riemann-Liouville fractional derivative of order q € (0,1) [7, 20]
RL DT (t) = d ( 1 “m(t)) = 1 4 t(t ) Im(s)ds, tety, T]
fo fo%t r(1-gq)dt ’ o
We give fractional integrals and RL fractional derivatives of some elementary functions
which will be used later.

Proposition 1 For t >ty and B > 0, the following equalities are true:

Rty o _LA+E) e

1o Di (£ =10)" = 1"(1+,3—q)(t )",
B-1 _ F(,B) _ B-

I Ut - to) 71_,(1_'_'3 )(t )",

Wl 1t~ t0)" = I (q),
Dl (- 1) =0.
For m € LY([to, T],R"), m = (my, my, ..., m,)T, we use
T
n-Dim(t) = (5 Dimy (0), - Dima(0), .., i Dim, (1))

Ity

and
T
toltqm(t) = (tolfml(t), [Olfmz(t), ooy [Olgmn(t)) .

Let M,,,,(R) be the set of all matrices A = {a,;};szl with a;; € R. We will use the notation
I for the unit matrix from M,,,.,(R). For any matrix A € M,,,.,(R), we will use the notation
A = I and define the g-matrix exponential function [4] by

— 1)k
eA t—to) (t to)q—l Z k 1—‘((t(k iO)l)q) £>to,
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and the Mittag-Leffler matrix function by

I to)kq
E (At - to)7) Z
— (k+1

Therefore,
e = (¢ — 10) 17 Eg (At — 10)?).

The definitions of the initial condition for systems of fractional differential equations
with RL-derivatives are based on the following result for the linear RL matrix fractional
equation:

N DIX(t)=AX(2), te(ty,T), ey
with X € LI°([ty, T], R") and A € M,,».,(R).

Proposition 2 (Theorem 3.1 [25]) Let q € (0,1). Then problem (1) with the initial condi-
tion

ol X Wlemgy = Jim o, m(t) = €, C & Mype(R) (2)
is equivalent to problem (1) with the initial condition

Jim (6= )" X0) = 7 )

Remark 1 According to Proposition 2, it is enough to study one of the initial conditions
(2) or (3). Following this result, we will study only the initial condition of type (2).

The explicit formula of the initial value problem (IVP) (1), (2) is given by (see Theo-
rem 3.2 [25])

X(@) =€ C. (4)

In the case of a system of non-homogeneous fractional differential equations with RL-

derivatives
wD{X(t) = AX + F(t)(t), te(to,T], (5)

with F € C([to, T], R"), the explicit formula of IVP (5), (2) is given by (see Theorem 3 and
Remark 1 [18])

X(@) =" C + f e2"IF(s)ds fort € (to, T). ®)

In the case of a scalar linear RL fractional differential equation, we have the following
result.

Page 4 of 18
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Proposition 3 (Example 4.1 [10]) The solution of the Cauchy type problem

fOLDfx(t) =xx(t) +f(t) forte(ty, Tl

tgltl_qx(t)lt:to =b
with b e R, f € ([ty, T1,R) has the following form (formula 4.1.14 [10]):

x(t) = LE (At - 10)7) + /t(t — )T Ey (Mt = 9)T)f (s)ds, (7)

(t—to)t-a 1 fo

where E, 4(z) = Z;fo #jw) is the Mittag-Leffler function with two parameters (see, for ex-
ample, [20]).

In the case of a system of RL fractional differential equations with constant coefficients,

we have the following result, which is a special case of Theorem 3 [18].
Proposition 4 ([18]) The solution to the initial value problem for the system

nD{X(t) = AX(t) + F(t) fort € (to, T1,

ol 7X@t =gy = C

with A € M,;»,(R), F € ([to, T1,R") has the following form:
t
X(t)=e"0C + / e, F(s)ds, te(to,T], (8)
to
or its equivalent form

X(t) = (£ - o) Ey(A(t - 8)7)C + / t(t—s)q‘lEq(A(t—s)q)F(s)ds, te(to,Tl. (9

to

3 Explicit formula for the solutions of scalar linear RL fractional equations with
delays and zero initial values

Throughout the paper we assume Zﬁzn(*) =0 for the integers n,[,n > I.

3.1 Homogeneous linear RL fractional differential equation

Consider the system of linear Riemann-Liouville fractional differential equations with
constant delay (HFrDE):

SIDIX(t) = BX(t—1) forte (0,T], (10)

where g € (0,1), B € M,,x»(R), B = {b;}, T > 0is areal constant, X = X1, X .., X)), X €
R, k=1,2,...,n.

Remark 2 Without loss of generality we assume that there exists a natural number N < oo
such that T = (N + 1)t.
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We will consider the zero initial value

X(@#) =0 forte[-1,0], (11)
and
o IX(O)1mo = lim ——— / AU (12)
t=0r I'(1—¢q) Jo (£-5)1

with1=(1,1,...,1)7.

Remark 3 Note that the IVP for HFrDE (10), (11) with the zero fractional initial condition,
i.e., lim;_ o, (¢179X(t)) = 0, has only a zero solution.

Theorem 1 The solution of IVP (10), (11), (12) is given by

n Bl’ )
X@) =) ———(¢—ir)#Ve 1y, ¢ , 1z],n=0,1,2,...,N. 13
(®) ;F((”l)q)( i) € (nt,(n+ 1)t],n (13)

Proof Let t € (0,7]. Then from (10) we have RL fractional differential equations §-Dfx x

Xi(t)=0forte(0,7],i=1,2,...,n whose solution is given by

tq—l
X(t) = roY

€(0,7], (14)

since from Proposition 1 we have oI'~9¢9"! = I'(g), i.e., oI, *X(£)|,-0 = 1 and

A
SLp? =0. (15)
I'(q)
Let ¢ € (7,27]. Then from (10), (14) we have the following system of RL fractional equa-
tions:
RLDT X (£) = PG 2L (z,27] (16)
o I'(q) o

Then the solution of IVP (10), (11), (12) is given by

tq—l

XO= Tt Teg

(t-1)% 11, te(r,27] (17)

Indeed, from Proposition 1 with 8 = 2¢ — 1, we have for ¢ € (t,27] that

gLD?X(t) ﬁdr(/ (t-s) qX(s)ds+/(t s) qX()d)

B lth/(

- 571 B 2g-1
' ru—mﬁff (£=3) q<r<q)“ et l)ds

dsl
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1 d [t e
_r(l—q@/o“”)qmq)d“

#i t o) (g — 7)24-1
+F(2q)F(1—q)dt/,(t s) (s =) dsl

B
= (t-7) 1. (18)
I'(q)
Therefore, X(¢) satisfies (16) for ¢ € (t,21].
Let ¢t € (27,37]. Then from (10), (14), (17) we have
(t-17)1! B?

SLpIX(t) =B ) 1+ 2D (t-27)%1'1 forte (21,37]. (19)

Then the solution of IVP (10), (11), (12) is given by

! B o1 B?
@ e M ey

X() = (¢-27)%1'1, te(2t,37], (20)

since from Proposition 1 with g = 2g — 1 and the equality

(t—a)*V41r (1 - q)I(kq)

(k- 1g) 21)

d t
= / (t-s)(s—a)" " ds =
we have for t € (27,37] that

2t
SLDIX(t) = T@ 7 (/ (t=35)79X(s)ds + (t—5)79X(s)ds

+/t( )-qX()d)
B ra- th/(_

d s B 2g-1
r<1—q>dt/ (‘)q(r@ Tt 1)"“
1 d
(1 61)617-‘ 2T

171 B 1 B? 301
X(F()l TR R e L l)ds

1 d [t e
g

B i ! (e )21
+7F(2q)1“(1—q)dt/,(t s)Us—1)9 " 1ds

B? d [t 301
t—— = | (t-9)s-27)*""1ds
Ir3qg)I'(1-gq)dt /m

2

dsl

(t—)q

_ B —(t-7)T 1+ (¢ —27)% 1. (22)

I'(q) I'(2q)

Therefore, X(¢), defined by (19), satisfies (19) for ¢ € (27, 37].
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Continue this process and the claim is established. O

Remark 4 In the scalar case n = 1 the system of RL delay fractional equations (10) is re-
duced to a scalar linear delay RL fractional equation, the vector 1 is reduced to the constant
1, and formula (13) coincides with equation (7) [2].

3.2 Non-homogeneous linear RL fractional differential equation
Consider non-homogeneous scalar linear Riemann-Liouville fractional differential equa-
tions with constant delay (NFrDE):

SLDIX(t) = BX(t—1) + F(t) forte(0,T], (23)
with the zero initial condition (11) and fractional condition
1-q
ol; "X(®)lt=0=0, (24)
where F € C(R,,R"), F = (F1,F,...,F,)T, t >0is areal constant, and B € M,,»,,.
Using a direct proof, we will obtain an explicit formula for the solution of IVP (23), (11),
(24).

Theorem 2 The solution of IVP (23), (11), (24) is given by

n

X(t) = Zm/(t §)WV-1F(s — it) ds,
te(nr,(n+1)r],n=0,1,...,N. (25)

Proof Lett € (0, t]. Use the variation of constants method and we will search for solutions
in the form

t (t _ S)q—l

where K € C([0,7],R"), K = (K1,K>,...,K,)T is the unknown function to be obtained. Ac-
cording to the initial condition (11), we have X(¢ — 7) = 0 for ¢t € [0, 7] and

SEDIXi(8) = Fi(t) forte (0,7),i=1,2,...,m. (27)

Then, applying f;(t —5)(s— &)1 ds = I'(1 — q)I"(g), we obtain for ¢ € (0, 7] that

(s s)“
_ q L
i q)dt/< 9 / Ki(&) de ds
1 _ S—E) -1

d [t -6
_ q
dt/ ("3)<m— )/( g ds)dg

I( (£)dE = Ki(¢). (28)

RLDqX (t)

T dt
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From (27) and (28) we get K;(t) = Fi(¢), i = 1,2,...,n, i.e., the solution X(¢) of IVP (23),
(11), (24) for t € (0, 7] is given by

X(t) = /0 gl ;(Sz](;_ll-"(s)ds, te(0,1]. (29)

Note that it is easy to check the validity of condition (24) for the solution X(¢) defined
by (29).

Let ¢ € (t,271]. Use the variation of constants method and we will search for solutions in
the form

[ s+ s [
'(q) F(s) F(Zq)/f(t )" K(s)ds forte(r,21], (30)

where K € C([7,21],R"), K = (K1, K>, ..., K,)T is the unknown function to be obtained.
Then, according to (23), (2), and X (¢ —7) = t ' “LF(S) ds, for t € (27,31], we have

o' DiX(t) = B /0 - #F(s) ds + F(t)

~ t(t—s)tt
—B/; ) F(s—t)ds+ F(t) forte(r,27]. (31)

Also, applying —qI"(~q) = I'(1 - q), equality of,"*"(¢ - £)% = T20(¢ — £)7 (see
Proposition 1), (21) with a = &, k =2, and

jt / 1<(s>( / (£ ) (s — ) lds)ds
/ 1<(s>—( / (6 —5) (s — &) lds) de

- Wf K(&)(t-&)7 ' dg, (32)

from (2) and (30) we obtain for ¢ € (t,27] that

SLDIX(t) = F(l 7 dt(/ (t—35)79X(s) ds+/(t—s) qX(s)ds)

- _ q
I(I—q) dt(/ e /o r'q Fle)ds ds

g-1
/(t—s) q/ (s Ff)) F(&)dE ds

2g-1
/(r—s) qm) g 1<(s>dsds>

s-ert
— _ q
- q)dt</ )/ T L G)dbds

- 2g-1
"o / K(E) /g (t—s5) (s —£)™ dsds)

Page 9 of 18



Hristova et al. Advances in Difference Equations (2020) 2020:180

_ ;i ! ‘ o) _ £)\2q-1
~FO* oo dt/{ K(S)Q (t—s) (s - €)% ds)dg

(-t
I'(g)

From (31) and (33) we get K(s) = F(s — t), s € [, ], and

=F(t)+B / K(€) dt. (33)

X(2) /t t- )qle( )d + B /t(t YHLE( )ds fort e (t,21] (34)
= s -5 s—1)ds for ,21].
Let t € (2t,37]. Use the variation of constants method and we will search for solutions
in the form
t -1 t
(t—s)1 B 20-1
X(@) = (s)ds + / (t—s) T F(s—1)ds
, T Y ey
B2
(t s 1K (s)ds fort € (2t,31], (35)
(3q) 2t

where K € C([21,37],R"), K = (K1, K>, ...,K,)T is the unknown function to be obtained.
Then, according to (23), (2), and (34), we have for ¢ € (27,37] that
ST (-1 —s)11
RLp?x(t) = B / (71-" (s)ds
ot 0 I'(q)
BZ
+
I'(2q)

/t r(1.‘— 7 -8 F(s— 1) ds + F(t)

£ oya-1 2
=B_/T (trf(); F(S—r)ds’frl(gz) - )7 F(s—2t)ds + F(t).  (36)

Similar to (33) we obtain

1

RL v (S
SDIX(O = q)dt(/ " Fe)de ds

- _ )4 _ £)2q-1 _
req 2 [ / (5- £V Fle ~ ) de d
(3q / (-5 /2 (s — £ 1K () de ds)

-1
=F(t) + B/ - E) F(& -1)d&

- -q 3g-1
(3q>r(1 Dbt dt(/ -8y *s=4) dS) %
(t-gpr!

(t-&)!
ro+n [ S re-nac s [ k0D @)
i.e., from (36) and (37) we get K(s) = F(s — 27), s € [27,¢], and
X@) = Ot (t;z)t;_ll:(s)ds+ F(i )/t(t—s)zq"lF(s—r)ds
B (t s 1F(s—2t)ds forte (2t,37]. (38)

(3q) 2T

Page 10 of 18
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Continue this process and the claim is established. O

Remark5 Note that the formula for the solution in the homogeneous case does not follow
from the one in the non-homogeneous case because of fractional conditions (12), respec-
tively, (24).

Remark 6 The explicit formula (25) of solution in Theorem 2 is a generalization of formula
(20) [2] for the scalar case n = 1.

4 Explicit formula for the solutions of scalar linear RL fractional equations with
delays and non-zero initial values
Consider the linear non-homogeneous RL fractional differential equation (23) with

nonzero initial value:

X()=G() forte[-1,0],

- 1 t X(S) (39)
ol TIX(8) |1z := hm o, X (t) —tlir& T o) T ds = G(0),

where G € C([-7,0],R"), max;_1 5., |Gi(0)| < c0.

.....

Remark 7 Note that the function G(¢) = t%'1 is not applicable in this case as an initial
function.

Theorem 3 The solution of IVP (23), (39) is given by

G(), tel-t,0],

n  BkG(0) (k+1)g-1
k=0 I'((k+1)q (t kT)

+Zkor(k+1 Ji(t —s)*Da1F(s — k) ds

+ Zk 0 rB:: ferb)e "t —s)*1G(s = (k + 1)7) ds

kt

+ F((ffl)q) fm (t — )" D1G(s - (n + 1)T) ds,

te(nt,(n+1)t],n=3,4,...,N.

Proof Define the function P € C([0, T],R”), P = (P1, Ps,...,P,), by

BG(t-1)+F(), tel0,1],

0) + Lq)ft( t—s) Y BG(s—2t) + F(s—1))ds + F(t), te(r,27],
U202 B2G(0) + 125 [!(t~ s} Fls — 1) ds

B—zﬁf(t-s)q 1G(s - 27)ds

2q) fzr(BG(S 37)+ F(s—27))(t—s)X1ds+ F(¢), te (21,31],

k
ZZ? Br(iq - kf)kq L+ Zk 1 qu) fkr(t S)kq 1F(S kt)ds
+ Y B [ (- 98 Gls — k) ds
7+1
+ P e - PGS — ) ds + F(O)
te(nr,(n+1)1),n=0,1,2,...,N.
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Let ¢ € (0, 7]. Then, from system (23) and initial condition (39), we have

gLD?X(t) =BG(t-1)+F(t) forte(0,1],

1-¢q (40)
OIt X(t)|t:0 = G(O)
Therefore, we have
SLDIXi(t) = Pi(t) for t € (0, 7],
(41)

o, I Xi()l1=0 = Gi(0), i=1,2,...,n

According to Proposition 3 with A = 0 and the equality E, ,(0) = % the solution of (41)

on (0,7]is
GO L
X(t) = —— F(q) +ﬁq)/0 (t—38)T"P;(s)ds
Gz(o) Zil’ilbi" ‘/‘t(t—s)”_lG‘(s—t)ds+ ! /t(t—s)q_lF‘(s)ds (42)
T r'q) Jo ! r(q) Jo R

Therefore, the solution of IVP (23), (39) on (0, 7] is given by

X(t) = ?8; 7ty %q) fot(t -5)"(BG(s—1) + F(s))ds, te(0,7]. (43)
Let ¢ € (r,2t7]. Then from (23), (39), and (42) we have the system
SLDIXi(t) = Pi(t), te(r,2t],i=1,2,...,n (44)

According to Proposition 3 with A = 0, the equality E,,(0) = %, and fé t—s)a (s -

£)11ds = q) D (¢ — £)21 the solution of (44) on (z,27] is
GO 1 [T ip L (' oeip.
Xi(t) = ) =+ F(q),/o (t—s)T"P;i(s)ds + F(q)/r(t ) Pi(s)ds
G(O)

f (t—s)T IZbl,G

= L t_ql )d
(q) +F(q),/0( 8)TFi(s) s+

Z, 1 b;;G;(0)
F(q) /

-1
) (s—1)"ds
/ t—s)1 IZbuZ“ ’k/( £)7 ' Gi(€ - 27) dE ds

F() I'(q)

ql S_ -1p (g -
v [ oot - as

_GO) L 1 o1
" +F(q)/0(t $)TUE () ds + /(t ) Zqu(s 7)ds
Y7L, bGj(0)

Q) f (t—95)T(s-1)1 1 ds
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bi Y byGr(€ -27) (t=s) T Ys— &)V dsde
i (ZnEmes) [

1 t n t 3 ~
FZ—(q)/, (;%B@—ﬂ)/s (t—s)T (s —€)7 " dsds

Gl(o) - 1 ¢ T - n
= ]"(q)tq 1+ﬁq)‘/0‘ (t—S)q 1F(S)dS+ m/ (t—s)q I;bijGj(S—T)dS

1 n
+ — b;G;(0)(t - .L.)Zq—l
r'2q) ; ij )
2 F.(& — 2g-1 4
r<2q) / (,Zlb” ;bkak@ o)+ Zbl, (& f)) (-6 ds. (45)
Therefore, from equation (45), i = 1,2,..., n, the solution of system (23) on (z,27] is

G(0) a, BG(0)
I'(q) I"(2q)

%q) /Ot(t — )17 F(s) ds +

X(@) = (et

B ! 2-1
F(Zq)_/r(t_s)q F(s—1)ds

%q)/or(t—s)q—lG(s—t)ds+ Ff;q) /{t(t_s)zq_lG(S—%)ds,

te(r,21]. (46)

Continue this process and the claim is established. d

Special case: In the homogeneous case when F(£) = 0, the solution of IVP (10), (39) is

given by
G(¢t), te[ 7,0],
k
oAt kof
X(t) = + Zk 0 FB:: ,ffm (t = s)*&*Da-1G(s — (k + 1)T) ds

F((n+1)q) fm’ (t _S)(n+l)q—1 G(S - (I’Z + 1)T)dS,
te(mt,(n+1)r],n=0,1,2,...,N.

5 Explicit formula for the solutions of the general scalar linear RL fractional
equations with delays and non-zero initial values

5.1 Zero initial function

Consider the system of non-homogeneous linear Riemann—-Liouville fractional differen-

tial equations with constant delay:
SLDIX(t) = AX(t) + BX(t —7) + F(t) fort e (0,T], (47)
with the initial conditions

X(@#) =0, tel-t,0], (48)
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(49)

ol I X(8)]1e0 = C
where X e R”, F € C(R,,R"), A,B € M,,,(R), T >0 is a real constant, C € R”

Theorem 4 The solution of IVP (47), (48), (49) is given by

0 forte(-1,0],
M C+ [y ef"F(s)ds, forte(0,7],
e C+ [y ey IF(s)ds
s 51 Alsy—s sy Alsy—
X() = +Zk=1fqut 1Bf1 lzBfkrz qszss
N ksi(e/;Sk 1-5k) B( Alsg— kr)C
+ [50 f (e — ke)dE) dsdsi -+ dss dsy ds)
forte(nt,(n+1)r],n=1,2,...,N.
Proof Define the function P € C([0, T],R"), P = (Py,Ps,...,P,), by
F(t) € [0, 1],
Al- I)C+Bft AP —1)ds+ F(t), te(t,2t],
Beq “IOC 4 [fBey I F(s— 1) ds
+ fer A=) Beg s_zr)Cds
€ (21,31],

+ [y fo By Bef OF (s - 21) dé ds + F(2),

Pit)=1...,
Alt- T)C+ft AT E(5) ds
+Zk 1ft T A(t T-51) stl Als1-s2) Bf](sfz 1q4s2—53)B

S % ,:feAskl_SkB( (sg— kr)C
+ [51 O (e — kv)dE) dspdsi . - - - dsy ds ds + E(2),
N

te(mnt,(n+1)t],n=3,4,..

Let t € (0, ]. Then from equation (47) we have for ¢ € (0, ] the equation

SLDIX(t) = AX(2) + P(¢), (50)
with initial condition (49).
According to Proposition 4, the solution of (50), (49)
(51)

X(@)=¢)'C+ /Ot‘f?(”)F(s)ds, t€(0,7l.

Let ¢t € (r,2t]. Then from (47), (48), (49), and (51) we have that system (50) is satisfied

on (7,27], and therefore, the solution of (50), (49) according to Proposition 4 is

X(@)=€'C+ / te‘;(t_s)P(s) ds
0
= e‘;tC + /OT e’;(t_s)P(S) ds + /T[e‘;(t‘s)P(s) ds
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=elC+ / te‘;(t‘S)F(s) ds

0
+ / t e, B (ef;“f)c + / ) e, F(E - 1) dg) ds. (52)

Let £ € (27,37]. Then from (47), (48), (49), and (52) we have that system (50) is satisfied
on (271,3t], and therefore, the solution of (50), (49) according to Proposition 4 is

T 2T t
X(@)=¢€)'C+ / e, P(s)ds + / e P(s)ds+ | €)' P(s)ds
T 2t

/ AIE(s) ds
+/ e‘; eA(S ICds +/ f At S)Be‘;(s_f)F(S —1)dEds
&'

T

/qu”BeAST)Cds+// _SBeA(S”F(a 7)do ds
2t 2t J1
t

+

o

e‘;‘t S)BeAS “BeA" ) Cdo ds
2 T

TJ2
+/th/ e‘;”BeA“’)BeA VF(& - 27) dE do ds
2t J2t J2r1

t
:egtC+/ ef;(t_s)l-"(s) ds
0

+/Tte’;(t‘s < C+/ —t)d“;‘)

/ eA Be)- "B( =20 4 ae3<“-5>F(g-2r)dg) do ds. (53)
2t J21 2t

Continue this process. d

Remark 8 In the case T = 0 (no delay), B =0, and F = 0, the system of RL fractional differ-
ential equations (47) is reduced to the one studied in [25] with initial condition (49), and
the formula obtained in Theorem 4 reduces to the formula obtained in Theorem 3.2 [25].

Remark 9 Inthe case T = 0 (no delay), B = 0, the system of RL fractional differential equa-
tions (47) is reduced to the studied system (34) in [4] with initial condition (49), and the
formula obtained in Theorem 4 reduces to the formula obtained in Theorem 3 [4].

Special case: In the homogeneous case when F(£) = 0, the solution of IVP (47), (48), (49)
is given by

0 forte(-1,0],

e?tC, fort € (0, 7],

X(t) — e’;tC+ ZZZI fkt.[ (t— Sl)stl Als1—s2 stz Asz—sg

X e x [ e?(sk 1_Sk)Beq(Sk ) dsy dsi_y - - - dss dso ds, C

fort e (nt,(n+1)t],n=1,2,...,N.
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5.2 Non-zero initial function
Consider non-homogeneous scalar linear Riemann-Liouville fractional differential equa-

tions with constant delay (47) with the initial conditions

X =G@E), tel-1,0], (54)

ol 71X (8)]1=0 = G(0), (55)
where G € C([-7,0],R").

Theorem 5 The solution of IVP (47), (54), (55) is given by

G(t) forte(-t,0],

eAtG(0)+ft A SF(s)ds, fort e (0,1],

er'G(0) + “)F(s)ds

X() = +Zk lfkr € Al 51) fsl Als1—s2) Bsz Alsy S3
N /Z( 1335"‘ 1-5%) B(e! A(sg— kT)G(s _ k)

4 [ OE (e _ k) dg) dsg dsy s - dss dsy dsy

forte (nt,(n+1)r],n=1,2,...,N.

Proof The proof is similar to the one of Theorem 4, so we omit it. O

Special case: In the homogeneous case when F(£) = 0, the solution of IVP (47), (54), (55)
is given by

G(t) forte (-1,0],

e‘;‘G(O), fort € (0, 7],

X(t) = e’;tG(O) n Zzzl fktr e;‘(t—sl)stl Als1 Sz)stz Alsa— 83

X e X ksf‘l ef;(sk’l_sk)Beq Sk kT)G(sk —kt)dsidsi_1 - - ds3 dso ds;

forte (nt,(n+1)t],n=12,...,N.

Remark 10 Note that in the case the initial time 0 is replaced with arbitrary ¢y, all the

results in the paper are true with slight changes.

6 Conclusions

The formulas for the exact solutions are important tools in fractional models. Often it
is quite complicated to find the exact solution for RL fractional differential equations
even in the linear scalar case. In this paper we study various types of systems of linear
RL fractional differential equations with constant delays. We set up an initial value prob-
lem in an appropriate way based on the physical meaning to initial conditions expressed
in terms of Riemann—Liouville fractional derivatives or integrals [9]. Explicit formulas for
the solutions of initial value problems with both zero and nonzero initial functions are
obtained, and systems with homogeneous and non-homogeneous equations are studied.
The g-matrix exponential function is successfully applied in explicit solutions [4].
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The obtained formulas will be very helpful in the theoretical study of fractional models
with RL fractional derivative, for linearization of multi-dimensional nonlinear models, for
the monotone-iterative technique, and for systems of RL fractional differential equations
with delays.
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