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Abstract
In this paper, by using the confluent hypergeometric function of the first kind, we
propose a further extension of the Voigt function and obtain its useful properties as
(for example) explicit representation and partly bilateral and partly unilateral
representation. By means of the present representations, we derive several
(presumably new) generating functions which are partly bilateral and partly unilateral.
Some interesting recurrence relations of the Voigt function introduced here are also
indicated.
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1 Introduction and preliminaries
The familiar Voigt functions K(x, y) and L(x, y) were introduced and investigated by Voigt
in 1899. Mainly due to their applications in diverse research areas, such as astrophysical
spectroscopy, neutrons physics, statistical communication theory, and plasma physics, the
Voigt functions and their various generations have been intensively and extensively inves-
tigated by many authors. For a review of the (unification) generalizations of Voigt func-
tions introduced from time to time, see Srivastava and Miller [17], Klusch [6], Srivastava
and Chen [15], Gupta et al. [4], Pathan and Shahwan [10], Goyal and Mukherjee [2], Pathan
et al. [9], Srivastava et al. [18], Pathan et al. [8], Gupta and Gupta [3], Khan et al. [5], etc.

We recall here the generalized Voigt function defined by Srivastava et al. [18, p. 53,
Eq. (1.27)] needed for the present investigation:

Ω
μ
η,ν,λ[x, y, z] =

√
x
2

∫ ∞

0
tηe–yt–zt2

Jμ
ν,λ(xt) dt

(
x, y, z,μ ∈ �+;�(η + ν + 2λ) > –1

)
, (1)

where Jμ
ν,λ(z) is the well-known Bessel–Maitland function defined as follows (see [7]):

Jμ
ν,λ(z) =

∞∑
m=0

(–1)m(z/2)ν+2λ+2m

Γ (λ + m + 1)Γ (ν + λ + μm + 1)
. (2)

© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a
copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

https://doi.org/10.1186/s13662-020-02663-4
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-020-02663-4&domain=pdf
http://orcid.org/0000-0001-5769-4320
mailto:n.sooppy@psau.edu.sa


Khan et al. Advances in Difference Equations        (2020) 2020:229 Page 2 of 13

Note that on setting z = 1
4 in equation (1), the generalized Voigt function defined by Sri-

vastava and Chen [15] can be retrieved. If we set λ = 0 and μ = 1 in equation (1), then
it reduces to the generalized Voigt function given by Klusch [6], which, on taking z = 1

4 ,
further reduces to the Voigt function introduced by Srivastava and Miller [17].

The paper aims at presenting a new extension of the Voigt function defined by equa-
tion (1) in a slightly modified form by involving the confluent hypergeometric function as
follows:

Λ
μ,α,β
η,ν,λ [x, y, z] =

√
x
2

∫ ∞

0
tηe–zt2

1F1(α;β ; –yt)Jμ
ν,λ(xt) dt

(
x, y, z,μ,α,β ∈ �+;�(η + ν + 2λ) > –1

)
, (3)

where 1F1(a; b; z) is the confluent hypergeometric function defined as follows (see [16,
p. 36, Eq. (3)]):

1F1(a; b; z) =
∞∑

n=0

(a)n

(b)n

zn

n!
. (4)

If we set a = b, then equation (4) reduces to

1F1(a; a; z) = ez. (5)

For α = β , our extended Voigt function defined by equation (3) reduces to the Voigt func-
tion defined by Srivastava et al. [18, p. 53, Eq. (2.7)].

2 A series representation
In order to derive the explicit representation of our extended Voigt function in terms of
the familiar special functions of the mathematical physics, we make use of the series rep-
resentation of the confluent hypergeometric function and Bessel–Maitland function de-
fined by equation (4) and equation (2), respectively. Reversing the order of summation and
integration (under the given conditions), we get

Λ
μ,α,β
η,ν,λ [x, y, z] =

(
x
2

)ν+2λ+ 1
2 ∞∑

m,n=0

(–1)m(α)n(x/2)2m(–y)n

Γ (λ + m + 1)Γ (ν + λ + μm + 1)(β)nn!

×
∫ ∞

0
tη+ν+2λ+2m+ne–zt2

dt. (6)

Applying the following integral, which is easily deducible from the familiar Euler gamma
function,

∫ ∞

0
tλe–zt2

dt =
1
2
Γ

(
λ + 1

2

)
z–

(
λ + 1

2

)

(�(z) > 0,�(λ) > –1
)
, (7)

to the integral in equation (6), we obtain

Λ
μ,α,β
η,ν,λ [x, y, z] =

z–( η+ν+2λ+1
2 )xν+2λ+1/2

2ν+2λ+3/2
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×
∞∑

m,n=0

(α)n(– x2

4z )m(– y√
z )nΓ ( η+ν+2λ+1+2m+n

2 )

(β)nΓ (λ + m + 1)Γ (ν + λ + μm + 1)n!
(
x, y, z,μ,α,β ∈ �+;�(η + ν + 2λ) > –1

)
. (8)

On splitting the n-series into even and odd terms, we obtain

Λ
μ,α,β
η,ν,λ [x, y, z] =

z–( η+ν+2λ+1
2 )xν+2λ+1/2

2ν+2λ+3/2

[
(α)2n(– x2

4z )m( y2

4z )nΓ ( η+ν+2λ+1
2 + m + n)

(β)2n( 1
2 )nΓ (λ + m + 1)Γ (ν + λ + μm + 1)n!

–
y√
z

∞∑
m,n=0

(α)2n+1(– x2

4z )m( y2

4z )nΓ ( η+ν+2λ+2
2 + m + n)

(β)2n+1( 3
2 )nΓ (λ + m + 1)Γ (ν + λ + μm + 1)n!

]
. (9)

For α = β , equation (9) reduces to the explicit representation of Voigt function defined
by Srivastava et al. [18, p. 55, Eq. (2.4)].

On using the definition of Kampé de Fériet function Fp:q;r
s:t;u (see [16, p. 63]) in equation (9),

we arrive at the following explicit representation of our extended Voigt function Λ
μ,α,β
η,ν,λ :

Λ
μ,α,β
η,ν,λ [x, y, z]

=
xν+2λ+ 1

2

2ν+2λ+ 3
2 zpΓ (λ + 1)Γ (ν + λ + 1)

×

⎧⎪⎨
⎪⎩Γ (P)F1:1;2

0:μ+1;3

⎡
⎢⎣

P : 1;
(2;α + 1);
– x2

4zμμ , y2

4z
– : λ + 1,
(μ;ν + λ + 1);
(2;β), 1

2 ;

⎤
⎥⎦

–
αy

β
√

z
Γ

(
p +

1
2

)
F1:1;2

0:μ+1;3

⎡
⎢⎣

P + 1
2 : 1;
(2;α + 1);

– x2

4zμμ , y2

4z
– : λ + 1,
(μ;ν + λ + 1);
(2;β + 1), 3

2 ;

⎤
⎥⎦

⎫⎪⎬
⎪⎭

(
x, y, z,μ,α,β ∈ �+;�(λ) > –1,�(ν + λ) > –1,�(P) > 0

)
, (10)

where P = η+ν+2λ+1
2 and 
(m; a) abbreviates the array of m parameters a

m , a+1
m , . . . , a+m+1

m ,
m ≥ 1.

For the case β = α, equation (10) reduces to the representation defined by Srivastava et
al. [18] in a slightly modified form (i.e., in terms of the parameters μ and λ):

Λ
μ,α,α
η,ν,λ [x, y, z]

= Ω
μ
η,ν,λ[x, y, z]

=
xν+2λ+ 1

2

2ν+2λ+ 3
2 zpΓ (λ + 1)Γ (ν + λ + 1)

×

⎧⎪⎨
⎪⎩Γ (P)F1:1;0

0:μ+1;1

⎡
⎢⎣

P : 1; –;
– x2

4zμμ , y2

4z
– : λ + 1,
(μ;ν + λ + 1); 1

2 ;

⎤
⎥⎦

–
y√
z
Γ

(
p +

1
2

)
F1:1;0

0:μ+1;1

⎡
⎢⎣

P + 1
2 : 1; –;

– x2

4zμμ , y2

4z
– : λ + 1,
(μ;ν + λ + 1); 3

2 ;

⎤
⎥⎦

⎫⎪⎬
⎪⎭
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(
x, y, z,μ ∈ �+;�(λ) > –1,�(ν + λ) > –1,�(P) > 0

)
. (11)

On setting y = 0 in equation (10) and equation (11), respectively, we get the following
(presumably new) interesting result:

Λ
μ,α,β
η,ν,λ [x, 0, z]

= Ω
μ
η,ν,λ[x, 0, z]

=
xν+2λ+ 1

2 Γ (P)
2ν+2λ+ 3

2 zpΓ (λ + 1)Γ (ν + λ + 1)

× 2Fμ+1

⎡
⎢⎣

P : 1;
– x2

4zμμ

λ + 1,
(μ;ν + λ + 1);

⎤
⎥⎦

(
x, z,μ ∈ �+;�(λ) > –1,�(ν + λ) > –1,�(P) > 0

)
, (12)

where pFq is the generalized hypergeometric function (see [12, p. 73]).
Thus, we obtain

Λ
μ,α,β
η,ν,λ [x, 0, z] = Ω

μ
η,ν,λ[x, 0, z], (13)

where Ω
μ
η,ν,λ corresponds to the generalized Voigt function given in equation (1) (see, for

details, [18]).

3 Partly bilateral and partly unilateral representation of Λμ,α,β
η,ν,λ

We begin by recalling here the following known result (see [14, p. 8, Eq. (1.3)]):

exp

[
s + t –

xt
s

]
=

∞∑
m=–∞

∞∑
p=0

sm

m!
tp

p! 1F1[–p; m + 1; x], (14)

where 1F1 is the confluent hypergeometric function defined by equation (4).
The replacement of s, t, and x by sξ 2, tξ 2, and xξ 2, respectively, and further multiplying

both sides of the resulting identity by ξηe–zξ2
1F1(α;β ; –wξ )Jμ

ν,λ(qξ ) and integrating both
sides of the last resulting identity with respect to ξ from 0 to ∞, and interchanging the
summations and integration gives

∫ ∞

0
ξη exp

[
–
(

z – s – t +
xt
s

)
ξ 2

]
1F1(α;β ; –wξ )Jμ

ν,λ(qξ ) dξ

=
∞∑

m=–∞

∞∑
p=0

sm

m!
tp

p!

∫ ∞

0
ξη+2m+2pe–zξ2

1F1(α;β ; –wξ )

× Jμ
ν,λ(qξ )1F1

[
–p; m + 1; xξ 2]dξ . (15)

On comparing equation (15) and equation (3), we get

Λ
μ,α,β
η,ν,λ

[
q, w, z – s – t +

xt
s

]
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=
√

q
2

∞∑
m=–∞

∞∑
p=0

sm

m!
tp

p!

∫ ∞

0
ξη+2m+2pe–zξ2

1F1(α;β ; –wξ )

× Jμ
ν,λ(qξ )1F1

[
–p; m + 1; xξ 2]dξ . (16)

Expanding the confluent hypergeometric function 1F1(α;β ; –wξ ) and Bessel–Maitland
function Jμ

ν,λ(qξ ) in equation (16) in their defining series, interchanging the integration
and summations, and finally integrating the involved integral with the help of the follow-
ing known integral formula (see [1, p. 337, Eq. (9)]):

∫ ∞

0
xs–1e–αx2

1F1
(
a; b;βx2)dx =

1
2
α–s/2Γ

(
s
2

)
2F1

(
a,

s
2

; b;
β

α

)

(�(α) > max
{

0,�(β)
}

;�(s) > 0
)
, (17)

we obtain

Λ
μ,α,β
η,ν,λ

[
q, w, z – s – t +

xt
s

]

=
qν+2λ+ 1

2

2ν+2λ+ 3
2 zP

∞∑
m=–∞

∞∑
p=0

( s
z )m

m!
( t

z )p

p!

×
∞∑

i,j=0

(α)i( –w√
z )i( –q2

4z )jΓ (P + m + p + j + i
2 )

(β)iΓ (λ + j + 1)Γ (ν + λ + μj + 1)i!

× 2F1

(
–p, P + m + p + j +

i
2

; m + 1;
x
z

)
, (18)

where P = η+ν+2λ+1
2 . For α = β , equation (18) reduces to the known result of Srivastava et

al. [18, p. 59, Eq. (3.5)].
Now expanding the hypergeometric function 2F1 in its defining series, separation of i-

series into its even and odd terms, and a little simplification leads us to

Λ
μ,α,β
η,ν,λ

[
q, w, z – s – t +

xt
s

]

=
qν+2λ+ 1

2

2ν+2λ+ 3
2 zpΓ (λ + 1)Γ (ν + λ + 1)

∞∑
m=–∞

∞∑
p=0

( s
z )m

m!
( t

z )p

p!

×
⎧⎨
⎩Γ (P + m + p)F1:1;1;1

0:2;2;1

⎡
⎣ (P + m + p : 1, 1, 1) : (α, 2); (1, 1); (–p, 1);

w2

4z , – q2

4z , x
z

– : (β , 2), ( 1
2 , 1); (λ + 1, 1), (ν + λ + 1,μ); (m + 1, 1)

⎤
⎦

–
w√

z
α

β
Γ

(
P + p + m +

1
2

)

× F1:1;1;1
0:2;2;1

⎡
⎢⎣

(P + m + p + 1
2 : 1, 1, 1) : (α + 1, 2); (1, 1); (–p, 1);

w2

4z , – q2

4z , x
z

– : (β + 1, 1), ( 3
2 , 1); (λ + 1, 1), (ν + λ + 1,μ); (m + 1, 1);

⎤
⎥⎦

⎫⎪⎬
⎪⎭

(
x, y, z,μ,α,β ∈ �+;�(λ) > –1,�(ν) > 0,�(P) > 0

)
, (19)

where Fa:b;c;d
e:f ;g;h is the well-known Srivastava and Daoust function [16, p. 64].
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On setting α = β in equation (19), and after some simplification, we get the represen-
tation (partly bilateral and partly unilateral) of the Voigt function given in [18, p. 59,
Eq. (3.6)].

4 Generating functions
In this section, we give a set of (presumably) new generating functions which are partly
bilateral and partly unilateral.

A generating relation between the Kampé de Fériet function and Srivastava and Daoust
function can be obtained by expanding the L.H.S. of equation (19) with the help of equa-
tion (10). We have indeed

(
z
Z

)P

⎧⎪⎨
⎪⎩Γ (P)F1:1;2

0:μ+1;3

⎡
⎢⎣

P : 1;
(2;α);
– q2

4Zμμ , w2

4Z
– : λ + 1,
(μ;ν + λ + 1);
(2;β), 1

2 ;

⎤
⎥⎦

–
αw

β
√

Z
Γ

(
P +

1
2

)
F1:1;2

0:μ+1;3

⎡
⎣ P + 1

2 : 1;
(2;α + 1);
– q2

4Zμμ , w2

4Z
– : λ + 1,
(μ;ν + λ + 1);
(2;β + 1), 3

2 ;

⎤
⎦

⎫⎬
⎭

=
∞∑

m=–∞

∞∑
p=0

( s
z )m

m!
( t

z )p

p!

×
⎧⎨
⎩Γ (P + m + p)F1:1;1;1

0:2;2;1

⎡
⎣ (P + m + p : 1, 1, 1) : (α, 2); (1, 1); (–p, 1);

w2

4z , – q2

4z , x
z

– : (β , 2), ( 1
2 , 1); (λ + 1, 1), (ν + λ + 1,μ); (m + 1, 1)

⎤
⎦

–
w√

z
α

β
Γ

(
P + p + m +

1
2

)

× F1:1;1;1
0:2;2;1

⎡
⎢⎣

(P + m + p + 1
2 : 1, 1, 1) : (α + 1, 2); (1, 1); (–p, 1);

w2

4z , – q2

4z , x
z

– : (β + 1, 2), ( 3
2 , 1); (λ + 1, 1), (ν + λ + 1,μ); (m + 1, 1);

⎤
⎥⎦

⎫⎪⎬
⎪⎭

(
q, w, z, Z,μ,α,β ∈ �+;�(λ) > –1,�(ν) > 0,�(α) > –1,�(β) > –1,�(P) > 0

)
, (20)

where Z = z – s – t + xt
s and P = ( η+ν+2λ+1

2 ).
If we set β = α, λ = 0, and μ = 1 in equation (20), then it reduces to the know result given

in [18, p. 62, Eq. (4.1)].
On setting q = 0 in equation (20), we obtain a (presumably) new relation between the

generalized hypergeometric function and Kampé de Fériet function given by

(
z
Z

)P

⎧⎪⎨
⎪⎩Γ (P)3F3

⎡
⎢⎣

P,
(2;α);
w2

4Z

(2;β), 1

2 ;

⎤
⎥⎦

–
αw

β
√

Z
Γ

(
P +

1
2

)
3F3

⎡
⎢⎣

P + 1
2 ,
(2;α + 1);

w2

4Z

(2;β + 1), 3

2 ;

⎤
⎥⎦

⎫⎪⎬
⎪⎭

=
∞∑

m=–∞

∞∑
p=0

( s
z )m

m!
( t

z )p

p!
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×

⎧⎪⎨
⎪⎩Γ (P + m + p)F1:2;1

0:3;1

⎡
⎢⎣

P + m + p : 
(2;α); –p;
w2

4z , x
z

– : 
(2;β), 1
2 ; m + 1;

⎤
⎥⎦ –

w√
z

α

β

× Γ

(
P + p + m +

1
2

)
F1:2;1

0:3;1

⎡
⎢⎣

P + m + p + 1
2 : 
(2;α + 1); –p;

w2

4z , x
z

– : 
(2;β + 1), 3
2 ; m + 1;

⎤
⎥⎦

⎫⎪⎬
⎪⎭

(
w, x, z,α,β ∈ �+;�(P) > 0

)
. (21)

For β = α, λ = 0, and μ = 1, equation (20) and equation (21) reduce to the known results
(4.1) and (4.2), respectively, of Srivastava et al. [18, p. 62].

Further, on setting w = 0 and replacing P by c in equation (21), we get

(
z
Z

)c

=
∞∑

m=–∞

∞∑
p=0

( s
z )m

m!
( t

z )p

p!
(c)m+p2F1

⎡
⎢⎣

c + m + p, –p;
x
z

m + 1;

⎤
⎥⎦ . (22)

Now, by using the definition of Jacobi polynomials P(α,β)
n (x) (see [12, p. 254])

P(α,β)
n (x) =

(1 + α)n

n! 2F1

⎡
⎢⎣

–n,α + β + n + 1;
1–x

z
α + 1;

⎤
⎥⎦ , (23)

equation (22) reduces to the following known result of Pathan and Yasmeen [11, p. 242,
Eq. (2.2)]:

(
z
Z

)c

=
∞∑

m=–∞

∞∑
p=0

( s
z )m( t

z )p

(m + p)!
(c)m+pP(m,c–1)

p

(
z – 2x

z

)

(
x, z, Z ∈ �+;�(c) > 0

)
. (24)

If we set w = 0 in equation (20), then we obtain the following new generating relation
between the generalized hypergeometric function and Kampé de Fériet function:

(
z
Z

)P

2Fμ+1

⎡
⎢⎣

P, 1;
– q2

4Zμμ

λ + 1,
(μ;ν + λ + 1);

⎤
⎥⎦

=
∞∑

m=–∞

∞∑
p=0

( s
z )m

m!
( t

z )p

p!
(P)m+p

× F1:1;1
0:μ+1;1

⎡
⎢⎣

P + m + p : 1; –p;
– q2

4zμμ , x
z

– : λ + 1,
(μ;ν + λ + 1); m + 1;

⎤
⎥⎦

(
q, x, z, Z ∈ �+;�(λ) > –1,�(ν) > 0,�(P) > 0

)
. (25)

For λ = 0 and μ = 1, equation (25) reduces to the result (4.5) in [18, p. 63].
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On setting x = 0 in equation (25), we get the following generating function for the gen-
eralized hypergeometric function:

(
z

Z1

)P

2Fμ+1

⎡
⎢⎣

P, 1;
– q2

4Z1μμ

λ + 1,
(μ;ν + λ + 1);

⎤
⎥⎦

=
∞∑

m=–∞

∞∑
p=0

( s
z )m

m!
( t

z )p

p!

× (P)m+p2Fμ+1

⎡
⎢⎣

P + m + p : 1;
– q2

4zμμ

λ + 1,
(μ;ν + λ + 1);

⎤
⎥⎦

(
q, z, Z1 ∈ �+;�(λ) > –1,�(ν) > 0,�(P) > 0

)
, (26)

where P = η+ν+λ+1
2 and Z1 = z – s – t.

On putting λ = 0 and μ = 1 in equation (26), we arrive at the following new generating
function for the confluent hypergeometric function 1F1:

(
z

Z1

)P1

1F1

[
P1;ν + 1; –

q2

4Z1

]

=
∞∑

m=–∞

∞∑
p=0

( s
z )m

m!
( t

z )p

p!
(P1)m+p1F1

[
P1 + m + p;ν + 1; –

q2

4z

]

(
q, z, Z1 ∈ �+;�(ν) > –1,�(P1) > 0

)
, (27)

where P1 = η+ν+1
2 and Z1 = z – s – t.

Further, on setting λ = 0, μ = 1, η = 0 and replacing ν by 2ν in equation (26), we get

(
z

Z1

)ν+ 1
2

1F1

[
ν +

1
2

; 2ν + 1; –
q2

4Z1

]

=
∞∑

m=–∞

∞∑
p=0

( s
z )m

m!
( t

z )p

p!

(
ν +

1
2

)
m+p

1F1

[
ν +

1
2

+ m + p; 2ν + 1; –
q2

4z

]
. (28)

Now, using the following known result in equation (28) (see [16, p. 39, Eq. (21)]):

1F1

[
ν +

1
2

; 2ν + 1; –2x
]

= Γ (ν + 1)e–x
(

x
2

)–ν

Iν(x), (29)

(where Iν(x) is the modified Bessel function [16]), after a little simplification, we arrive at
the following interesting result for the modified Bessel function:

Iν
(

q2

8Z1

)
=

( Z1
z )ν+ 1

2 e
q2

8Z1 ( q2

16Z1
)ν

Γ (ν + 1)

∞∑
m=–∞

∞∑
p=0

( s
z )m

m!
( t

z )p

p!

×
(

ν +
1
2

)
m+p

1F1

[
ν +

1
2

+ m + p; 2ν + 1; –
q2

4z

]
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(
q, z, Z1 ∈ �+;�

(
ν +

1
2

)
> 0

)
. (30)

Further, using the following known result in equation (28) (see [16, p. 39, Eq. (20)]):

1F1

[
ν +

1
2

; 2ν + 1; 2ix
]

= Γ (ν + 1)eix
(

x
2

)–ν

Jν(x), (31)

(where i = √–1 and Jν(x) is the Bessel function of the first kind [16]), we obtain a new
result for Bessel function of the first kind:

Jν
(

iq2

8Z1

)
=

( Z1
z )ν+ 1

2 e
q2

8Z1 ( iq2

16Z1
)ν

Γ (ν + 1)

∞∑
m=–∞

∞∑
p=0

( s
z )m

m!
( t

z )p

p!

×
(

ν +
1
2

)
m+p

1F1

[
ν +

1
2

+ m + p; 2ν + 1; –
q2

4z

]

(
q, z, Z1 ∈ �+;�

(
ν +

1
2

)
> 0

)
. (32)

If we expand 1F1 in its defining series in equation (30) and equation (32), respectively,
and arrange the resulting expressions into Kampé de Fériet function, then we get the fol-
lowing interesting relations between Bessel’s functions of the first kind and Kampé de
Fériet function:

Iν
(

q2

8Z1

)
=

( Z1
z )ν+ 1

2 e
q2

8Z1 ( q2

16Z1
)ν

Γ (ν + 1)

∞∑
m=–∞

( s
z )m

m!

(
ν +

1
2

)
m

× F1:0;0
0:0;1

⎡
⎢⎣

ν + 1
2 + m : –; –;

t
z , – q2

4z
– : –; 2ν + 1);

⎤
⎥⎦ (33)

and

Jν
(

iq2

8Z1

)
=

( Z1
z )ν+ 1

2 e
q2

8Z1 ( iq2

16Z1
)ν

Γ (ν + 1)

∞∑
m=–∞

( s
z )m

m!

(
ν +

1
2

)
m

× F1:0;0
0:0;1

⎡
⎢⎣

ν + 1
2 + m : –; –;

t
z , – q2

4z
– : –; 2ν + 1;

⎤
⎥⎦

(
q, t, z, Z1 ∈ �+;�

(
ν +

1
2

))
. (34)

On setting λ = 0, μ = 1, replacing η by 2η and ν by 2ν in equation (26), we get

(
z

Z1

)η+ν+ 1
2

1F1

[
η + ν +

1
2

; 2ν + 1; –
q2

4Z1

]

=
∞∑

m=–∞

∞∑
p=0

( s
z )m

m!
( t

z )p

p!
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×
(

η + ν +
1
2

)
m+p

1F1

[
η + ν +

1
2

+ m + p; 2ν + 1; –
q2

4z

]
. (35)

Now, by using the under mentioned definition of Whittaker function Mk,μ(x) (see [16,
p. 39, Eq. (23)]) in equation (35)

Mk,μ(x) = xμ+ 1
2 e

x
2 1F1

[
μ + k +

1
2

; 2μ + 1; –x
]

, (36)

we arrive at the following (presumably) new result for the Whittaker function of the first
kind:

Mη,ν

(
q2

4Z1

)
=

(
Z1

z

)η

e
q2
8 ( 1

Z1
– 1

z )

×
∞∑

m=–∞

∞∑
p=0

( s
z )m

m!
( t

z )p

p!

(
η + ν +

1
2

)
m+p

Mη+m+p,ν

(
q2

4z

)

(
q, z, Z1 ∈ �+;�

(
η + ν +

1
2

)
> 0

)
. (37)

Further, on setting λ = 0, μ = 1, ν = 1
2 , and η = 1

2 in equation (26), and then by using the
definition of error function

1F1

(
1
2

;
3
2

; –x2
)

=
√

π

2x
erf(x), (38)

we arrive at

erf
(

q
2
√

Z1

)
=

1√
(πz)

∞∑
m=–∞

∞∑
p=0

( s
z )m

m!
( t

z )p

p!

(
1
2

)
m+p

1F1

[
1
2

+ m + p;
3
2

; –
q2

4z

]
. (39)

In equation (39), on expanding 1F1 in a series form and arranging the resulting expression
into Kampé de Fériet function, we get

erf
(

q
2
√

Z1

)
=

1√
(πz)

∞∑
m=–∞

( s
z )m

m!

(
1
2

)
m

F1:0;0
0:0;1

⎡
⎢⎣

m + 1
2 : –; –;

t
z , – q2

4z
– : –; 3

2 ;

⎤
⎥⎦

(
q, t, z, Z1 ∈ �+)

. (40)

5 Recurrence relations
In this section, we present the following recurrence relations for our introduced extended
Voigt function Λ

μ,α,β
η,ν,λ :

(β – α)Λμ,α–1,β
η,ν,λ + (2α – β)Λμ,α,β

η,ν,λ – yΛμ,α,β
η+1,ν,λ – αΛ

μ,α+1,β
η,ν,λ = 0; (41)

β(β – 1)Λμ,α,β–1
η,ν,λ – β(β – 1)Λμ,α,β

η,ν,λ + βyΛμ,α,β
η+1,ν,λ – y(β – α)Λμ,α,β+1

η+1,ν,λ = 0; (42)

(1 + α – β)Λμ,α,β
η,ν,λ – αΛ

μ,α+1,β
η,ν,λ + (β – 1)Λμ,α,β–1

η,ν,λ = 0; (43)

βΛ
μ,α,β
η,ν,λ – βΛ

μ,α+1,β
η,ν,λ + yΛμ,α,β+1

η+1,ν,λ = 0; (44)
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αβΛ
μ,α,β
η,ν,λ – βyΛμ,α,β

η+1,ν,λ + y(β – α)Λμ,α,β+1
η+1,ν,λ – αβΛ

μ,α+1,β
η,ν,λ = 0; (45)

(α – 1)Λμ,α,β
η,ν,λ – yΛμ,α,β

η+1,ν,λ + (β – α)Λμ,α–1,β
η,ν,λ – (β – 1)Λμ,α,β–1

η,ν,λ = 0. (46)

Here, we omit the variables.

Proof We have the following recurrence relation of the confluent hypergeometric function
1F1 (see [13, p. 19]):

(b – a)1F1(a – 1; b; x) + (2a – b)1F1(a; b; x) + x1F1(a; b; x) – a1F1(a + 1; b; x) = 0. (47)

By using the above relation, we can easily arrive at

(β – α)
√

x
2

∫ ∞

0
tηe–zt2

1F1(α – 1;β ; –yt)Jμ
ν,λ(xt) dt

+ (2α – β)
√

x
2

∫ ∞

0
tηe–zt2

1F1(α;β ; –yt)Jμ
ν,λ(xt) dt

– y
√

x
2

∫ ∞

0
tη+1e–zt2

1F1(α;β ; –yt)Jμ
ν,λ(xt) dt

– α

√
x
2

∫ ∞

0
tηe–zt2

1F1(α + 1;β ; –yt)Jμ
ν,λ(xt) dt = 0. (48)

Note here, on applying definition (3) in the above expression yields the first recurrence
relation (41).

A similar argument can establish the other formulas given in equations (42)–(46), re-
spectively, by using the following recurrence relations of 1F1 (see [13, p. 19]):

b(b – 1)1F1(a; b – 1; x) – b(b – 1)1F1(a; b; x) – bx1F1(a; b; x)

+ (b – a)x1F1(a; b + 1; x) = 0; (49)

(1 + a – b)1F1(a; b; x) – a1F1(a + 1; b; x) + (b – 1)1F1(a; b – 1; x) = 0; (50)

b1F1(a; b; x) – b1F1(a – 1; b; x) – x1F1(a; b + 1; x) = 0; (51)

ab1F1(a; b; x) + bx1F1(a; b; x) – (b – a)x1F1(a; b + 1; x) – ab1F1(a + 1; b; x) = 0; (52)

(a – 1)1F1(a; b; x) + x1F1(a; b; x) + (b – a)1F1(a – 1; b; x)

– (b – 1)1F1(a; b – 1; x) = 0. (53)
�

6 Some recurrence type connection formulas
Here, we present some recurrence type connection formulas for our extended Voigt func-
tion Λ

μ,α,β
η,ν,λ and the Voigt function Ω

μ
η,ν,λ defined by Srivastava et al. [18] as follows:

αΩ
μ
η,ν,λ – yΩμ

η+1,ν,λ – αΛ
μ,α,α+1
η,ν,λ = 0; (54)

α(α – 1)Λμ,α,α–1
η,ν,λ – α(α – 1)Ωμ

η,ν,λ + αyΩμ
η+1,ν,λ = 0; (55)

Ω
μ
η+1,ν,λ – αΛ

μ,α+1,β
η,ν,λ + (α – 1)Λμ,α,α–1

η,ν,λ = 0; (56)



Khan et al. Advances in Difference Equations        (2020) 2020:229 Page 12 of 13

αΩ
μ
η,ν,λ – βΛ

μ,α–1,α
η,ν,λ + yΛμ,α,α+1

η+1,ν,λ = 0; (57)

αΩ
μ
η,ν,λ – yΩμ

η+1,ν,λ – αΛ
μ,α+1,β
η,ν,λ = 0; (58)

(α – 1)Ωμ
η,ν,λ – yΩμ

η+1,ν,λ – (α – 1)Λμ,α,α–1
η,ν,λ = 0; (59)

Here, we omit the variables.

Proof On taking β = α in equation (48) and then using the definition of Voigt functions
given by equation (1) and equation (3), respectively, we get our first formula (54). The other
formulas can be established (in a similar way) by taking β = α in the integral representation
of relations (42), (43), (44), (45), and (46), respectively. �
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