Zhou et al. Advances in Difference Equations (2020) 2020:208 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-020-02665-2 a SpringerOpen Journal

RESEARCH Open Access
()]

Existence and monotone iteration of unique
solution for tempered fractional differential
equations Riemann-Stieltjes integral
boundary value problems

Bibo Zhou'?, Lingling Zhang'*", Nan Zhang' and Emmanuel Addai’

“Correspondence: tyutzll@126.com

!College of Mathematics, Taiyuan Abstract

University of Technology, Taiyuan, . L . . . . . .

P_R_Chmy e The primary objective of this research paper is to investigate two kinds of high-order
3State Key Laboratory of Explosion tempered fractional differential equations integral boundary value problems. By
Science and Technology, Bejjing means of the mixed monotone operators fixed point theorems with perturbation and
Institute of Technology, Beijing, . . .

PR China the increasing ¢ — (h, o')-concave operators fixed point theorems, we can not only

Full list of author information is guarantee the existence-uniqueness of solution, but also construct successively
available at the end of the article sequences for approximating the unique solution. In addition, we demonstrate the

effectiveness of the main result by using two examples.

Keywords: Existence-uniqueness; Tempered fractional differential equations; Mixed
monotone operator; ¢ — (h, o’)-concave operators; Riemann-Stieltjes integral
boundary value conditions

1 Introduction
In this paper, we investigate the following tempered fractional differential equations

Riemann—Stieltjes integral boundary values problems (BVP for short):

R 1(t) + £ (&, ule), ulE)) + (&, u(®) =0, £ (0,1),
u(0) = RD" 1(0) = D> 4(0) = - - - = D> u(0) = 0, (1.1)
RO (1) = [ b(s)RDE> u(s) dAGs) + ;) a(s)ED u(s) dA(s)

and

RDE u(e) + (b ut) =¢, te(0,1),
1(0) = §}""u(0) = §D}*"u(0) = - - = §D}">" u(0) = 0, (12)
ngl'Au(l) = [y b(s)g}]])fz’ku(s) dA(s) + fol d(S)ng)fs"\u(s) dA(s),
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where g]D)(:’Au, g]D)J:k’Au (k=1,2,...,n—2)and gID)fi’Au (i = 1,2, 3) are the tempered fractional

derivatives defined by
eDY u(t) = e MEDY (€M u(t)), A >0. (1.3)

Here, 5D denotes the standard Riemann-Liouville fractional derivative

n

RDeu(t) = %(01;1%(;:)), (1.4)

where oI} for v > 0 is the fractional integral operator of order v defined by

v _L ! _ vl
ol; _F(U)/O(t )V (s) ds. (1.5)

In addition, n—1<a <mn,c>0isaconstant, k- 1<y <k (k=1,2,...,n-2),n—-k-1<
a-y<n-kk=12,...,.n=-2), 1= p1=Ba-6;>1(=123),abeC0O1),
A is a function of bounded variation, | b(s)ng)f >u(s) dA(s) and fol a(s)gﬂ)fgu(s) dA(s) de-
note Riemann-Stieltjes integral with respect to A. By using some fixed point theorems, we
establish sufficient conditions that ensure the existence-uniqueness of solutions for BVP
(1.1) and BVP (1.2), respectively.

Over the past few decades, more theories and experiments show that a great deal of
abnormal phenomena that occur in the applied science and engineering can be described
by fractional differential equations; therefore, fractional differential equations arise in lots
of fields such as economics, mechanics, physics, chemistry, biological science, etc.; see [1—
4] for example. It is because the fractional order derivatives provide power tools for the
description of memory and hereditary characteristics of different processes and materials
in many fields.

In addition, in order to increase the power and applicability of the fractional calculus,
Caputo and Fabrizio have recently defined a new fractional derivative possessing a sin-
gular kernel [5]. Some researchers have used distinct methods for solving some differ-
ent equations including the Caputo—Fabrizio fractional derivative (see [6—11]). For in-
stance, Aydogan and Baleanu [6] investigated the existence of solutions for two high-
order fractional differential equations including the Caputo—Fabrizio derivative. In [7],
Baleanu et al. extended the fractional Caputo—Fabrizio derivative of order 0 < ¢ <1 on
Cr[0,1] and investigated two high-order series-type fractional differential equations in-
volving the extended derivation. In [8], a new fractional model for human liver involving
Caputo—Fabrizio derivative with exponential kernel was introduced. By using the frac-
tional Caputo—Fabrizio derivative, Aydogan et al. [12] introduced two types of new high-
order derivations called CFD and DCF and investigated the existence of solutions for
such two types of high-order fractional integro-differential equations. In [13], the authors
showed that four fractional integro-differential inclusions had solutions. Also, it has been
proved that working with the Caputo—Fabrizio fractional derivative is much better than
with other fractional derivatives (the reader can see, for example, [14—17] and the refer-

ences therein).
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In [18], the author considered a class of boundary value problems of Caputo tempered

fractional differential equations as follows:

S u(z) = gz, ulz)), ze€l0,T],
au(0) + be! Tu(T) = ¢,

where g(z,u(z)) : [0, T] x R — R is a continuous function, ng”x is the Caputo tempered
fractional derivative defined by D/ u(t) = e *§D! (¢* u(t)) with 6 € (0,1) and a, b, ¢ are
real constants. By using the principle of compressed mapping, spectral method, and sta-
bility analysis, the existence, uniqueness, structural stability, and numerical analysis of
solutions were investigated.

In [19], by using a new mixed monotone operators fixed point theorem with perturba-
tion, the authors studied the existence and uniqueness of positive solution for the following
nonlinear fractional differential equation boundary value problem:

Dg.u(t) = f(t, u(t), u(t)) + gt, u(t)), tel0,1],
u(0) = u(1) = u'(0) = (1),

where D§, is the standard Riemann-Liouville fractional derivative of order 3 < o <
4, f(t,u,v) : [0,1] x [0,+00) x [0,+00) — X[0,+00) is continuous, and g(t,u) : [0,1] x
[0, +00) — [0, +00) is continuous with g(¢,0) # 0.

Based on the theory of j1-positive linear operator and the Banach contraction map prin-
ciple, Zhang and Zhong in [20] obtained the existence and uniqueness for the following

fractional differential equation integral boundary value problem:

DS.z(t) +f(t,2(£) =0, te[0,1],
z(0) =2/ (0) = ---=2""%(0) = 0,
Db.2(1) = & [ h(s)D}}.2(s) ds,

wheren-1<a<n(n=>3),>1,a—-p>1,0<n<1,1>0is a parameter, Df, is the
Riemann-Liouville fractional derivative, f(,u,v) : [0,1] x R — R is continuous and g €
L'[0,1].

By means of the reducing method of fractional orders, the upper and lower solutions
methods, and the Schauder fixed point theorem, Zhang, Liu, and Wu in [21] investigated
the existence of positive solutions for the following fractional differential equations multi-

point boundary value problem:

—Dy,u(t) = M (u(t), Dyt u(t), Dy u(t), ..., Dyrul(t)), te€l0,1],
u(0) =0, Dyiu(0)=0, 1<i<n-2,
Djy.u(1) = Y07 a;Dly, u(&),

where D}, is the Riemann-Liouville fractional derivative, A > 0 is a parameter, 7 —1 <y <
mun—i—-1<y-u<n—-i(i=1,2,...,n-2), b—py-1>0, ¥ —p-1 <2,y —pu>1,4;>0
(j=12,...,.p-2)0<& <& <---<1;f:(0,+400)" — R* is continuous.
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Inspired by the above-mentioned excellent works, we aim to investigate the existence-
uniqueness of solutions for BVP (1.1) and BVP (1.2), respectively. As far as we know, the
high-order Riemann-Liouville tempered fractional differential equations integral bound-
ary values problems have seldom been researched up to now. The main features of the
present paper are as follows. Firstly, the tempered fractional derivative g]D)‘;’k is more gen-
eral than the standard Riemann-Liouville fractional derivative D; . For instance, let A = 0
and g(¢, u(t)) =0, then BVP (1.1) reduces to the BVP in [22];let A = 0, b = 0, and a(s) =0,
then BVP (1.2) is a special case in [20]. Secondly, the integral boundary conditions in-
volving tempered fractional derivative are more general cases, which covers the common
integral boundary conditions as special cases. For example, let A =0, a(t) =0, b(t) = 1,
then the Riemann-—Stieltjes integral boundary condition in (1.1) is reduced to a general
integral boundary value condition. Finally, BVP (1.1) and BVP (1.2) are more general than
those in the above-mentioned literature works. For instance, if b=0,2<a < 3,and A =0,
BVP (1.2) presented in [23] has more special cases.

In this paper, it is not necessary for the operator to be completely continuous or com-
pact, nor fix the existence of upper and lower solutions. For system (1.1), the existence-
uniqueness and monotone iteration of positive solution are obtained by employing a class
of sum-type operators fixed point theorems; for system (1.2), the existence and unique-
ness of nontrivial solutions are investigated by means of a new fixed point theorem of in-
creasing ¢ — (h, §)-concave operator, which is defined on a new set Py, 5. Furthermore, our
conclusions can not only guarantee the existence-uniqueness of solutions, but also con-
struct successive sequences for approximating the unique solution. In the end, it is worth
mentioning that some important properties of the Green’s function rely on the parameter
A.

The paper is organized as follows. In Sect. 2, we present some necessary definitions and
preliminary results that will be used to prove our main results. In Sects. 3 and 4, we prove
the main results about the existence-uniqueness of solutions for the Riemann—Stieltjes
integral boundary value problems (1.1) and (1.2), respectively. Finally, two examples are

given to illustrate the validity of our main results.

2 Preliminaries
A nonempty closed convex set P C E is a cone if it satisfies:

(L) xeP,A>0= Ax € P;

(L) xeP,-xeP=x=0.
Suppose that (E, || - ||) is a real Banach space which is partially ordered by a cone P C E,
thatis,x <yifand onlyif y—x € P. If x < y and x # y, then we denote x < y or y > x. By 6
we denote the zero element of E.

Definition 2.1 ([19]) P is called normal if there exists M > 0 such that, for all x,y € E,
0 < x <y implies ||x| < ||y|; in this case M is the infimum of such constant, it is called

normality constant of P.

In addition, for given & > 6, we denote by P, the set P, = {x € E | x ~ h}, in which ~ is an
equivalence relation, i.e., x ~ y means that there exist . > 0and > Osuch that Ax >y > ux

forallx,y € E.
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Definition 2.2 ([24]) An operator A : P x P — P is said to be a mixed monotone operator
if A(x,y) is increasing in x and decreasing in y, i.e., u;, v; (i = 1,2) € P, uy < uy, v1 > v, imply
A(uy,v1) < A(up,v,). Element x € P is called a fixed point of A if A(x,x) = .
Definition 2.3 ([19]) A :P — P is said to be sub-homogeneous if it satisfies

Al(tx) > tAx, Vte(0,1),x€P.
Lemma 2.1 ([20]) Let h(t) € C[0,1] (N L'[0,1], « > 0, then

oI*RDR(t) = h(t) + c1t* ™ + ot 2+ - 4 et
wherec; €R,i=1,2,3,...,n (n=[a] +1).

Lemma 2.2 ([25])
(1) IfuelL(0,1),a> B >0, then

ol%lfu(t) = oI Pu(),  RDPortu(t) =012, EDoIPult) = u(r).
2) If p>0,u>0, then

I(u) php-1

R -1
Dl =
o I'(u-p)

Lemma 2.3 Given g € C(0,1) ﬂLl(O, 1), n— 1 <o < n, then the unique solution of

RD**u(t) + g() =0, te(0,1),
u(0) = RD" 1(0) = RD**14(0) = - - - = EDV">*(0) = 0, (2.1)
R]Dﬂl *u(1) = Johb( R]Dﬂz)“ (s)dA(s) + fola(s)ng3"\u(s) dA(s)

1
u(t) :/ G(t,s)g(s)ds, tel0,1], (2.2)
0
where
I 1 —At
G(t,S) = Gl(t,s) m‘/ b(t Gz(t S) dA(t)
o—1,-At 1
+ A;(a—e_ﬁs) /0 a(£)Gs(t,s) dA(D), (2.3)
in which
A= e &1 Sy

Fa-p1) Cla-p) la-ps)

n 1
81 :/ e 52 P271p(5) dA(s), 8, :/ e %P1 g(s) dA(s),
0 0
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0 | (1 —s) I — (t—5)*!, 0<s<t<],

Gl(t,S) =
() | =11 - s)*-Fr-1, 0<t<s<lI,
Ga(t,s) o0 | Pl _gje-hiol _ (g _g)Pl g<s<t<l1,
2\L,8) = ——~
(@) | ge-p1(] —g)e-h-1, 0<t<s<l],
. 60 | P11 —g)ebi-l _(p_g)ePl g<s<t<],
3\, 8) =
F(a) tozfﬁgfl(l _ S)Dl*ﬂlfl’ 0 <t<s< 1

Proof For system (2.1), by using Lemma 2.1, it is clear to see that

Mu(t) = —o%eMg(t) + 1t 4 et Pk 0yt gt (2.4)
From u(0) = 0, we obtain ¢,, = 0 and
Mu(t) = —ol%eMg(t) + c1t*  + ot + -+ ¢ D, (2.5)

Applying the Riemann-Liouville tempered fractional derivative operator ngM on both
sides of (2.5), and by Lemma 2.2, we can simply obtain

A A _ _ _ _ —(n—
oD u(t) = §D) M —e Mo I% e g (e) + e (et + ot R 4 - 4 gt D))

= e MED —oI2eMg(t) + et + ot P o+ gt V)

_ - _ Y1 -
—_e )LtOI(: Vleltg(t) e )\-tht tot 1

—AER Y1 -2 —AER Y1 ja—(n-1)
Rpie Rpie

+co€ +o 1€

Yy
I'(x)e sl

-1 t
= T / (t —s)* LM Dg(s) ds + ¢
- 0

I'(a-y)
1) 71—'(“ ~ e At ISP S —F(a e gl
Fo-1-y1) Fa-n+2-y)

From O}D)yl' u(0)=0andn-2 <o -y, <n-1,weobtain ¢,_; = 0. Similarly, we can deduce

that ¢,y = ¢,_3 = - - - = ¢3 = 0, therefore, (2.5) can be reduced as follows:

u(t) = —eMol%eMg(t) + cre™ "t
o1 As
/ ¢ Ii)(a) g(s)ds +cre M1, (2.6)

Furthermore, applying the Riemann-Liouville tempered fractional derivative operator
g]I))fi’)“ on both sides of (2.6), we obtain

ﬂii)“ ﬂi))‘— — /311 — —
oD, u(t) = -4, (e ol e g(t)) + 1§D, (e7M )
= —e_Mngi (ol e*g(t)) + cle_”ngf ()

EACON -kt go-1-p;
I'(o—B)

(t S)a Bi-1 ks t) F(O{)
) —————g(s)ds + 1 71_,(0{ 5

= —e I g(0) + ¢

e M p1hi (2.7)

Page 6 of 19
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From (2.7), we can know that

1 1 _S)Ol—ﬂl—le)»(S—l) F(O()
Epfr*u( =—/ AT sy ds + e Do,
ol == gy BT py°

t t _S)a—ﬂg—lex(s—t) F(Ol)
RDﬁM ¢ :_/ ( d htga-l-fp
e N (P B P S

t—S)a ﬂglkst F(Ol)

RDﬂsJ\ ( d _ 1 hga-lfy
0 T Tap 9B e

(2.8)

(2.9)

(2.10)

Substituting (2.8)—(2.10) into the integral boundary value conditions g]D)f 1'ku(l) = fon b(s)x

g]sz’Au(s) dA(s) + fol tz(s)g]D)fa’Au(s) dA(s), we obtain

(l_s)a p1-1 As 1)
= (Fea) {f T Tlasp)  S9E

a—p lks
_fo (t)dA(t /(t S)azﬂz tg(s)ds

t Sat B3 lek(s t)
—/ a(t)dA(t)/ —'B)g(s)ds}.

At last, combining (2.11) with (2.6), we get

Y t (t_s)a—l AS —Mta { (1 S)a—ﬂl—le—k is
R R / Fa—py ¢ S9%

n t _ a—pa-1 k(s t
—/ b(t)dA(t)/ (t;)(a—_ﬁ)g(s)

_ g)a-Fa-1,0s-)

—At (t- S)a_le)”s e—“t“—l e Mol
_ / —g(s) ds + ( @ + ETR AT

—ktta 1
a—p1-1 As
Tl a—pa )/ -9 gls)ds

e—Atta—l

TR N . a2 A _ a-Ba-1 A(s-1)
F(a)F(a—,sszo bie)dA() /00‘ <P g(s) ds

—At po—1 1 ¢
_ m/o‘ a(t) dA(t)/O (t—S)a_ﬁ?’_leMs_t)g(s) ds

t t— a—1,-At s 1 1- a—ﬁl—ltot—l A(s—t)
_ _/ ( S) e e g(s) ds + / ( S) € g(S) ds
0 0

I'(a) ' a)
o= 1 —M n 1 (1 _S)a—ﬂl—lto:—ﬂz—lek(s—t)
+ T@—BA A /O b(t) dA(t)/(; @ g(s)ds

ta—le—lt n t (t _ S)a—ﬁz—le)»(s—t)
T @ p)A /o be) dA(t)/o @ 0

o= 1 —M 1 1 (1 _S)a—ﬁl—lta—ﬁg—lek(s—t)

ta_le_)”t 1 t (t _ S)a—ﬁg—le)»(s—t)
- —F(a RV fo a(t) cz'A(L‘)/0 —F(a) g(s)ds

(2.11)

Page 7 of 19
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1 o —AL
=/ Gi(t,s)g(s)ds + FL/ s)dsf G (t,8)b(t) dA(¢)

0
Y 1 —M 1 1
+ (s) ds/ Gs(t,s)a(t) dA(¢)
Na4wAAg 0
1
= / G(t,5)g(s) ds,
0
where
~1,-ht
’ = ) o~ A\ A
G(t,s) = Gi(t,s) + AF( %) / b(t)Ga(t,s) dA(E)
1At 1
+ a(t)Gs(t,s) dA(t
A g ), @G dA®
is the Green function of system (2.1). Then, we complete the proof. d

Lemma 2.4 Suppose that

F(a-pe . 'la-p)e

o1 + 5y <1,
Fa-p) 2

#) Ta—By)

then, for all t,s € (0, 1), the Green function G(t,s) defined by (2.3) satisfies
(A1) Gi(t,s) >0, Gy(t,s) >0, Gs(t,8) > 0, and G(t,s) > 0;
(A,) HA=9) A9 g1 < Gy (t,s) < €209 At gt g1,

A If;(al) Br—1 (a) B

S o o—, o

() LT LUSTE ool < G 5) < SR M)
s a-p1-1 a—pf3-1 _g)e-B1-1

(A,) U= ) (1 TS N p-htpr—F3-l < Gy(t,s) < 7(1;200 L M po—p3-1

(A5) m(s)e™t21 < G(¢,s) < M(s)e ™ t*L, where

(1 81 52 As(1 _ qye-hi-1
A“”‘(rm>+Armﬂxa—m)+ArwﬂYa—ﬁ9)e(1 ?

and

(5) = (1=-s)Prl_(1-5)t (1-s)@Prl_(1-g2F! 5
ms’( (@) FTTAT@T -y

(1-s)2 Pl — (1 —g)*Fs-1 5. )
T AT @) (@ - pa) 2)6'

Proof From condition (H), we can get A > 0. In addition, for all G,(¢,s) (i = 1,2,3) and
Vt,s € (0, 1), the right inequality of (A4,), (A43), and (A4) holds. Now, we only need to prove
the left inequality.

If0<s<t<1,thenwehave 0 < t—s < t—ts = (1-s)¢,and thus (£—s)*"! < (1-s)*" 121,
Therefore, we can know that

[ta—l(l _ S)a—/.‘il—l _ (t _S)oz—l]

)
> F(a) [ta—l(l _ S)ot—ﬁl—l _ (1 _ S)a—lta—l]

el —s) T - (1-5)* ]
- I(e)

—ktta—l .
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Ifo<t<s<l,
eA(s—t) L p1-1
Gi(t,s) = (1 —s)* P
1(t,s) ) (1-s)
e}‘s[(l _ S)a—ﬂl—l _ (1 _ S)a—l] e—)»tta—l.

- I'(x)

Also, because of (1 —s)* 171 > (1 —5)*", we get G, (¢t,s) > 0. In the same way, the similar
conclusions can be obtained for Gs(¢,5) and Gs(¢,s). Finally, from (A3), (As), and (Aq4),
conclusion (A4s) holds and G(¢,s) > 0. Hence, the proof is complete. O

Lemma 2.5 ([19]) Leto €(0,1), A: P x P — P be a mixed monotone operator and satisfy
A(tx, t_ly) >t*A(x,y), te€(0,1),x,y€P. (2.12)

B: P — P is an increasing sub-homogeneous operator. Assume that
(I) there is hy € Py, such that A(hgy, ho) € Py, and Bhy € Py;
(II) there exists a constant 8y > 0 such that A(x,y) > 8oBx, Vx,y € P.
Then
(1) A: Py, x P, — Py, B: P, — Py
(2) there exist ug, vy € Py, and r € (0,1) such that

rvo < ug < Vo, ug < A(uo, vo) + Bug < A(vo, ug) + B(vo) < vo;

(3) the operator equation A(x,x) + Bx = x has a unique solution x* in Py;
(4) for any initial values xo,yo € Py, constructing successively the sequences

Xn :A(xn—l;yn—l) +er1—1; Yn :A(yn—lrxn—l) +Byn—1: n= 1’27---,
we have x,, — x* and y,, — x* as n — oo.

3 Existence-uniqueness of positive solution for BVP (1.1)
In this section, we consider the Banach space C[0, 1], the space of all continuous functions
on [0, 1]. It is evident that this space can be equipped with a partial order

x,y€C[0,1], x<y <= «x(t)<y() forte]l0,1].

Setting P = {x € C[0,1] | x(t) > 0, € [0,1]} and A(t) = e **t*~!, we know that P is a normal
cone in C[0, 1].

Theorem 3.1 Assume that condition (H) holds and
(H1) f(&u,v) : [0,1] x [0,+00) x [0,+00) — [0,+00) is continuous, g(t,u) : [0,1] x
[0, +00) — [0, +00) is continuous with g(t,0) # 0, a(t), b(t) : [0,1] — R* are con-
tinuous;
(Hy) f(t u,v) is increasing in u € [0,+00) for fixed t € [0,1] and v € [0, +00), decreasing
in v e [0,+00) for fixed t € [0,1] and u € [0,+00), and g(t, u) is increasing in u €
[0, +00) for fixed t € [0, 1];
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(Hs) for Yt € [0,1], y €(0,1), u,v € [0, +00), there exists a constant § € (0,1) such that
fyu,y™v) = yif(t, u,v) and g(t,y u) > yg(t, u);
(Hy) for vVt €[0,1] and u,v € [0, +00), there exists a constant 8y > 0 such that f(t,u,v) >

(Sog(t, Lt)
Then we have:

(I) there exist ug, vy € Py, and r € (0, 1) such that rvy < ug < vy and

1 1
uo(t) < /(; G(t,s)f(s, uo(s), vo(s)) ds + /0 G(t,s)g(s, uo(s)) ds, te]l0,1],
1 1
vo(t) > /0 G(¢, s)f(s, vo(s), uo(s)) ds + /0 G(¢, s)g(s, VO(S)) ds, te]l0,1],
where h(t) = e %71, t € [0,1];

(II) BVP (1.1) has a unique positive solution u* € Py;

(III) for any initial values xo,yo € Py, making successively the sequences

1 1
Xy = / G(t,s)f(s, x,,_l(s),y,,_l(s)) ds + / G(t, s)g(s,x,,_l(s)) ds,
0 0

1 1
Vn = / G(t,$)f (8, Yn-1(5), %u_1(s)) ds + / G(t,)g(s yn-1(5)) ds,
0

0

we obtain x, — u* and y, — u* as n — oo.

Proof To begin with, from Lemma 2.3, BVP (1.1) has an integral formulation given by

1
u(t) = A G(¢, s)[f(s,u(s),u(s)) +g(s,u(s))] ds,

where G(t,s) is given as in (2.3). Define two operators A : P x P — E and B: P — E by

1 1
A(u,v)(t) = / G(t, S)f(s,u(s), V(s)) ds, (Bu)(t) = / G(t,s)g(s, u(s)) ds. (3.1)
0 0
Evidently, u is a solution of BVP (1.1) if and only if u = A(u, ) + B(u). From (H;) and (H>),

it is easy to know that A : P x P — P is a mixed monotone operator and B: P — P is an

increasing operator. Again, from (Hs3), for Vy € (0,1) and u, v € P, we obtain

1
A(yu, y‘lv)(t) = /0 G(t,s)f(s, yu(s), y‘lv(s)) ds

1
ZJ/E/O G(t, 9)f (s, u(s), v(s)) ds

= Y5 A(u, v)(). (3.2)

Thatis, A(yu,y~'v) > y*A(u,v) for Vy € (0,1) and u, v € P. Hence, the operator A satisfies
condition (2.12) in Lemma 2.5. In addition, for any # € Pand y € (0, 1), from (Hs) we know
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that

1

1
B(yu)(t) = /0 G(t, s)g(s, yu(s)) ds>vy /0 G(t, s)g(s,u(s)) ds = yBu(t), (3.3)

so the operator B is a sub-homogeneous operator.
Next, since h € Py, setting iy = h, we show that A(h,h) € Py, and Bh € Py. From
Lemma 2.3 and Lemma 2.4, we have

1 1
Al h)(t) = / G(t, s)f(s,h(s),h(s)) ds < /(; M(s)e‘“t“‘lf(s,h(s),h(s)) ds

0

1
< / M) 1 (5, B, 0) s
0

= fl M(s)f (s, hmax, 0) ds - h(t)
0

and

1 1
A(h,h)(t):/ G(t,s)f(s,l/z(s),h(s))ds2/0 m(s)e‘“t‘)‘_lf(s,h(s),h(s)) ds

0

1
> / m(s)e 4 £ (5,0, hmar) s
0
1
- / () (5,0, ) s - h(2),
0

where I, = max{h(z) : £ € [0,1]}. Letting L = fol M($)f (S, Mmax, 0) ds and [ = fol m(s)f (s, 0,
Hmax) ds. 1t is evident that L > [ > 0, we get [h(¢) < A(h,h) < Lh(¢), that is, A(h, h) € Py,
Similarly, from

1 1
/ m($)g(s,0)ds - h() < (BI)(E) < / M)g(s, ) ds - H(2),
0 0

we obtain Bk € Pj,. Then, condition (I;) of Lemma 2.5 is satisfied.
Finally, we show that condition (/) of Lemma 2.5 is also satisfied. For Vu,v € P, from
(3.1) and (H,), we get

1 1
A(u,v)(t) = / G(t, S)f(s, u(s), V(s)) ds > 6§ / G(t,s)g(s, u(s)) ds = 8oBu(t).
0 0

That is, A(u,v) > 8oBu for Yu,v € Py,. Then, the conclusion of Theorem 3.1 follows
Lemma 2.5. (I

Corollary 3.1 Assume that condition (H) holds and
(Hy) f(t,u,v) : [0,1] x [0,+00) x [0,+00) — [0,+00) is a continuous function with
f(t,0,hmax) £ 0, a(t), b(t) : [0,1] — R* are continuous;
(H5) f(t,u,v) is increasing in u € [0, +00) for fixed t € [0,1] and v € [0, +00), decreasing
inve|0,+00) for fixed t € [0,1] and u € [0, +00);
(H3) for vVt €[0,1], y €(0,1), u,v € [0, +00), there exists a constant & € (0,1) such that
ftyuy™v) = yEf(tuv).
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Then we have:

(I) the boundary value problem

BD ue) + £ (&, ut), u®) =0, te(0,1),
u(0) = ED/"" u(0) = RDV**(0) = - - - = EDI">*(0) = 0,
RDP (1) = [T b(s)RDE> u(s) dA(s) + [ a(s)DL> u(s) dA(s)

has a unique positive solution u* € Py;

(II) there exist uy, vy € Py and r € (0,1) such that rvy < ug < vo and

1

uo(t) < / G(t,s)f (s, uo(s), vo(s)) ds,
0
1

() > /0 Gl ) (5, vols), uols) s,

where h(t) = e*t*" 1, t € [0,1];

(III) for any initial values xo,yo € Py, making successively the sequences

1

o = / Gt (5,201, 71 (9) s,
0
1

Yo = /0 Gt ) (5 Ynr($), s (5)) s,

we obtain x, — u* and y, — u* as n — oo.

Proof Let g(t,u(t)) =0, from Theorem 3.1, we get the conclusions. (N

4 Existence-uniqueness of nontrivial solution for BVP (1.2)

In this section, for /# > 6, taking another o € P with 6 < o < h, we define a new set
Py, ={x € E|x+ 0 € Py}. Then we can see that 1 € Py, and Py, = {x € E | there exist u >
0and v >0 such that uh <x+ o0 <vh}.If o =6, then P, = P,.

Remark 4.1 P, C Py, and Py, is not a subset of P for some o, P, and P, are different
two sets.

Definition 4.1 ([23]) Let A: Py, — E be a given operator. For any x € P, and ¢ € (0, 1),
there exist ¢(t) > t such that

A(tx+ (t-1)o) = p()Ax + (p(t) — 1)o. (4.1)
Then A is called a ¢ — (4, 0)-concave operator.
Lemma 4.1 ([23]) Let P be normal and A be an increasing ¢ — (h,o)-concave operator

with Ah € Py,. Then A has a unique fixed point x* in Py, . Moreover, making the sequence

w, =Aw,_1,n=1,2,..., we obtain ||w, —x*|| = 0 as n — oo.
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_)\.tta_l

Now, we define a new function /() by h(t) & pe , where p > 0 is a constant and

! 1 81 AS a-p1-1
P Z”/o <r<a> AT (@) (@ —m))e (=9 ds

! [P As a-p1-1
+ cfo —AF(a)F(a — /33)6 1-9) ds. (4.2)

In addition, setting

1 o1 =it
o(t) :écf Gi(t,s)ds+c- mf ds/ b(t)Go(t,s) dA(t)
o= 1 —)Lt
+c- Al(@- /33)/ dsf £)Gs(t,s) dA(¢), (4.3)

from (4.3) and Lemma 2.4, we can know that o () > ce *¢*~1 fol m(s)ds > 0 for Vt € [0,1],

so we get o € P. Furthermore, from (4.2) we have

! 1 81 s a—p1-1
a(t)f[c‘/o [F(oc)+AI’(a)F(oe—,32)}e 1-s) ds

! b
+ cf R — W U a’s}e‘“t""l
o Al(@)(a~pBs3)
Hence, it is easy to know that 0 < o (¢) < h(¢) and P;, ={ueCl0,1]|u+o €P;}.
Theorem 4.1 Suppose that condition (H) holds, ¢ > 0 and
(Hs) ¥ :[0,1] x [-0™*, +00) — (—00, +00) is increasing with respect to the second variable,

where o* = max{o (t) | t € [0,1]}, a(t), b(¢) : [0,1] — R* are continuous;

(He) forany y € [0,1], there exist o(y) > y such that

1//(t, yx+(y - 1)y) > (Y)Y (t,x), Viel0,1],x € (-00,+00),y € [O,a*];
(Hy) ¥(t,0) = 0 with ¥(£,0) 0 for ¢ € [0,1].

Then, BVP (1.2) has a unique nontrivial solution u* in Pj, ;. Moreover, for any given wy €

P;, ., constructing successively the sequences
1 1
Wy, = / G(t, s)tp(s, a)n,l(s)) ds — c/ Gi(t,s)ds
0

tal—kt
AF(oz ﬁz/dS/ (£)Ga(t,s) dA(t)

Cbta—le—kt
- m/o dS/o (l(t)Gg(t,S) dA(t), (4.4')

we have w,(t) — u*(t) as n — oo.

Page 13 0of 19
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Proof Firstly, from Lemma 2.3, we can know that BVP (1.2) is equivalent to
1 1
u(t) = / G(t,s)f(s, u(s)) ds — c/ G(t,s)ds
0 0

1 1
= / G(t,s)f (s, u(s)) ds — c/ Gi(t,s)ds
0

0

[ 1 —At 1 n
T AT @ =By s ds f b(£)Ga(t,s) dA(t)
toz 1 —At
T AT (@- ﬁg)/ dsf (£)Gs(£,5) dA(2)

_ / Gl ) (5 1) ds — o ).
0

Furthermore, for any u € P; , let

Qu(t) = /01 G(t, s)w(s, u(s)) ds—o(t), tel0,1]. (4.5)

Then, u is a solution of BVP (1.2) if and only if ®u = u.
Secondly, we prove that @ : P, | — E is an increasing ¢ — (h, o)-concave operator. For
Yu € P; , and y € (0, 1), from (Hs) we have

1
(yu+ (v~ o) (t) = /O G, )Y (5, yuls) + (v ~ Do () ds— o (1)
1
zw(y)/ G(t, )Y (s, u(s)) ds — o (t)
0

1
= w(y)[/o G(t,s)y (s, u(s)) ds - a(t)] +[e(y) -1]o (@)

=p(y)Pu(t) + (p(y) - 1)o (2),
that is,
@(yu +(y - l)o) > o(y)Pu + ((p(y) - 1)0 forVy € (0,1) and u € Pj ;.
In addition, for Yuy, uy € Py, and u; > uy, from the definition of P, ., we have u; + o € Pj,
where i = 1,2, so there exists u; > 0 such that u;(¢) + o (£) > w;h(t) forVt € [0,1] and i = 1,2,

that is, u;(t) > uh(t) —o(t) > —o (t) > —o*(t). Hence, from Lemma 2.4, (H5), and (4.5), we
know that

1 1
Duy(t) — Puy(t) = / G(t,S)l/I(S, ul(s)) ds — / G(t,s)lp(s, uz(s)) ds
0 0

1
= ,/o G(t, )W (s, u1(s)) — ¥ (s, u2(s)) ] ds
>0,

thatis, @u; > Pu, for Ve € [0, 1]. Evidently, @ : P, , — Eisanincreasing ¢ — (ﬁ, o)-concave
operator.

Page 14 of 19
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Finally, we show that Dhe Pj .. From (Hs), (4.5), and Lemma 2.4, we obtain

®h(t) + o (t) = / G(t,5)¥ (s, h(s)) ds = / G(t, )y (s, pe™'s" ") ds
0 0
1
f/ M(S)e—}»tta—lw(s’ psa—l) ds
0
1
) % /0 MY (s, ps*~) ds - ()

and

- 1 ~ 1
Dh(t)+o(t) = / G(t, )Y (s, h(s)) ds = / G(t,8)yr (s, pe™s* 1) ds
0 0
1
= / m(s)e ™ t* 1y (s,0) ds
0
1
- [ w0 ds h,
P Jo

Let
1 1 vl ~ l 1
N = ;/0 M(S)I//(S,,OS )ds, n= P/o m(s)y (s, 0) ds.

It is evident that N > n > 0 and nh < Sh+o < Nil, that is, dhe P
So far, we have verified that all the conditions in Lemma 4.1 are satisfied, hence, the
operator @ has a unique fixed point #* in P}, ;. Moreover, for any w, € P, ,, constructing

successively the sequences

1
W, =/ G(t, )Y (s,wy_1)ds—o(t), n=12,...,
0

we have w,, — u* as n — 0. O

Corollary 4.1 Suppose that condition (H) holds and
(H:) ¥ :[0,1] x [0,+00) — (0,+00) is increasing with respect to the second variable,
a(t),b(t) : [0,1] — R* are continuous;

(Hy) foranyy € [0,1], there exists (y) > y such that

vt yx) = e(y)y(tx), Vtel0,1],x € (0, +00).
Then the following integral boundary value problem

BDY u(t) + ¥t u() = 0,
u(0) = RD" 1(0) = D> 14(0) = - - - = ED">*(0) = 0,
g]D)fl’ku(l) =/ b(s)ngz')‘u(s) dA(s) + fol a(s)§D53"\u(s) dA(s)
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has a unique positive solution u* in P, with h = e™*'t*~1. Moreover, for any given wy € Py,

constructing successively the sequences

1
wn:/ G(t,s)lﬁ(s,a)n,l(s)) ds,
0

we have w,(t) — u*(t) as n — oo.

Proof Letting ¢ =0 and p = 1, from Theorem 4.1, we arrive at the conclusions. O

5 Applications
To test our results established in the previous section, we provide two adequate problems.

Example 5.1 We investigate the tempered fractional differential system as follows:

BD3 () 1 £t ult), u(®)) + gt u(®) =0, ¢ € (0,1)

3
u(0) = D3 u(0) = 0, (5.1)
5 7
D, u() = [ BDF u(s)dAGs) + [y EDF u(s) dA(s),

where f(¢,u,v) = (l—t)‘%t‘%u% +v’%,g(t, u) = (l—t)‘%t’%u%, A=1>0,n=1,and A(t) =
Forany ¢ €(0,1), # >0 and v> 0. In system (5.1), we see that « = %, B1=1,08= g, B3 =
yi=gal)=bt)=1
Let us check that all the conditions of Theorem 3.1 are satisfied.
(1) Since FIEO(‘;%SA 81+ rr(o(‘;fé);; 8 = 0.8221 < 1, clearly, condition (H) holds, and
ft,u,v):(0,1) x R* x R* — R* and g(¢,u) : (0,1) x R* — R* are continuous.
(2) Itisevident that f(¢, u,v) is increasing in u for fixed ¢ € (0,1) and v € R*, decreasing
in v for fixed ¢ € (0,1) and u € R*; in addition, for fixed ¢ € (0,1), g(¢, u) is increasing

)

£
2
z
8

in u.
(3) Forany y €(0,1),£€(0,1), u,v>0, taking & = %, then y¢ € (y,1) and we obtain

i

3 (yu)

il

1
feyuy™v)=1-0" +(yv)e
1 1.2 1 1 1
:ys(l_t)‘st‘sus +y5vV75
> y%[(l—t)’%t’%u% +v’%]
=yf(tuv)

and

glt,yu)=(1-0)5t78(yu)’

=
=

= y%(l—t)_%t_ u
> y[(1-0) 5 5us]

= yg(t, u).
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(4) Taking 8¢ = %, for Vt € (0,1) and u, v € [0, +00), we have

1

ftuv)=Q01- t)’%t’%u% +V75

[1-0) 3 oul]

N | =

=
= (Sog(t, Ll)

Now, all the assumptions of Theorem 3.1 are satisfied. Hence, Theorem 3.1 implies that
BVP (5.1) has a unique positive solution u* € Py, where h(t) = e't*~L. Moreover, for any

initial values xy, yo € Py, making successively the sequences

1 1 _1 1 1
Xy = / Glt,s) (1 -3¢ 3x3  +y,7 ) ds + / G(t,s)(1— ) 8 ¢6x0  ds,
0 0
1 ol L 1 ol
= G&s) (-3¢ 3y} +x,5)ds+ | Gt,s)(1-¢t) 8¢76y} ds,
0 0

we obtain x, — u* and y, — u* as n — oco.

Example 5.2 We consider the following integral boundary value problem:

DY) + ybult) =1, te(0,1)
1(0) = ED2*u(0) = 0,
DI (1) = [T EDNu(s) dA(s) + [ BDF u(s) dAs),

(5.2)

where A=0,n7=1, A() 2,01-4,/31 4,/32 g,ﬂg g,yl-;,a() b(t) = 1. Evidently,

Dla- ﬁflb) 81+ °’ ﬁ‘ 62 =0.552 < 1, condition (H) is satisfied. In addition,

T
S AN TS E T E) g ’

in which

8 352A°1 32A1
T 15 +51751" 2)r(Ls +455r 5\ (LY’
() PHr) Prx)
1 4 4
=53 5y 3 >0
re) 2ras) 13r(f)

Furthermore, we can get

o(t)=/01G(t,s)ds=f1G1(t,s)ds+%/ dsf Go(t,s)d

0

%_3)/ ds/ Gsl(t, s)d
8
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8 352A71 32A71 5 16 o
= 5yt 5y~ 15y s )T 5 07
151(3) 51750 () () ~ 4550 (3) k) 45 (2)
5 16 o
=mts — ———— 1%,
45I°(2)

Setting h(¢t) = pt% with p > 6 and t € [0,1], it is easy to know 0 < o (¢) < 6t < pt% = h(e),
0* <6,and ¥ : [0,1] x [-0*, +00) — R is continuous and increasing with respect to the

second variable. In addition, let p(y) = y% for y € (0,1), we have

Y(tyu+(y =) = o)yt u), Veelo1],

where u € (-00, +00), v € [0,0*]. Now, all the assumptions of Theorem 4.1 are satisfied,
therefore, we can have a clear mind that BVP (5.2) has a unique nontrivial solution in P; ,

and for Yu, € P let

1 8 2\ m\ 5\
u,,:/o G(t,s)((—il%r(%)un1(s)——45f(g))s +(mu+§>s ) ds

16 o 5
+ ———t4 —mti
45 (3)

’

we have u,, — u* as n — oo.

6 Conclusion

A fractional derivative (or integral) is a convolution with a power law, and a tempered frac-
tional derivative multiplies that power law kernel by an exponential factor. Furthermore,
the tempered fractional differential equations models open up a new kind of possibility
for robust mathematical modeling of complex multi-scale problems and anomalous phe-
nomena. Therefore, the emerging theory of tempered fractional calculus provides a sound

mathematical basis for applications.
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