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Abstract
We review the existence of solutions for a three-point nonlinear q-fractional
differential equation and also its related inclusion. In this way, we use
α-ψ -contractions and multifunctions. Also, we provide two examples to illustrate our
main results. Finally by providing some algorithms and tables, we give some
numerical computations for the results.
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1 Introduction
The subject of q-difference equations was introduced by Jackson in 1908 and 1910 [1, 2].
Later, some researchers reviewed q-difference equations [3–19]. On the other hand, there
was published recently much contemporary work on integro-differential equations by us-
ing different views and fractional derivatives which young researchers could use as the
main idea for their work (see, for example, [20–55]). It is notable that young researchers
can consider this idea as a future direction for their work by using the numerical method-
ologies of [56, 57]. Also, they can use the idea for some applied modeling [58–61].

In 2012, Ahmad et al. investigated the fractional q-difference equation cDα
q y(t) = f (t, y(t))

with boundary conditions α1y(0) – β1Dqy(0) = γ1y(η1) and α2y(1) + β2Dqy(1) = γ2y(η2),
where 0 ≤ t ≤ 1, 1 < α ≤ 2, cDα

q is the Caputo fractional q-derivative and αi,βi,γi ∈ R

[7]. In 2015, Alsaedi et al. studied the fractional q-difference inclusion cDν
qy(t) ∈F (t, y(t))

with nonlocal and sub-strip boundary conditions y(0) = g(y) and y(w) = b
∫ 1
δ

y(s) dqs, where
0 ≤ t ≤ 1, 1 ≤ ν < 2, 0 < w < δ < 1 and cDν

q denotes the fractional q-derivative of Caputo
type of order ν [8]. In 2019, Ntouyas and Samei investigated the existence of solutions for
the multi-term nonlinear fractional q-integro-difference equation

cDα
q x(t) = w

(
t, x(t), (ϕ1x)(t), (ϕ2x)(t), cDβ1

q x(t), cDβ2
q x(t), . . . , cDβn

q x(t)
)
,
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Algorithm 1 The proposed method for calculated (a – b)(α)
q

with boundary value conditions x(0) + ax(1) = 0 and x′(0) + bx′(1) = 0, where t ∈ [0, 1],
0 < q < 1, 1 < α < 2, βi ∈ (0, 1) with i = 1, 2, . . . , n, a, b �= –1, the maps ϕj are defined by
(ϕju)(t) =

∫ t
0 γj(t, s)u(s) dqs for j = 1, 2 and w : [0, 1] × R

n+3 → R is a continuous mapping
with respect to all variables [17].

We investigate the existence of solutions for the q-fractional differential equation

cDϑ
q y(t) = Φ

(
t, y(t),Dqy(t),D2

qy(t)
)

(1)

with three-point boundary value conditions

⎧
⎪⎪⎨

⎪⎪⎩

y(0) = 0,

Dqy(0) + cDσ
q y(ν) + D2

qy(1) = 0,

J κ
q y(0) + J κ

q y(ν) + J κ
q y(1) = 0,

(2)

where 0 < q < 1, 0 < t < 1, cDϑ
q denotes the fractional q-derivative of the Caputo type of

order ϑ , ϑ ∈ (2, 3], 0 < ν < 1, 1 < σ < 2 and Φ : [0, 1] × R
3 is a continuous mapping. Let

J κ
q denote the fractional q-integral of the Riemann–Liouville type of order κ > 0. Also, we

review the existence of solutions for the q-fractional differential inclusion

cDϑ
q y(t) ∈ G

(
t, y(t),Dqy(t),D2

qy(t)
)
, (3)

with the three-point boundary value conditions

⎧
⎪⎪⎨

⎪⎪⎩

y(0) = 0,

Dqy(0) + cDσ
q y(ν) + D2

qy(1) = 0,

J κ
q y(0) + J κ

q y(ν) + J κ
q y(1) = 0,

(4)

where 0 < q < 1, 0 < t < 1, G : [0, 1] ×R
3 →P(R) is a compact set-valued map.

The paper is organized as follows: In Sect. 2, some basic definitions and applied results
are presented. In Sect. 3, we state our main existence results and used techniques in this
direction. Finally by using the Algorithms 1–5, Fig. 1 and Tables 1–3, two illustrative ex-
amples of the corresponding existence results are given in Sect. 4.
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Algorithm 2 The proposed method for calculated Γq(x)

Algorithm 3 The proposed method for calculated (Dqf )(x)

2 Preliminaries
Let 0 < q < 1. The q-analogue of the power function (a1 – a2)n with n ∈ N0 defined by
(a1 – a2)(0) = 1 and (a1 – a2)(n) =

∏n–1
j=0 (a1 – a2qj), where a1, a2 ∈ R and N0 := {0, 1, 2, . . .}

[2, 18]. Now, let ϑ be a real number. Then define

(a1 – a2)(ϑ) = aϑ
1

∞∏

j=0

a1 – a2qj

a1 – a2qϑ+j ,

with a1 �= 0. It is clear that, if a2 = 0, then a(ϑ)
1 = aϑ

1 [2, 18]. For each real number ϑ , [ϑ]q is
defined by [ϑ]q = 1–qϑ

1–q [2]. The q-Gamma function is defined by Γq(ϑ) = (1–q)(ϑ–1)

(1–q)ϑ–1 , where
ϑ ∈ R \ {0, –1, –2, . . .} [2, 18]. We show in Algorithm 2, a pseudo-code for estimating q-
Gamma function. Also by definition of [ϑ]q, the property Γq(ϑ + 1) = [ϑ]qΓq(ϑ) holds [2].
The definition of the q-derivative of a real-valued function y is given by (Dqy)(t) = y(t)–y(qt)

(1–q)t
and (Dqy)(0) = limt→0(Dqy)(t) [18]. The q-derivative of higher order of a function y is given
by (D0

qy)(t) = y(t) and (Dn
q y)(t) = Dq(Dn–1

q y)(t) for all n ≥ 1 [2]. One can find in Algorithm
3 a pseudo-code for calculating q-derivative of a function f . The q-integral of a function
y defined in the interval [0, a2] is given by

(Jqy)(t) =
∫ t

0
y(s) dqs = t(1 – q)

∞∑

j=0

y
(
tqj)qj,

(
t ∈ [0, a2]

)

such that the sum is absolutely convergent which is shown in Algorithm 5 [18]. Now, as-
sume that a1 ∈ [0, a2]. In this case the q-integral of y from a1 to a2 is given by

∫ a2

a1

y(t) dqt = Jqy(a2) – Jqy(a1) =
∫ a2

0
y(t) dqt –

∫ a1

0
y(t) dqt

= (1 – q)
∞∑

j=0

[
a2y

(
a2qj) – a1y

(
a1qj)]qj
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Algorithm 4 The proposed method for calculated
∫ b

a f (r)dqr

Algorithm 5 The proposed method for calculated Iσ
q [x]

whenever the series exists which is shown in Algorithm 4 [18]. Similar to q-derivatives,
we define the operator J n

q by (J 0
q y)(t) = y(t) and (J n

q y)(t) = Jq(J n–1
q y)(t) for all n ≥ 1 [18].

Note that (DqJqy)(t) = y(t) and if y is continuous at t = 0, then (JqDqy)(t) = y(t) – y(0) [18].
Assume that ϑ > 0 is a real number with n – 1 ≤ ϑ < n, that is, n = [ϑ] + 1. The Riemann–
Liouville q-integral of a function y ∈ C([t1, t2],R) is given by

J ϑ
q y(t) =

1
Γq(ϑ)

∫ t

0
(t – qτ )(ϑ–1)y(τ ) dqτ

whenever the integral exists [12, 14]. The Caputo q-derivative of y belongs to C(n)([t1, t2],
R); it is defined by cDϑ

q y(t) = 1
Γq(n–ϑ)

∫ t
0 (t – qτ )(n–ϑ–1)D(n)

q y(τ ) dqτ [12, 14]. We need the
following results.

Lemma 1 ([11]) Let ϑ1,ϑ2 ≥ 0 and y be a function defined on [0, 1]. Then (J ϑ2
q J ϑ1

q y)(t) =
(J ϑ1+ϑ2

q y)(t) and (Dϑ1
q J ϑ1

q y)(t) = y(t).

Lemma 2 ([11]) Let ϑ > 0 and n be a positive integer. Then

(
J ϑ

q Dn
q y

)
(t) =

(
Dn

qJ ϑ
q y

)
(t) –

n–1∑

j=0

tϑ–n+j

Γq(ϑ + j – n + 1)
(
Dj

qy
)
(0).

It is well known that a general solution for the q-fractional differential equation
cDϑ

q y(t) = 0 is given by y(t) = c0 + c1t + c2t2 + · · · + cn–1tn–1, where c0, . . . , cn–1 are some
real numbers and n = [ϑ] + 1 [11]. Also, for every positive real number T∗ and every con-
tinuous function y on [0, T∗], we have (J ϑ

q
cDϑ

q )y(t) = y(t) + c0 + c1t + c2t2 + · · · + cn–1tn–1,
where c0, . . . , cn–1 are constants belonging to R and n = [ϑ] + 1 [11].
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Let (X ,‖·‖X ) be a normed space. Denote byP(X ),Pcl(X ),Pb(X ),Pcp(X ) andPcp,cv(X ),
the set of all subsets of X , the set of all closed subsets of X , the set of all bounded subsets
of X and the set of all compact subsets of X and the set of all convex subsets of X , re-
spectively. An element y∗ ∈ X is called a fixed point of a multivalued map G : X → P(X )
whenever y∗ ∈ G(y∗). The set of all fixed points of the multifunction G is denoted by Fix(G)
[62]. A multifunction G is called convex-valued whenever the set G(y) is convex for all
y ∈X .

We say that a multifunction G is an upper semi-continuous (u.s.c.) on the spaceX when-
ever for each element y∗ ∈ X , the set G(y∗) ∈ Pcl(X ) and there exists an open neighbor-
hood N ∗

0 of y∗ such that G(N ∗
0 ) ⊆ V for all open set V of X containing H(y∗) [62]. A real-

valued function y : R →R is called upper semi-continuous whenever lim supn→∞ y(λn) ≤
y(λ) for all sequence {λn}n≥1 with λn → λ [62]. Assume that (X , d) is a metric space. The
Pompeiu–Hausdorff metric Hd : P(X ) ×P(X ) →R∪ {∞} is defined by

Hd
(
M∗, N∗) = max

{
sup

m∗∈M∗
d
(
m∗, N∗), sup

n∗∈N∗
d
(
M∗, n∗)

}
,

where d(M∗, n∗) = infm∗∈M∗ d(m∗, n∗) and d(m∗, N∗) = infn∗∈N∗ d(m∗, n∗). A multivalued
map G : X →Pcl(X ) is called Lipschitzian with Lipschitz constant β > 0 whenever

Hd
(
G(y1),G(y2)

) ≤ βd(y1, y2),

for all y1, y2 ∈X [62]. A Lipschitz map G is called a contraction whenever β ∈ (0, 1) [62].
A multifunction G : [0, 1] → Pcl(R) is called measurable whenever the map t →

d(ω,G(t)) is measurable for all real constants ω [6, 62]. We say that G : [0, 1]×R →P(R) is
Caratheodory whenever t → G(t, y) is measurable map for all y ∈R and y → G(a, y) is up-
per semi-continuous map for almost all t ∈ [0, 1] [6, 62]. Also, a Caratheodory multifunc-
tion G : [0, 1]×R →P(R) is said to be L1-Caratheodory whenever for each constant μ > 0
there exists a function φμ ∈L1([0, 1],R+) such that ‖G(t, y)‖ = supτ∈[0,1]{|τ | : τ ∈ G(t, y)} ≤
φμ(t) for all |y| ≤ μ and for almost all t ∈ [0, 1] [6, 62]. The set of selections of the multi-
function G at point y ∈ C([0, 1],R) is defined by SG,y := {v ∈ L1([0, 1],R) : v(t) ∈ G(t, y(t))}
for almost all t ∈ [0, 1]. It has been proved that SG,y �= ∅ for all y ∈ C([0, 1],X ) if dimX < ∞
[62]. We say that an element y ∈ X is an endpoint of a multifunction G : X → P(X )
whenever Gy = {y} [62]. Also, the multifunction G has an approximate endpoint property
whenever infx∈X supy∈Gx d(x, y) = 0 [62].

We denote by Ψ , the family of nondecreasing functions ψ : [0,∞) → [0,∞) such that
∑∞

n=1 ψn(t) < ∞ for all t > 0 [63]. It is clear that ψ(t) < t for all t > 0 [63]. In 2012, Samet
et al. introduced the notion of α-ψ-contractive mappings [63]. We say that the selfmap
T : X → X is an α-ψ-contraction whenever α(y1, y2)d(T y1,T y2) ≤ ψ(d(y1, y2)) for all
y1, y2 ∈ X [63]. Also, the selfmap T is called α-admissible whenever α(y1, y2) ≥ 1 implies
α(T y1,T y2) ≥ 1 [63]. We say that X has the property (B) whenever for each sequence {yn}
in X with α(yn, yn+1) ≥ 1 for all n ≥ 1 and yn → y, we have α(yn, y) ≥ 1 for all n [63].

In 2013, Mohammadi et al. generalized this notion to multifunctions [64]. A multifunc-
tion G : X → CB(X ) is called α-ψ-contraction whenever

α(y1, y2)Hd(Gy1,Gy2) ≤ ψ
(
d(y1, y2)

)
,
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for all y1, y2 ∈ X [64]. Similarly, the space X has the property (Cα) whenever for each
sequence {yn} in X with α(yn, yn+1) ≥ 1 for all n ∈ N, there exists a subsequence {ynk } of
{yn} such that α(ynk , y) ≥ 1 for all k ∈N. The multivalued map G is α-admissible whenever
for each y1 ∈ X and y2 ∈ Gy1 with α(y1, y2) ≥ 1, we have α(y2, y3) ≥ 1 for all y3 ∈ Gy2 [64].
We need the following results.

Theorem 3 ([63]) Let (X , d) be a complete metric space, ψ ∈ Ψ , α : X × X → R a map
and T an α-admissible and α-ψ-contractive selfmap on X such that α(y0,T y0) ≥ 1, for
some y0 ∈X . If X has the property (B), then T has a fixed point.

Theorem 4 ([65], Krasnoselskii) Let M be a closed, bounded, convex and nonempty subset
of a Banach space X . Let A and B be two operators such that

(i) Ax + By ∈ M whenever x, y ∈ M,
(ii) A is compact and continuous,

(iii) B is a contraction mapping.
Then there exists z ∈ M such that z = Az + Bz.

Theorem 5 ([64]) Let (X , d) be a complete metric space, α : X ×X → [0,∞) a map, ψ ∈ Ψ

a strictly increasing map,G : X → CB(X ) an α-admissible and α-ψ-contractive multifunc-
tion and α(y0, y1) ≥ 1 for some y0 ∈ X and y1 ∈ Gy0. If the space X has the property (Cα),
then G has a fixed point.

Theorem 6 ([62]) Let (X , d) be a complete metric space and ψ : [0,∞) → [0,∞) be an
upper semi-continuous function such that ψ(t) < t and lim inft→∞(t – ψ(t)) > 0 for all t > 0.
Suppose that T : X → CB(X ) is a multifunction such that Hd(T y1,T y2) ≤ ψ(d(y1, y2)) for
all y1, y2 ∈ X . Then T has a unique endpoint if and only if T has approximate endpoint
property.

3 Main results
In this work, we consider the Banach space

X =
{

y(t) : y(t),Dqy(t),D2
qy(t) ∈ C

(
[0, 1],R

)}
,

via the norm

‖y‖ = sup
t∈[0,1]

∣
∣y(t)

∣
∣ + sup

t∈[0,1]

∣
∣Dqy(t)

∣
∣ + sup

t∈[0,1]

∣
∣D2

qy(t)
∣
∣.

Lemma 7 Let ϕ ∈ C([0, 1],X ). Then solution of the q-fractional boundary value problem

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

cDϑ
q y(t) = ϕ(t),

y(0) = 0,

Dqy(0) + cDσ
q y(ν) + D2

qy(1) = 0,

J κ
q y(0) + J κ

q y(ν) + J κ
q y(1) = 0,

is given by

y(t) =
∫ t

0

(t – qτ )(ϑ–1)

Γq(ϑ)
ϕ(τ ) dqτ
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+
t�1 – t2Γq(3 – σ )

�3Γq(3 – σ )

∫ 1

0

(1 – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
ϕ(τ ) dqτ

+
t2�2 – t�4

�5

∫ 1

0

(1 – qτ )(ϑ–3)

Γq(ϑ – 2)
ϕ(τ ) dqτ

+
t2�2 – t�4

�5

∫ ν

0

(ν – qτ )(ϑ–σ–1)

Γq(ϑ – σ )
ϕ(τ ) dqτ

+
t�1 – t2Γq(3 – σ )

�3Γq(3 – σ )

∫ ν

0

(ν – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
ϕ(τ ) dqτ , (5)

where �1 = 2ν2–σ + (1 + q)Γq(3 – σ ), �2 = (1 + νκ+1)Γq(3 – σ ),

�3 =
∣
∣
∣
∣
–Γq(κ + 3)(νκ+1 + 1)�1 + Γq(3 – σ )Γq(κ + 2)(1 + q)[νκ+2 + 1]

Γq(κ + 2)Γq(κ + 3)Γq(3 – σ )

∣
∣
∣
∣, (6)

�4 = (1 + νκ+1)�1 + �3Γq(κ + 2)Γq(3 – σ ) and �5 = �3Γq(3 – σ )Γq(κ + 2) �= 0.

Proof Let ŷ0 be a solution for the q-problem. Choose the constants a0, a1 and a2 ∈R such
that

ŷ0(t) =
∫ t

0

(t – qτ )(ϑ–1)

Γq(ϑ)
ϕ(τ ) dqτ + a0 + a1t + a2t2. (7)

Thus, we have

Dqŷ0(t) =
∫ t

0

(t – qτ )(ϑ–2)

Γq(ϑ – 1)
ϕ(τ ) dqτ + a1 + a2(1 + q)t,

cDσ
q ŷ0(t) =

∫ t

0

(t – qτ )(ϑ–σ–1)

Γq(ϑ – σ )
ϕ(τ ) dqτ + a2

2t2–σ

Γq(3 – σ )
,

D2
qŷ0(t) =

∫ t

0

(t – qτ )(ϑ–3)

Γq(ϑ – 2)
ϕ(τ ) dqτ + a2(1 + q),

and

J κ
q ŷ0(t) =

∫ t

0

(t – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
ϕ(τ ) dqτ + a0

tκ

Γq(κ + 1)

+ a1
tκ+1

Γq(κ + 2)
+ a2

(1 + q)tκ+2

Γq(κ + 3)
.

By using the boundary value conditions, we obtain a0 = 0,

a1 =
�1

�3Γq(3 – σ )

∫ 1

0

(1 – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
ϕ(τ ) dqτ

–
�4

�5

∫ 1

0

(1 – qτ )(ϑ–3)

Γq(ϑ – 2)
ϕ(τ ) dqτ

–
�4

�5

∫ ν

0

(ν – qτ )(ϑ–σ–1)

Γq(ϑ – σ )
ϕ(τ ) dqτ
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+
�1

�3Γq(3 – σ )

∫ ν

0

(ν – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
ϕ(τ ) dqτ

and

a2 =
1 + νκ+1

�3Γq(κ + 2)

∫ 1

0

(1 – qτ )(ϑ–3)

Γq(ϑ – 2)
ϕ(τ ) dqτ

–
1

�4

∫ 1

0

(1 – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
ϕ(τ ) dqτ

–
1

�3

∫ ν

0

(ν – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
ϕ(τ ) dqτ

+
1 + ϑκ+1

�3Γq(κ + 2)

∫ ν

0

(ν – qτ )(ϑ–σ–1)

Γq(ϑ – σ )
ϕ(τ ) dqτ .

By substituting the values of the ai in (7), we obtain the q-integral equation (5). This com-
pletes the proof. �

Now, consider the operator T : X →X defined by

(T y)(t) =
∫ t

0

(t – qτ )(ϑ–1)

Γq(ϑ)
Φ

(
τ , y(τ ),Dqy(τ ),D2

qy(τ )
)

dqτ

+
t�1 – t2Γq(3 – σ )

�3Γq(3 – σ )

×
∫ 1

0

(1 – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
Φ

(
τ , y(τ ),Dqy(τ ),D2

qy(τ )
)

dqτ

+
t2�2 – t�4

�5

×
∫ 1

0

(1 – qτ )(ϑ–3)

Γq(ϑ – 2)
Φ

(
τ , y(τ ),Dqy(τ ),D2

qy(τ )
)

dqτ

+
t2�2 – t�4

�5

×
∫ ν

0

(ν – qτ )(ϑ–σ–1)

Γq(ϑ – σ )
Φ

(
τ , y(τ ),Dqy(τ ),D2

qy(τ )
)

dqτ

+
t�1 – t2Γq(3 – σ )

�3Γq(3 – σ )

×
∫ ν

0

(ν – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
Φ

(
τ , y(τ ),Dqy(τ ),D2

qy(τ )
)

dqτ .

It is clear that y0 is a solution for the problem (1) if and only if y0 is a fixed point of the
operator T . Put

Ξ1 =
1

Γq(ϑ + 1)
+

(�1 + Γq(3 – σ ))(ν(ϑ+κ) + 1)
�3Γq(3 – σ )Γq(ϑ + κ + 1)

+
�2 + �4

�5Γq(ϑ – 1)
+

(�2 + �4)ν(ϑ–σ )

�5Γq(ϑ – σ + 1)
,
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Ξ2 =
1

Γq(ϑ)
+

[�1 + (1 + q)Γq(3 – σ )](ν(ϑ+κ) + 1)
�3Γq(3 – σ )Γq(ϑ + κ + 1)

+
(1 + q)�2 + �4

�5Γq(ϑ – 1)
+

[(1 + q)�2 + �4]ν(ϑ–σ )

�5Γq(ϑ – σ + 1)
,

(8)

Ξ3 =
1

Γq(ϑ – 1)
+

(1 + q)(ν(ϑ+κ) + 1)
�3Γq(ϑ + κ + 1)

+
(1 + q)�2

�5Γq(ϑ – 1)
+

(1 + q)�2ν
(ϑ–σ )

�5Γq(ϑ – σ + 1)
,

�(1) =
(�1 + Γq(3 – σ ))(ν(ϑ+κ) + 1)
�3Γq(3 – σ )Γq(ϑ + κ + 1)

+
�2 + �4

�5Γq(ϑ – 1)

+
(�2 + �4)ν(ϑ–σ )

�5Γq(ϑ – σ + 1)
,

�(2) =
[�1 + (1 + q)Γq(3 – σ )](ν(ϑ+κ) + 1)

�3Γq(3 – σ )Γq(ϑ + κ + 1)
+

(1 + q)�2 + �4

�5Γq(ϑ – 1)

+
[(1 + q)�2 + �4]ν(ϑ–σ )

�5Γq(ϑ – σ + 1)
,

�(3) =
(1 + q)(ν(ϑ+κ) + 1)
�3Γq(ϑ + κ + 1)

+
(1 + q)�2

�5Γq(ϑ – 1)
+

(1 + q)�2ν
(ϑ–σ )

�5Γq(ϑ – σ + 1)
,

(9)

and

Σ1 = ‖m‖Ξ1, Σ2 = ‖m‖Ξ2, Σ3 = ‖m‖Ξ3. (10)

Now, we are ready to prove our main results.

Theorem 8 Let ψ ∈ Ψ , χ : R3 ×R
3 →R be a map and Φ : [0, 1] ×X 3 →X a continuous

function. Suppose that
(H1)

∣
∣Φ

(
t, x1(t), y1(t), z1(t)

)
– Φ

(
t, x2(t), y2(t), z2(t)

)∣
∣

≤ λψ
(|x1 – x2| + |y1 – y2| + |z1 – z2|

)
,

for all x1, y1, z1, x2, y2, z2 ∈X with

χ
((

x1(t), y1(t), z1(t)
)
,
(
x2(t), y2(t), z2(t)

)) ≥ 0,

for all t ∈ [0, 1], where λ = 1
Ξ1+Ξ2+Ξ3

,
(H2) There exists y0 ∈X such that

χ
((

y0(t),Dqy0(t),D2
qy0(t)

)
,
(
T y0(t),Dq

(
T y0(t)

)
,D2

q
(
T y0(t)

))) ≥ 0,

for all t ∈ [0, 1] and

χ
((

y1(t),Dqy1(t),D2
qy1(t)

)
,
(
y2(t),Dqy2(t),D2

qy2(t)
)) ≥ 0,
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which implies

χ
((
T y1(t),Dq

(
T y1(t)

)
,D2

q
(
T y1(t)

))
,
(
T y2(t),Dq

(
T y2(t)

)
,D2

q
(
T y2(t)

))) ≥ 0

for all t ∈ [0, 1] and y1, y2 ∈X ,
(H3) For each convergent sequence {yn}n≥1 in X with yn → y and

χ
((

yn(t),Dqyn(t),D2
qyn(t)

)
,
(
yn+1(t),Dqyn+1(t),D2

qyn+1(t)
)) ≥ 0,

for all n and t ∈ [0, 1], we have

χ
((

yn(t),Dqyn(t),D2
qyn(t)

)
,
(
y(t),Dqy(t),D2

qy(t)
)) ≥ 0.

Then the q-fractional boundary value problem (1)–(2) has at least one solution.

Proof Let y1, y2 ∈X be such that

χ
((

y1(t),Dqy1(t),D2
qy1(t)

)
,
(
y2(t),Dqy2(t),D2

qy2(t)
)) ≥ 0,

for all t ∈ [0, 1]. Then we have

∣
∣T y1(t) – T y2(t)

∣
∣

≤
∫ t

0

(t – qτ )(ϑ–1)

Γq(ϑ)

× ∣
∣Φ

(
τ , y1(τ ),Dqy1(τ ),D2

qy1(τ )
)

– Φ
(
τ , y2(τ ),Dqy2(τ ),D2

qy2(τ )
)∣∣dqτ

+
|t�1 – t2Γq(3 – σ )|

�3Γq(3 – σ )

∫ 1

0

(1 – qτ )(ϑ+κ–1)

Γq(ϑ + κ)

× ∣
∣Φ

(
τ , y1(τ ),Dqy1(τ ),D2

qy1(τ )
)

– Φ
(
τ , y2(τ ),Dqy2(τ ),D2

qy2(τ )
)∣∣dqτ

+
|t2�2 – t�4|

�5

∫ 1

0

(1 – qτ )(ϑ–3)

Γq(ϑ – 2)

× ∣
∣Φ

(
τ , y1(τ ),Dqy1(τ ),D2

qy1(τ )
)

– Φ
(
τ , y2(τ ),Dqy2(τ ),D2

qy2(τ )
)∣
∣dqτ

+
|t2�2 – t�4|

�5

∫ ν

0

(ν – qτ )(ϑ–σ–1)

Γq(ϑ – σ )

× ∣
∣Φ

(
τ , y1(τ ),Dqy1(τ ),D2

qy1(τ )
)

– Φ
(
τ , y2(τ ),Dqy2(τ ),D2

qy2(τ )
)∣∣dqτ

+
|t�1 – t2Γq(3 – σ )|

�3Γq(3 – σ )

∫ ν

0

(ν – qτ )(ϑ+κ–1)

Γq(ϑ + κ)

× ∣
∣Φ

(
τ , y1(τ ),Dqy1(τ ),D2

qy1(τ )
)

– Φ
(
τ , y2(τ ),Dqy2(τ ),D2

qy2(τ )
)∣∣dqτ

≤ 1
Γq(ϑ + 1)

× λψ
(∣∣y1(τ ) – y2(τ )

∣
∣ +

∣
∣Dqy1(τ ) – Dqy2(τ )

∣
∣ +

∣
∣D2

qy1(τ ) – D2
qy2(τ )

∣
∣)

+
�1 + Γq(3 – σ )

�3Γq(3 – σ )Γq(ϑ + κ + 1)
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× λψ
(∣∣y1(τ ) – y2(τ )

∣
∣ +

∣
∣Dqy1(τ ) – Dqy2(τ )

∣
∣ +

∣
∣D2

qy1(τ ) – D2
qy2(τ )

∣
∣)

+
�2 + �4

�5Γq(ϑ – 1)

× λψ
(∣
∣y1(τ ) – y2(τ )

∣
∣ +

∣
∣Dqy1(τ ) – Dqy2(τ )

∣
∣ +

∣
∣D2

qy1(τ ) – D2
qy2(τ )

∣
∣
)

+
(�2 + �4)ν(ϑ–σ )

�5Γq(ϑ – σ + 1)

× λψ
(∣∣y1(τ ) – y2(τ )

∣
∣ +

∣
∣Dqy1(τ ) – Dqy2(τ )

∣
∣ +

∣
∣D2

qy1(τ ) – D2
qy2(τ )

∣
∣)

+
(�1 + Γq(3 – σ ))ν(ϑ+κ)

�3Γq(3 – σ )Γq(ϑ + κ + 1)

× λψ
(∣∣y1(τ ) – y2(τ )

∣
∣ +

∣
∣Dqy1(τ ) – Dqy2(τ )

∣
∣ +

∣
∣D2

qy1(τ ) – D2
qy2(τ )

∣
∣)

≤ 1
Γq(ϑ + 1)

λψ
(‖y1 – y2‖

)

+
�1 + Γq(3 – σ )

�3Γq(3 – σ )Γq(ϑ + κ + 1)
λψ

(‖y1 – y2‖
)

+
�2 + �4

�5Γq(ϑ – 1)
λψ

(‖y1 – y2‖
)

+
(�2 + �4)ν(ϑ–σ )

�5Γq(ϑ – σ + 1)
λψ

(‖y1 – y2‖
)

+
(�1 + Γq(3 – σ ))ν(ϑ+κ)

�3Γq(3 – σ )Γq(ϑ + κ + 1)
λψ

(‖y1 – y2‖
)

= λΞ1ψ
(‖y1 – y2‖

)
.

Similarly, we have

∣
∣DqT y1(t) – DqT y2(t)

∣
∣

≤ 1
Γq(ϑ)

λψ
(‖y1 – y2‖

)

+
�1 + (1 + q)Γq(3 – σ )

�3Γq(3 – σ )Γq(ϑ + κ + 1)
λψ

(‖y1 – y2‖
)

+
(1 + q)�2 + �4

�5Γq(ϑ – 1)
λψ

(‖y1 – y2‖
)

+
[(1 + q)�2 + �4]ν(ϑ–σ )

�5Γq(ϑ – σ + 1)
λψ

(‖y1 – y2‖
)

+
[�1 + (1 + q)Γq(3 – σ )]ν(ϑ+κ)

�3Γq(3 – σ )Γq(ϑ + κ + 1)
λψ

(‖y1 – y2‖
)

= λΞ2ψ
(‖y1 – y2‖

)

and

∣
∣D2

qT y1(t) – D2
qT y2(t)

∣
∣



Etemad et al. Advances in Difference Equations        (2020) 2020:218 Page 12 of 40

≤ 1
Γq(ϑ – 1)

λψ
(‖y1 – y2‖

)

+
(1 + q)

�3Γq(ϑ + κ + 1)
λψ

(‖y1 – y2‖
)

+
(1 + q)�2

�5Γq(ϑ – 1)
λψ

(‖y1 – y2‖
)

+
(1 + q)�2ν

(ϑ–σ )

�5Γq(ϑ – σ + 1)
λψ

(‖y1 – y2‖
)

+
(1 + q)ν(ϑ+κ)

�3Γq(ϑ + κ + 1)
λψ

(‖y1 – y2‖
)

= λΞ3ψ
(‖y1 – y2‖

)
.

Hence ‖T y1(t) – T y2(t)‖ ≤ (Ξ1 + Ξ2 + Ξ3)λψ(‖y1 – y2‖) = ψ(‖y1 – y2‖). Now, we define
the non-negative function α on X ×X as follows:

α(y1, y2) =

⎧
⎨

⎩

1 if χ ((y1(t),Dqy1(t),D2
qy1(t)), (y2(t),Dqy2(t),D2

qy2(t))) ≥ 0,

0 otherwise,

for all y1, y2 ∈ X . Then we have α(y1, y2)d(T y1,T y2) ≤ ψ(d(y1, y2)) for all y1, y2 ∈ X . This
means that T is an α-ψ-contractive operator. Furthermore, it is easy to check that T is α-
admissible and α(y0,T y0) ≥ 1. Besides, we suppose that {yn}n≥1 is a sequence that belongs
to X with yn → y and α(yn, yn+1) ≥ 1 for all n. The definition of the non-negative function
α implies that

χ
((

yn(t),Dqyn(t),D2
qyn(t)

)
,
(
yn+1(t),Dqyn+1(t),D2

qyn+1(t)
)) ≥ 0.

Thus, by the hypothesis, we get

χ
((

yn(t),Dqyn(t),D2
qyn(t)

)
,
(
y(t),Dqy(t),D2

qy(t)
)) ≥ 0.

This shows that, for all n, α(yn, y) ≥ 1. Hence the Banach space X has the property (B).
Now, Theorem 3 implies that the operator T has fixed point y∗ ∈ X which is a solution
for the q-fractional BVP (1)–(2). This completes the proof. �

Theorem 9 Let Φ : [0, 1] ×X ×X ×X →X be a continuous function. Suppose that:
(H4) there exists a continuous real-valued function L on the closed interval [0, 1] such

that

∣
∣Φ(t, x1, y1, z1) – Φ(t, x2, y2, z2)

∣
∣ ≤ L(t)

(|x1 – x2| + |y1 – y2| + |z1 – z2|
)
.

for all t ∈ [0, 1] and x1, x2, y1, y2, z1, z2 ∈X ,
(H5) there exist a continuous function ζ : [0, 1] → R

+ and a nondecreasing continuous
function ψ : [0, 1] →R

+ such that

∣
∣Φ(t, y1, y2, y3)

∣
∣ ≤ ζ (t)ψ

(|y1| + |y2| + |y3|
)
,

for all t ∈ [0, 1] and y1, y2, y3 ∈X .
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Then the fractional q-difference equation (1) with the boundary value conditions (2) has at
least one solution whenever

K := ‖L‖(�(1) + �(2) + �(3)) < 1, (11)

where ‖L‖ = supt∈[0,1] |L(t)| and �(1), �(2) and �(3) are given by (10).

Proof Put ‖ζ‖ = supt∈[0,1] |ζ (t)| and choose a suitable positive constant ε such that

ε ≥ ψ
(‖y‖)‖ζ‖{Ξ1 + Ξ2 + Ξ3}, (12)

where the �(i) are given by (10). Consider the set Vε = {y ∈ X : ‖y‖ ≤ ε}, where ε is given
in (12). One can check that the set Vε is a closed, convex, bounded and nonempty subset
of the Banach space X . Now, consider the fractional operators T (1) and T (2) on the set Vε

defined by

(
T (1)y

)
(t) =

∫ t

0

(t – qτ )(ϑ–1)

Γq(ϑ)
Φ

(
τ , y(τ ),Dqy(τ ),D2

qy(τ )
)

dqτ

and

(
T (2)y

)
(t) =

t�1 – t2Γq(3 – σ )
�3Γq(3 – σ )

×
∫ 1

0

(1 – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
Φ

(
τ , y(τ ),Dqy(τ ),D2

qy(τ )
)

dqτ

+
t2�2 – t�4

�5

×
∫ 1

0

(1 – qτ )(ϑ–3)

Γq(ϑ – 2)
Φ

(
τ , y(τ ),Dqy(τ ),D2

qy(τ )
)

dqτ

+
t2�2 – t�4

�5

×
∫ ν

0

(ν – qτ )(ϑ–σ–1)

Γq(ϑ – σ )
Φ

(
τ , y(τ ),Dqy(τ ),D2

qy(τ )
)

dqτ

+
t�1 – t2Γq(3 – σ )

�3Γq(3 – σ )

×
∫ ν

0

(ν – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
Φ

(
τ , y(τ ),Dqy(τ ),D2

qy(τ )
)

dqτ

for all t ∈ [0, 1]. Put m̂ = supy∈R ψ(‖y‖). For y1, y2 ∈ Vε , we have

∣
∣(T (1)y1 + T (2)y2

)
(t)

∣
∣

≤
∫ t

0

(t – qτ )(ϑ–1)

Γq(ϑ)
∣
∣Φ

(
τ , y1(τ ),Dqy1(τ ),D2

qy1(τ )
)∣
∣dqτ

+
|t�1 – t2Γq(3 – σ )|

�3Γq(3 – σ )
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×
∫ 1

0

(1 – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
∣
∣Φ

(
τ , y2(τ ),Dqy2(τ ),D2

qy2(τ )
)∣
∣dqτ

+
|t2�2 – t�4|

�5

×
∫ 1

0

(1 – qτ )(ϑ–3)

Γq(ϑ – 2)
∣
∣Φ

(
τ , y2(τ ),Dqy2(τ ),D2

qy2(τ )
)∣∣dqτ

+
|t2�2 – t�4|

�5

×
∫ ν

0

(ν – qτ )(ϑ–σ–1)

Γq(ϑ – σ )
∣
∣Φ

(
τ , y2(τ ),Dqy2(τ ),D2

qy2(τ )
)∣
∣dqτ

+
|t�1 – t2Γq(3 – σ )|

�3Γq(3 – σ )

×
∫ ν

0

(ν – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
∣
∣Φ

(
τ , y2(τ ),Dqy2(τ ),D2

qy2(τ )
)∣
∣dqτ

≤
∫ t

0

(t – qτ )(ϑ–1)

Γq(ϑ)
ψ

(∣∣y1(τ )
∣
∣ +

∣
∣Dqy1(τ )

∣
∣ +

∣
∣D2

qy1(τ )
∣
∣)dqτ

+
|t�1 – t2Γq(3 – σ )|

�3Γq(3 – σ )

×
∫ 1

0

(1 – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
ψ

(∣
∣y2(τ )

∣
∣ +

∣
∣Dqy2(τ )

∣
∣ +

∣
∣D2

qy2(τ )
∣
∣
)

dqτ

+
|t2�2 – t�4|

�5

×
∫ 1

0

(1 – qτ )(ϑ–3)

Γq(ϑ – 2)
ψ

(∣∣y2(τ )
∣
∣ +

∣
∣Dqy2(τ )

∣
∣ +

∣
∣D2

qy2(τ )
∣
∣)dqτ

+
|t2�2 – t�4|

�5

×
∫ ν

0

(ν – qτ )(ϑ–σ–1)

Γq(ϑ – σ )
ψ

(∣∣y2(τ )
∣
∣ +

∣
∣Dqy2(τ )

∣
∣ +

∣
∣D2

qy2(τ )
∣
∣)dqτ

+
|t�1 – t2Γq(3 – σ )|

�3Γq(3 – σ )

×
∫ ν

0

(ν – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
ψ

(∣
∣y2(τ )

∣
∣ +

∣
∣Dqy2(τ )

∣
∣ +

∣
∣D2

qy2(τ )
∣
∣
)

dqτ

≤ m̂‖ζ‖
[

1
Γq(ϑ + 1)

+
(�1 + Γq(3 – σ ))(ν(ϑ+κ) + 1)
�3Γq(3 – σ )Γq(ϑ + κ + 1)

+
�2 + �4

�5Γq(ϑ – 1)
+

(�2 + �4)ν(ϑ–σ )

�5Γq(ϑ – σ + 1)

]

= m̂‖ζ‖Ξ1.

Also,

∣
∣
(
DqT (1)y1 + DqT (2)y2

)
(t)

∣
∣

≤
∫ t

0

(t – qτ )(ϑ–2)

Γq(ϑ – 1)
ψ

(∣∣y1(τ )
∣
∣ +

∣
∣Dqy1(τ )

∣
∣ +

∣
∣D2

qy1(τ )
∣
∣)dqτ
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+
|�1 – (1 + q)tΓq(3 – σ )|

�3Γq(3 – σ )

×
∫ 1

0

(1 – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
ψ

(∣∣y2(τ )
∣
∣ +

∣
∣Dqy2(τ )

∣
∣ +

∣
∣D2

qy2(τ )
∣
∣)dqτ

+
|(1 + q)t�2 – �4|

�5

×
∫ 1

0

(1 – qτ )(ϑ–3)

Γq(ϑ – 2)
ψ

(∣
∣y2(τ )

∣
∣ +

∣
∣Dqy2(τ )

∣
∣ +

∣
∣D2

qy2(τ )
∣
∣
)

dqτ

+
|(1 + q)t�2 – �4|

�5

×
∫ ν

0

(ν – qτ )(ϑ–σ–1)

Γq(ϑ – σ )
ψ

(∣
∣y2(τ )

∣
∣ +

∣
∣Dqy2(τ )

∣
∣ +

∣
∣D2

qy2(τ )
∣
∣
)

dqτ

+
|�1 – (1 + q)tΓq(3 – σ )|

�3Γq(3 – σ )

×
∫ ν

0

(ν – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
ψ

(∣∣y2(τ )
∣
∣ +

∣
∣Dqy2(τ )

∣
∣ +

∣
∣D2

qy2(τ )
∣
∣)dqτ

≤ m̂‖ζ‖
[

1
Γq(ϑ)

+
[�1 + (1 + q)Γq(3 – σ )](ν(ϑ+κ) + 1)

�3Γq(3 – σ )Γq(ϑ + κ + 1)

+
(1 + q)�2 + �4

�5Γq(ϑ – 1)
+

[(1 + q)�2 + �4]ν(ϑ–σ )

�5Γq(ϑ – σ + 1)

]

= m̂‖ζ‖Ξ2,

and similarly

∣
∣
(
D2

qT (1)y1 + D2
qT (2)y2

)
(t)

∣
∣

≤ m̂‖ζ‖
[

1
Γq(ϑ – 1)

+
(1 + q)(ν(ϑ+κ) + 1)
�3Γq(ϑ + κ + 1)

+
(1 + q)�2

�5Γq(ϑ – 1)
+

(1 + q)�2ν
(ϑ–σ )

�5Γq(ϑ – σ + 1)

]

= m̂‖ζ‖Ξ3.

Hence, ‖(T (1)y1 +T (2)y2)(t)‖ ≤ ε and so (T (1)y1 +T (2)y2)(t) ∈ Vε . Clearly, the continuity of
the function Φ implies the continuity of the fractional operator T (1). Also,

∣
∣(T (1)y

)
(t)

∣
∣ ≤

∫ t

0

(t – qτ )(ϑ–1)

Γq(ϑ)
∣
∣Φ

(
τ , y(τ ),Dqy(τ ),D2

qy(τ )
)∣∣dqτ

≤ 1
Γq(ϑ + 1)

‖ζ‖ψ(‖y‖),

∣
∣
(
DqT (1)y

)
(t)

∣
∣ ≤

∫ t

0

(t – qτ )(ϑ–2)

Γq(ϑ – 1)
∣
∣Φ

(
τ , y(τ ),Dqy(τ ),D2

qy(τ )
)∣
∣dqτ

≤ 1
Γq(ϑ)

‖ζ‖ψ(‖y‖)

and

∣
∣(D2

qT (1)y
)
(t)

∣
∣ ≤

∫ t

0

(t – qτ )(ϑ–3)

Γq(ϑ – 2)
∣
∣Φ

(
τ , y(τ ),Dqy(τ ),D2

qy(τ )
)∣∣dqτ
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≤ 1
Γq(ϑ – 1)

‖ζ‖ψ(‖y‖),

for all y ∈ Vε . Hence,

∥
∥T (1)y

∥
∥ ≤

{
1

Γq(ϑ + 1)
+

1
Γq(ϑ)

+
1

Γq(ϑ – 1)

}

‖ζ‖ψ(‖y‖).

This proves that the operator T (1) is uniformly bounded on Vε . Now for checking the
compactness of the fractional operator T (1) on Vε , assume that t1, t2 ∈ [0, 1] with t1 < t2.
Then we have

∣
∣(T (1)y

)
(t2) –

(
T (1)y

)
(t1)

∣
∣

=
∣
∣
∣
∣

∫ t2

0

(t2 – qτ )(ϑ–1)

Γq(ϑ)
Φ

(
τ , y(τ ),Dqy(τ ),D2

qy(τ )
)

dτ

–
∫ t1

0

(t1 – qτ )(ϑ–1)

Γq(ϑ)
Φ

(
τ , y(τ ),Dqy(τ ),D2

qy(τ )
)

dτ

∣
∣
∣
∣

≤
∣
∣
∣
∣

∫ t1

0

(t2 – qτ )(ϑ–1) – (t1 – qτ )(ϑ–1)

Γq(ϑ)
Φ

(
τ , y(τ ),Dqy(τ ),D2

qy(τ )
)

dτ

∣
∣
∣
∣

+
∣
∣
∣
∣

∫ t2

t1

(t2 – qτ )(ϑ–1)

Γq(ϑ)
Φ

(
τ , y(τ ),Dqy(τ ),D2

qy(τ )
)

dτ

∣
∣
∣
∣

≤
∫ t1

0

(t2 – qτ )(ϑ–1) – (t1 – qτ )(ϑ–1)

Γq(ϑ)
∣
∣Φ

(
τ , y(τ ),Dqy(τ ),D2

qy(τ )
)∣∣dτ

+
∫ t2

t1

(t2 – qτ )(ϑ–1)

Γq(ϑ)
∣
∣Φ

(
τ , y(τ ),Dqy(τ ),D2

qy(τ )
)∣
∣dτ

≤
{

tϑ
2 – tϑ

1 – (t2 – t1)ϑ

Γq(ϑ + 1)
+

(t2 – t1)ϑ

Γq(ϑ + 1)

}

‖ζ‖ψ(‖y‖).

Thus, |(T (1)y)(t2) – (T (1)y)(t1)| → 0 as t2 → t1. Also, we have

∣
∣
(
DqT (1)y

)
(t2) –

(
DqT (1)y

)
(t1)

∣
∣

=
∣
∣
∣
∣

∫ t2

0

(t2 – qτ )(ϑ–2)

Γq(ϑ – 1)
Φ

(
τ , y(τ ),Dqy(τ ),D2

qy(τ )
)

dτ

–
∫ t1

0

(t1 – qτ )(ϑ–2)

Γq(ϑ – 1)
Φ

(
τ , y(τ ),Dqy(τ ),D2

qy(τ )
)

dτ

∣
∣
∣
∣

≤
∣
∣
∣
∣

∫ t1

0

(t2 – qτ )(ϑ–2) – (t1 – qτ )(ϑ–2)

Γq(ϑ – 1)
Φ

(
τ , y(τ ),Dqy(τ ),D2

qy(τ )
)

dτ

∣
∣
∣
∣

+
∣
∣
∣
∣

∫ t2

t1

(t2 – qτ )(ϑ–2)

Γq(ϑ – 1)
Φ

(
τ , y(τ ),Dqy(τ ),D2

qy(τ )
)

dτ

∣
∣
∣
∣

≤
∫ t1

0

(t2 – qτ )(ϑ–2) – (t1 – qτ )(ϑ–2)

Γq(ϑ – 1)
∣
∣Φ

(
τ , y(τ ),Dqy(τ ),D2

qy(τ )
)∣
∣dτ

+
∫ t2

t1

(t2 – qτ )(ϑ–2)

Γq(ϑ – 1)
∣
∣Φ

(
τ , y(τ ),Dqy(τ ),D2

qy(τ )
)∣∣dτ
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≤
{

t(ϑ–1)
2 – t(ϑ–1)

1 – (t2 – t1)(ϑ–1)

Γq(ϑ)
+

(t2 – t1)(ϑ–1)

Γq(ϑ)

}

‖ζ‖ψ(‖y‖)

and so |(DqT (1)y)(t2) – (DqT (1)y)(t1)| → 0 as t2 → t1. Similarly, we can show that

∣
∣
(
D2

qT (1)y
)
(t2) –

(
D2

qT (1)y
)
(t1)

∣
∣ → 0,

as t2 → t1 Hence, ‖(T (1)y)(t2) – (T (1)y)(t1)‖ tends to zero as t2 → t1. Thus, T (1) is equi-
continuous and so T (1) is relatively compact on Vε . Now by using the Arzela–Ascoli the-
orem, the fractional operator T (1) is compact on Vε . Finally, we prove that T (2) is a con-
traction map. Let y1, y2 ∈ Vε . Then we have

∣
∣(T (2)y1

)
(t) –

(
T (2)y2

)
(t)

∣
∣

≤ |t�1 – t2Γq(3 – σ )|
�3Γq(3 – σ )

∫ 1

0

(1 – qτ )(ϑ+κ–1)

Γq(ϑ + κ)

× L(τ )
(∣
∣y1(τ ) – y2(τ )

∣
∣ +

∣
∣Dqy1(τ ) – Dqy2(τ )

∣
∣ +

∣
∣D2

qy1(τ ) – D2
qy2(τ )

∣
∣
)

dqτ

+
|t2�2 – t�4|

�5

∫ 1

0

(1 – qτ )(ϑ–3)

Γq(ϑ – 2)

× L(τ )
(∣
∣y1(τ ) – y2(τ )

∣
∣ +

∣
∣Dqy1(τ ) – Dqy2(τ )

∣
∣ +

∣
∣D2

qy1(τ ) – D2
qy2(τ )

∣
∣
)

dqτ

+
|t2�2 – t�4|

�5

∫ ν

0

(ν – qτ )(ϑ–σ–1)

Γq(ϑ – σ )

× L(τ )
(∣∣y1(τ ) – y2(τ )

∣
∣ +

∣
∣Dqy1(τ ) – Dqy2(τ )

∣
∣ +

∣
∣D2

qy1(τ ) – D2
qy2(τ )

∣
∣)dqτ

+
|t�1 – t2Γq(3 – σ )|

�3Γq(3 – σ )

∫ ν

0

(ν – qτ )(ϑ+κ–1)

Γq(ϑ + κ)

× L(τ )
(∣∣y1(τ ) – y2(τ )

∣
∣ +

∣
∣Dqy1(τ ) – Dqy2(τ )

∣
∣ +

∣
∣D2

qy1(τ ) – D2
qy2(τ )

∣
∣)dqτ .

Also

∣
∣
(
DqT (2)y1

)
(t) –

(
DqT (2)y2

)
(t)

∣
∣

≤ |�1 – (1 + q)tΓq(3 – σ )|
�3Γq(3 – σ )

∫ 1

0

(1 – qτ )(ϑ+κ–1)

Γq(ϑ + κ)

× L(τ )
(∣∣y1(τ ) – y2(τ )

∣
∣ +

∣
∣Dqy1(τ ) – Dqy2(τ )

∣
∣ +

∣
∣D2

qy1(τ ) – D2
qy2(τ )

∣
∣)dqτ

+
|(1 + q)t�2 – �4|

�5

∫ 1

0

(1 – qτ )(ϑ–3)

Γq(ϑ – 2)

× L(τ )
(∣∣y1(τ ) – y2(τ )

∣
∣ +

∣
∣Dqy1(τ ) – Dqy2(τ )

∣
∣ +

∣
∣D2

qy1(τ ) – D2
qy2(τ )

∣
∣)dqτ

+
|(1 + q)t�2 – �4|

�5

∫ ν

0

(ν – qτ )(ϑ–σ–1)

Γq(ϑ – σ )

× L(τ )
(∣
∣y1(τ ) – y2(τ )

∣
∣ +

∣
∣Dqy1(τ ) – Dqy2(τ )

∣
∣ +

∣
∣D2

qy1(τ ) – D2
qy2(τ )

∣
∣
)

dqτ

+
|�1 – (1 + q)tΓq(3 – σ )|

�3Γq(3 – σ )

∫ ν

0

(ν – qτ )(ϑ+κ–1)

Γq(ϑ + κ)

× L(τ )
(∣∣y1(τ ) – y2(τ )

∣
∣ +

∣
∣Dqy1(τ ) – Dqy2(τ )

∣
∣ +

∣
∣D2

qy1(τ ) – D2
qy2(τ )

∣
∣)dqτ
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and

∣
∣(D2

qT (2)y1
)
(t) –

(
D2

qT (2)y2
)
(t)

∣
∣

≤ (1 + q)Γq(3 – σ )
�3Γq(3 – σ )

∫ 1

0

(1 – qτ )(ϑ+κ–1)

Γq(ϑ + κ)

× L(τ )
(∣∣y1(τ ) – y2(τ )

∣
∣ +

∣
∣Dqy1(τ ) – Dqy2(τ )

∣
∣ +

∣
∣D2

qy1(τ ) – D2
qy2(τ )

∣
∣)dqτ

+
(1 + q)�2

�5

∫ 1

0

(1 – qτ )(ϑ–3)

Γq(ϑ – 2)

× L(τ )
(∣
∣y1(τ ) – y2(τ )

∣
∣ +

∣
∣Dqy1(τ ) – Dqy2(τ )

∣
∣ +

∣
∣D2

qy1(τ ) – D2
qy2(τ )

∣
∣
)

dqτ

+
(1 + q)�2

�5

∫ ν

0

(ν – qτ )(ϑ–σ–1)

Γq(ϑ – σ )

× L(τ )
(∣
∣y1(τ ) – y2(τ )

∣
∣ +

∣
∣Dqy1(τ ) – Dqy2(τ )

∣
∣ +

∣
∣D2

qy1(τ ) – D2
qy2(τ )

∣
∣
)

dqτ

+
(1 + q)Γq(3 – σ )

�3Γq(3 – σ )

∫ ν

0

(ν – qτ )(ϑ+κ–1)

Γq(ϑ + κ)

× L(τ )
(∣∣y1(τ ) – y2(τ )

∣
∣ +

∣
∣Dqy1(τ ) – Dqy2(τ )

∣
∣ +

∣
∣D2

qy1(τ ) – D2
qy2(τ )

∣
∣)dqτ .

Hence, we get

sup
t∈[0,1]

∣
∣(T (2)y1

)
(t) –

(
T (2)y2

)
(t)

∣
∣ ≤ ‖L‖�(1)‖y1 – y2‖,

sup
t∈[0,1]

∣
∣
(
DqT (2)y1

)
(t) –

(
DqT (2)y2

)
(t)

∣
∣ ≤ ‖L‖�(2)‖y1 – y2‖,

sup
t∈[0,1]

∣
∣
(
D2

qT (2)y1
)
(t) –

(
D2

qT (2)y2
)
(t)

∣
∣ ≤ ‖L‖�(3)‖y1 – y2‖.

Thus, ‖T (2)y1 –T (2)y2‖ ≤ ‖L‖(�(1) +�(2) +�(3))‖y1 –y2‖ or ‖T (2)y1 –T (2)y2‖ ≤ K‖y1 –y2‖.
Hence, T (2) is a contraction on Vε with constant K < 1. Now by using Theorem 4, the q-
fractional boundary value problem (1)–(2) has at least one solution. �

Now we investigate the existence of solutions for the fractional q-difference inclusion
problem (3)–(4). A function y ∈ CX ([0, 1],X ) is called a solution for the fractional q-
difference inclusion (3) whenever it satisfies the boundary conditions and there exists a
function Θ ∈ L1([0, 1]) such that Θ(t) ∈ G(t, y(t),Dqy(t),D2

qy(t)) for almost all t ∈ [0, 1]
and

y(t) =
∫ t

0

(t – qτ )(ϑ–1)

Γq(ϑ)
Θ(τ ) dqτ

+
t�1 – t2Γq(3 – σ )

�3Γq(3 – σ )

∫ 1

0

(1 – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
Θ(τ ) dqτ

+
t2�2 – t�4

�5

∫ 1

0

(1 – qτ )(ϑ–3)

Γq(ϑ – 2)
Θ(τ ) dqτ

+
t2�2 – t�4

�5

∫ ν

0

(ν – qτ )(ϑ–σ–1)

Γq(ϑ – σ )
Θ(τ ) dqτ
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+
t�1 – t2Γq(3 – σ )

�3Γq(3 – σ )

∫ ν

0

(ν – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
Θ(τ ) dqτ

for all t ∈ [0, 1]. For each y ∈X , define the set of selections of the operator G by

SG,y =
{
Θ ∈ L1([0, 1]

)
: Θ(t) ∈ G

(
t, y(t),Dqy(t),D2

qy(t)
)

for all t ∈ [0, 1]
}

.

Also, consider the operator N : X →P(X ) defined by

N (y) =
{

p ∈X : there exists Θ ∈ SG,y : p(t) = w(t) for all t ∈ [0, 1]
}

, (13)

where

w(t) =
∫ t

0

(t – qτ )(ϑ–1)

Γq(ϑ)
Θ(τ ) dqτ

+
t�1 – t2Γq(3 – σ )

�3Γq(3 – σ )

∫ 1

0

(1 – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
Θ(τ ) dqτ

+
t2�2 – t�4

�5

∫ 1

0

(1 – qτ )(ϑ–3)

Γq(ϑ – 2)
Θ(τ ) dqτ

+
t2�2 – t�4

�5

∫ ν

0

(ν – qτ )(ϑ–σ–1)

Γq(ϑ – σ )
Θ(τ ) dqτ

+
t�1 – t2Γq(3 – σ )

�3Γq(3 – σ )

∫ ν

0

(ν – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
Θ(τ ) dqτ .

Theorem 10 Let G : [0, 1] ×X ×X ×X →Pcp(X ) be a set-valued map. Suppose that:
(H6) The operator G is integrable bounded and G(·, y1, y2, y3) : [0, 1] → Pcp(X ) is mea-

surable for all y1, y2, y3 ∈X .
(H7) There exist m ∈ C([0, 1], [0,∞)) and ψ ∈ Ψ such that

Hd
(
G(t, y1, y2, y3),G

(
t, y′

1, y′
2, y′

3
))

≤ m(t)λ
‖m‖ ψ

(∣
∣y1 – y′

1
∣
∣ +

∣
∣y2 – y′

2
∣
∣ +

∣
∣y3 – y′

3
∣
∣
)
, (14)

for all t ∈ [0, 1] and y1, y2, y3, y′
1, y′

2, y′
3 ∈ X , where λ = 1

Ξ1+Ξ2+Ξ3
and the constants

Ξ1, Ξ2 and Ξ3 are given by (8).
(H8) There exists a function χ : R3 ×R

3 →R such that χ ((y1, y2, y3), (y1, y′
2, y′

3)) ≥ 0 for
all y1, y2, y3, y′

1, y′
2, y′

3 ∈X .
(H9) If {yn}n≥1 is a sequence in X with yn → y and

χ
((

yn(t),Dqyn(t),D2
qyn(t)

)
,
(
yn+1(t),Dqyn+1(t),D2

qyn+1(t)
)) ≥ 0,

for all t ∈ [0, 1] and n ≥ 1, then there exists a subsequence {ynj}j≥1 of {yn} such that

χ
((

ynj (t),Dqynj (t),D2
qynj (t)

)
,
(
y(t),Dqy(t),D2

qy(t)
)) ≥ 0,

for all t ∈ [0, 1] and j ≥ 1.
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(H10) There exist y0 ∈X and p ∈N (y0) such that

χ
((

y0(t),Dqy0(t),D2
qy0(t)

)
,
(
p(t),Dqp(t),D2

qp(t)
)) ≥ 0,

for all t ∈ [0, 1], where the operator N : X →P(X ) is given by (13).
(H11) For each y ∈X and p ∈N (y) with

χ
((

y(t),Dqy(t),D2
qy(t)

)
,
(
p(t),Dqp(t),D2

qp(t)
)) ≥ 0,

there exists w ∈N (y) such that

χ
((

p(t),Dqp(t),D2
qp(t)

)
,
(
w(t),Dqw(t),D2

qw(t)
)) ≥ 0,

for all t ∈ [0, 1]. Then the q-fractional inclusion problem (3)–(4) has a solution.

Proof It is clear that each fixed point of the operator N : X → P(X ) is a solution for the
q-fractional inclusion problem (3). Since the multivalued map t → G(t, y(t),Dqy(t),D2

qy(t))
is measurable and it is closed-valued for all y ∈ X , G has a measurable selection and the
set SG,y is not empty. We show that the subset N (y) of X is closed for all y ∈X . Let {yn}n≥1

be a sequence in N (y) converging to y. For each n, there exists Θn ∈ SG,y such that

yn(t) =
∫ t

0

(t – qτ )(ϑ–1)

Γq(ϑ)
Θn(τ ) dqτ

+
t�1 – t2Γq(3 – σ )

�3Γq(3 – σ )

∫ 1

0

(1 – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
Θn(τ ) dqτ

+
t2�2 – t�4

�5

∫ 1

0

(1 – qτ )(ϑ–3)

Γq(ϑ – 2)
Θn(τ ) dqτ

+
t2�2 – t�4

�5

∫ ν

0

(ν – qτ )(ϑ–σ–1)

Γq(ϑ – σ )
Θn(τ ) dqτ

+
t�1 – t2Γq(3 – σ )

�3Γq(3 – σ )

∫ ν

0

(ν – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
Θn(τ ) dqτ ,

for almost all t ∈ [0, 1]. Since G has compact values, we pass into a subsequence (if nec-
essary) to find that a subsequence {Θn}n≥1 that converges to some Θ ∈ L1([0, 1]). Hence,
Θ ∈ SG,y and

yn(t) → y(t)

=
∫ t

0

(t – qτ )(ϑ–1)

Γq(ϑ)
Θ(τ ) dqτ

+
t�1 – t2Γq(3 – σ )

�3Γq(3 – σ )

∫ 1

0

(1 – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
Θ(τ ) dqτ

+
t2�2 – t�4

�5

∫ 1

0

(1 – qτ )(ϑ–3)

Γq(ϑ – 2)
Θ(τ ) dqτ

+
t2�2 – t�4

�5

∫ ν

0

(ν – qτ )(ϑ–σ–1)

Γq(ϑ – σ )
Θ(τ ) dqτ
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+
t�1 – t2Γq(3 – σ )

�3Γq(3 – σ )

∫ ν

0

(ν – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
Θ(τ ) dqτ

for all t ∈ [0, 1]. This shows that y ∈ N (y) and so the operator N is closed-valued. Since
G is a multifunction with compact values, it is easy to prove that N (y) is bounded for all
y ∈ X . Now, we show that the operator N is an α-ψ-contractive set-valued map. For this
purpose, define the non-negative function α on X ×X by

α
(
y, y′) =

⎧
⎨

⎩

1 if χ ((y(t),Dqy(t),D2
qy(t)), (y′(t),Dqy′(t),D2

qy′(t))) ≥ 0,

0 otherwise,

for all y, y′ ∈X . Let y, y′ ∈X and p1 ∈N (y′). Choose Θ1 ∈ SG,y′ such that

p1(t) =
∫ t

0

(t – qτ )(ϑ–1)

Γq(ϑ)
Θ1(τ ) dqτ

+
t�1 – t2Γq(3 – σ )

�3Γq(3 – σ )

∫ 1

0

(1 – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
Θ1(τ ) dqτ

+
t2�2 – t�4

�5

∫ 1

0

(1 – qτ )(ϑ–3)

Γq(ϑ – 2)
Θ1(τ ) dqτ

+
t2�2 – t�4

�5

∫ ν

0

(ν – qτ )(ϑ–σ–1)

Γq(ϑ – σ )
Θ1(τ ) dqτ

+
t�1 – t2Γq(3 – σ )

�3Γq(3 – σ )

∫ ν

0

(ν – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
Θ1(τ ) dqτ ,

for all t ∈ [0, 1]. By using (14), we have

Hd
(
G

(
t, y,Dqy,D2

qy
)
,G

(
t, y′,Dqy′,D2

qy′))

≤ m(t)λ
‖m‖ ψ

(∣∣y – y′∣∣ +
∣
∣Dqy – Dqy′∣∣ +

∣
∣D2

qy – D2
qy′∣∣),

for all y, y′ ∈X with

χ
((

y(t),Dqy(t),D2
qy(t)

)
,
(
y′(t),Dqy′(t),D2

qy′(t)
)) ≥ 0,

for almost all t ∈ [0, 1]. Thus, there exists w ∈ G(t, y(t),Dqy(t),D2
qy(t)) such that

∣
∣Θ1(t) – w

∣
∣ ≤ m(t)λ

‖m‖ ψ
(∣∣y(t) – y′(t)

∣
∣ +

∣
∣Dqy(t) – Dqy′(t)

∣
∣ +

∣
∣D2

qy(t) – D2
qy′(t)

∣
∣).

Now, consider the multivalued map B : [0, 1] →P(X ) defined by

B(t) =
{

w ∈X :
∣
∣Θ1(t) – w

∣
∣ ≤ m(t)λ

‖m‖

× ψ
(∣∣y(t) – y′(t)

∣
∣ +

∣
∣Dqy(t) – Dqy′(t)

∣
∣ +

∣
∣D2

qy(t) – D2
qy′(t)

∣
∣)

}
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for all t ∈ [0, 1]. Since Θ1 and

ϕ =
mλ

‖m‖ψ
(∣∣y – y′∣∣ +

∣
∣Dqy – Dqy′∣∣ +

∣
∣D2

qy – D2
qy′∣∣)

are measurable, the multifunction B(·)∩G(·, y(·),Dqy(·),D2
qy(·)) is measurable. Now, select

Θ2 in G(t, y(t),Dqy(t),D2
qy(t)) such that

∣
∣Θ1(t) – Θ2(t)

∣
∣ ≤ m(t)λ

‖m‖ ψ
(∣
∣y(t) – y′(t)

∣
∣ +

∣
∣Dqy(t) – Dqy′(t)

∣
∣ +

∣
∣D2

qy(t) – D2
qy′(t)

∣
∣
)

for all t ∈ [0, 1]. Define p2 ∈N (u) by

p2(t) =
∫ t

0

(t – qτ )(ϑ–1)

Γq(ϑ)
Θ2(τ ) dqτ

+
t�1 – t2Γq(3 – σ )

�3Γq(3 – σ )

∫ 1

0

(1 – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
Θ2(τ ) dqτ

+
t2�2 – t�4

�5

∫ 1

0

(1 – qτ )(ϑ–3)

Γq(ϑ – 2)
Θ2(τ ) dqτ

+
t2�2 – t�4

�5

∫ ν

0

(ν – qτ )(ϑ–σ–1)

Γq(ϑ – σ )
Θ2(τ ) dqτ

+
t�1 – t2Γq(3 – σ )

�3Γq(3 – σ )

∫ ν

0

(ν – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
Θ2(τ ) dqτ

for all t ∈ [0, 1]. Let supt∈[0,1] |m(t)| = ‖m‖. Then we have

|p1 – p2| ≤
∫ t

0

(t – qτ )(ϑ–1)

Γq(ϑ)
∣
∣Θ1(τ ) – Θ2(τ )

∣
∣dqτ

+
|t�1 – t2Γq(3 – σ )|

�3Γq(3 – σ )

∫ 1

0

(1 – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
∣
∣Θ1(τ ) – Θ2(τ )

∣
∣dqτ

+
|t2�2 – t�4|

�5

∫ 1

0

(1 – qτ )(ϑ–3)

Γq(ϑ – 2)
∣
∣Θ1(τ ) – Θ2(τ )

∣
∣dqτ

+
|t2�2 – t�4|

�5

∫ ν

0

(ν – qτ )(ϑ–σ–1)

Γq(ϑ – σ )
∣
∣Θ1(τ ) – Θ2(τ )

∣
∣dqτ

+
|t�1 – t2Γq(3 – σ )|

�3Γq(3 – σ )

∫ ν

0

(ν – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
∣
∣Θ1(τ ) – Θ2(τ )

∣
∣dqτ

≤ 1
Γq(ϑ + 1)

‖m‖ψ(∥
∥y – y′∥∥)

(
p

‖m‖
)

+
�1 + Γq(3 – σ )

�3Γq(3 – σ )Γq(ϑ + κ + 1)
‖m‖ψ(∥∥y – y′∥∥)

(
λ

‖m‖
)

+
�2 + �4

�5Γq(ϑ – 1)
‖m‖ψ(∥

∥y – y′∥∥)
(

λ

‖m‖
)

+
[�2 + �4]ν(ϑ–σ )

�5Γq(ϑ – 1)
‖m‖ψ(∥∥y – y′∥∥)

(
λ

‖m‖
)
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+
[�1 + Γq(3 – σ )]ν(ϑ+κ)

�3Γq(3 – σ )Γq(ϑ + κ + 1)
‖m‖ψ(∥

∥y – y′∥∥)
(

λ

‖m‖
)

=
[

1
Γq(ϑ + 1)

+
(�1 + Γq(3 – σ ))(ν(ϑ+κ) + 1)
�3Γq(3 – σ )Γq(ϑ + κ + 1)

+
�2 + �4

�5Γq(ϑ – 1)

+
(�2 + �4)ν(ϑ–σ )

�5Γq(ϑ – σ + 1)

]

‖m‖ψ(∥
∥y – y′∥∥)

(
λ

‖m‖
)

= Ξ1‖m‖ψ(∥∥y – y′∥∥)
(

λ

‖m‖
)

= λΞ1ψ
(∥
∥y – y′∥∥)

.

Also, we have

|Dqp1 – Dqp2| ≤
[

1
Γq(ϑ)

+
[�1 + (1 + q)Γq(3 – σ )](ν(ϑ+κ) + 1)

�3Γq(3 – σ )Γq(ϑ + κ + 1)

+
(1 + q)�2 + �4

�5Γq(ϑ – 1)
+

[(1 + q)�2 + �4]ν(ϑ–σ )

�5Γq(ϑ – σ + 1)

]

× ‖m‖ψ(∥∥y – y′∥∥)
(

λ

‖m‖
)

= Ξ2‖m‖ψ(∥
∥y – y′∥∥)

(
λ

‖m‖
)

= λΞ2ψ
(∥
∥y – y′∥∥)

and

∣
∣D2

qp1 – D2
qp2

∣
∣ ≤

[
1

Γq(ϑ – 1)
+

(1 + q)(ν(ϑ+κ) + 1)
�3Γq(ϑ + κ + 1)

+
(1 + q)�2

�5Γq(ϑ – 1)
+

(1 + q)�2ν
(ϑ–σ )

�5Γq(ϑ – σ + 1)

]

× ‖m‖ψ(∥
∥y – y′∥∥)

(
λ

‖m‖
)

= Ξ3‖m‖ψ(∥
∥y – y′∥∥)

(
λ

‖m‖
)

= λΞ3ψ
(∥
∥y – y′∥∥)

,

for all t ∈ [0, 1]. Hence, we obtain

‖p1 – p2‖ = sup
t∈[0,1]

∣
∣p1(t) – p2(t)

∣
∣ + sup

t∈[0,1]

∣
∣Dqp1(t) – Dqp2(t)

∣
∣

+ sup
t∈[0,1]

∣
∣D2

qp1(t) – D2
qp2(t)

∣
∣

≤ (Ξ1 + Ξ2 + Ξ3)λψ
(∥
∥y – y′∥∥)

= ψ
(∥
∥y – y′∥∥)

.

Thus, α(y, y′)Hd(N (y),N (y′)) ≤ ψ(‖y–y′‖) holds for all y, y′ ∈X which means thatN is an
α-ψ-contractive set-valued map. Now, consider two functions y ∈ X and y′ ∈ N (y) such
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that α(y, y′) ≥ 1. In this case,

χ
((

y(t),Dqy(t),D2
qy(t)

)
,
(
y′(t),Dqy′(t),D2

qy′(t)
)) ≥ 0,

so there exists a function w ∈N (y′) such that

χ
((

y′(t),Dqy′(t),D2
qy′(t)

)
,
(
w(t),Dqw(t),D2

qw(t)
)) ≥ 0.

It follows that α(y′, w) ≥ 1 and so the operator N is α-admissible. Now, let y0 ∈ X and
y′ ∈N (y0) be such that

χ
((

y0(t),Dqy0(t),D2
qy0(t)

)
,
(
y′(t),Dqy′(t),D2

qy′(t)
)) ≥ 0,

for all t. Then we have α(y0, y′) ≥ 1. Suppose that {yn}n≥1 is a sequence in X with yn → y
and α(yn, yn+1) ≥ 1 for all n. Then we get

χ
((

yn(t),Dqyn(t),D2
qyn(t)

)
,
(
yn+1(t),Dqyn+1(t),D2

qyn+1(t)
)) ≥ 0.

By using (H9), there exists a subsequence {ynj}j≥1 of {yn} such that

χ
((

ynj (t),Dqynj (t),D2
qynj (t)

)
,
(
y(t),Dqy(t),D2

qy(t)
)) ≥ 0

for all t ∈ [0, 1]. Thus, α(ynj , y) ≥ 1 for all j. This means that the Banach space X has the
property (Cα). Now by using Theorem 5, the map N has a fixed point which is a solution
for the q-fractional inclusion problem (3)–(4). �

Theorem 11 Let G : [0, 1] ×X ×X ×X →Pcp(X ) be a set-valued map. Suppose that:
(H12) The non-negative function ψ : [0,∞) → [0,∞) is nondecreasing upper semi-

continuous map such that lim inft→∞(t – ψ(t)) > 0 and ψ(t) < t for all t > 0.
(H13) The operator G : [0, 1] × X 3 → Pcp(X ) is an integrable bounded multifunction

such that G(·, y1, y2, y3) : [0, 1] →Pcp(X ) is measurable for all y1, y2, y3 ∈X .
(H14) There exists a non-negative function m ∈ C([0, 1], [0,∞)) such that

Hd
(
G(t, y1, y2, y3) – G

(
t, y′

1, y′
2, y′

3
))

≤ m(t)λψ
(∣
∣y1 – y′

1
∣
∣ +

∣
∣y2 – y′

2
∣
∣ +

∣
∣y3 – y′

3
∣
∣
)

for all t ∈ [0, 1] and y1, y2, y3, y′
1, y′

2, y′
3 ∈ X , where λ = 1

Σ1+Σ2+Σ3
and the Σi are

given by (10).
(H15) The operatorN has the approximate endpoint property where N is defined by (13).

Then the q-fractional inclusion problem (3)–(4) has a solution.

Proof We show that the set-valued map N : X → P(X ) has an endpoint. First, we prove
that N (y) is closed for all y ∈X . Since the map t → G(t, y(t),Dqy(t),D2

qy(t)) is measurable
and has closed values for all y ∈ X , it has a measurable selection and so SG,y �= ∅ for all
y ∈X . Similar to the proof of Theorem 10, we can show that the operator N (y) has closed
values. Also, N (y) is a bounded set for all y ∈X because G is a compact multivalued map.



Etemad et al. Advances in Difference Equations        (2020) 2020:218 Page 25 of 40

Finally, one can show that Hd(N (y),N (w)) ≤ ψ(‖y – w‖) holds. Let y, w ∈ X and p1 ∈
N (w). Choose Θ1 ∈ SG,w such that

p1(t) =
∫ t

0

(t – qτ )(ϑ–1)

Γq(ϑ)
Θ1(τ ) dqτ

+
t�1 – t2Γq(3 – σ )

�3Γq(3 – σ )

∫ 1

0

(1 – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
Θ1(τ ) dqτ

+
t2�2 – t�4

�5

∫ 1

0

(1 – qτ )(ϑ–3)

Γq(ϑ – 2)
Θ1(τ ) dqτ

+
t2�2 – t�4

�5

∫ ν

0

(ν – qτ )(ϑ–σ–1)

Γq(ϑ – σ )
Θ1(τ ) dqτ

+
t�1 – t2Γq(3 – σ )

�3Γq(3 – σ )

∫ ν

0

(ν – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
Θ1(τ ) dqτ

for almost all t ∈ [0, 1]. Since

Hd
(
G

(
t, y(t),Dqy(t),D2

qy(t)
)

– G
(
t, w(t),Dqw(t),D2

qw(t)
))

≤ m(t)λψ
(∣∣y(t) – w(t)

∣
∣ +

∣
∣Dqy(t) – Dqw(t)

∣
∣ +

∣
∣D2

qy(t) – D2
qw(t)

∣
∣)

for all t ∈ [0, 1], there exists σ̄ ∈ G(t, y(t),Dqy(t),D2
qy(t)) such that

∣
∣Θ1(t) – σ̄

∣
∣ ≤ m(t)λψ

(∣
∣y(t) – w(t)

∣
∣ +

∣
∣Dqy(t) – Dqw(t)

∣
∣ +

∣
∣D2

qy(t) – D2
qw(t)

∣
∣
)

for all t ∈ [0, 1]. Now, consider the multivalued map O : [0, 1] →P(X ) which is defined by

O(t) =
{
σ̄ ∈X :

∣
∣Θ1(t) – σ̄

∣
∣ ≤ m(t)λψ

(∣∣y(t) – w(t)
∣
∣

+
∣
∣Dqy(t) – Dqw(t)

∣
∣ +

∣
∣D2

qy(t) – D2
qw(t)

∣
∣
)}

.

By the measurability of Θ1 and ϕ = mλψ(|y – w| + |Dqy – Dqw| + |D2
qy – D2

qw|), it is easy
to see that the multifunction O(·) ∩G(·, y(·),Dqy(·),D2

qy(·)) is measurable. Now, we choose
Θ2(t) ∈ G(t, y(t),Dqy(t),D2

qy(t)) such that

∣
∣Θ1(t) – Θ2(t)

∣
∣ ≤ m(t)ψ

(∣
∣y(t) – w(t)

∣
∣ +

∣
∣Dqy(t) – Dqw(t)

∣
∣

+
∣
∣D2

qy(t) – D2
qw(t)

∣
∣)

[
1

Σ1 + Σ2 + Σ3

]

,

for all t ∈ [0, 1]. Select p2 ∈N (y) such that

p2(t) =
∫ t

0

(t – qτ )(ϑ–1)

Γq(ϑ)
Θ2(τ ) dqτ

+
t�1 – t2Γq(3 – σ )

�3Γq(3 – σ )

∫ 1

0

(1 – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
Θ2(τ ) dqτ

+
t2�2 – t�4

�5

∫ 1

0

(1 – qτ )(ϑ–3)

Γq(ϑ – 2)
Θ2(τ ) dqτ
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+
t2�2 – t�4

�5

∫ ν

0

(ν – qτ )(ϑ–σ–1)

Γq(ϑ – σ )
Θ2(τ ) dqτ

+
t�1 – t2Γq(3 – σ )

�3Γq(3 – σ )

∫ ν

0

(ν – qτ )(ϑ+κ–1)

Γq(ϑ + κ)
Θ2(τ ) dqτ

for all t ∈ [0, 1]. Thus by using a similar method in the proof of Theorem 10, we get

‖p1 – p2‖ = sup
t∈[0,1]

∣
∣p1(t) – p2(t)

∣
∣ + sup

t∈[0,1]

∣
∣Dqp1(t) – Dqp2(t)

∣
∣

+ sup
t∈[0,1]

∣
∣D2

qp1(t) – D2
qp2(t)

∣
∣

≤ (Σ1 + Σ2 + Σ3)λψ
(‖y – w‖) = ψ

(‖y – w‖).

Hence Hd(N (y),N (w)) ≤ ψ(‖y – w‖) for all y, w ∈ X . By using (H15), we find that the
multifunction N has approximate endpoint property. Now by using Theorem 6, there
exists y∗ ∈ X such that N (y∗) = {y∗}. This implies that y∗ is a solution for the q-fractional
inclusion problem (3)–(4). �

4 Examples
Here, we provide two examples to illustrate our main results. Also we present a simplified
analysis that can be executed to calculate the value of the q-Gamma function, Γq(x), for
input q, x and different values of n. To this aim, we consider a pseudo-code description
of the method for the calculated q-Gamma function of order n in Algorithm 2 (for more
details, see the link https://en.wikipedia.org/wiki/Q-gamma_function).

Example 1 Consider the q-fractional boundary value problem

cD
7
3
q y(t) =

t| sin t|
16(1 + t2)

+
t| cos(y(t))|

16(1 + | cos(y(t))|) +
t2|Dqy(t)|

16(1 + |Dqy(t)|)

+
t| tan–1(D2

qy(t))|
16(1 + 16| tan–1(D2

qy(t))|) , (15)

with the three-point boundary value conditions

⎧
⎪⎪⎨

⎪⎪⎩

y(0) = 0,

Dqy(0) + cD
8
7
q y( 3

5 ) + D2
qy(1) = 0,

J 3
q y(0) + J 3

q y( 3
5 ) + J 3

q y(1) = 0,

(16)

where 0 < q < 1 and 0 < t < 1. Put ϑ = 7
3 , ν = 3

5 and σ = 8
7 belonging to (2, 3], (0, 1) and

(1, 2), respectively, and κ = 3. Here, cD
7
3
q denotes the fractional q-derivative of the Caputo

type of order 7
3 and J 3

q denotes the fractional q-integral of the Riemann–Liouville type of
order 3. Define the continuous map Φ : [0, 1] ×R

3 → R defined by

Φ
(
t, x(t), y(t), z(t)

)
=

t| sin t|
16(1 + t2)

+
t| cos(x(t))|

16(1 + | cos(x(t))|)

+
t2|y(t)|

16(1 + |y(t)|) +
t| tan–1 z(t)|
16(1 + |z(t)|) .

https://en.wikipedia.org/wiki/Q-gamma_function
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For each x1, x2, y1, y2, z1.z2 ∈R, we have

∣
∣Φ

(
t, x1(t), y1(t), z1(t)

)
– Φ

(
t, x2(t), y2(t), z2(t)

)∣
∣

≤ t
16

(∣
∣cos x1(t) – cos x2(t)

∣
∣ +

∣
∣y1(t) – y2(t)

∣
∣

+
∣
∣tan–1(z1(t)

)
– tan–1(z2(t)

)∣
∣
)

≤ t
16

(∣
∣x1(t) – x2(t)

∣
∣ +

∣
∣y1(t) – Dqy2(t)

∣
∣ +

∣
∣z1(t) – z2(t)

∣
∣
)
.

Put L(t) = t
16 for all t. Then ‖L‖ = t

16 . Consider the continuous and nondecreasing function
ψ : [0, 1] →R

+ defined by ψ(x) = x for all x ∈R
+. Then we have

Φ
(
t, y(t),Dqy(t),D2

qy(t)
) ≤ t

16
(|y| + |Dqy| +

∣
∣D2

qy
∣
∣)

=
t

16
ψ

(|y| + |Dqy| +
∣
∣D2

qy
∣
∣).

It is clear that ζ : [0, 1] → R
+ defined by ζ = t

10 is continuous function. Now by using (6),
we have

�1 = 2
(

3
5

)2– 8
7

+ (1 + q)Γq

(

3 –
8
7

)

= 2
(

3
5

) 6
7

+ (1 + q)Γq

(
13
7

)

,

�2 =
[

1 +
(

3
5

)3+1]

Γq

(

3 –
8
7

)

=
[

1 +
(

3
5

)4]

Γq

(
13
7

)

,

�3 =
∣
∣
∣
∣
–Γq(6)[( 3

5 )4 + 1]�1 + Γq( 13
7 )Γq(5)(1 + q)[( 3

5 )5 + 1]
Γq(5)Γq(6)Γq( 13

7 )

∣
∣
∣
∣,

�4 =
[

1 +
(

3
5

)4]

�1 + �3Γq(5)Γq

(
13
7

)

,

�5 = �3Γq

(

3 –
8
7

)

Γq(3 + 2) = �3Γq

(
13
7

)

Γq(5),

and by applying (9), we obtain

�(1) =
(�1 + Γq(3 – 8

7 ))(( 3
5 )( 7

3 +3) + 1)
�3Γq(3 – 8

7 )Γq( 7
3 + 3 + 1)

+
�2 + �4

�5Γq( 7
3 – 1)

+
(�2 + �4)( 3

5 )( 7
3 – 8

7 )

�5Γq( 7
3 – 8

7 + 1)
,

=
(�1 + Γq( 13

7 ))(( 3
5 ) 16

3 + 1)
�3Γq( 13

7 )Γq( 19
3 )

+
�2 + �4

�5Γq( 4
3 )

+
(�2 + �4)( 3

5 ) 25
21

�5Γq( 46
21 )

,

�(2) =
[�1 + (1 + q)Γq(3 – 8

7 )](( 3
5 )( 7

3 +3) + 1)
�3Γq(3 – 8

7 )Γq( 7
3 + 3 + 1)

+
(1 + q)�2 + �4

�5Γq( 7
3 – 1)

+
[(1 + q)�2 + �4]( 3

5 )( 7
3 – 8

7 )

�5Γq( 7
3 – 8

7 + 1)
,
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Figure 1 Numerical results of K for q = 1
10 ,

1
2 ,

6
7 in Example 1

=
[�1 + (1 + q)Γq( 13

7 )](( 3
5 ) 16

3 + 1)
�3Γq( 13

7 )Γq( 19
3 )

+
(1 + q)�2 + �4

�5Γq( 4
3 )

+
[(1 + q)�2 + �4]( 3

5 ) 25
21

�5Γq( 46
21 )

,

�(3) =
(1 + q)(( 3

5 )( 7
3 +3) + 1)

�3Γq( 7
3 + 3 + 1)

+
(1 + q)�2

�5Γq( 7
3 – 1)

+
(1 + q)�2( 3

5 )( 7
3 – 8

7 )

�5Γq( 7
3 – 8

7 + 1)
,

=
(1 + q)(( 3

5 ) 19
3 + 1)

�3Γq( 19
3 )

+
(1 + q)�2

�5Γq( 4
3 )

+
(1 + q)�2( 3

5 ) 25
21

�5Γq( 46
21 )

.

In the last section, according to Table 4, we obtain �1 ≈ 2.4176, 2.7391, 3.0751, �2 ≈
1.1136, 1.0906, 1.0749, �3 ≈ 1.1057, 0.4816, 0.1911, �4 ≈ 4.4208, 5.3826, 6.4537, �5 ≈
1.6900, 2.885, 2.9801 for q = 1

7 , 1
2 , 7

8 , respectively. Also, Table 5 shows the values of the �(i)

as follows: �(1) ≈ 6.8888, 5.2250, 4.3006, �(2) ≈ 7.1089, 5.6979, 4.8565, �(3) ≈ 1.7608,
1.4188, 1.1913 for q = 1

7 , 1
2 , 7

8 , respectively, and values of K in (11) for q = 1
7 , 1

2 and 7
8 are

shown in Table 6 as Kq1 := ‖L‖(�(1) + �(2) + �(3)) = 0.9849 < 1, Kq2 := ‖L‖(�(1) + �(2) +
�(3)) = 0.7714 < 1 and Kq3 := ‖L‖(�(1) + �(2) + �(3)) = 0.6468 < 1, respectively (Algorithm
6). Now by using Theorem 9, the q-fractional boundary value problem (15)–(16) has a
solution.

Example 2 Consider the q-fractional inclusion problem

cD
14
5

q y(t) ∈
[

0,
t sin2 y(t)

25(1 + 2t2)
+

2(t + 1)| cos(Dqy(t))|
75(3 + | cos(Dqy(t))|) +

t|D2
qy(t)|

25(2 + |D2
qy(t)|)

]

, (17)
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Table 1 Some numerical results for calculation of Γq(x) with constant q = 1
3 , x = 4.5, 8.4, 12.7 and

n = 1, 2, . . . , 15 of Algorithm 2

n x = 4.5 x = 8.4 x = 12.7 n x = 4.5 x = 8.4 x = 12.7

1 2.472950 11.909360 68.080769 9 2.340263 11.257158 64.351366
2 2.383247 11.468397 65.559266 10 2.340250 11.257095 64.351003
3 2.354446 11.326853 64.749894 11 2.340245 11.257074 64.350881
4 2.344963 11.280255 64.483434 12 2.340244 11.257066 64.350841
5 2.341815 11.264786 64.394980 13 2.340243 11.257064 64.350828
6 2.340767 11.259636 64.365536 14 2.340243 11.257063 64.350823
7 2.340418 11.257921 64.355725 15 2.340243 11.257063 64.350822
8 2.340301 11.257349 64.352456

Table 2 Some numerical results for calculation of Γq(x) with q = 1
3 ,

1
2 ,

2
3 , x = 5 and n = 1, 2, . . . , 35 of

Algorithm 2

n q = 1
3 q = 1

2 q = 2
3 n q = 1

3 q = 1
2 q = 2

3

1 3.016535 6.291859 18.937427 18 2.853224 4.921884 8.476643
2 2.906140 5.548726 14.154784 19 2.853224 4.921879 8.474597
3 2.870699 5.222330 11.819974 20 2.853224 4.921877 8.473234
4 2.859031 5.069033 10.537540 21 2.853224 4.921876 8.472325
5 2.855157 4.994707 9.782069 22 2.853224 4.921876 8.471719
6 2.853868 4.958107 9.317265 23 2.853224 4.921875 8.471315
7 2.853438 4.939945 9.023265 24 2.853224 4.921875 8.471046
8 2.853295 4.930899 8.833940 25 2.853224 4.921875 8.470866
9 2.853247 4.926384 8.710584 26 2.853224 4.921875 8.470747
10 2.853232 4.924129 8.629588 27 2.853224 4.921875 8.470667
11 2.853226 4.923002 8.576133 28 2.853224 4.921875 8.470614
12 2.853224 4.922438 8.540736 29 2.853224 4.921875 8.470578
13 2.853224 4.922157 8.517243 30 2.853224 4.921875 8.470555
14 2.853224 4.922016 8.501627 31 2.853224 4.921875 8.470539
15 2.853224 4.921945 8.491237 32 2.853224 4.921875 8.470529
16 2.853224 4.921910 8.484320 33 2.853224 4.921875 8.470522
17 2.853224 4.921893 8.479713 34 2.853224 4.921875 8.470517

Table 3 Some numerical results for calculation of Γq(x) with x = 8.4, q = 1
3 ,

1
2 ,

2
3 and n = 1, 2, . . . , 40 of

Algorithm 2

n q = 1
3 q = 1

2 q = 2
3 n q = 1

3 q = 1
2 q = 2

3

1 11.909360 63.618604 664.767669 21 11.257063 49.065390 260.033372
2 11.468397 55.707508 474.800503 22 11.257063 49.065384 260.011354
3 11.326853 52.245122 384.795341 23 11.257063 49.065381 259.996678
4 11.280255 50.621828 336.326796 24 11.257063 49.065380 259.986893
5 11.264786 49.835472 308.146441 25 11.257063 49.065379 259.980371
6 11.259636 49.448420 290.958806 26 11.257063 49.065379 259.976023
7 11.257921 49.256401 280.150029 27 11.257063 49.065379 259.973124
8 11.257349 49.160766 273.216364 28 11.257063 49.065378 259.971192
9 11.257158 49.113041 268.710272 29 11.257063 49.065378 259.969903
10 11.257095 49.089202 265.756606 30 11.257063 49.065378 259.969044
11 11.257074 49.077288 263.809514 31 11.257063 49.065378 259.968472
12 11.257066 49.071333 262.521127 32 11.257063 49.065378 259.968090
13 11.257064 49.068355 261.666471 33 11.257063 49.065378 259.967836
14 11.257063 49.066867 261.098587 34 11.257063 49.065378 259.967666
15 11.257063 49.066123 260.720833 35 11.257063 49.065378 259.967553
16 11.257063 49.065751 260.469369 36 11.257063 49.065378 259.967478
17 11.257063 49.065564 260.301890 37 11.257063 49.065378 259.967427
18 11.257063 49.065471 260.190310 38 11.257063 49.065378 259.967394
19 11.257063 49.065425 260.115957 39 11.257063 49.065378 259.967371
20 11.257063 49.065402 260.066402 40 11.257063 49.065378 259.967357
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Table 4 Some numerical results of the �i in Example 1 for q = 1
7 ,

1
2 ,

7
8

n �1 �2 �3 �4 �5

q = 1
7

1 2.4207 1.1167 1.0666 4.0611 1.6404
1 2.4207 1.1167 1.0993 4.425 1.6906
2 2.418 1.1141 1.1047 4.4214 1.6901
3 2.4176 1.1137 1.1055 4.4209 1.69
4 2.4176 1.1136 1.1056 4.4208 1.69
5 2.4176 1.1136 1.1057 4.4208 1.69
6 2.4176 1.1136 1.1057 4.4208 1.69
7 2.4176 1.1136 1.1057 4.4208 1.69

q = 1
2

1 2.9236 1.2296 0.3506 5.7039 2.4014
2 2.8254 1.1556 0.4124 5.5329 2.3413
3 2.7809 1.1221 0.4461 5.4554 2.3141
...

...
...

...
...

...
10 2.7394 1.0909 0.4813 5.3831 2.2887
11 2.7393 1.0907 0.4814 5.3828 2.2886
12 2.7392 1.0907 0.4815 5.3827 2.2885
13 2.7391 1.0907 0.4815 5.3826 2.2885
14 2.7391 1.0906 0.4816 5.3826 2.2885
15 2.7391 1.0906 0.4816 5.3826 2.2885
16 2.7391 1.0906 0.4816 5.3826 2.2885

q = 7
8

1 5.978 2.8238 0.0053 12.7182 5.9654
2 5.1343 2.3155 0.0102 10.9018 5.102
3 4.6238 2.0079 0.0168 9.8013 4.5783
...

...
...

...
...

...
71 3.0752 1.075 0.191 6.4539 2.9802
72 3.0751 1.075 0.191 6.4539 2.9802
73 3.0751 1.075 0.191 6.4539 2.9802
74 3.0751 1.0749 0.191 6.4538 2.9802
75 3.0751 1.0749 0.191 6.4538 2.9802
76 3.0751 1.0749 0.191 6.4538 2.9802
77 3.0751 1.0749 0.191 6.4538 2.9802
78 3.0751 1.0749 0.191 6.4538 2.9802
79 3.0751 1.0749 0.191 6.4538 2.9801
80 3.0751 1.0749 0.1911 6.4538 2.9801
81 3.0751 1.0749 0.1911 6.4538 2.9801
82 3.0751 1.0749 0.1911 6.4538 2.9801
83 3.0751 1.0749 0.1911 6.4538 2.9801
84 3.0751 1.0749 0.1911 6.4537 2.9801
85 3.0751 1.0749 0.1911 6.4537 2.9801
86 3.0751 1.0749 0.1911 6.4537 2.9801

with three-point boundary value conditions

⎧
⎪⎪⎨

⎪⎪⎩

y(0) = 0,

Dqy(0) + cD
7
4
q y( 1

6 ) + D2
qy(1) = 0,

J 4
q y(0) + J 4

q y( 1
6 ) + J 4

q y(1) = 0,

(18)

where 0 < q < 1 and t ∈ [0, 1]. Put ϑ = 14
5 , ν = 1

6 and σ = 7
4 belongs to (2, 3], (0, 1) and

(1, 2), respectively, and κ = 4. Here, cD
14
5

q denotes the fractional q-derivative of the Caputo
type and J 4

q is the fractional q-integral of the Riemann–Liouville type. Now, define the
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Table 5 Some numerical results for calculation of the �(i) in Example 1 for q = 1
7 ,

1
2 ,

7
8

q = 1
7 q = 1

2 q = 7
8

n �(1) �(2) �(3) �(1) �(2) �(3) �(1) �(2) �(3)

1 6.8851 7.1054 1.7625 4.9587 5.4326 1.4216 2.4252 2.8232 0.8529
2 6.8883 7.1084 1.7611 5.0932 5.5666 1.4203 2.701 3.1283 0.9157
3 6.8888 7.1089 1.7609 5.1594 5.6326 1.4196 2.9255 3.3747 0.9626
4 6.8888 7.1089 1.7608 5.1922 5.6653 1.4192 3.1128 3.5791 0.9992
5 6.8888 7.1089 1.7608 5.2086 5.6816 1.419 3.2714 3.7514 1.0286
6 6.8888 7.1089 1.7608 5.2168 5.6898 1.4189 3.4068 3.8981 1.0527
7 6.8888 7.1089 1.7608 5.2209 5.6938 1.4188 3.5232 4.0238 1.0726
8 6.8888 7.1089 1.7608 5.2229 5.6959 1.4188 3.6237 4.132 1.0893
9 6.8888 7.1089 1.7608 5.2239 5.6969 1.4188 3.7106 4.2256 1.1034
10 6.8888 7.1089 1.7608 5.2245 5.6974 1.4188 3.7861 4.3066 1.1154
11 6.8888 7.1089 1.7608 5.2247 5.6976 1.4188 3.8516 4.3769 1.1256
12 6.8888 7.1089 1.7608 5.2248 5.6978 1.4188 3.9086 4.438 1.1343
13 6.8888 7.1089 1.7608 5.2249 5.6978 1.4188 3.9583 4.4911 1.1418
14 6.8888 7.1089 1.7608 5.2249 5.6979 1.4188 4.0015 4.5374 1.1483
15 6.8888 7.1089 1.7608 5.2249 5.6979 1.4188 4.0393 4.5778 1.1539
16 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.0722 4.6129 1.1587
17 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.101 4.6437 1.1629
18 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.1261 4.6705 1.1666
...

...
...

...
...

...
...

...
...

...
65 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.3002 4.8562 1.1912
66 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.3003 4.8562 1.1913
67 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.3003 4.8562 1.1913
68 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.3003 4.8563 1.1913
69 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.3004 4.8563 1.1913
70 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.3004 4.8563 1.1913
71 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.3004 4.8563 1.1913
72 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.3004 4.8564 1.1913
73 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.3005 4.8564 1.1913
74 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.3005 4.8564 1.1913
75 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.3005 4.8564 1.1913
76 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.3005 4.8564 1.1913
77 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.3005 4.8564 1.1913
78 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.3005 4.8564 1.1913
79 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.3005 4.8564 1.1913
80 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.3005 4.8565 1.1913
81 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.3005 4.8565 1.1913
82 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.3005 4.8565 1.1913
83 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.3005 4.8565 1.1913
84 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.3005 4.8565 1.1913
85 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.3005 4.8565 1.1913
86 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.3005 4.8565 1.1913
87 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.3005 4.8565 1.1913
88 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.3006 4.8565 1.1913
89 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.3006 4.8565 1.1913
90 6.8888 7.1089 1.7608 5.225 5.6979 1.4188 4.3006 4.8565 1.1913

set-valued map G : [0, 1] ×R
3 →P(R) by

G
(
t, x(t), y(t), z(t)

)
=

[

0,
t sin2 x(t)

25(1 + 2t2)
+

2(t + 1)| cos(y(t))|
75(3 + | cos(y(t))|) +

t|z(t)|
25(2 + |z(t)|)

]

,

for all t ∈ [0, 1]. Choose the non-negative function m ∈ C([0, 1], [0,∞)) defined by m(t) =
t

25 for all t. Then ‖m‖ = 1
25 . Also, consider the non-negative and nondecreasing upper

semi-continuous function ψ : [0,∞) → [0,∞) defined by ψ(t) = t
3 for almost all t > 0. It is

clear that lim inft→∞(t – ψ(t)) > 0 and ψ(t) < t for all t > 0. On the other hand, by applying
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Table 6 Some numerical results of the �(i) and K in Example 1 for q = 1
7 ,

1
2 ,

7
8

n �(1) �(2) �(3) K

q = 1
7

1 6.8851 7.1054 1.7625 0.9846
2 6.8883 7.1084 1.7611 0.9849
3 6.8888 7.1089 1.7609 0.9849
4 6.8888 7.1089 1.7608 0.9849
5 6.8888 7.1089 1.7608 0.9849
6 6.8888 7.1089 1.7608 0.9849

q = 1
2

1 4.9587 5.4326 1.4216 0.7383
2 5.0932 5.5666 1.4203 0.755
3 5.1594 5.6326 1.4196 0.7632
4 5.1922 5.6653 1.4192 0.7673
5 5.2086 5.6816 1.419 0.7693
6 5.2168 5.6898 1.4189 0.7703
7 5.2209 5.6938 1.4188 0.7708
8 5.2229 5.6959 1.4188 0.7711
9 5.2239 5.6969 1.4188 0.7712
10 5.2245 5.6974 1.4188 0.7713
11 5.2247 5.6976 1.4188 0.7713
12 5.2248 5.6978 1.4188 0.7713
13 5.2249 5.6978 1.4188 0.7713
14 5.2249 5.6979 1.4188 0.7713
15 5.2249 5.6979 1.4188 0.7714
16 5.225 5.6979 1.4188 0.7714
17 5.225 5.6979 1.4188 0.7714
18 5.225 5.6979 1.4188 0.7714

q = 7
8

1 2.4252 2.8232 0.8529 0.3813
2 2.701 3.1283 0.9157 0.4216
3 2.9255 3.3747 0.9626 0.4539
...

...
...

...
...

...
64 4.3002 4.8561 1.1912 0.6467
65 4.3002 4.8562 1.1912 0.6467
66 4.3003 4.8562 1.1913 0.6467
67 4.3003 4.8562 1.1913 0.6467
68 4.3003 4.8563 1.1913 0.6467
69 4.3004 4.8563 1.1913 0.6467
70 4.3004 4.8563 1.1913 0.6467
71 4.3004 4.8563 1.1913 0.6468
72 4.3004 4.8564 1.1913 0.6468
73 4.3005 4.8564 1.1913 0.6468
74 4.3005 4.8564 1.1913 0.6468
75 4.3005 4.8564 1.1913 0.6468

Eq. (8), we have

�1 = 2
(

1
6

)(2– 7
4 )

+ (1 + q)Γq

(

3 –
7
4

)

= 2
(

1
6

) 1
4

+ (1 + q)Γq

(
5
4

)

,

�2 =
(

1 +
(

1
6

)4+1)

Γq

(

3 –
7
4

)

=
(

1 +
(

1
6

)5)

Γq

(
5
4

)

,

�3 =
∣
∣
∣
∣
–Γq(7)(( 1

6 )5 + 1)�1 + Γq( 5
4 )Γq(6)(1 + q)[( 1

6 )6 + 1]
Γq(6)Γq(7)Γq( 5

4 )

∣
∣
∣
∣,

�4 =
(

1 +
(

1
6

)5)

�1 + �3Γq(6)Γq

(
5
4

)

,
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Table 7 Some numerical results for calculation of the Ξ in Example 2 for q = 1
7 ,

1
2 ,

7
8

q = 1
7 q = 1

2 q = 7
8

n Ξ1 Ξ2 Ξ3 Ξ1 Ξ2 Ξ3 Ξ1 Ξ2 Ξ3

1 6.4372 3.9299 1.2544 6.7478 4.5268 1.5052 2.5011 1.9273 0.7942
2 6.446 4.1478 1.5216 6.757 4.7764 1.8348 2.5041 2.0191 0.9492
3 6.4473 4.257 1.7524 6.7583 4.9013 2.1214 2.5045 2.0646 1.0795
4 6.4475 4.3116 1.9534 6.7585 4.9637 2.372 2.5046 2.0872 1.1902
5 6.4475 4.339 2.1292 6.7585 4.995 2.5916 2.5046 2.0985 1.2851
6 6.4475 4.3527 2.2834 6.7585 5.0106 2.7842 2.5046 2.1041 1.3667
...

...
...

...
...

...
...

...
...

...
12 6.4475 4.3661 2.8856 6.7585 5.0259 3.5351 2.5046 2.1096 1.6718
13 6.4475 4.3662 2.9479 6.7585 5.0261 3.6124 2.5046 2.1097 1.7021
14 6.4475 4.3663 3.0025 6.7585 5.0261 3.6801 2.5046 2.1097 1.7285
15 6.4475 4.3663 3.0505 6.7585 5.0262 3.7395 2.5046 2.1097 1.7515
16 6.4475 4.3663 3.0926 6.7585 5.0262 3.7916 2.5046 2.1097 1.7717
17 6.4475 4.3663 3.1295 6.7585 5.0262 3.8372 2.5046 2.1097 1.7892
18 6.4475 4.3663 3.1619 6.7585 5.0262 3.8772 2.5046 2.1097 1.8046
19 6.4475 4.3664 3.1903 6.7585 5.0262 3.9122 2.5046 2.1097 1.8179
20 6.4475 4.3664 3.2152 6.7585 5.0262 3.9428 2.5046 2.1097 1.8296
21 6.4475 4.3664 3.237 6.7585 5.0262 3.9697 2.5046 2.1097 1.8399
...

...
...

...
...

...
...

...
...

...
66 6.4475 4.3664 3.3901 6.7585 5.0262 4.1579 2.5046 2.1097 1.9109
67 6.4475 4.3664 3.3902 6.7585 5.0262 4.158 2.5046 2.1097 1.911
68 6.4475 4.3664 3.3902 6.7585 5.0262 4.158 2.5046 2.1097 1.911
69 6.4475 4.3664 3.3902 6.7585 5.0262 4.1581 2.5046 2.1097 1.911
70 6.4475 4.3664 3.3903 6.7585 5.0262 4.1581 2.5046 2.1097 1.911
71 6.4475 4.3664 3.3903 6.7585 5.0262 4.1582 2.5046 2.1097 1.911
72 6.4475 4.3664 3.3903 6.7585 5.0262 4.1582 2.5046 2.1097 1.911
73 6.4475 4.3664 3.3903 6.7585 5.0262 4.1582 2.5046 2.1097 1.9111
74 6.4475 4.3664 3.3904 6.7585 5.0262 4.1582 2.5046 2.1097 1.9111
75 6.4475 4.3664 3.3904 6.7585 5.0262 4.1583 2.5046 2.1097 1.9111
76 6.4475 4.3664 3.3904 6.7585 5.0262 4.1583 2.5046 2.1097 1.9111
77 6.4475 4.3664 3.3904 6.7585 5.0262 4.1583 2.5046 2.1097 1.9111

�5 = �3Γq

(

3 –
7
4

)

Γq(4 + 2) = �3Γq

(
5
4

)

Γq(6),

and by using Eq. (9), we obtain

Ξ1 =
1

Γq( 14
5 + 1)

+
(�1 + Γq(3 – 7

4 ))(( 1
6 )( 14

5 +4) + 1)
�3Γq(3 – 7

4 )Γq( 14
5 + 4 + 1)

+
�2 + �4

�5Γq( 14
5 – 1)

+
(�2 + �4)( 1

6 )( 14
5 – 7

4 )

�5Γq( 14
5 – 7

4 + 1)

=
1

Γq( 19
5 )

+
(�1 + Γq( 5

4 ))(( 1
6 )( 34

5 ) + 1)
�3Γq( 5

4 )Γq( 39
5 )

+
�2 + �4

�5Γq( 9
5 )

+
(�2 + �4)( 1

6 ) 21
20

�5Γq( 41
20 )

,

Ξ2 =
1

Γq( 14
5 )

+
[�1 + (1 + q)Γq(3 – 7

4 )](( 1
6 )( 14

5 +4) + 1)
�3Γq(3 – 7

4 )Γq( 14
5 + 4 + 1)
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Algorithm 6 The proposed method for calculated �i and �(i) in Example 1
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Algorithm 6 (Continued)

+
(1 + q)�2 + �4

�5Γq( 14
5 – 1)

+
[(1 + q)�2 + �4]( 1

6 )( 14
5 – 7

4 )

�5Γq( 14
5 – 7

4 + 1)

=
1

Γq( 14
5 )

+
[�1 + (1 + q)Γq( 5

4 )](( 1
6 )

34
5 + 1)

�3Γq( 5
4 )Γq( 39

5 )

+
(1 + q)�2 + �4

�5Γq( 9
5 )

+
[(1 + q)�2 + �4]( 1

6 )( 21
20 )

�5Γq( 41
20 )

,

Ξ3 =
1

Γq( 14
5 – 1)

+
(1 + q)(( 1

6 )( 14
5 +4) + 1)

�3Γq( 14
5 + 4 + 1)

+
(1 + q)�2

�5Γq( 14
5 – 1)

+
(1 + q)�2( 1

6 )( 14
5 – 7

4 )

�5Γq( 14
5 – 7

4 + 1)

=
1

Γq( 9
5 )

+
(1 + q)(( 1

6 )( 34
5 ) + 1)

�3Γq( 39
5 )

+
(1 + q)�2

�5Γq( 9
5 )

+
(1 + q)�2( 1

6 ) 21
20

�5Γq( 41
20 )

,

Σ1 = 1
25Ξ1, Σ2 = 1

25Ξ2 and Σ3 = 1
25Ξ3. Table 7 shows the numerical results of the Ξi for

q = 1
7 , 1

2 and 7
8 , respectively, as follows: Ξ1 ≈ 6.4475, 6.7585, 2.5046, Ξ2 ≈ 4.3664, 5.0262,

2.1097 and Ξ3 ≈ 3.3904, 4.1583, 1.19111 (Algorithm 7). For each x1, x2, y1, y2, z1, z2 ∈ R,
we have

Hd
(
G

(
t, x1(t), y1(t), z1(t)

)
– G

(
t, x2(t), y2(t), z2(t)

))
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Algorithm 7 The proposed method for calculated �i and Ξi in Example 2
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Algorithm 7 (Continued)

≤ t
25

.
1
3
(|x1 – x2| + |y1 – y2| + |z1 – z2|

)

=
t

25
ψ

(|x1 – x2| + |y1 – y2| + |z1 – z2|
)

≤ m(t)ψ
(|x1 – x2| + |y1 – y2| + |z1 – z2|

)
[

1
Σ1 + Σ2 + Σ3

]

.

Consider the operator N : X →P(X ) defined by

N (u) =
{

h ∈X : there exists Θ ∈ SG,u such that h(t) = w(t) for all t ∈ [0, 1]
}

,

where

w(t) =
∫ t

0

(t – qτ )( 14
5 –1)

Γq( 14
5 )

Θ(τ ) dqτ

+
t�1 – t2Γq(3 – 7

4 )
�3Γq(3 – 7

4 )

∫ 1

0

(1 – qτ )( 14
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Γq( 14
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Θ(τ ) dqτ

+
t2�2 – t�4

�5

∫ 1

0

(1 – qτ )( 14
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Γq( 14
5 – 2)
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�5

∫ 1
6

0

( 1
6 – qτ )( 14

5 – 7
4 –1)

Γq( 14
5 – 7

4 )
Θ(τ ) dqτ

+
t�1 – t2Γq(3 – 7

4 )
�3Γq(3 – 7

4 )

∫ 1
6

0

( 1
6 – qτ )( 14

5 +4–1)

Γq( 14
5 + 4)

Θ(τ ) dqτ

=
∫ t

0

(t – qτ )
9
5

Γq( 14
5 )

Θ(τ ) dqτ
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+
t�1 – t2Γq( 5

4 )
�3Γq( 5

4 )

∫ 1

0

(1 – qτ )
29
5

Γq( 34
5 )

Θ(τ ) dqτ

+
t2�2 – t�4

�5

∫ 1

0

(1 – qτ )– 1
5

Γq( 4
5 )

Θ(τ ) dqτ

+
t2�2 – t�4

�5

∫ 1
6

0

( 1
6 – qτ ) 1

20

Γq( 21
20 )

Θ(τ ) dqτ

+
t�1 – t2Γq( 5

4 )
�3Γq( 5

4 )

∫ 1
6

0

( 1
6 – qτ )

29
5

Γq( 34
5 )

Θ(τ ) dqτ .

Now by using Theorem 11, the q-fractional inclusion problem (17)–(18) has a solution.

5 Conclusion
It is important that we increase our abilities from different points of view for studying
distinct fractional integro-differential equations and inclusions. In this way, we should try
to use modern and new techniques in our investigations. It would be significant if we could
add numerical calculations in our results. In the present work, we studied the existence
of solutions for a three-point nonlinear q-fractional differential equation and its related
inclusion. In this way, we used α-ψ-contractions and multifunctions. We provided two
examples to illustrate our main results. Finally, by providing some algorithms and tables,
we gave some numerical computations for the results.
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