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1 Introduction
Stieltjes differential equations are equations of the form

x(2) =f(t,x(t)), teltoto+T), (to €R, T >0), (1.1)

where, roughly speaking, the Stieltjes derivative of x with respect to g is

o x(8) = x(2)
0= o e’

where the derivator function g : R — R is nondecreasing. We include in Sect. 2 the pre-
cise definitions and basic properties established in [7, 8].

The definition of Stieltjes derivative is consistent with Stieltjes integration, in the sense
that every bonna fide (absolutely continuous) function can be recovered as the indefinite
Lebesgue—Stieltjes integral of its g-derivative. Although we shall constantly refer to results
in [8], we remark that there exist much older, similar notions of derivatives with respect
to functions and fundamental theorems for Stieltjes integrals, see for example [3].
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As explained in [8], the importance of Stieltjes derivatives is that (1.1) offers a techni-
cally simple unified framework for difference and differential equations, and even allows
for impulses on countable sets of fixed times. In a similar way, it is shown in [9] that Stieltjes
differential inclusions represent a more general context for the study of impulsive differ-
ential inclusions. In Sect. 3 we focus our attention to Stieltjes differential inclusions of the

form

x, (1) € F(t,x(t)), t€lto,to+T), (1.2)
and we obtain an existence result which, to the best of our knowledge, is new even in the
particular case when g is the identity, i.e. the case of usual derivatives—thus generalizing

the results in [2]. Finally, in Sect. 4 we use the result we obtained for (1.2) to obtain a new

existence result for (1.1) with discontinuous functions f (¢, x).
2 Preliminares
Let g : R — R be a nondecreasing left-continuous function. Let us recall the definition of
the g-derivative introduced in [8]. To that end, we first introduce the following two sets:
first, the set of points around which g is constant,

C, = {t € R:gis constant on (£ — ¢, ¢ + ¢) for some ¢ > 0},
and, second, the set of discontinuity points of g, which can be expressed as

Dy={teR:g(¢") —g(r) >0},

where g(¢*) denotes the limit of g at ¢ from the right.

Now the g-derivative of a real valued function x = x(¢) at a point £t e R\ C, is

sﬂ%’ ift ¢ D,
0 M) =20 o p &0
gt —g®)’ ¢

provided that the corresponding limit exists.

Notice that we do not define g-derivatives at points ¢ € C,, nor is it necessary because C,
is a null-measure set for u, (the Lebesgue—Stieltjes measure induced by g); see [8, Propo-
sition 2.5]. Notice also that

ne({t}) =g(t*) —g(®) =0 ifandonlyif ¢eR\D,.

In this paper we shall consider integration in the Lebesgue—Stieltjes sense, and we
shall call “g-measurable” any function (or set) which is measurable with respect to the
Lebesgue—Stieltjes o -algebra generated by g.

The following concept of g-absolute continuity is crucial in this paper. We consider the

maximum norm in R”.
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Definition 2.1 Let a,b € R, a < b. We say that a function f : [a,b] — R”" is absolutely
continuous with respect to g on [a, b] (or g-absolutely continuous on [a, b], and we denote
itbyf € ACq4([a, b])) if to each & > O there is some § > 0 such that, for any family {(a,, b,)}/_;
of pairwise disjoint open subintervals of [, b], the inequality

m

> (gbn) - glan)) <

n=1
implies

m

> B - flan)] <.

n=1

Next we state the two versions of the fundamental theorem of calculus.

Theorem 2.2 ([8, Theorem 2.4, Proposition 5.2]) Leta,b € R, a<b, and c: [a,b) — R".
Assume that c € L;([zz, b)), the Banach space of Lebesgue—Stieltjes integrable functions with
respect to [ig, and consider its indefinite Lebesgue—Stieltjes integral

C(t) = /[ )c(s) dg(s) forallte [a,b].

Then C is g-absolutely continuous on [a, b] and there is a g-measurable set N C [a, D] such
that pg(N) =0 and

Cé(t) =c(t) foralltela,b)\N.

Theorem 2.3 (Fundamental theorem of calculus for the Lebesgue—Stieltjes integral) Let
a,beR,a<b,andf :[a,b] — R". The following conditions are equivalent.
(1) The function f is g-absolutely continuous on |[a, b].
(2) The function f fulfills the following properties:
(a) There existsfgf(t)forg—almost allt € [a,b) (i.e., for all t € [a,b) except on a set of
Ig-1edasure zero).
(b) f; € Lé([a, b)).
(¢) Foreach t € [a,b], we have

£ =fla) + /[ i9)dgls) (22)

Remark 2.4 Observe that ]fg’(b) plays no role in Theorem 2.3. This is natural because
1g({b}) = 0 if b ¢ D, (so we do not have to worry about f; (b)), and if b € D, then f;(b)
does not exist because f(t) is not defined for ¢ > b.

For more properties of g-absolutely continuous functions we refer to [7, 8]. For selfcon-
tainedness, we include the following result.

Proposition 2.5 ([8, Proposition 5.3]) Iff is g-absolutely continuous on [a, b], then it has
bounded variation and it is continuous from the left at every t € [a, b). Moreover, f is con-
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tinuous in [a, b\ Dy, and if g is constant on some interval (a, B) C |a, b], then f is constant
on («, B) as well.

Finally, we recall the concept of g-continuity and its relation with g-absolute continuity.

Definition 2.6 Let f : [a,b] — R” and ¢ € [a, b]. We say that f is g-continuous at t if for
every ¢ > 0 there exists § > 0 such that

[s € [a,b)],

g(s)-g()| <8] = |flo-f@) <e.
We say that f is g-continuous on [a, b] if it is g-continuous at every point ¢ € [a, b].

We denote by BC,([a, b]) the set of g-continuous bounded functions. It is proven in [7]
that BC,([a, b]) is a Banach space with the supremum norm and, moreover, AC,([a, b]) C
BC,([a, b]). We have the following sufficient condition for relative compactness of sets of
g-absolutely continuous functions in BC,([a, b])

Proposition 2.7 ([7, Proposition 5.6]) Let S C AC,([a,b]) be such that {f(a) : f € S} is
bounded. Assume that there exists h € L;([a, b)) such that

Hfg/(t) || <h(t) forg-almostallt e [a,b), andforallf € S.
Then S is relatively compact in BC,([a, b]).

3 Stieltjes differential inclusions
Let ty, T € R, T > 0, and consider the intervals

1= [t(), to + T] and ] = [t(), to + T) (31)
In this section we study the existence of AC,-solutions of the problem
xé(t) € F(t,x(t)) forg-aa.te], x(t)=xo, (3.2)

wherexy € R" and F : ] x R” — P(R") are given, where P(R") denotes the set of all subsets
of R”. Every multivalued mapping considered in this paper shall be assumed to be strict,

i.e., to assume nonempty values.

Definition 3.1 A solution of (3.2) is a function x € AC, (/) such that x(y) = xo and
xé(t) € F(t,x(t)), g-aa.tej.

We shall prove an existence result for problem (3.2) by generalizing the ideas of [4], who
studied the particular case when g is the identity and assumed upper semicontinuity of
F(t,-) on R” for a.a. ¢t € I. In this paper, besides considering derivatives in a wider sense,
we show that upper semicontinuity may fail at many points provided that they belong
to the graph of another multivalued mapping satisfying some technical conditions with
respect to F.
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We shall base our arguments on the following new concept of contingent g-derivative
for multivalued mappings. This concept is based on the analytical description of the con-
tingent derivative in the usual sense given by [1, Proposition 2, p. 177].

Definition 3.2 Let K : Ix — P(R”) where Ik is a nonempty subset of the reals.

The contingent g-derivative of K at a point (t,x) € graph(K) is the set denoted by
D, K(t,x) defined as follows: we say that v € Dy K (£, x) if there exist {/it}ren C R, £+ k1 € I
for k € N, and {x; }ren C R” such that

1. hi>0forall k € N and {/}xen converges to 0;

2. x; € K(t + hy) for all k € N and

lim M =X =v
k—>oog(t+hk)—g(t) ’

Remark 3.3 In the conditions of Definition 3.2, if £ ¢ D, then {xi}ren necessarily con-
verges to x. Indeed, in that case we see that g( + /i) converges to g(t) so

k— o0
0 < |lax — x|l = (g(t + ) — g(£)) — 0.

X —X
H gt + i) - g(t) “

For a better understanding of this definition, let us consider K(¢) = {y(¢)} for some y :
I, — R". Then it follows directly from the definition that, if y is g-differentiable from the
right at a point £y € I,,, then D, K(to, y (t0)) = {yg/(to)}. Remember that to be g-differentiable
from the right is equivalent to being g-differentiable for points in D,.

Equipped with the notion of contingent g-derivative we can introduce our assumptions
on F(t,x). We assume that F:J x R” — P(R”) satisfies the following conditions, in the
spirit of [2]:

(H1) (i) forallteJND,, F(t-) assumes convex and compact values and it is upper

semicontinuous on R”;

(ii) for g-a.a.t €]\ Dy, F(t,x) is convex and compact for every x € R” \ K(¢), and
F(t,-) is upper semicontinuous on R” \ K(¢), where the set K(¢) is either
empty, or there exist K, : I, C J \ Dy — P(R"), p € N, such that

K@= | K,

{pitelp}

and if x € K, (¢) for some p, then

((\SOF (¢, B,(x)) N Dy K, (¢, %) C F(t,), (3.3)

>0

where co means closed convex hull and B, (x) is the open ball centered at x
with radius r > 0;
(H2) for all x € R”, there exists a g-measurable selection of F(-,x), that is, there exists a
g-measurable function f; : ] — R” such that f,(¢) € F(t,x) for g-a.a. t € J;
(H3) there exists M € L;(], [0,00)) such that, for all x € R” and g-a.a. t € ],

lyll <M(t) foranyye F(t,x).
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Remark 3.4 Note that (H3) ensures that the g-measurable selections in (H2) are g-
integrable on /. Indeed, let x € R” be fixed and f; a selection in the conditions of (H2).
Then f,(¢) € F(t,x) for g-a.a. t € ], so (H3) implies that

/ I£@®)] dg(®) < / M(t) dg(t) < +00.
[to,to+T)

[to,t0o+T)

First, we recall the following result that characterizes weakly sequentially compact sets

of integrable functions (see [6, Theorem IV.8.9]).

Theorem 3.5 Let (X, M, 1) be a measure space and let L}L (X) denote the set of iu-integrable
functions. A set S C LL(X ) is weakly sequentially compact if and only if
1. S is bounded,

2. for each {Ey}men C M such that Ey1 CEyy m €N, and [,y Em = 9, we have

meN

lim fdu=0 uniformly forf € S.
Em

m— 00

We also need [6, Corollary V.3.14], a result that ensures that it is possible to obtain a
sequence converging strongly to a point in a Banach space from one that converges weakly

to that same point.

Theorem 3.6 Let X be a Banach space and {x,,}mcn a sequence in X converging weakly to

x. Then some sequence of convex combinations of the elements x,, converges strongly to x.

Finally, we recall the following elementary topological property that will be key for the

proof of the main result of this section.

Lemma 3.7 Let S C R” be a compact set in the usual topology and let x € R" \ S. Then
there exists g9 > 0 such that x ¢ S + B, (0).

Proof The mapping ¢(y) = || — y|| is continuous on R”. Since S is compact, ¢ attains a
minimum in S, i.e., there exists yo € S such that ||x — y|| = ¢(y) > ¢(yo) for all y € S and
¢(¥0) > 0 because x # yy. Therefore x ¢ S + B, (0) for g9 = ¢(y0). O

We can now state and prove the following lemma that gives us some information about
pointwise limits of sequences of g-absolutely continuous functions and their g-derivatives.

This result can be seen as a generalization of [4, Theorem 4.1].

Lemma 3.8 LetI and ] be asin (3.1) and let xx : I — R", k € N, be a sequence of functions
such that
(1) e AC,(), k e N;
(i) xx(£) = x(t) for all t € I for some x: 1 — R";
(iii) there exists L € Lé (/) such that for every k € N we have

|x)y O] <L), g-aate].
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Then x € ACy(I) and

o0
eﬂc

i=1

} forg-aa.te].

>~
Il

.C8

L

Proof Consider the set S = {(x;<)"g :keN} C LéU), which is bounded thanks to condition
(iii). Moreover, S satisfies 2 in Theorem 3.5. Indeed, let us denote by LS, (/) the Lebesgue—
Stieltjes o -algebra on J induced by g and define

v(E):/EL(s)dg(s), E e LS,()).

Then [10, Theorem 1.29] ensures that v is a measure, and so given any sequence of g-
measurable sets {E,,},,cny CJ under the hypotheses of 2 in Theorem 3.5, we have

m— 00 E,
m

lim L(s)dg(s) = hm v(E,) = mh_)ngc v (m Ek> v(@) =0.

Now, condition (iii) implies that condition 2 in Theorem 3.5 holds.
Hence, S is weakly sequentially compact. Thus there exists a subsequence {(xkl)é}leN
converging weakly to a function, say y € L‘é(] ), which implies that for every ¢ € I we have

x(t) = lLiinooxk,(t) = lLir+no<J <xkl(t0) + Ao’t)(xk,)"g(s) dg(s)) =x(ty) + /[W) ¥(s) dg(s).

Hence x € AC,(I) and x,(¢) = y(¢) for g-a.a. ¢ € I, see Theorem 2.2.

Now, Theorem 3.6 ensures the existence of a sequence of convex combinations of (xkl)fg,
which we denote by {y;}en, converging strongly in Lél, (/) to y. Hence, there exists a subse-
quence {yj, }zen such that y; (£) — y(¢) for g-a.a. t € J. For every g € N we have

oo o0
9, (#) € co| J{ i), &)} € co| J{ @), @)},
I=1 k=1
so going to the limit as g tends to infinity, we get
oo
x y(t) eco U xk t , gaa.tel
k=1

Moreover, since for each fixed i € N the sequence {x¢}72; also converges to x, a repetition
of the previous arguments shows that

o0
X (t) €co U (xx), (t gaa.tel
k=i
Hence,

! -a.a. 1.
x(t egcg(xk) t) g-aa.te 0
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We now have all the necessary tools to prove the following existence result for (3.2). To
the best of the authors’ knowledge, this result is new even in the particular case of g(¢) = ¢,

i.e., when g-derivatives reduce to derivatives in the usual sense.
Theorem 3.9 Let F: I x R" — P(R") satisfy (H1)—(H3). Then (3.2) has at least a solution.

Proof Consider the sequence xy : [fo,% + T] — R”, k € N, defined as follows: for each
k € N, denote ty; =ty +jT/k, j=0,1,2,...,k. Define xi(ty) = xo,

xk(t) = xk(tk,j) + ﬁ(,}(s) dg(s)l te (tk,j’ tk,j+l]) ] = Oy 1; 21 .. ';k - ly
[tk jt)

where fy ; is a g-measurable selection of F(-, xx(t)), j = 0,1,2,...,k — 1, whose existence is
guaranteed by (H2). Then, if we define f : [to, 20 + T) — R” as

ﬁ((t) :ﬁ(,/(t)r te [tk,]" tk,j+1); ] = 0’ 1; 2) v 7k - 1’
it follows that

Xie(t) = xo + fi(s)dg(s), telto,to+T].
[to.t)

Moreover, Remark 3.4 ensures that f; € L;([to, to + T)) and so {xy}ren is well-defined and
Theorem 2.2 implies that x; € AC,(I) and x‘/g(t) =fi(¢) forg-a.a.t €.
Note that {x(£) : kK € N} = {xo} and for every k € N we have

)y = [AD] <L®),  g-aa.telto,to+T),

so Proposition 2.7 guarantees that {x; }xe is a relatively compact subset of BC,([to, to + T1).
Therefore, there exists a subsequence converging to a function, say x. Clearly, x(fy) = xp.
Moreover, applying Lemma 3.8 to such subsequence, we deduce that x € AC,(I) and there
exists E C J such that ug(E) = 0 and

%0 € Mo J{w,0) = eI}, te\E
j=l k= J=L ks
Let us prove that
x,(t) € (| COF (£, B+ (x(£))) forallze]\E. (3.4)

>0

Fix t € J \ E; for each k € N, we can find ix € {0,1,2,...,k — 1} such that £ € [tz ;,, txi+1)-

Hence,

% (1) € (eo [ JU®} < (o | JF(txetii)- (35)

j=1 k=j j=1 k=j
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Moreover, note that #; converges to ¢ from the left as k — oo, because

T
0 <t~ trip <Erige1 = iy = Z
Therefore, since each x is left-continuous (see Proposition 2.5) and x(¢) converges to x(¢),
it follows that x4 (tz,;, ) converges to x(t). Hence, for every r > 0 there exists ko € N such that

||xk(tk,ik) —x(t) || <r forall k> ko,

and therefore (3.5) yields
x,(t) € o |_J F(t,x(tx,i,)) C COF (£, B, (x(2))).
k=ko

This implies (3.4) because r > 0 was arbitrary.
Now we are ready for the proof ofxé(t) € F(¢,x(¢)) for g-a.a. t € J\ E. We start by remov-
ing some inconvenient g-null measure sets from / \ E. For each p € N, define the set

A,= {t €J\(EUDy) : x(t) € K,(t),x(s) ¢ K,(s) for all s € (£, + &;) and some ¢; > O}.

For every t € A, take the greatest &, possible in the conditions of the definition of A,. The
infinite sum

D e

teAp

is convergent (bounded by the length of the interval J) and therefore, at most a count-
able set of &, can be positive. Hence p1,(A,) = 0 because A, is countable and contains no
discontinuity points of g.

We consider the g-null measure set E = EUA; UA, U- - and, without loss of generality,
we assume that condition (H1) (ii) is satisfied for all £ € J \ (Eu Dy).

Nowwe fixt €]\ E and we consider two cases to prove that xé(t) € F(t,x(¢)).

Casel:t € J\ (EUD,) and x(t) € K,(t) for some p € N. Since t ¢ A,, there exist numbers

hi >0, e — 0.as k — oo, and x(t + h) € K, (¢ + ) for all &, (3.6)

then the definition of contingent g-derivative ensures that

x;,(t) - lim x(t + i) — x(t)

= lim R =g < e 0)

Thus, condition (H1)(ii) implies that xé(t) € F(t,x(¢)).

Casell. t e JNDgort € J\ (EUDg) and x(t) ¢ K(t). In both cases, condition (H1) ensures
that F(¢,x(¢)) is convex and compact and F(t, -) is usc at x(¢).

Reasoning by contradiction, assume that xé(t) ¢ F(t,x(¢)). Then, since F(t,x(¢)) is a com-
pact subset of R”, Lemma 3.7 implies that there exists gy > 0 such that

%, (£) & F(t,%(2)) + B, (0). (3.7)
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Moreover, since F(t,-) is usc, it is e-8-usc (see [5, Proposition 1.1]), so there exists § > 0
such that

F(t,y) C F(t,x(t)) + Bey12(0), forally e R”, <. (3.8)

Take kg € N such that
||xk(tk,ik) —x(t) || <§ forall k > ky.
Then (3.8) yields
F(t, xk(tk,ik)) - F(t,x(t)) + By 2(0) C F(t,x(t)) + m for all k > k.

Now, since F(¢,%(t)) + Be,/2(0) is a convex and closed set, it follows that

o0

o0 | F(txk(tri,) € F(£:5(8)) + Bega(0) C F(£,(2)) + Be, (0),
k=ko
and we deduce from (3.5) that x;,(t) € F(t,%(t)) + B, (0), a contradiction with (3.7). O

The result of Theorem 3.9 may fail if (3.3) is not satisfied just at one point as we show in

the following example.

Example 3.10 Problem (3.2) with g(¢) =¢,4 =0, T =1, %, =0, and

{1} ifx<0,
F(t,x)=1{1/2} ifx=0,
{-1} ifx>0,

has no solution. Observe that F(¢, -) assumes convex and compact values and it is usc on
R\ {0}.
In this case we should take K(£) = {0} for all £ € [0, 1], and we have

(\SoF (£ (-r,r)) NDK(£,0) = [-1,1] N {0} = {0} Z F(£,0).

>0

Our next example shows that Theorem 3.9 is so general that it can be applied in cases
where the nonlinear part is not usc or convex and compact valued on dense subsets of R”.
Once again we consider the particular case of g(¢) = ¢ to highlight that Theorem 3.9 is new
even in the classical setting of usual derivatives.

Example 3.11 We shall construct an ill-behaved multivalued mapping F: [0,1] x R —
P(R) using a function ¢ : R — R which is discontinuous at every rational number.
First, consider a bijection r: N — Q, denote r,, = r(p) for each p € N, and define

o(x) = Z 277 foreachx e R.

rp<x

Page 10 of 14
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Obviously, 0 < ¢(x) < 1 forall x € R and ¢ is increasing. Moreover, ¢ is continuous at every
irrational and discontinuous at every rational. More precisely, for each p € N we have

w(r;) =p(ry) <pr,) +27F = (p(r;).
This implies that we can find §, > 0 such that
ly—rpl <8y = @) >e(ry)/2. (3.9)

Now we fix A € (0,1) and we define F(¢,x) for a.a. £ € I = [0,1] and all x € R as follows:

[Lo(x), p(x)] fortcA,x¢Q,
Apx), p(x)) NQ forte A, x€Q,
F(t,x) =
[~ —1), -Apx—1)] forte B,x-t¢Q,
(—px—1t),-Apx—-1t)NQ forteB,x-teQ,
where

(1 1 (1 1
A= g(ﬂ’ﬂ) and B= g(m,z—l)
Note that F is not explicitly defined for ¢ € C = {(2])~! : / € N} U {0}, nor is it necessary as
it is countable, and thus m(C) = 0. We shall show that the hypotheses of Theorem 3.9 are
satisfied regardless of the values of F on C x R. Also note that F(¢,x) is neither convex nor
compactifte Aandx € Qorift € Band x — t € Q. Moreover, if £ € A, then F(t, -) is not
usc at rational numbers because ¢ jumps upwards at rationals.

Clearly, (H3) is satisfied with M(¢) = 1, t € [0, 1]. Condition (H2) is easy to check: for each
fixed x € R\ Q, we can take the selection f,(£) = ¢(x) for t € A, and f,(¢) = —p(x—¢) for t € B.
Observe that f;(¢) may not be an element of F(t,x) on C, = {t € B:x—t € Q} = BN (x - Q),
but this does not matter because C, is a countable set. For the case x € QQ, just take any
q € (Lp(x), p(x)) N Q and consider f,(¢) = g for ¢t € A, f,(t) = —p(x — t) for t € B. In any case,

fx is piecewise monotone, hence measurable.

Now for condition (H1). Define

o0
K@) =|_JKy(t), teAUB,
p=1

where, for each p € N,

{r,}  ifteA,

K,(t) =
{t+r,} ifteB.

Clearly, DK,,(t,r,) = {0} forall £ € A, and

DK,(t,t+r,) ={1} forallteB.
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For a.a. t € I and every x € R \ K(¢), the set F(¢,x) is closed and convex.
Let us prove that, for a.a. ¢ € I, the multivalued mapping F(z,-) is usc at every fixed
x € R\ K(¢).1f t € A, then ¢ is continuous at x, so for each ¢ > 0 there exists § > 0 such that

ly-x1<8 = |eO0)-e&)|<e = |np®)-ne&)|<e foranyue[-1,1].

Hence, if t € A, and |y — x| < §, then

E(5,9) C [A0(),0)] C (Ao(x) — &, 0(x) + &) = F(t, %) + (~¢, ).

The proof is similar for ¢ € B, but the only difference is that we have to use the fact that ¢
is continuous at x — £, because x ¢ K, (£) = {t + r,} for any p.

Finally, we have to check that (3.3) holds. If ¢ € A, then, for each fixed p € N, there exists
8, > 0 such that (3.9) holds if |y — 7| < 8,. Then, if |y—r,| < 8, and z € F(t,y) C [Ae(y), 0(»)],
then

z > xp(y) > Ap(ry)/2.
Hence

EF(t, (rp = 8ps1p + Sp)) C [r(rp)/2,00),
which implies that

mEF(t, (ry =11y + 7)) C [Ap(rp)/2,00) C (0,00).

r>0

Then the intersection in (3.3) is empty and therefore condition (3.3) holds.
Checking condition (3.3) for £ € B and x = £ + 1, for some p is easier. Clearly,

ﬂ@F(t, (t+r,—1t+1y +r)) C (-00,0],

>0

and DK, (¢, t +rp) = {1}.

4 An existence result for Stieltjes differential equations
Let the intervals / and J be as in (3.1) and consider the following initial value problem:

x (t) =f(tx(0), gaa.te], x(to)=xo. (4.1)
As a corollary of Theorem 3.9 we obtain the following existence principle for (4.1).

Theorem 4.1 Let f:] x R" — R” satisfy (i), (ii) and
(i) forall x € R", the map f(-,x) is g-measurable;
(ii) there exists L € L;(], [0,00)) and N C J with 1y(N) = 0, such that

Hf(t,x) || <L(t), forallxeR"andallte]\N;
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(iii) forallt € J\ (N UDy), f(t,-) is continuous on R" \ K(t), where K(t) = U;il K, (1),
and for each p € N and x € K,(t), we have

()5of (& B-(x)) N D Ky (£, %) C {f(£,%)}; (4.2)

r>0

(iv) forall t € Dy, f(t,-) is continuous on R”.
Then the initial value problem (4.1) has at least one solution.

To conclude this section, we present the following example in which is possible to apply
the previous result to obtain the existence of solution for the corresponding initial value
problem.

Example 4.2 Letg:R — R be a nondecreasing left-continuous map, ¢ as in Example 3.11
and ¥ a continuous function such that ¥ ~1(Q) is countable. Define f : J x R — R as

Ft,%) = (v (ax + Bg(8)) X p\p, (£) + £X p, (£)),

with @ >0, 8 € (—00,—a) U (0, +00). Note that 0 < f(£,x) < 1 for all (¢,x) €] x R, so

()oof (& B-(x)) C [0,1]

r>0

for all (¢,x) € ] x R. Consider the initial value problem
x(t)=f(t,%), te],  x(t)=xo.

Let us show that the previous problem has at least a solution by proving that the hypothe-
ses of Theorem 4.1 are satisfied.

Conditions (ii) and (iv) follow directly from the definition of f. For condition (i), fixx € R.
The map

te] > o (ax + Bg()) X pp, (t) + tX p, (1))

is Borel-measurable as it is the composition of Borel-measurable maps. Hence, it is g-
measurable as the Borel o -algebra is contained in the Lebesgue—Stieltjes o -algebra defined
by g.

Finally, for condition (iii), write ¥ ~}(Q) = {s, : p € N} and define y,: ] > R, p € N, as

p(o = 22080,
o

K,:J = PR), p eN,as K,(t) = {y,(t)} and K(t) = U;Zl K,(t). Note that, for each p € N,
¥p is g-differentiable everywhere in J and yg/(t) = —B/a, t € J. Therefore, Dy K, (£, y,(t)) =
{-B/a}, p €N, s0 Dy K,(t, y,(t)) C (-00,0) U (1, +00), depending on the value of 8.

Fix t € J \ Dg. If x € K, (¢) for some p € N, then the intersection in (4.2) is empty, so the
condition is trivially satisfied. On the other hand, if x € R \ K(¢), it follows that ¥ (ax +
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Bg(t)) ¢ Q since
ax+ PBg(t) #s,, forallpeN.

Hence ¢ is continuous at ¥ (ax + Bg(t)) and so f(¢, ) is continuous at x as it is the compo-
sition of continuous functions. That is, the hypotheses of Theorem 4.1 are satisfied and
so the initial value problem has at least a solution.
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