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several generalizations of the Darbo inequality. As an application, we study the

existence of solutions for a system of functional integral equations in C[0, T]. Finally,
we expose a genuine example to support the effectiveness of our results.

1 Introduction and preliminaries
The notion of a measure of noncompactness (MNC) was introduced by Kuratowski [13] in
1930. This concept is a very useful tool in functional analysis, for example, in metric fixed
point theory and operator equation theory in Banach spaces. This notion is also applied in
the study of existence of solutions for ordinary and partial differential equations, integral,
and integro-differential equations. For more details, we refer the reader to [2-6, 8, 9].
The aim of this paper is to generalize the Darbo’s fixed point theorem in Banach space
and study the existence of solutions for the following system of integral equations:

11() = @ (4, 11 (P W), 12 (pW), 29 8ty 1c, 111 (1)), 12 (p(k))) dhic),
12(0) = @ (1, o (p W), 11 (0 (@), [ g1, ke, 12(0 (), 1 (k) dic),

where ( € [0, T].

We collect some notations and definitions applied throughout this paper. Let R denote
the set of real numbers, and let R, = [0, +00). Let (A, || - ||) be a real Banach space. More-
over, by B(t, r) we denote the closed ball centered at ¢ with radius 7, and by B, the ball B(0, ).
For a nonempty subset A of A, we denote by A and Conv(A) the closure and the closed
convex hull of A, respectively. Furthermore, we denote by M(A) the family of nonempty
bounded subsets of A and by N(A) its subfamily consisting of all relatively compact sub-
sets of A.
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Definition 1.1 ([7]) A mapping x : M(A) — R, is said to be a measure of noncompact-
ness in A if it satisfies the following conditions:

1° The family ker x = {A € M(A): x(A) = 0} is nonempty, and ker x C N'(A);

2° ACY= x(&) = x(Y);

3° x(&) = x(a);

4° x(Conv A) = x(A);

5 xAA+(1=20)Y) <Ax(A)+ (1A =A)x(Y) for A €[0,1];

6° If {A,} is a sequence of closed sets from M(A) such that A,;; C A, forn=1,2,...,

and if lim,,— 0o X (A,) = 0, then Aoo = (00, A, # V.

Two important theorems having a key role in the fixed point theory are the Schauder
fixed point principle and the Darbo fixed point theorem.

Theorem 1.2 ([1]) Let §2 be a nonempty, bounded, closed, and convex subset of a Banach
space A. Then each continuous compact map 17 : §2 — $2 has at least one fixed point in
the set 2.

The following theorem is a generalization of the Schauder fixed point principle and the
Darbo fixed point theorem.

Theorem 1.3 ([10]) Let §2 be a nonempty, bounded, closed, and convex subset of a Banach
space A, and let T: §2 — §2 be a continuous mapping. Assume that there exists a constant
K €1[0,1) such that x (Y A) < K x(A) for any nonempty subset A of §2, where x is an MNC
defined in A. Then Y has at least one fixed point in §2.

Isik et al. [12] introduced the following generalization of the Banach contraction prin-
ciple, where substituting different functions f, we obtain a variety number of contractive

inequalities.

Theorem 1.4 Let (A, d) be a complete metric space, and let T : A — A be a continuous
self-mapping. Suppose that there exists a function f : R* — R* such that lim,_.o+ f(¢) = 0,
f(0)=0, and

d(Tx, Ty) < f(d(x,y)) - f(d(Tx, Ty)) 2)
forallx,y € A. Then T has a unique fixed point.

Let x : M(A) — R, be a mapping defined by x (X) = diam X, where diam X = sup{||x —
y|l : %,y € X} is the diameter of X. We easily see that x is a measure of noncompactness in
a Banach space E (see [7]). According to this measure of noncompactness, we can easily
observe that the Darbo fixed point theorem is a generalization of the Banach fixed point
theorem. Using this idea, we want to generalize the result of Isik et al. to a Banach space E.

2 Main results

Now we state one of the main results in this paper, which extends and generalizes the
Darbo fixed point theorem. In fact, motivated by the current work of Isik et al. [12], we
give a new extension of the well-known Darbo fixed point theorem in a Banach space. Our
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results provide several inequalities, which all are generalizations of the Darbo fixed point

theorem via substituting appropriate mappings instead of the control function f.

Theorem 2.1 Let §2 be a nonempty, bounded, closed, and convex (NBCC) subset of a Ba-
nach space A, and let T : 2 — $2 be a continuous operator such that

x(TA) <@ (x(A) -@ (x(TA)) 3)

forall A C 2, where @ : [0,00) — [0, 00) is such that lim;_,o+ @ (t) =0, @ (0) = 0, and yx is
an arbitrary MNC. Then T has at least one fixed point in 2.

Proof 2.2 Let {£2,} be a sequence such that £, = £2 and £,,; = Conv(Y'(£2,)) for all
neN.

If there exists an integer N € A/ such that x(£2y) = 0, then 2y is relatively compact,
and Theorem 1.2 implies that 7" has a fixed point. So, we assume that x (£2y) > 0 for each

neN.
It is clear that {£2,,},cA is a sequence of NBCC sets such that

902912"'29n29n+1~

Thus the sequence {w (x (£2,))} is nonincreasing. Since @ is bounded below, there exists
L € R* such that lim,,_, o, @ (x(§2,,)) = L.

We know that {x (£2,))}.en is a positive decreasing and bounded below sequence of real
numbers. Thus {x (£2,)},cn is a convergent sequence. Let lim,,_, o x(£2,) =r.

In view of condition (3), we have

0 < x(2441) = x(TR2,) < (x(82,)) — 7 (x (T 2,))

:ZD'(X(Q,,)) _w(X(Qn+l)) (4)
Taking the limsup in this inequality, we have

limsup x (£2,41) < lim supw(x(.Q,,)) - liminfw(x(.Q,Hl)).

n—0o0 n—00

Therefore lim,_,  x (£2,) = 0. According to axiom (6°) of Definition 1.1, we have that the
set 2 = ()2, £2, is an NBCC set and is invariant under the operator 7" and belongs to
ker x. Then in view of the Schauder theorem, 7" has a fixed point.

Remark 2.3 Note that Theorem 2.1 is a generalization of the Darbo fixed point theorem.
Since 7 : A — A is a Darbo mapping, there exists k € [0, 1) such that

x(YA) <kx(A)
for all A C 2. Therefore

x(TA) <kx(A) < x(A)

Kk
1+k-k
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for all A C £2. Consequently,

k(T &) + (1 =VEX (T 8) < kx(8),
and so

(1= VRx(TA) < kx(8) = kx(TA).
Therefore

x(TA) = )-

L (A)_L (YA
1_\/%)( l—ﬁx

Taking o (£) = ﬁt, we have x (Y A) < w(x(A)) — @ (x(T'A)) for all A C 2. Thus the

Darbo inequality is a particular case of the contractive inequality of Theorem 2.1.

In the following corollaries, we provide examples of the function @ for equation (3) in
Theorem 2.1 (the contractive inequality from Theorem 2.1) that have no Darbo constant k.
Taking @ (¢) = te, for all £ > 0, we deduce the following corollary.

Corollary 2.4 Let 2 be an NBCC subset of a Banach space A, and let T : 2 — §2 be a
continuous operator such that

x (T A)(1 + ex(T2)
x@em =1 ©

forall A C 2, where x is an arbitrary MNC. Then Y has at least one fixed point in 2.
Taking @ (t) = sinh ¢ for ¢ > 0, we deduce the following corollary.

Corollary 2.5 Let 2 be an NBCC subset of a Banach space A, and let T : 2 — §2 be a
continuous operator such that

(A)+x(TrA) sinh x(A) - x(TA)

X
T A) <2cosh
x(TA) < 5 5

(6)
forall A C 2, where x is an arbitrary MNC. Then T has at least one fixed point in S2.
Taking @ (t) = cosht — 1 for t > 0, we deduce the following corollary.

Corollary 2.6 Let §2 be an NBCC subset of a Banach space A, and let T : 2 — §2 be a
continuous operator such that

x(A)+x(YA)-2 . x(A)-x(TA)
sinh

T A) < 2sinh
x( ) < 2sin 5 5

7)
forall A C 2, where x is an arbitrary MNC. Then T has at least one fixed point in 2.

Taking @ (t) = In(1 + £) for ¢ > 0, we deduce the following corollary.

Page 4 of 13
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Corollary 2.7 Let 2 be an NBCC subset of a Banach space A, and let T : 2 — §2 be a

continuous operator such that

X (TD) < x(A)+1

“x(ra)y+1 ®

forall A C 2, where x is an arbitrary MNC. Then T has at least one fixed point in 2.

3 Coupled fixed point
Bhaskar and Lakshmikantham [11] have introduced the notion of a coupled fixed point
and proved some coupled fixed point theorems for some mappings and discussed the ex-

istence and uniqueness of solutions for periodic boundary value problems.

Definition 3.1 ([11]) An element (;,«) € A? is called a coupled fixed point of a mapping
T:AxA—> AifY(,k)=tand T (k,t) = k.

Theorem 3.2 ([8]) Suppose that x1, x2, ..., Xn are measures of noncompactness in Banach
spaces Ay, A, ..., Ay, respectively. Moreover, assume that a function T : [0, 00)” —> [0, 00)
is convex and such that T (t1,...,t,) =0 ifand only if 1; =0 for i =1,2,...,n. Then

X(A) =T (x1(A1), x2(A2), ...s xu(An))

defines a measure of noncompactness in Ay X Ay X -+ - X Ay, where A; denotes the natural

projection of A into A, fori=1,2,...,n.

Theorem 3.3 Let $2 be an NBCC subset of a Banach space A, and let T : 2 x 2 — $2 be

a continuous function such that

X(F(81 x 89) = 2 [0 (1(80) + X (A)] - 07 (x (T (81 x ) )

for any subset Ay, Ay of 2, where x is an arbitrary MNC, and @ is as in Theorem 2.1. In
addition, we assume that w is a subadditive mapping. Then T has at least one coupled

fixed point.

Proof 3.4 We define the mapping T : 2% — 22 by
T(«) = (T(L,K),T(K,L)).

It is clear that 7" is continuous. We show that T satisfies all the conditions of Theorem 2.1.
Let A C £22 be a nonempty subset. We know that X (A) = x (A1) + x(A;) is an MNC [7],
where A; and A, denote the natural projections of A into A. From (9) we have

X(T(A) (T (A1 x Ag) x T(Ag x Ay))

= x (T (A1 x Ag)) + x (Y(Ay x AY))

[@ (x (A1) + x(A2))] - @ (x (Y (A1 x A)))



Parvaneh et al. Advances in Difference Equations (2020) 2020:243

+ =@ (x(A2) + x(A1)] - @ (x (Y (A2 x AY)))

l\Jl’—‘

@ (x(A1) + x(A2)) = [ (x (T (A1 x A)) + x (T (Az x Ay)))]

- w(z(A)) ~- @ (7(Y ().

Now, from Theorem 2.1 we deduce that T has at least one fixed point, which implies that

7 has at least one coupled fixed point.

4 Application
In this section, as an application of Theorem 3.3, we study the existence of solutions for
the system of functional integral equations (1).

Let C[0, T be the space of all real bounded continuous functions on the interval J =

[0, T] equipped with the standard norm
llell = sup{[«(®)] : ¢ € [0, T}

Recall that the modulus of continuity of a function ¢ € C[0, T] is defined by
(L, €) = sup{|L(t) - L(s)| :tse[0,T),|t—s| < e}.

The Hausdorff measure of noncompactness for all bounded sets §2 of C[0, T is defined

as

x(2) = lim{supa)(L,e)}.

e>01 cn
(For more detail, see [8].)
Theorem 4.1 Suppose that the following assumptions are satisfied:

(i) pand o :[0,T] — [0, T] are continuous functions.

(i) The function @ : [0, T] x R® — R is continuous, and

F(|w(t,,u1,,u2,ic) - w(L: V1, V27Z)D}

max{|@ (, 111, 2, &) = @ (1, V1, V2,

[

< =T (|1 =il + g = val) + [k — 2],

..1;

where I' : [0,00) — [0, 00) is a continuous strictly increasing subadditive mapping
such that lim,_, o+ I'(¢t) = 0 and I"(0) = 0.

(iii) N :=sup{|@(1,0,0,0)|:¢ < [0, T1}.

(iv) g:[0,T] x [0, T] x R* — R is continuous, and

o)
G:= SUPH/O g(ure, mi (o)), ma(plk))) di

L,k €[0,T], i1, o, € C([O, T]) }

Page 6 of 13
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(v) There exists a positive solution ry to the inequality

(1"(2r) +G> +N <r.
4

Then the system of integral equations (1) has at least one solution in the space (C[0, T])%.
Proof 4.2 Let us consider the operator
T:C[0,T] x C[0, T] — C[0, T]

defined by

0]
T (11, 12)(0) =W<t,u1(p(t)),uz(p(t)),/o g(L,K,m(p(K)),uz(p(K)))d/c>.

We observe that for any ¢ € [0, T, the function 7 (@1, 2)(¢) is continuous. For arbitrary
fixed ¢ € [0, T'], by assumptions (i)—(iii) we have

|7 (11, 12) ()]

40]
= ‘w<l;ﬂl(,0(l))’ll2(,0(l)),/o g(l:K:Ml(P(K)),Mz(,O(K)))dK) - UT([,0,0,0)‘

+ | (1,0,0,0)]

_ L(ma(pO) + 2o W)1)

40]
+/0 gure, i (p(), 1a(p())) dic| + [ (1,0,0,0)]

- 4
r
< (Il + [l peall) LGN
4
Therefore
T (llgea ]l + Nzl
|7 (1, )| < ———2222 4+ G+ N. (10)

4

By inequality (10) and (iv), 7" is a function from (Bro)2 into (Bro).

Now we prove that the operator 7" is a continuous operator on (B,,)2. Let us fix arbitrary
& >0 and take (w1, ia), (v1,17) € (]_B,O)2 such that max{||u; — v1 |, l2 — v2lI} < &. Then for
allt € J, we have

|7 (i1, 12) (1) = T (01, v2) (1)
e
’wo,m(p(t)),uz(p(t)),/o
o
—f(t, vy (p(t)),V2(p(t)),/0 g(L,Krvl(p(K)):VZ(,O(K)))dK)‘

I (lna(p(0) = vi(e)] + [2(p () = va(p())I)
- 4

o
+/0 g (61, 11 (p(K))s 2 (p())) = g (116, v1 (p(K)), v (p(K))) | dic

®

g(uie, 1 (p(K)), 12 (p(x))) dK)
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< <Ff8) +Q(T)wT(g,8)),

where

wT(g;S) = Sup{|g(L!Krl‘Ll’M2) _g(LrK’ Vl:v2)| (LE j;K [S [O:Q(T)]y

1, M2, V1, V2 € [=ro, 7o), max{ [l i1 — vill, itz — vall} < &}
and
o(T) =sup{o(t) : 1€ T}

Applying the continuity of g on J x [0,0(T)] x [~ro,70]%, we have w”(g,&) — 0 as & — 0,
which implies that 7" is a continuous function on (B,O)z.

Now we prove that 7" satisfies the conditions of Theorem 3.3. To this end, let A; and
A, are nonempty and bounded subsets of B, and let ¢ > 0 be an arbitrary constant. Let
t1,t3 € [0, T] with |i3 — t1] < &, and let (w1, 12) € A1 X Ay. Then we have

|7 (i1, 12) (12) = 1 (1, ) (12) |

o(t1)
< ‘w(tl,m(pul)),m(p(m), / g(thk,m(p(K)),uz(p(/c)))d/c>

o(t2)
—w<tz,u1(p(tz)),uz(p(tz)),/0 g(tz,K,m(p(/c)),uz(p(lc)))dK) , (11)
where
o)
‘w(cl,m(p(u)),m(pm)), fo g(n,x,m(p(x)),m(mx)))dx)

o)
—af(Lz,m(p(tz)),uz(p(tz)),/0 g(tz,K,m(p(K)),uz(p(K)))dfc)
o)
w<L1,u1(p(tl)),uz(p(t1)),/0 g(tl,K,m(p(K)),uz(p(K)))dk)
o(u1)
—w(tz;Ml(p(tl))»Mz(P(tl))y/0 gtk (), 12 (p(x))) )
o(1)

; w(lz,m @ialp(), [ glon o (p06), (o) )
o(u1)

W(z,m p(t2)), 12 p(tz))/o g(v ke, 1 (o)) ma(p(k))) )
o(u)

+ W<Lz,u1 (12)), 2 (o (tz)):/ gk, 11 (p (), 12 (p(x))) )
w(z;m p(12)), 2 (p(2)), / zgll:’( p1(p()), w2 (p(k))) )
o)

- w(tz,m p(t2)), 142 p(tz))/o g(ure, pr (o)), ma(p(x))) )
o)

—w<L2,M1(p(tz)),uz(p(tz)),fo g(t2r 0, (o)), 2 (p(x))) ) (12)
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By condition (ii) we have

|7 (i1, 12) (12) = T (v1, 12) (12) |

I(lpa(p(u)) = pa(p(2))] + [pa(p(u)) — nalp(2))])
4

< oy, €) +

+

() o)
/0 g(tl,K,m(p(/c)),uz(p(lc)))dK—/0 gu ke, 11 (p()), na(p(k))) dic

o)

o)
| el ma(ot), (o) de = [ gl a(o6). ma(ot) e

+

I'(w(p1, o(p,€)) + oz, w(p, €)))
4

o(t2)
/( ) gt 1 (p()), 12(plk))) dic
ol

< wpc(w,€) +

+

0(i2)
+/0 lg(t1, 0, 1 (p (1)), 12 (0 (6))) = &(t2s ¢, 111 (0(K)), 2 (0 (i) ) | dic

(o1, 0(p, €)) + oz, w(p, €))
+ +

< wyy6(@,€) )

o(T)wy, (g €)
+ U, w(0,€). (13)

By condition (ii) we have

|7 (i1, 12) (12) = T (01, 12) (12) |

I(lpa(p(1)) = pa(p(2))] + [pa(p(u)) — nalp(2))])
4

o(t1) o(t2)
/0 g(tl,lc,m(p(/c)),uz(p(lc)))dK—/0 gk, 11 (p()), 12 (p(x))) dic

= wro(w, €) +

+

0(2)

o)
| el malotN) de = [ gl a6, ma(ot) e

I'(o(p1, o(p,€)) + oz, w(p, €)))
4

+

< wyc(w,€) +

+

o(t2)
/( ) gk, 11 (p (), 2 (p(x))) dic
ol

o(t2)
+/0 lg (116 1 (oK), 2 (p(k))) = g (12016, 1 (p(K)), 12 (0 (k))) | dic

I (o1, 0(p, €)) + oz, w(p, €))
4

+ U, w(0,€), (14)

< wpc(w,€) +

+0(T)wry (g €)

where

o(p,€) =sup{|p(t2) - p()] s 1,2 € T, 2 — 1 < €},
(1, 0(p, €)) = sup{|u1(12) = p1(11)| 111,02 € T, |t = 1] < w(p, €)},
o(T) =sup{o(t) : 1 € T},

Page9of 13
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uro = SUP{|g(l,KyH1»M2)| nweJ,k e [O’Q(T)]»Nl’MZ € [—7‘0:7”0]}»

G = o(T)sup| )| 1€ T,k €[0,0(T)], i, pa € [-ro,mol},

wry (@, €) = sup{|f(ta, i1, 2, 2) = f (11, 11, 12, 2) | s 11,02 € T,
|L2 - Lll = €, U1, U2 € [_FO’rO]’Z € [_G’ G]},
wr(g,€) = sup{|g(ea, ik, i1, 12) = g1, 16, 1, )| 11,12 € T

|tz —11] < €, 11, 2 € [—r0, 70}, k €[0,0(T)]}.
Since (11, 42) was an arbitrary element of A; x A, in (11), we have

L()(T(A] X A2), 6)

I'(w(uy, w(p, €)) + w(uz,w(p,e))
4

< wp6(w,€) + T)w,y (g, €) + Uy,w(0, €).
On the other hand,
(|7 (1 12) (@) = T (s 12)(2)])

o(t1)
- r(|w(zl,m(puu),m(pol)), / g(n,x,m(pw»,m(pm))dx)

>, (15)

o)
—w<tz,m(p(tz)),uz(p(tz)),/0 g(tz,lc,m(p(/c)),uz(p(K)))dlc)

where

o(t1)
F(‘w(tbm(p(u)),ﬂz(p(h)), /0 g(zl,K,ul(p(fc)),m(p(x)))dx)

o)
—w(tz,m(p(tz)),uz(p(tz)),/0 g2k, (o)), 2 (p())) )

)

o(t1)
< F(’w(tl,m(p(tl)),uz(p(n)),fo g(um, 1 (), 2 (k) )

)

o(t1)
o ‘ (tz,m p(0)), 2 (p)), /0 g(zl,x,ul(p(:c)),m(p(x)))dx)

)

olu1)
+F(‘ (tz,m o(t2)) Mz(ﬁ(tz))/o g(tl,K,m(p(K)),uz(p(K)))d/f)

o(t1)
—w(Lz,m(p(tl))»uz(p(tl)), f g(twrieo s (p6)) )

o(t)
— (12, 1 (p(t2)), 2 p(tz))/o g(Ll’K,Ml(p(K))¢M2()0(K)))dK)

o(t2)
w(m () 12 (0(12) / gw,m(pm),m(p(x)))dx)

)

o(t2)
\ (u p(2)s 12 (0(12), / g(zl,x,m(p(m),uz(pm))dx)

)- (16)

+ I

0(2)
w(tz,m p(t2)), 142 p(tz))/o g(tz,K,m(p(/c)),uz(p(lc)))dK)

Page 10 0of 13
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By condition (ii) we have

F(|T(M1»M2)(t)—T(Vl»vz)(L)D

I'(w(py, w(p,€)) + oz, w(p, €)))
4

o(t2)
/( ) guie, 1 (p()), na(p(k))) dic
ol

< F(wroyg(w, e)) +

+

(t2)
. / (e 1 (00)), 12 (p0)) = g t20100 11 (p()), 12 (00)) | i

(w1, 0(p,€)) + (g, w(p, €))
4

+ U, w(0€). (17)

S F(wro,G(w)E)) + + Q(T)wro(gie)

Therefore we find that

I'(w(TY (A x Ag),€))

F(w(Ml)w(p:G)) + w(/LZ’w(/L E))
4

< F(a),o,g(w,e)) + +0(Twy,(g,€) + Uyyw(0;€).

According to the uniform continuity of f and g on the compact sets
[0, T] x [=ro,70] X [=70,70] X [-G, G]

and
[0, T1 x [0,0(T)] x [~70,ro] x [Fo,7o],

respectively, we infer that w,, (f,€) — 0, w,,(g,€) — 0 and w(g,e) — 0 as € — 0.
From the above inequalities, according to the subadditivity of I, we obtain that

T'(x(A1) + x(A2))

F(x[T (A1 x A)]) + x[T(A1 x Ay)] < 5 .

Thus from Theorem 3.3 we obtain that the operator 7" has a coupled fixed point. Therefore

the system of functional integral equations (1) has at least one solution in (C[0, T]).

5 Example
Example 5.1 Consider the following system of integral equations:

WE)=-2+ %e*tz + % + %fot e 2 arctan(i(s) + « (s)) ds, 18)
k()= -2+ %e’tz + % + %fot e 2% arctan(u(s) + k (s)) ds.

We observe that this system of integral equations (18) is a particular case of (1) with

p(t):g(t):t, te [0)1]¢
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w(t,L,Kk,p)=-2+ —
( ?) 2 8t + 8

’

1 _, arctan(u(?) +«(2)) p
el ——— ¢ 3

—2t+s

g(ts,0,6) = e ** arctan(i(s) + k (s)).

To solve this system, we need to verify conditions (i)—(v) of Theorem 4.1.

Condition (i) is clearly evident since

|arctan(t + k) — arctan(u + v)|  |m —n|
+

|w(t, Lk, m)—wl(t, u,v,n)| <

87 +1¢8 8
arctan |(t + ) — (u + V)|
< )+ |m—n|
87 +18
arctan(|t — u| + |k — v|)
< + |m —n|
4
I(le—ul+|k-v
Pl bev) 19)

4

and

|arctan(t + k) — arctan(u + v)|  |m —n| )
+

F(|w(t7L7K!m)_w(t’u’V’H)D :arctan( 87'[ +t8 8

arctan |(t + x) — (u + V)|
< arctan + |m —n|
87 +18

arctan(|t — u| + |k —v|)

< + |m —n|
4

I'(le—ul+k-v

_(e—ul+] 1) R— (20)

4

So we can find that @ satisfies condition (ii) of Theorem 4.1 with I"(¢) = arctan(z). Also,
1 )
N =sup{|@(£,0,0,0)| : £ € [0,1]} = sup{ -2 + ¢ itel01]=-15.
Moreover, g is continuous on [0, T] x [0, T] x R?, and

f t e arctan(u(s) + k(s)) ds
0

G= sup{
t,s €[0,1],t,« € C[O, 1]}
<supl.l x 1 x (e —1)=~1.8901100113.

Furthermore, it is easy to see that any r > 0.6238 satisfies the inequality in condition (iv),
that is,

arctan(2r) arctan(2r)
—+G =—"

+N +19-15<r.

Consequently, all the conditions of Theorem 4.1 are satisfied. Hence the system of integral
equations (18) has at least one solution that belongs to the space C[0,1] x C[0,1].
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