Abdalla Advances in Difference Equations (2020) 2020:246 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-020-02704-y a SpringerOpen Journal

RESEARCH Open Access
()]

Fractional operators for the Wright
hypergeometric matrix functions

M. Abdalla'?"

“Correspondence:
moabdalla@kku.edu.sa Abstract

"Mathematics Department, Faculty . .
of Science, King Khalid University, In this paper, we contribute to the results of Bakhet et al. (Integral Transforms Spec.

Abha, Saudi Arabia Funct. 30:138-156, 2019) by applying fractional operators to the Wright

“Department of Mathematics, hypergeometric matrix functions. We give matrix recurrence relations and integral

Faculty of Science, South Valley f las for the Wriaht h K ix fi . We al larif icul

University, Qena, Egypt ormulas for the Wright hypergeometric matrix functions. We also clarify particular
cases of the main results.

MSC: 15A15; 33C45; 33C05; 34A05

Keywords: \Wright hypergeometric matrix function; Fractional integral and
differential operators; Matrix recurrence relation; Integral formulae

1 Introduction

The studies of one-variable hypergeometric functions are more than 200 years old. These
functions appear in the works of Euler, Gauss, Riemann, and Kummer (see [2]). Their in-
tegral representations were studied by Barnes and Mellin, and their special properties by
Schwarz and Goursat. The famous Gauss hypergeometric equation is ubiquitous in math-
ematical physics, engineering, and mathematical sciences as many well-known partial dif-
ferential equations may be reduced to the Gauss equation via separation of variables (see,
e.g., [3-6]). Especially, in the last two decades, several generalizations of the well-known
special functions have been studied by many mathematicians. This fact has inspired many
mathematicians for investigations of several generalizations of hypergeometric functions.

Recently, many authors (see, e.g., [1, 7-14]) proposed extensions of the classical gener-
alized hypergeometric functions to the matrix framework. Particularly, the Wright hyper-
geometric matrix functions of one variable and incomplete Wright Gauss hypergeometric
matrix functions by using the Pochhammer matrix symbol are investigated in [1]. Moti-
vated mainly by this work, here we introduce the matrix functions R(w; A, B; v; 1), w, v, A €
C,and R(w; A, B; —j1; A), w, i, A € C, for parameter matrices A and B by applying fractional
operators to the Wright hypergeometric matrix function and some their properties.

The outline of the paper is as follows. Section 2 gives some elementary definitions and
notions of this work. In Sect. 3, we obtain the matrix functions R(w; A, B; v; L), w, v, A € C,
and R(w; A, B; —u; 1), w, i, A € C, for parameter matrices A and B by using fractional oper-
ators. We also discuss some properties of these functions. Matrix recurrence relations of
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the Wright hypergeometric matrix function 2R(f) (A, B; C;z),z € C, for parameter matrices
A, B, and C and some particular cases are given in Sect. 4. In Sect. 5, we establish some
(presumably) new integral representations of the Wright hypergeometric matrix function

ZRY)(A,B; C; z). Finally, some concluding remarks are presented in Sect. 6.

2 Notations and definitions

Let CN*N denote the vector space containing all square matrices with N rows and N
columns with complex number entries, and let R(z) and Z(z) denote the real and imag-
inary parts of a complex number z, respectively. For any matrix A in CN*N, 5 (A) is the

spectrum of A, the set of all eigenvalues of A, and
a(A):max{R(z):zea(A)}, ﬂ(A):min{R(z):zeo(A)}, (1)

where «(A) is referred to as the spectral abscissa of A, and a(-A) = —8(A). The square
matrix A is said to be positive stable if S(A) > 0. By I and 0 we denote the identity matrix

and the null matrix in CN*N

, respectively. If f(z) and g(z) are holomorphic functions of
the complex variable z defined in an open subset £2 of the complex plane and A is a matrix
in CN*N such that o(A) C $2, then from the properties of the matrix functional calculus

(see [9, 15—17]) it follows that

f(A)g(A) = g(A)f (A).

Furthermore, if B in CN*¥ is a matrix for which o (B) C §2 and if AB = BA, then

The reciprocal gamma function denoted by I""!(z) = ﬁ is an entire function of the
complex variable z. Then the image of I'1(z) acting on P, denoted by I'"1(4), is a well-
defined matrix (see [18]).

The gamma matrix function I"(A) and the beta matrix function 28(A, B) have been de-

fined in [9] as follows:
I'(A) = /OQ ettA T d, ' =exp((A - 1) In¢), 2)
0
and
1
B(A,B) = f A1 - 0B dt. 3)
0

By application of the matrix functional calculus, for A in CN*¥ (see [9]) the Pochhammer

symbol or shifted factorial is defined by

(A), = 114(A +1)--(A+(m-D) =TV AT (A+nl), n 201, "
) n _ )
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under the condition that
A +nl isinvertible for all integers n > 0. (5)

Let A and B be commuting matrices in CN*N guch that the matrices A + nl, B + nl, and
A + B + nl are invertible for every integer n > 0. Then we have [9]

B(A,B)= (A (B)[I(A+B)] . )

Definition 2.1 (see [12]) Let p and g be finite positive integers. Then the generalized

hypergeometric matrix function is given by the matrix power series

F(A,B;2) = Z]‘[A)nl‘[(B)n 2 (pea+Lll<) %

n>0 i=1

for commutative matrices A;, 1 <i <p, and B}, 1 <j < g, in CN>*N such that
Bj +nl are invertible for all integers n > 0.

If p=2and g = 1, then (7) reduces to the Gauss hypergeometric matrix function (see

(7])

2F1(A1, Az By;z) = Z(Al)n(Az)n[(Bl)n]_lz_!,
n=0

8)

Definition 2.2 ([1]) Let A, B, and C be positive stable matrices in CN*¥ satisfying condi-
tion (5). Then the Wright hypergeometric matrix function is defined by
(4 Beer) e -1 a z
2R 7(4,B;C;z) := (B)Yr'(C) Z (A), I (C+tnl)(B+ ‘L’VII)— 9)

n=0

where T € R, = (0,00).

Remark If v = 1, then (9) reduces to the well-known hypergeometric matrix function ,F;
defined in (8).

Theorem 2.1 ([1]) Let A, B, and C be positive stable matrices in CN>*N such that
B(C) — a(A) — a(B) > 0. (10)

Then the series ZR(IT)(A,B; C;z) defined in (9) converges absolutely for |z| = 1, where t €
R, =(0,00).

The Riemann-Liouville fractional integral of order v such that Re(v) > 0 is defined as
[16, 19, 20]

l w
('f)(w) = o fo (W — )"~ f (u) du, (11)
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and the fractional differential operator of order i such that Re() > 0 is defined as

d
DY f(w) = """ D'f(w), D=, (12)
dw
where 7 is the smallest integer such that n > Re(u).

Lemma 2.1 ([1, 15, 16]) Let A be a positive stable matrix in CN*N Then the Riemann—
Liouville fractional integral of order v such that Re(v) > 0 can be written as

'(wA) = rA)rA + vpwt L (13)

The Laplace transform of the function f(¢) is defined as [21]

Lif@) - /0 ef(0)ds, Rels) > 0. (14)

3 Fractional operators and the Wright-type hypergeometric matrix function
Consider the matrix function

(A (ow)*

-1
fw=r (B)ZF(B M)

k=0
=, Fi(A,BLaw), wAreC,awl <1, (15)
where A and B are positive stable matrices in CN*V such that

B +mnl are invertible for all integers n > 0.

Applying the fractional integral operator (11) of order v to f(w), we get

I'f(w) = % / (v =10""f () du

v—1 1 (A)k(AM)
r(u)/ <(w W' e (B)ZFB k) = )du

w

oW PR
Sy oEST {F(v +1)I(B)Y " I'(B+KkI)

k=0

(A)r(Gw)k
'(v+1+k)k!

which we can easily write in the following form:

v

F(:;V+ 1)2 (11) (A,B;(\) + l)l;kw) (r=1)
- ﬁzﬂ (A, B; (v + 1)I;w). ”

Here we denote (16) as R(w; A, B; v; 1), that is,

v

R(w;A,B;v; A) =

RY(A,B; (v + DI A
R B )
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v

- %25 (A, B; (v + 1)I; aw). (17)

Now, applying the fractional differential operator (12) of order u to f(w) defined in (15),

we get
(AN on (A)lwy

e = (A (w)*
-D'| wrr 1(3)[ (B + kI) '}:|,
|: kX:o: IF'(1+n—u+k)k!

which yields
D*f(w) = —— R (4, B; (1 - w)I; A =1
f00) = iy R (4B (L= 2w) - (r=1)
W
=——F(A,B (1 - ) Aw). 18
1_,(1_“)2 1( (1-w) W) (18)
We denote (18) as
R(W; A, B; —; A) = L R(l)(A B'(I—M)I‘)\W)
» 41, D, ) F(l—l!,)z 1 Dy )
Wt
=—— o F(A,B;(1 - w;Aw). 19
F(l—u)z 1( 1-w) W) (19)

3.1 Some properties of R(w;A, B; v; 1) and R(w; A, B;—; \)
In this subsection, we study some of the main properties of the matrix functions
R(w; A, B;v; 1) and R(w; A, B; —u; A) by the following theorems.

Theorem 3.1 Let A and B be positive stable matrices in CN*N with B + nl invertible for

all integers n > 0, and let 1, v, u € C be such that |Aw| < 1 and Re(u) < 1. Then

I"R(w;A,B;v; L) = RW; A, B; v + Y3 M), (20)
D" R(w; A, B;v; 1) = R(w; A, B;v — y; ), (21)
I"R(W; A, B;— ;1) = R(W; A, By — 1 A), (22)
D" R, (A,B;v;A) = R(W;A,B; —(y + /L);k). (23)

Proof From (11) and the left-hand side of (20) we get

I"R(w;A,B;v; A) = %/ (w—u)"""R(u;A,B;v; \) du

F(V)/ ( ( ( i ) (11)(A;B}V+ 1,)\14)) du

1 1 (A)e I (B + Ik) (u)*
F(y)_/ (w—u)"~ (uF (B)Z PSRV )du
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Putting u = zw, it follows that

I"R,(A,B;v; \)
1! R b1 e (A)i (B + IK) (hzw)*
= Ty)fo 1=z w¥ ((zw) r (B)kZO: o110k wdz

W]/+V

:F(y+v+l)

2R(11)(A,B; y+v+ Law)=RW; A, By +v;A).

This is the proof of (20).
From (12) and the left-hand side of (21) we obtain

D’ R(w; A, B;v; 1) = D" (I" " R(w; A, B; v; 1))
= D”(’R(W;A,B;n -y + v;k))

WVI—]/-H) (1)
= Dn(ﬁle (A,Bin—y +v+ 1;)\W))
n—y+v+

v-y

w

:712(1)14,3; - 1; A
F(v—y+1)21( vore W)

=RW;A,B;v —y;A), (24)

which is (21).
Also, from (11) and the left-hand side of (22) we get

U'R(w; A, By —ju; 1) = %}/) /Ow(w— u)’ "R(u; A, B;— ;1) du
IR ol S (AT (B + 1K) ()
_F(y)/o (w—u)” (ulr (B)kXZO: =+ )du,

which, upon substituting u = zw, yields

I"R(w; A, B; —; 1)

1 ikt o e (AN (B + IK) (2w
_Ty)fo(l_z)y W <(zw) o (B)kz;, Y A

wY—H

)
- RWABy -+ aw) = RwiA, By — 3 A).
Fly-p+1)7"

This is the proof of (22). From (12) and the left-hand side of (23) we get

D' R(w; A, B;—p; 1) = D" (" R(w; A, B; — ;1))

= D"(R(W;A,B;n -y - M;A))
whrv—H
=D —— RYABn—y -+ Law
(F(n—y—/ul)“( v :
W—M—V

)
- RYAB—p—y +1;aw)
F-p-y+1)~ "
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=RW;A,B;— — y;A),
which leads to (24). g

Theorem 3.2 Let C be a positive stable matrix in CN*N. Then the Laplace transforms of
R(w;—nl,C + (n—1)I;v; 1) and R(w; —nl, C + (n — 1)I; —u; 1) are given as

1
,C{R(w; —nl,C+ (n-1)I; v;A)} = —lyn(c; A, —S), (25)
sVt
1
L'{R(w; —nl,C+(n-1)I; —u,;)n)} = Su—_lyy,(c;/\, -s), (26)
where Y, (C; A, —s) is the generalized Bessel matrix polynomial [9], and n € N.

Proof For n € N, replacing A by nl and Bby C + (n—1)I in R(w; A, B; v; ) and then taking
the Laplace transform of (17) yield

E{R(w; —nl,C+ (n-1)I; v;k)}

Wl)
= L{ T+ 1)213(11)(—}11,C+ (n-1Lv + l;Aw)}

o0 V
- /0 eSW{ 1“(:/+ 1)2R<11>(_n1, C+m-1)Lv+ l;kw)}dw

1 s (—nDi(C + (n= DDy (A\F
- L (D)

1 A 1
= —zFo<—n1,C+ (n— 1)1;—;——> = —Vu(C; A, —s).

sv+1 (—S) Su+1

This proves (25). Further,
L{R(w;—nI, C + (n = 1)I;—p; 1) }

—H
=£{FW72R§”(—n1,C+ (n-1I1 —M;AW)}

(1-p)
00 —t
:/O e‘sw{ﬁzR(ﬁ)(—nLC+(n—l)I;l—/L;)Lw)}dw
1 N (nDe(C+ (n= DD ( A\F
=y 7 (%)

k=0
A
(-s)

This is the proof of (26). 0

1 1
= Sl——uzFO (—nl, C+(n-1I[—- > = Sl——uy”(c;)" -5).

From Theorems 3.1 and 3.2 we can obtain the following particular cases:

1. Taking A =a € C*! and B = b € C'*! in Theorem 3.1, we get the classical results for
the generalized hypergeometric function [22].

2. Choosing C = ¢ € C**! in Theorem 3.2, we get the classical results for the generalized

hypergeometric function [22].
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4 Recurrence relation of zR(f)(A, B;C;2)
In this section, we give a matrix recurrence relation of Wright hypergeometric matrix

function in the following theorem.

Theorem 4.1 Let A and B be positive stable matrices in CN*N with B + nl invertible for

all integers n > 0 and |z| < 1. Then

(s + 1R (A, B; (s + 1)[;2) — 2R (A, B; (s + 2)I; 2)

= 72 , d? RO(AB: (s + 3V - .
_{(s+2)}z d_z2(2 1 ( 1 B; (s + )’Z))+Z(s+2){l'+ S+ }
x diz(zR(lf)(A,B; (s+3);z)) + SzR(IT)(A,B; (s+3);z), Re(s)>0. (27)

Proof Applying the fundamental relation of the gamma matrix function in (2) to (9), we

can write

R (A, B; (s + VI;2) = T'((s + VI) TL(B)

X ;(A),,F(B+rn)]"’l((s+rn)l)m (28)

and

2R (A, B; (s + 2)1;2)

=T ((s+2)[)"'(B)

n

00 o z
x HX:(;(A),,F(B + )7 (s + T)l) PSP P——r (29)
We can write equation (29) as
2R (4, B; (s + 2)L;2)
=T ((s+2)[)I'(B)
= LV, r@+ omr (s + o)~
X;{(S+T”)_(S+l+f”)} " T (S+m );
= (s+ 1RV (A, B; (s + I;2) — T'((s + 2)[) (B
00 B Z"
X Z(A)VIF(B + 'L'n)F 1((5 + Tﬂ)]) m. (30)

n=0

For our convenience, we denote the last summation in (30) by S:

S=r((s+21)r'(B)

Z}’l

X Z(A),,F(B + ) (s + Tn)l)

1
— (s+1+tnn!

Page 8 of 14
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= (s + 1R (4, B (s + 1)[;2) — R (4, B; (s + 2)I; 2). (31)
Applying the simple 1dent1ty = ﬁ n+1 (n =s+1+ 1n) to (31), we obtain

=TI ((s+2))I"'(B)

) . 2
X ;((s+rn)1)(A)nF(B+rn)F ((s+2+rn)1)z

+I((s+2)1)~(B)
X HX:(;((S +2+ ) (A), L B+tm) [ ((s+3+ tn)[)i—r; (32)

and

T _ 2"
e { (s+3)1)r(B) Z(A)nr(s +Tm) 7 (s + 3+ Tm)l) oD }

n=1

§ { ((s+3)1 B)Z(A T (B+tn)l~ ((s+3+tn)1)zf}

+
(s+2) ~ n!

2

T { ((s+3)1 B)Z(A T (B+tn)l~ ((s+3+tn))(nn_z”1)!}

" (s+2)

n=1

r2st 1) {F((s F 3B Y (AN B+ Tn) I ((5+ 3+ Tm)l) —— }
n=1

T s5+2) (- Dt
(s+1) 3 :
N 5(;:2) { +3)[) () ; (AL B+Tm) I ((s+3 + rn)])%}. (33)

We now express each summation in the right-hand side of (33) as follows:

d2
d2( R (A,B;(s+3)l;z))

=2,R\Y (A,B; (s +3)I;2) +4z; >R I)(A B;(s+3)I;z)

2

, d
+2z ﬁgR (A,B; (s+3)I; z) (34)

and

2

dZ( R (A,B;(s+3)1;z))

(n+2)(n+1)z"
n!

I((s+3)) " (B) Z(A)nr(B + o) ((s +3 + T)l)
n=0

n

(s + ) (B) Z(A)nF(B+T”) "((s+3+TmI) (nn_zl)!

n=0

o n

+30 (s + D) B) Y (AT B+ m) I ((s+3 + Tm)l) (n’; ol

n=0
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+2,R7 (A, B; (s + 3);2).

From (34) and (35) we get

r(s+3)0)r(oa Z(A)nr(B +Tm) (s + 3+ Ta)l)

2

,d
=z ﬁgR

d o
4z—5R
+ Zdzzl

—-3r((s+3))r

Suppose that

d
d—z(zzkgf’(A,B;

= ZR(II) (A,B; (s+3); z) + zdiZzR(f)(A,B; (s+3); z)

and

d . o
d—z(z2R§ (A, B;

=T ((s+3))I'(B) Z(A)V,F(B + ) (s +3 + Tn)l)

=I'((s+3))I~

n=1

(A,B; (s+3); z)

(A,B; (s +3)[;z2)

n=1

(s+3)z))

(s +3)z))

oo

n=0

oo

n=1

+ QR(f)(A,B; (s +3)L;2).

From (37) and (38) we get

r(s+3)1)r-o Z (A)u B+ Tm) I (s +3 + Tn)l)

n=1

L RY (A,B; (s + 3)I;2).

dz

Combining (36) and

r(s+3)0)ro» Z(A)HF(B +Tm) 7 ((s+ 3+ Tm)) ——

2

, d
=z ﬁzR

d
+ z—zR(f>

dz

(39) yields

n=1

'(4,B; (s + 3)I;2)

(A,B; (s +3)[;z).

(B)Y (Al B +tm)((s + 3+ 7))

L(B) Z(A),,F(B + ‘L'}’l)F_l((S +3+ tn)l)

}’l

(n 1)!

n

(n

n!

n

(n—1)!

Vl

(n—1)!

1’1

(n —1)‘

-

(n+1)z"

(35)

(36)

37)

(38)

(39)

(40)

Page 10 of 14
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Now applying (39) and (40) to (33), we get

s< |- 2L RO B+ 302)
= 7 5 , D3 \S + 5
(s+2) Zdz22 ! £
{‘52+‘L’+‘E(2S+1)

d T
(s+2) }Z R(l )(A;B;(S+3)I;z)

22
s+s(s+1)

()
s 2R (A, B; (s + 3);2). (41)

From (30), (31), and (41) we arrive at

(s + 2R (4, B; (s + DI;2) — R (4, Bi (s + 2)1;2)

= v z2d—2(2R(7)(A B;(s+3)[;2)) +z ¢ {t+2(s+1)}
(s+2) | d2\"1 V7 ’ (s+2)
d
x— (ZR(IT) (A,B;(s+3);2)) + SQR(II) (A,B;(s +3);z), s>0. (42)
This completes the proof of the theorem. g

Remark For t = 1, result (27) reduces to the result for Gauss hypergeometric matrix func-
tion [9].

Remark Taking A =a € C**},B=b e C'*1,C = c € C'*! in Theorem 4.1, we easily obtain
the known result derived by Rao et al. [22].

Remark Taking A=a € C*>*,B=be C™,C=ceC™, and 7 =1 in Theorem 4.1, we

obtain the recurrence relation for the classical Gauss hypergeometric function [2].

5 Integral formulas of zR(f)(A, B;C;z)
In this section, we give integral formulas of the Wright hypergeometric matrix function

by the following theorem.

(CNXN

Theorem 5.1 Let A, B, and C be positive stable matrices in satisfying condition (5).

Then for t > 0 and m > 0, we have the following integrals:

/0 ” exp(l_imm)uc_(”l)l |:Z(A)WF(B +Ttnl)I(C)

n=0
x I YBYrYC +tu) ! (#)u"} du

ZC—rI
= RVA,BCz), 12 <1, (43)
m

1
f zng(f)(A,B; ml; zr) dz
0

R4, B (m + 1) 1)

m

Page 11 of 14
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R4, B; (m + 2)I;1)
m(m + 1)

et <1

Proof For convenience, denote the left-hand side of (43) by 7. Substituting ‘;‘—mm

obtain

T = / exp(—¢)zC- Dl S {Z(i)nF(B+mI)F( )

n=0

B)r-i(c+ tn[)F1<M)Zn§% }i§1_7md§
m m

Pt (A), C-(t-n)
= {Z o I'B+tnl)[(C)I'~ (T)

n=0

B rY(C + rn[)F(#)z”},

Further simplification yields

ZC—rI

T= R”(4,B;C;2),

which evidently leads us to the required result in (43).
Now putting z = 1 in (31) yields

F(mI)Fl(B){Z %F(lg +onl) 7 ((m + Tn)l)

RV(A,B;(m + 1)I; 1)
m

B JRV(A, B; (m +2)[1) }

m(m + 1)

Suppose that

t
f zng(f)(A,B; ml; z’) dz
0

:f 22T (mI)I HZ (A)z™ B+tnl) [ ((m+ rn)])}dz
0

=0

o A), m+l+tn
= F(mI)Fl(B){Z_; WF(B + rn[)]"’l((m + rn)[) }

Now, comparing (47) and (48) after setting ¢ = 1 in (48), we have
1
/ zng(f)(A,B; ml; zr) dz
0

JRO(A,B; (m + 1)I;1)
m

(44)

=, we

(45)

(46)

(47)

(48)
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R4, B; (m + 2)I;1)
m(m + 1)

This is proves (44) in Theorem 5.1. d

Remark For T =1, results (43) and (44) reduce to integral representations for the Gauss

hypergeometric matrix function (see [7, 9]).
6 Conclusions

The generalized (Wright) hypergeometric function was first studied by Virchenko et al.
[23] as follows:

7>0,z] < 1. (49)

I'(c) i (@), (b + tn) i

()
R} ’(a,b;c;z) = )
2Ry (@ biciz) r(b) I'(c+tn) n!

n=0

Later on, many authors (see. e.g., [24—26]) introduced several extensions of the gener-
alized (Wright) hypergeometric function. Very recently, the Wright hypergeometric ma-
trix functions and incomplete Wright Gauss hypergeometric matrix functions were in-
troduced by Bakhet et al. [1]. Here, with the help of the well-known fractional operators,
we have obtained the Wright-type hypergeometric matrix functions and its properties.
Also, we presented some properties of the Wright hypergeometric matrix function such
as matrix recurrence relations and integral representations. Further research on this topic
is now under investigation and will be reported in forthcoming papers.
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