Yin et al. Advances in Difference Equations (2020) 2020:386 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-020-02855-y a SpringerOpen Journal

RESEARCH Open Access
()]

Stochastic patch structure Nicholson’s
blowflies system with mixed delays

Honghui Yin'", Bo Du' and Xiwang Cheng’

“Correspondence:

yinhh@hytcedu.cn Abstract

'School of Mathematics and . . . . . , .
Statistics, Huaiyin Normal University, This paper is devoted to studying a stochastic patch structure Nicholson’s blowflies
Huaian, Jiangsu 223300, PR. China system with mixed delays which is a new model for the generalization of classic

Nicholson's blowflies system. We examine stochastically ultimate boundedness and
global asymptotic stability for the considered model by stochastic analysis technique.
Finally, numerical simulations verify theoretical results of the present paper.

MSC: 34C25; 34K13

Keywords: Stochastic; Nicholson's blowflies system; Existence; Stability

1 Introduction
Deterministic Nicholson’s blowflies models (including their various generalized forms)
have been extensively studied, see e.g. [1-6]. In [7], Wang studied a class of impulsive
stochastic Nicholson’s blowflies models with patch structure and nonlinear harvesting
terms on time scales and obtained the existence and exponential stability of piecewise
mean-square almost periodic solutions for the model by using the contraction mapping
principle and the Gronwall-Bellman inequality technique. The authors [8] considered a
class of impulsive stochastic Nicholson’s blowflies models. By applying Cauchy matrix,
they obtained the existence and exponential stability of square-mean almost periodic so-
lutions for the model with multiple nonlinear harvesting terms and delays. In recent years,
the research for stochastic Nicholson’s blowflies models has gradually become a hot topic.
In 2019, Wang et al. [9] studied a stochastic Nicholson’s blowflies delayed differential equa-
tion. After that, Zhu et al. [10] generalized the equation in [9] to the stochastic Nicholson’s
blowflies delay differential equation with regime switching.

Furthermore, behaviors of population model are influenced and determined by incor-
porating migration [11]. Hence, adding patch structure term in the Nicholson’s blowflies
models appears to be necessary. In 2001, Berezansky et al. [12] investigated a deterministic

Nicholson’s blowflies system with patch structure as follows:

% (£) = —(a1 + ba)x1 (£) + brxa(t) + pray (¢ — T)e 1@, (L1)
Xy (8) = —(@y + b1)xa(£) + boxy (£) + pas(t — T)e 722200, '
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Then, in 2019, Wang, Shi, and Chen [13], Yi and Liu [14] generalized Nicholson’s blowflies
system in [12] to the following two-dimensional stochastic system:

dx1(t) = [~(a1 + b)x1(2) + b1xa(t) + prxa (¢ — T)e 1O dt + o121 () dBi (¢),
dxy(t) = [—(as + b1)xa(t) + bax1 (£) + paxa(t — T)e™72*20] dt + 02x5(t) dBs(2).

For more results about Nicholson’s blowflies system, see e.g. [15-17].
Motivated by the above discussions, this paper is devoted to studying a stochastic
Nicholson’s blowflies system involving mixed delays and patch structure as follows:

dx1(t) = [~a11(t) + b1 (e ™10 + ayy(t) - bra()e 2
+ o1 (0)x1 (¢ — 111 (2))e PO =y (1)

+ a2 ()1 (£ — T12(2)) e Pr2Ox1Ev2 O gt 4 oy (£)x, () dB (2),

(1.3)
dxy(t) = [~axn(t) + by (H)e™D + ay () — by (e
+ a9 (D)xa(t — T (t))e*/-‘bl(t)xz(t*l/zl(t))
+ 0t ()2 (t — Ton (£))e PR =12O)] 4 ) (£)x (£) dB1 (2),
with the initial condition
xi(t) = ¢i(t) € C([-7,0LR"), te[-1,0],i=1,2 (1.4)
which has the maximum norm | - ||, where R* = (0, 00), T = max;>o{7;(¢), y;(£),i,j = 1,2}.

For i,j = 1,2, ay, by, ayj, By, oi(t), 7;(t), and y;(t), are all positive continuous func-
tions. When the case 7; = y; (i,j = 1,2), there exist lots of results, see [9-12]. For i,/ =
1,2, a;(t) — by(t)e™® is a density-dependent mortality term in ith patch; ()it —
7;(£)e Pi®i=vi®) is a birth function with maturation delay 7; and feedback delay y;;
B;(2) is the standard Brownian motion defined on a complete probability space (£2, F,P)
with a filtration {F}};0. Throughout this paper, denote f* = sup,..,f(¢), f~ = infy=0 f ().

The main highlights list as follows:

(1) We study a new stochastic model which is a generalization of the classic Nicholson’s

blowflies system;

(2) We develop a stochastic analysis technique for studying dynamic properties of the

stochastic Nicholson’s blowflies system.

The following sections are organized as follows: In Sect. 2, we obtain some sufficient
conditions for global existence and uniqueness to a positive solution of system (1.3). In
Sect. 3, we obtain stochastically ultimate boundedness positive solution of system (1.3).
Section 4 gives global asymptotic stability of system (1.3). In Sect. 5, a numerical example
verifies the accuracy of the results in the present paper. Section 6 contains some conclu-
sions of this paper and further research for the topic of this paper.

2 Existence and uniqueness of global positive solution
Theorem 2.1 For any given initial data (1.4), there is a unique positive solution (x1(t),
x2()) T on [-7, 00) and the solution will remain in R* x R* with probability one.

Proof The proof method of this theorem comes from Theorem 2.1 in Sect. 11.2 of [18].
Since the coefficients of (1.3) satisfy the local Lipschitz condition, then for any given initial
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condition (1.4), there exists a unique local solution x;(£) and x,(¢) on [z, 7), where 1, is
explosion time. For showing this solution is global, we shall prove 7, = 0o a.s. Let ky > 0 be
sufficiently large for initial values (1.4) in (%, ko). For each k > ko, define the stopping time

1
T, = inf{t € [0, 1), x:(t) ¢ <—,k0>,i: 1,2}.
k()

Obviously, 7, is increasing as # — 00 and 7o, < 7} a.s. Set inf ) = 0o, where @ is an empty
set. We claim that if 7., = 0o, then 7, = 00 and «x;(¢) € R* for i = 1,2, £ > 0. If not, there
exist constants T > 0 and ¢ € (0, 1) such that P(to, < T) > €. Thus, there exists a number
n1 > ng such that P(t,, < T) > ¢ for n > n;. Define a C2-function V : R* x R* — R* by
Vixi,xo) = Ziz:l(xi —1-1Inwx;). Itd’'s formula shows that

2
AV (1, %,) = [(1 - %)F(xl,xz) + Oﬂ dt +01(x, — 1) dB, (0)
1

+ 1-— G(xl,xz) + = |dt+ 0'2(962 - 1) dBQ(t), (21)
X2 2
where
F(x1,%) = —an (¢) + b (e + a15(t) — bia(t)e”

+ o1 (D)% (t _ .L—n(t))e*ﬁll(t)xl(t*}’ll(t))

+o2()x (L‘ _ rm(t))efﬂn(tm(tfyu(t)),
2.2)
G(x1,%2) = —an(t) + by (t)e™ D + ay () — by (£)e™

+ a1 (B (t — Ty (t))e—ﬁzl(t)xz(t—ym(t))

+ o (D)% (t _ r22(t))e—/-‘fzz(t)xz(t—m(t))_

Compute the term in (2.1):

(1 - l)F(xl,xz)
X1

= (1 - l)[ an(t) + b1 ()e™ 9 + ayy(t) — biy(t)e™

X1

+ a1 (B)xy (t _ .L.H(t))e—ﬁu(t)xl(t—yu(t)) + o (D)y (t _ ,:12(t))e—ﬂ1z(t)x1(t—m(t))]

1
< (1 - x— [—an +dip + b1167x1 - b12€7x2
1

+ant (]l +x1)e PO gy (1 || + 27 ) e P20
+ +
<ajp, + by +ofy |1l + — +0‘f2||¢1” + Be
12

ﬁll

=K, (2.3)

—x_ 1 Qi .
where we use sup, g+ xe™ = 2. Similar to the above proof, we gain

+ +

rad gl + 222 =K (2.4)
521 2T B '

1
(1 - x—)G(xl,xz) <aj +b3, + a5l + —
2
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Let

1 2 1 2
LV(x1,%0) = | 1 = — ) F(x1,%) + o +|1-— )G(x1,%2) + % .
X1 2 X2 2

By (2.3) and (2.4), there is a constant K > 0 such that

Integrating both sides of (2.5) from —7 to 7, A T and taking the expectation E, it follows
by (2.1) that

EV (%1(tu A T),%2(tu A T)) < V(x1(=17),x2(-7)) + K (¢ + 7).

Let ©, = {1, < T}, then P(®,) > ¢. Then, for each ¥ € ©,, x1(t,, ) or x,(7,, V) equals n
or % Thus, V(x1(t, A T),x2(ty A T)) isno less than (n — 1 —1nn) A (% —1Inn). Thus,

V(%1(=1),%2(-7)) + K(t + 7) = E[16, V(%1(t4), %2(74)) ]

> ]P(@)n)[(n— 1-Inn) A (% —lnn)i|

1
> s[(n— 1-Inn)A <— —lnn>],
n

where 14, is the indicator function of ®,,. Letting n — oo leads to 0o > V(%1 (=), x2(-7)) +

KT = 0o, which is a contradiction. So we gain 7, = 00 a.s. The proof is finished. 0

3 Stochastically ultimate boundedness

Definition 3.1 System (1.3) is said to be stochastically ultimately bounded if, for ¢ € (0, 1),
there exists a constant L(e) such that, for any initial data (1.4), the solution x = (x,%,) " of
(1.3) satisfies

tlir&supl?”x(tﬂ <L}>1-e.

Lemma 3.1 Let y € (0,1). There is a constant M(y) > 0 which is independent initial data
(1.4) such that the solution x = (x1,%,) " of (1.3) satisfies lim;_, o, sup E|x()|” < M.

Proof Let V(x1,x2) =} +x} for y € (0,1), x1,x2 > 0. Itd’s formula shows that
AV (x1,%2) = LV (x1,%,) dt + o1yx} dB1(t) + o2y x), dBs(2), (3.1)
where

LV (x1,%2) = yxle(xl,xz) +0.5y(y - ola)

+ ynglG(xl,xg) +0.5y(y - 1)ofay, (3.2)
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F(x1,%,) and G(xy,%;) are defined by (2.2). Compute the term in (3.2):

-1 -1 _ _
ya, T F@y,x0) =yl [—an (@) + b (e + an () — bia(£)e ™"
+ a1 ()x (t _ .L-H(t))e—ﬂu(t)xl(t—yu(t))

+ a2 ()x (t _ le(t))e*ﬂlz(t)xl(f*J/lz(t))]

+ +

yo ya
<ybiy +yaj +yafilenl + ﬂ_lel +yaflienl + ﬁ_f =My, (33)
1 12
where we use sup, g+ xe™* = 1. Similar to the above proof, we have
_ Yo yas.
yal T Glxn, %) < vy +vaz +yad gl + T2 + yaglignll + T2 =My, (34)
Bre Bye
In view of (3.1)—(3.4), we have
dV(x1,%2) = (My + My) dt + o1y x| dB;(t) + o2y x), dBs(¢). (3.5)

By (3.5) we gain

d[e'V (x1,%2)] = €[V (x1, %) dt + dV (x1, %)

<é'(My + M) dt + e o1yx} dBy(t) + e oryxl dB(t),

and eEV(x;,x) < V(x1(0),x(0)) + (M; + My)e* — M; — M,, which implies
1im;_, o0 SUp EV (1, %2) < My + M,. Furthermore, |x|?> < 2(max{x;,x,})?, which implies

el < 2% (max{a,x})” < 25 Vi(xg,x).

Thus,
tlim supElx|” < 2%(M1 +My) =M. 0
—00

Theorem 3.1 System (1.3) is stochastically ultimately bounded.

Proof By Lemma 3.1, there exists a positive constant K > 0 such that

lim supElx|? < K.
t— 00

Let H = 15—22 Then, for any ¢ > 0, by Chebyshev’s inequality, we have

1
E|x|2
=¢&.

1
2

IP’{|x(t)| >H} <

Thus,

tl_i)rgosupIP’Hx(t){ §H} >1-¢. O
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4 Global asymptotic stability
Definition 4.1 For any two positive solutions (x;(),x2(¢)) " and (y;(¢),y2(t)) " of system
(1.3), system (1.3) is said to be globally asymptotically stable if

lim |x1(t) —xz(t)| = lim |y1(t) —yg(t)| =0 a.s.
t—00 t—>00

Lemma 4.1 Let (x,(t),x2(¢)) " be a solution of (1.3) with initial data (1.4). Then there exist
constants L(p), G(p) > 0 such that

E[x/(®)] <L(p) and E[x1)]<Gp) forallp>1,t>-r. (4.1)
Furthermore, each solution (x1(t),x2(t)) " of system (1.3) is uniformly continuous on t > 0.

Proof Define V(u) = u” for u >0 and p > 1. Itd’s formula shows that
dVix,) = [pxﬁ’le(xl,xg) + 0.50‘12[)([9 — l)xﬂ dt + o1px dB (¢), (4.2)
where F(x1,x;) is defined by (2.2). Use 1td’s formula again to ¢’V (x;) and (4.2), then

d[e'V(x1)] = V(1) dt + ¢ dV (%)
= [efaf + e pal " Fxy,%,) + 0.5¢ 0 2p(p — ¥ dt + e orpxl dBy(1).  (4.3)

Integrate both sides of (4.3) from —7 to ¢ and and take expectations, then

t

E[e's}] < ¢t (-7) + E/ X (s)[1 + pbrie™ + pais + pos (|11 ]| +x1)e P11

+pona ([ 1ll +x1)e P21 + 0.5p(p — 1)oi] ds

+
by

Brie

t
=< ¢117(—T) + E/ esxlf(s)[l + pbi, + pai, + pai; |1l +

-7

+

pa +
+palllonl + 5-12 +0.5p(p - 1)(012) ]ds.
12

Thus,

E[e's}] < ¢} (-7) + / Li(p)E[e’x]] ds,

where

poq; pag,
+pagsllén |l +

Bre Bre +0.5p(p — 1)(012)+.

Li(p) = 1+ pb7, + paj, + paj; o1l +

By Gronwall’s inequality, we have E[efx]] < ¢%(~7)el1®(#7) Hence, there exists a constant
T > 0 such that E[+(£)] < 2¢"1®) for all £ > T. Due to E[«% (¢)] is continuous, there exists a
constant L, > 0 such that E[+(¢)] < L, forall t € [-7, T]. Let L(p) = max{2e1®, Ly, 11111},
then E[«}(t)] < L(p) forallt > —7. Similar to the above proof, there exists a constant G(p) >
0 such that E[+5(¢)] < G(p) forall ¢ > —7. O
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Lemma 4.2 ([19]) Assume that an n-dimensional stochastic process X on t > 0 satisfies

the condition
E|X () - X[ <clt -5/ fort,s >0,

where ki, ko, and ¢ are positive constants. Then there is a continuous modification X(2) of
X (t) such that

sup

X(t) - X(¢ 2
P{w, -2 _ 9}
0<|t—s|<h(w) |t_s| 1-2-

where h(w) is a positive random variable, 6 € (0, k—f). In other words, almost every sample

path of X (t) is locally but uniformly Holder continuous with exponent 6.

Lemma 4.3 Let (x,(t),x2(t))" be a solution of (1.3) with initial data (1.4). Then almost

every sample path of (x1(t),x,(t)) " is uniformly continuous on t > 0.

Proof The first equation of system (1.3) is equivalent to the following stochastic integer

equation:

t
x1(t) = $1(0) + / [~a11(5) + br1(s)e™) + a1y (s) — bia(s)e™2
0
+a1(s)x (S _ .511(s))e—ﬂu(S)xl(s—hl(S))

+ a1 (8)x1 (5 — T1a(s)) e PO 260D ] gg / t o1(s)x1(s) dBi(s). (4.4)
0

By (4.1), computing the term in (4.4), we gain

E|F(x1,x2)|p < E|a1’1 +b]) +aj, + b, + ol + e + oyl + afyxn |p
< 2°7M(aj; + bf + apy + by, + oy llgnll + o)) + (o + o) Bt
< E|a1’1 + by +aj, + bl + oyl + afy % + a1l + afrx ’p
<2°7M(ajy + by + apy + by, + oyl + aylidnll)’ + (af; +ofy)L(p)]

= Ll(p) (4'5)

Furthermore, by moment inequality for stochastic integrals, for 0 < ¢ <¢; and p > 2, we

gain

I3

E / o1 (0) By ()

5]

= [(0) Posp-V]F (-0t [ Bl as

3]

(S8

<[(¢)) P[05p(0 - D]* (ta — 1) L(p). (4.6)

Page 7 of 11
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In view of (4.4)—(4.6), for 0 < t; <y, &, —t; <1, and p > 2, we have

p

/ZF(xl(t),xz(t))dt+/Zal(t)xl(t)dBl(t)

f 51

IE|961(732) —xl(t1)|p =E

P
+2P71E

ty »
<»E / o1 (01 (6) dB1 (0

2]

/ ’ F(x1(2), %2(2)) dt

5]

V4
2

<2'LiY(t -t + 277 [(o]) [ [0.50(p - D] (82 - 1) 5 L(p)

< (2 'Ly + 27 [(02) T [05p( - D] P L)) (2 - 1)

r
2 .

By Lemma 4.2, almost every path of x(£) is locally but uniformly Holder continuous with
exponent 6 € (0, pz;pZ). Similar to the above proof, almost every path of x,(¢) is locally but

uniformly Hélder continuous.

Lemma 4.4 ([20]) Let f be a nonnegative function defined on [0,00) which is integrable

and is uniformly continuous. Then lim,_, « f(t) = 0.

Theorem 4.1 If (a1 —a12)” —bj; —af 1l —af; > 0and (az, —axn)” — b3, —og; g2l —a5; >

0, then system (1.3) is globally asymptotically stable.

Proof For any two positive solutions (x1(£),x,(t)) " and (y1(¢),y2(t)) " of (1.3), define V(¢)
ont>0by V() = |Inx;(t) —Inxy(2)| + | Iny1(t) — In yo(¢)|. Compute the right differential of
V(t)

d*V(t) = sgn(x; —xz)li(xll - x—lz)F(xl,xz) + 0.5(712 (x% - x%)]

1 1
+sgn(y; —yz)[<y— - y—z)G(Yhyz) +0.505 (y7 —3’5)]
1

= —[(ﬂu —ap) - bh - 051+1||¢1|| —Olfl]|x1 — x| dt

— [(az —an)™ - b3, — a5, llp2]l - a3, [ Iy1 - yal dt. (4.7)

In view of assumptions of Theorem 4.1, integrating both sides of (4.7) leads to

V() + /0 [(@11 —a12)” = b, —af 1]l — oy ] |x1(s) — x2(s)| ds

t
. /0 (@22 — @) = by — oy ]l - o ]I (5) - 92(s)| dis

< V(0) < oc.

Thus, |x1(£) —x2(2)], |y1(2) — ¥2(£)] € L}[0, 00) and the desired assertion follows from Lem-
mas 4.3 and 4.4 immediately. O
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5 Numerical examples

Consider the following example:

dx1(t) = [-(12 + sint) + (2 + sint)e™1® + 2 —sint — (2 — sin ¢)e™*2®)
+(2 = sin? £y (£ — 1)e~@+sin® D1 (t-1.5)

+(2 = cos? )y (¢ — 1)e- e 0x1(-12)] gy 1 0.2x, () dB, (£),

(5.1)
dxy(t) = [-(12 = cos?£) + (2 — cos t)e™2® + 2 — cos® t — (2 — cos? t)e 1)
+ (2 —cos? t)xy(t — 1.5)6‘(3*““2 1)z (t-1.2)
+(2 + cos? )wy (£ — 0.5)e=Beos? 0x2(-12)] g 1 0.1x(£) dBo (),
where
ai1(t) = 12 + sint, b11(t) = 2 + sint, a(t) = 2 —sint, b12(t) =2 —sint,

Oln(t) =2- Sin2 t, ‘L']l(t) =1, ,311(t) =2+ Sil’l2 t, yll(t) = 1.5,
2 2 o L
a12(t) =2 —cos” ¢, 112(£) = 0.5, Bia(t) =2+ cos” ¢, y12(t) = cos P

01 =0.2,

ax(t) =12 —cos’ ¢, byy(£) =2 —cost, ax () =2 —cos?t,

by (t) =2 — cos ¢,

a1 (t) =2 — cos? ¢, 721(¢) = 1.5, Boi1(t) = 3 +sin’t, yor1(t) = 1.2,
0 (2) =2 + cos’ t, T9(£) = 0.5, Ban(t) =3 +cos’t, () =1.2,

(o)) =0.1.

Obviously, T = max{ty, vy, i,j = 1,2} = 1.5, then the initial value of system (4.2) takes x;(¢) =
¢i(t) =sin’t, i =1, 2, t € [-1.5,0]. After simple calculation, we have

(a1 —a12)” =10, bi, =3, oy =2, o1l =1,
(ﬂu - 6112)_ — bh — O(ﬁ ||¢1 || — Ol{rl =3> 0,
(@ —an) =8, by, =3, oy =2, o2l = 1,

(az2 —an)™ — by, — oy, llgall —a3; =1>0.

Then the conditions of Theorem 4.1 hold and system (5.1) is globally asymptotically stable.

The numerical solutions with proper initial values are shown in Fig. 1.

6 Conclusions

In this paper, we study a patch structure stochastic Nicholson’s blowflies system with
mixed delay and obtain some very simple conditions for guaranteeing the existence and
global asymptotic stability of the considered system. It is interesting that the delays of sys-
tem (1.3) are not the same, which is different from the corresponding ones of the past work.
The methods in this paper can be extended to study other types of differential dynamic

Page9of 11
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1.2

0.8

0.6

0.4

0.2

Figure 1 State trajectories of system (5.1) for x(t)

systems such as stochastic differential impulsive equations, stochastic fractional differen-
tial equations, etc. We hope other researchers can use the method provided in this article
to do more in-depth research on various types of stochastic differential dynamic systems.
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