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1 Introduction
Fractional differential equations have attracted much attention and have been the fo-
cus of many studies due mainly to their varied applications in many fields of science
and engineering. In other words, fractional differential equations are widely used to de-
scribe many important phenomena in various fields such as physics, biophysics, chem-
istry, biology, control theory, economy and so on; see [14, 19, 23, 29, 33]. For an ex-
tensive literature in the study of fractional differential equations, we refer the reader
to [2, 11, 15, 16, 18, 20, 21, 24, 26, 30, 32]. However, it should be noted that in recent
years, there have been many works related to fractional integro-differential equations, see
(1,3,4,6,8,12, 17, 22, 28, 29] and the references therein. For some interesting and con-
siderable applied works, we refer to [5, 7, 9, 10].

In [13], Baleanu et al. studied the existence and uniqueness of solutions for the multiterm
nonlinear fractional integro-differential equation

Du(t) = f(t, u(t), pu(t), yu(t), DPru(t), -, *DPru(t)) (0<t<1),
u(0) +au(1)=0 and «'(0)-bu/(1)=0.

where 1 <o <2,0<B;<1l,a—B;>1,a,b#-1,f:[0,1] x R™3 — R is continuous, and

for the mappings y, 1 : [0,1] x [0,1] — [0, 00) with the property

t t
sup (/ y(t,s) ds) <oo and sup </ M, 8) ds) < 00,
te[0,1] 0 te[0,1] 0

the maps ¢ and v being defined by (pu)(t) = fot y(t,s)ds and (Yu)(t) = fot (2, 8) ds.
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In [31], Wang et al. proved the existence and uniqueness of positive solutions for the
following fractional integro-differential equation:

D*u(t) +f (¢, u(t), u(t), yu(t)) =0 (0<t<1),
M(O) = by, u/(O) =by,..., M("_B)(O) =b,_3,
uNO0) = b1, w(l)=p fy uls)ds,

wheren—-1<a<n,-1,n>3,b;>0(i=1,2,...,n-3,n-1),°D* is the Caputo fractional
derivative, f : [0,1] x R, x R, x R, — R, is continuous and (¢u)(¢) = fot K(t,s)u(s)ds,
(Yu)(t) = [y H(t,s)u(s) ds.

Motivated by the previous results, we discuss in this paper the existence of solutions for

the following nonlinear sequential fractional boundary value problem:

D¥(“DPu)(t) = f(t, u(t), pu(t), yu(®)) (0<t<1),
u(1) =u(0)=u/(1) =0,

(1.1)

where 1 <o <2,0< B8 <1,f:[0,1] x R* > R is continuous and
t t
ou(t) = / y (t, s)u(s) ds, Yu(t) = / AL, s)u(s) ds.
0 0

where y, : [0,1] x [0,1] — [0,+00) are such that SuPre[o,l](fol)»(t,s)ds) < 00 and
SUP¢e(o0,1] (fol y(t,s)ds) < c0.

2 Preliminaries

For convenience, in this section we recall some basic definitions and properties of the
fractional calculus theory and auxiliary lemmas which will be used throughout this paper,
see [23, 25, 27].

Definition 2.1 The Caputo fractional derivative of order « > 0 of a continuous function
u:(0,00) — R is defined by

¢ _ 1 ! _ yr—a-1, (n)
D u(t)_—F(n—a),/o (t-ys) u’(s) ds,

provided the right-hand side is pointwise defined on (0, 00).

Definition 2.2 The Riemann-Liouville fractional integral of order « > 0 of a continuous
function u : (0, 00) — R is defined by

I“u(t) = % /Ot(t —8)* Lu(s)ds,

provided the right-hand side is pointwise defined on (0, c0).

Lemma 2.1 Ifa > 0, then the differential equation D* u(t) = 0 has a unique solution given
by

ult) =co+cit +cot® + - + oyt

wherec; €R,i=0,1,...,n— 1 (n is the smallest integer such that n > «).
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Lemma 2.2 Fora >0, let u € C"[0,1]. Then
I°(“Du)(£) = u(t) + co + crt + ot + -+ + Cp "7
wherec; €R,i=0,1,...,n— 1 (n is the smallest integer such that n > «).

Lemma 2.3 Ify € C[0, 1], then the boundary value problem

D*DPu)(t) =y(t), O<t<ll<a<2and0<p<1,

u(1) = u(0) = /(1) = 0 2D
has the unique solution given by
u(t) = F(ﬁg) /0 (- 9Py (s)ds
+ F(Ofiiﬂ)(—ﬂ 1+ p1) fo (1 -9y ds
. I"U%ﬂﬁ—l)(l ) /0 (1= 2y ds (2.2)

Proof In view of Lemma 2.2, FBVP (2.1) is equivalent to the following integral equation:

u(t / $)Pr e Ly(s) ds + i co+ i
Ot+ﬁ) Br(B) = BB+1I(B)

c1+co. (2.3)

Differentiating both sides of (2.3), we get

{0 —— P P
w= (a+/3—1)/ 9 e s

Using the boundary conditions (1) = #(0) = #/(1) = 0, we obtain

Coz—(ﬂ(ﬁ+I)F(ﬁ))/1(1—3)ﬁ+a_1y(8)d5+ ﬁr(ﬂ) )/1(1_S)a+ﬁ—2y(s)ds,
0 0

I'(a+pB) F'e+p-1
BX(B+1)I(B) gt BB+ (B) [ wrf2
T/ 1- y(s)ds _(ot+—ﬂ—1) (1-5s) y(s) ds,
Cy =0.

Substituting the values of ¢y, ¢1, ¢ in (2.3) we obtain (2.2). This completes the proof. [

3 Main results
Theorem 3.1 (Krasnoselskii fixed point theorem) Let X be a closed convex and nonempty
subset of a Banach space E. Let A and B be two operators such that
1. Ax + By € X, whenever x,y € X;
2. A is compact and continuous;
3. Bisa contraction.
Then there exists z € X such that z = Az + Bz.

Page 3 of 9
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Let X = C(I) be the space of all continuous real-valued functions on I = [0, 1] endowed

with the norm ||u|| = max;e; |u(t)].

Theorem 3.2 Assume that a + B — 2 > 0 and there exists a nonnegative function 6(t) €
LY0,1) such that

[f(t,x,y,z) —f(t,x/,y',z/)| < 9(t)(|x—x’| + |y—y’| + |z—z’|) (3.1)

forallt €10,1] and t,x,y,2z,t,y,Z € R. Then problem (1.1) has at least one solution on X
whenever

(I+90+2o)(+2B +1)0*

T+ h) <1, (3.2)

where yo = sup,; | fot y(t,8)ds|, ko = sup,; | fot)»(t, s)ds|, and 6* = fol 0(s) ds.

Proof Choose

R> o(a+28+1)
T1-0* 1+ A+ yo)@+28+1)

and set @ = max{f(¢,0,0,0) : ¢ € I}. Consider the set Br = {u € X : |u|| < R}, then By is a
closed, bounded, and convex set of X. We define the operators A and B on X as

1 t
Awﬂ=;z;n5£(Vﬂfmﬁﬂ&M$wMQWM9ﬁ&

Bu(t) = F(:iiﬁ)(—ﬁ -1+ 1) fl(l = )P (s, u(s), uls), Yuls)) ds
P 1
tﬁfl(;iﬂﬁ)(l—t)/ (1—s)*h- 2f(s, u(s), pu(s), wu(s))

For any u € By and ¢ € I, we get with the help of inequality (3.1)

|Au(t)| = F(a+ﬁ)/ (¢ —s)Pre 1[f(s,u(s) ou(s), wu(s))|ds

- _ o\Bra-1 _
F(a+lg)/(t 5) V(S'”(S)’wu(s)»wu(S)) f(S,0,0,0)|ds

Bta—-1
F(a+ﬂ /(t s) [f(s,000|ds

mfo (t =971 0(s)(|u(s)| + |uls)| + |y uls)|) ds

+ 1"(%+/3) /Ot(z,‘—s)’g“”1 V(s, 0,0, 0)| ds
(1 + 2o + yo)llull
e+ B) 0

9*(1 +)x0 + )/0)
S ———Flul+

w
I'(a+p) Fe+p)

1 > ¢
_ o\Bra-1
0(s)ds + 7]“(0: ) /0 (t-ys) ds
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Hence, we get

0* (1+)L0+)/())|| ||

w
Ml = =+ p) T@+p)

Similarly, we estimate ||Bv||. Let v € Bg and ¢ € I, then

ﬂ+a 1

|Bv(t)| < e ﬁ)(ﬂ +1- ﬂt)/ (1-53) If (s, v(s), v(s), ¥rv(s))| ds
tBla+p- g

+ Tﬂ)(l — t)/ (1 —S) lf(S, V(s),(pv(s),wv(s)ﬂ ds

i / (1= 95« 0(5)(|v(s)] + ov(s)] + |yv(s)]) ds

I'(a+pB)

1
+ F(ﬁa++1/3) 0 (1-9"*7|f(£,0,0,0)|ds
1
L BD G gn a0 )]+ ot + 0 s
1
+ (i:aﬁ;ﬂi) /0 (1-9)""|f(£,0,0,0)|ds

(B+1) (B +1)

59*(1+)\0+V0)F(a+ﬂ) lvil + Ta+p)
(+p-1) , o(a+B-1)
+ T+ ) O* (L + 1o + yo)lIVIl +T+ﬂ)
_ 0*(1 + Ao + yo)(x +28) il + o (o +28)
I'(a+p) I'(a+p)
2
= 1(:)[(;4_'?) (0" + 2o + Yo) VIl + ).

Hence, we get

(ax +2B)
I'(a+p)

1BVl < (@@ + 2o + 1) IVl + ).

Taking estimates (3.3) and (3.4) into account, we get for any u, ve Br and t € ],

lAw + Bv|| < || Aull + ||Bv|

- 0*(1 + Ao + yo) ] + o
o+ p) I(a+p)
(a +28)
I'(a+pB)

- RQ*(I + Ao+ yo)a +2B +1)

- I'a+pB)
o(a+28+1)
S Ta+p)

(0" (L + 2o + o) IVl + )

(3.3)

(3.4)

Page 5 of 9
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since if

R> w(a+28+1)
T1-0*Q+x+yo)d+28+1)

then ||Au + Bv| <R.

Now, we prove that B is a contraction. Let v,u € Bg and ¢ € I. Then, thanks to (3.1), it
yields

tP(B+1- 1)

1
|Bu(t) - Bu(t)| < X /0 (1 =97 |f (s, u(s), us), Yruls))

I'la+p)

~ (5 v(s), 9(s), Y (s)) | ds
tﬁ(l _ t) ' a+ﬁ -2
" Tawsp-1) /0 If (5, (5), pua(s), Yruu(s)
—f (s, v(s), pv(s), Y ()| ds
1 1
= F(ﬁc{;-l—ﬂ)/ (1= 9)P*710(s)(|uls) — v(s)]
+ |pu(s) — pv(s)| + [Vuls) — Yv(s)|) ds
1

1
- _ Qatp-2 _
T +ﬁ—1)/o (1 =500 |uts) ~ v

+ |pu(s) — v(s)| + [Yuls) - y(s)|) ds
B+ 1A +y0+2ro)llu—vl / 0(s) ds

- I'(a+pB)
(1 + Yo+ Ao)a+ B —1)llu—v| /
(e +p)
(1+ 90+ Ao)(a +2B)0*
< T le —vIl,
(o +B)

thus

(1 + Y + )\.0)(0[ + 2,3)9*
I'(a+pB)

|Bu—Bv|| < llee v,

so by (3.2) we conclude that B is a contraction.
Let us prove that A is compact and continuous. The continuity of f implies that A is
continuous. Also A is uniformly bounded on Bg, indeed, from (3.3) we have

0*(1+ Ao+ 0*(1 + Ao +
( 0 )’0)” I+ o < ( 0 VO)R+ w

lAu| < Ta+p) TFa@+p)~ T(a+p) T'a+p)

Set L = maxo<s<1{|f(s, u(s), pu(s), Yu(s))|,u € Br}. Let u € By, t1,t; € I, with t; < t,. We
have

|Au(ty) - Aulty)|

5}

! (s — )< Yf (5, uls), guls), W) s
0
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- / 1(tl—S)‘g“"lf(s, u(s), pu(s), Yuls)) ds
0

# " _ o\Bra-1 _ o Bra-1
< I+ B) /0 ((t2—s) (t1—5) )f (s, u(s), uls), yruls))| ds
+ ; /tz(t _g)fral V(S u(s), pu(s) WM(S))‘ds
F(a + ﬁ) t 2 ’ ’ ’

L 2! L t
- _o)Bra-1 _ o\ Bra-1 Bl
=< Ta+p) /(; ((tz s) (t1 —s) )ds + 71_'(0[ P ll (tp — ) ds

_ L }3+o¢_ B+a
_1“(01+/3+1)(2 0.

Hence, if t; — ¢, then |Au(ty) — Au(t;)| — 0. Then A is equicontinuous and so, by Arzela—
Ascoli theorem, we deduce that A is compact on Bg. So the operator A is completely con-
tinuous. Thus, by Theorem 3.1, problem (1.1) has at least one solution in X. The proof is
complete. 0

1
Example 3.1 We consider the boundary value problem (1.1) with f(¢,x1,%5,%3) = & 2 Lfft

1
5t
Zf’zl ﬁ%(t}, o= %, B = % Also we have f(t,0,0,0) = % thus @ = 0.31. Let A(¢,s) =

y(t,s) = ts, so that yo = Ao = 3.

Moreover, we can verify that condition (3.1) is satisfied

V(t’xl’x2yx3) _f(t’ylyy2’y3)‘

t%e’ti 1 1
4 L+x? 147

i=1 i

)

Tt B lxs — vl 4 s
t2e Z|xt J’z||xz+}/z|
4 (1 +x)(1+y?)

i=1

3

1
tie?t
S 4 Z'xi_yil,

i=1

1
so O(t) = % and 0* = %. Also, condition (3.2) holds:

(I+90+2o)(+28 +1)0*

=0.61013<1.
I'(a+pB)

Therefore, by Theorem 3.2, the problem has at least one solution in B with

w(a+28+1)
R> =5.1214
1-60*(1+ X+ o) +28+1)

Example 3.2 Consider the boundary value problem (1.1) with

1+22
t,%,9,2) = 1072 tsinx + €’ sin 2y + ,
J6%3,2) ( 4 1+22>
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a = 1.3, B = 0.4. Then £(£,0,0,0) = 1072(1 + £2), thus @ = 0.02. Let A(t,s) = €%, y(£,s) =
(t —s)?, thus yp = 1.7183, A = 0.71429. Condition (3.1) is satisfied, in fact,

3
lf(t’xl’xbxfi) _f(tiylyy2yy3)| E Oozetz |xi _yil‘

i=1
We choose 0(t) = 0.02¢ then 6* = 3.4366 x 1072. We check condition (3.2):

(I+90+2o)(+2B+1)0*

=0.40246 < 1.
I'(a+pB)

We conclude, by Theorem 3.2, that the problem has at least one solution in Bz with

R> o(a+28+1)

> =9.7744 x 1072
1-60*(1+Xxo+ o) +28+1)

Conclusion. In the present work, we have studied the existence of solutions for a frac-
tional sequential boundary value problem. To demonstrate the existence results, we trans-
formed the posed problem into a sum of a contraction and a compact operator, then we
applied the Krasnoselskii’s fixed point theorem. We ended the article with some numerical

examples illustrating the obtain results.
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