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1 Introduction

This note dissects the following predator—prey model with random perturbations:

dN; = {N1[r1(8) — a1 (E)N1] — (N1, No, )N, } dt + & (£)N7 dB (),
dNy = No[—ro(t) + n(t)f (N1, Na, ) — ax(£)Na] dt + & (£)N, dBs(2),

(1)

where N7 = N1(¢) and N, = N;(¢) indicate the prey and predator population sizes, respec-
tively. The growth rate r;(¢), the death rate r,(t), the intra-specific competition rate a;(t),
and the intensity of the white noise &;(¢) are continuous, positive, and T-periodic functions
onR, = [0, +00); B (¢) and B;(¢) are two independent Brownian motions defined on a com-
plete probability space (£2, F, P) which obeys the usual conditions; (£) > 0, a T-periodic
function, means the food conversion, the T-periodic function f (N7, N, t) € C(R3,R,) de-
notes the functional response which complies with the follow conditions:

(C1) f(eM,eMN2,t) and g(eM, €2, t) are locally Lipschitz (see, e.g., [16]), where
(N1, Ny, t) = f(N1, N, t)Na/Ny;

(C2) f(0,N,t) =0 for all Ny > 0 and ¢ > 0, which indicates that without the prey, the
predator will go to extinction; g(Ny,0,£) =0 for all N; > 0 and ¢ > 0, which
indicates that without the predator, the growth of the prey will follow the logistic
rule;

(C3) i9f(1\;141\[11\12t) >0and -M < af(Nl—]z\[Zt) <0 for all (N7,N>,t) € Ri, where M is a positive

N
constant. The former indicates that the more the prey, the more food each
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predator will obtain. The later indicates that the more the predator, the less food
each predator will obtain;

(C4) For arbitrary (N1, Ny, t) € R3 and arbitrary (x1,%2,£) € R3, f(Ny, Ny, ) < M1Ny,
g(Ny, Ny, £) < MiNy, |f(x1,0,8) — f(x2,0,8)| < Ma|x; —x5|, where M; and M, are
positive constants.

Establishing theoretical coexistence-and-extinction threshold is an interesting issue in
the exploration of stochastic ecological models [18] and has attracted many scholars’ at-
tention (see, e.g., [4, 7, 11-15, 19]). However, most prior threshold explorations have con-
centrated on autonomous models (see, e.g., [12]) or single-species nonautonomous mod-
els (see, e.g., [14, 19]), little research has been conducted to provide the coexistence-and-
extinction threshold for the multi-species nonautonomous model (1). For this reason, this
note dissects model (1).

Many functional response functions satisfy (C1)—(C4), for example:

+ (Lotka—Volterra) (N1, Na, t) = m(t)N1;

« (Holling I1 [17]) f (N}, N, £) = —ALONL_,

1+may(t)N1’°

« (Beddington—-DeAngelis [1, 3]) f (N1, Na, t) = m (ON)

my(£)N1+m3(E)No+my(t)’
where m(t) and m;(t) are continuous, positive, and T-periodic functions on R,.

For model (1), we are going to prove

Theorem 1 Define

1 T
hO=nO-§0 A= /0 bi(s)ds,
1 T +00
by(t) = ro(t) + EZZ(t)/2, Ay = T /0 [n(s)/o f(z,0,5)p5(d7) - bz(s)] ds,

where p¢(-) is a periodic measure which is given in Lemma 1 below. Under (C1)—(C4),
(i) If A1 <O, then both species 1 and 2 die out almost surely (a.s.), i.e.,
lim;_, ;00 N1 () = 0 and lim;_, ,oo No(£) =0 a.s;
(i) If A1 >0and Ay <O, then species 2 dies out a.s. and the distribution of N:(t)
converges weakly to py(-);
(iti) If Ay >0and Ay >0, then species 1 and 2 are uniformly weakly persistent in the
mean (UWPIM), i.e., there is a pair of positive constants By and B, such that

B < limsupt’1 /tM(s)ds <By i=1,2.
t—+00 0
Remark1 Zu etal. [20] investigated model (1) with f (N7, N», £) = m(£) Ny, and testified that
—IfA;>0and T! fOT[n”m”bl(s) - allbz(s)] ds < 0, then species 2 dies out, where
¢ = maxo<;<r{c(t)}, = ming<;<7{c(t)};
—IfA;>0and T7! fOT[nlmlbl(s) —aiby(s)] ds > 0, then both species 1 and 2 are weakly
persistent in the mean (WPIM), i.e., limsup,_, , ., £ fotNi(s) ds>0,i=1,2.
Theorem 1 refines and evolves the work of [20]: firstly, the model in [20] is a special case of
model (1); secondly, there is a gap in [20] while we provide the coexistence-and-extinction
threshold; thirdly, we provide the conditions for UWPIM which indicates WPIM, however,
WPIM does not indicate UWPIM.
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Remark 2 Li and Zhang [8] delved into model (1) with

my ()N,

f(N1,No, t) = mo(£)N; + m3(£)Ny + my(t)

in thee nonautonomous case. When their results are restricted to the periodic case, Li and
Zhang [8] testified that
— IfA;>0and T! fOT["m#bl(s) - ﬂllbz(S)] ds < 0, then species 2 dies out;
4

— IfA;>0and T! fOT[ 2 6V (s) & — b2(s)]ds >0, then both species 1 and

ma(s)yr*(s)+m3(s)p* (s)+mals
are WPIM, where (¥*(¢), ¢*(¢)) is the periodic solution of the following equations:

dyr =y [r1(8) — a1 () | de + E1(6)¥ dBi (2),
dg = p[-ra(t) + n(t)m1(2)/my(t) — ax ()| dt + &()p dBy ().

2)

Theorem 1 refines and evolves the above results in the periodic case: firstly, model (1) is
more general; secondly, we provide the coexistence-and-extinction threshold while there
is a gap in [8]; thirdly, we provide the conditions for UWPIM, the authors [8] provided

conditions for WPIM.
2 Proof
Lemma 1 If A; >0, then Eq. (2) possesses a positive T-periodic solution y*(t) which com-
plies with
lim |y (6) - y*(8)] =0, 3)
t—>+00

where  (t) is an arbitrary solution of Eq. (2) with ¥ (0) > 0, and there is a continuous T -
periodic function ps(-) such that the transition function p(s, ¥ (s),s + t,-) converges weakly
to ps(-) as t — +oo.

Proof The existence of *(¢) follows from Theorem 3.1 in [20]. In accordance with The-
orem 6.2 in [9], one can obtain (3). Analogous to the proof of Lemma 2.6 in [12], one can
obtain the last assertion. O

Lemma 2 For any (N1(0),N»(0)) € R20 = {x € R? : 51 > 0,x5 > 0}, under (C1), model (1)
possesses a unique solution (N;(t), N»(t)) which is global and positive a.s. Additionally,

limsupInNj(¢)/Int <1, limsupInNy(¢)/Int <1, a.s. (4)

t—+00 t—>+00

Proof On the basis of (C1), model (1) possesses a unique solution which is local and
positive. Analogous to the proof of Theorem 2.1 in [9], namely, using Itd’s formula to
V(Ni,N,) = Zi:l,Z(Ni —1-1nN;), one can illustrate that this local solution is global. On
the other hand, analogous to the proof of Lemma 3.4 in [9], one obtains (4). O

Proof of Theorem 1 1In the light of It6’s formula,
t t
¢! ln(Nl(t)/Nl (0)) =¢! / bi(s)ds— ¢t / a1 (s)N1(s) ds
0 0

e f (N (9, Na(s)s) ds + 104 0, 5)
0
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¢! ln(Nz(s)/Nz(O)) =t /tbz(s)ds -t /taz(s)Nz(s)ds
0 0
+¢7! / n(s)f (N1(s), Na(s),s) ds + £ W, (),
0

where W;(¢) = fot &;(s)dB;(s), i = 1,2. Notice that (see [10])

lim Y(¢)/t=0 as.

t—+00

(D) By (5) and (7),

t
limsup ¢! In Ny (£) < lim supt_l/ bi(s)ds= Ay <O.
0

t—+00 t—>+00

As aresult, lim;_, ;o N1 (¢) = 0. Then (6), (7), and (C2) suggest that

t
limsup ¢~ InN,(¢) < —limsupt™! / by(s)ds < 0.
0

t—+00 t—>+00

Accordingly, lim;_, ;oo N2 () = 0.
(II) We first show

t T +00
tE{rnoot’I/O n(s)f (¥ (s),0,s) ds = T’lfo 77(s)f0 f(7,0,5)p5(d7)ds  a.s.

As a matter of fact, in accordance with (C4) and (3),

lim til/o n©)|f (¥(s),0,5) = f(¥*(s),0,5)|ds =0 as.

t—+00

Page 4 of 8

(6)

@)

8)

)

Define N*(£) = n(¢)f (¥*(£),0, £), then N*(¢) is a T-periodic stochastic process which pos-
sesses a unique T-periodic measure A,(-). For this reason, A(-) := T! fOT As(-)ds is the

unique invariant measure of N*(¢) (see [5]). In accordance with Theorem 3.2.6 and Theo-

rem 3.3.1 in [2], A() is ergodic. Accordingly,

t—>+00

t
lim t'I/ N*(s)ds:/,u)_\(du) a.s.,
0 A

where A = {u|u = n(t)f(x,0,¢),0 <t < T,x > 0}. Hence

lim ¢ /Otn(s)f(w*(s),o,s) ds

t—>+00

t T
= lim t_l/ N*(s)ds = T’l/ /uks(du)ds
t—+00 0 0 A

T +00
_ -l
=T /(; n(s)/o f(z,0,s)ps(dr)ds as.

Then (8) follows from (9). Now we prove lim,_, o, N (£) = 0. Let ¥/ (£) be a solution of Eq. (2)
with v/(0) = N1(0). In accordance with the comparison theorem (see [6]) and (C3), one can
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see that

n(O)f (N1(£), Na(2), ) < n(@)f (N1(£),0,£) < n(e)f (¥(2),0,¢).

Then by (6), we get

¢t ln(Nz(t)/Nz(())) =—¢! /(;tbg(s) ds—¢71 /(;taz(S)Ng(s) ds
+t7! /0 t n(s)f (N1(s), Na(s), s) ds + £ W (¢)
<t bals)ds— / ' Ns(s)ds
wt! /0 trl(S)f(l/_f(s),O,s) ds + £ (8). (10)

Applying (7) and (8), one gets

T T +00
limsup ¢! InNy(£) < —T‘l/ by(s)ds + T7! / n(s)/ f(z,0,8)ps(d7) ds
0 0 0

t—>+00

=A2<O.

Accordingly, lim;_, ;oc N2(£) = 0 a.s. This suggests that the distribution of N;(¢) converges
weakly to p(-).
(IIT) We first show that

t
limsupt’lf No(s)ds > B; as. (11)
0

t—+00

Otherwise, for any ¢ > 0, Eq. (1) possesses a solution (N1(2), Ny(2)) with N;(0) > 0 and
N5 (0) > 0such that P{limsup,_, ., ¢t fot Ny (s)ds < £} > 0. Choose a sufficiently small & such
that
Ay — (af + Mn")e — 2M Man'e > 0.
In the light of (6),
£ In(Na(£)/N>(0))
t t B B t B
=—¢! / by(s)ds + ¢ / n(s)f(Nl (s),Nz(s),s) ds—¢7! f as(s)Na(s) ds + 1, (2)
0 0 0
t t _ t ~
=—¢! / by(s)ds + ¢71 / n(s)f(1/f(s),0, s) ds—¢t7t / ar(s)Na(s) ds + t 1 Wy (2)
0 0 0
t " t »
et [ 0.05) a5 [ s (69,09 s
0 0

i /0 n(s)f (N1 (s), Na(s),s) ds — ¢! /0 n(s)f (N (5),0,5) ds, 12)

Page 50of 8
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where ¥/(¢) is the solution of Eq. (2) with ¥/ (0) = N;(0). In accordance with the comparison
theorem, one has N (¢) < ¥ (¢). Then (C4) suggests that

F(N1(®),0,) = f (¥ (£),0,£) = =M (¥ (£) - N1 (2)). (13)
On the basis of (C3),
F(N1(®), Na(2), £) - f (N1 (2), 0, £) > ~MN, (). (14)

Substituting (13) and (14) into (12) yields
¢ In(Na(£)/N>(0))
—‘ltbd‘lt ~,O,d—‘1t Mn(s))Na(s)d
>t fo J()ds + 1 /0 N6 (F(5),0,5) ds — ¢ /0 (ax(s) + Mi(s)) No(s) ds
() - Mot fo 16 (§(5)  Na(s)) ds
Z_t_lfo bz(s)ds+t_]‘/0 n(s)f(lﬁ(s),o,s) ds—(aZ+Mn”)t‘1/0 Ny(s)ds
+ 71 (8) = Mot} / (¥(s) = Ni(s)) ds. (15)
0
Define V(¢) = | In ¥ (¢) — InN; ()|, then
d*V(0) < [g(N1(8), Na(0), ) — a | (6) = Nu ()] dt. (16)

For any w € {limsup,_, . t™! fot Ny(s)ds < £}, (16) and (C4) suggest that

t t
alt™! / [ (s, ) ~ Ni(s, )| ds < ¢! / g2(Ni(s, @), Na(s,),5) ds + £ V(0)
0 0
t ~
<! / MiNy(s,w)ds + £ V(0)
0
<M+t V(0).
Let ¢ be sufficiently large such that £1V/(0) < M;&. Accordingly, for sufficiently large ¢,
t ~ ~
i1 / W(s, ) — N1 (s, w)‘ ds < 2M18/al].
0
When this inequality is utilized in (15), one can obtain that
limsupt ™' InN(t, @) > Ay — (a + Mn™)e — 2M1 Mon'“e > 0.
t—+00

This is a contradiction to (4). It follows that (11) holds.
Next we show that

t
limsupt_lf Ni(s)ds> B; as.
0

t—+00
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Hypothesize, on the contrary, that for arbitrary & > 0, there is a solution (N (¢), N(t)) with
N;(0) > 0 (i = 1,2) such that P{limsup,_, , ., t* fot Ni(s)ds < &} > 0. Let & be sufficiently small
such that

T
n“Mie - T / by(s)ds < 0. (17)
0
For any w € {limsup,_, ., ¢t fot Ni(s)ds < ¢}, on the basis of (C4), (6), (7), and (17),

T
limsup £ InNy(t, ) < —T7! / by(s)ds + n"“Mie < 0.
0

t—+00

Accordingly lim,_, ;o Na(t, w) = 0. This is a contradiction to (11).
Finally, we establish

t t
lim sup t‘I/ Ni(s)ds < By, lim sup t‘I/ Ny(s)ds < B, aus.
0 0

t—+00 t—+00

Applying Lemma 4(I) in [15] to (5) and (10), one has

t
limsupt‘I/ Ni(s)ds < Al/tzl1
0

t—+00

and

t
lim sup t’I/ Ny(s)ds < Az/alz,
0

t—+00

respectively. This completes the proof of (III). 0

Remark 3 This note imposes technical assumptions (i.e., (C1) and (C4)) in Theorem 1.
How to weaken them is an interesting topic. In addition, this note assumes that the coef-
ficients in model (1) are T-periodic. For nonperiodic model (1), this note fails to provide
the coexistence-and-extinction threshold. We leave these problems for further research.
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