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Abstract

Iterative algorithms are widely applied to solve convex optimization problems under
a suitable set of constraints. In this paper, we develop an iterative algorithm whose
architecture comprises a modified version of the forward-backward splitting
algorithm and the hybrid shrinking projection algorithm. We provide theoretical
results concerning weak and strong convergence of the proposed algorithm towards
a common solution of the monotone inclusion problem and the split mixed
equilibrium problem in Hilbert spaces. Moreover, numerical experiments compare
favorably the efficiency of the proposed algorithm with the existing algorithms. As a
conseguence, our results improve various existing results in the current literature.

MSC: 47H04; 47H05; 47H10; 47)22

Keywords: Mixed split equilibrium problem; Inertial method; Inclusion problem;
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1 Introduction

Convex optimization is a subject that is widely and increasingly used as a tool to solve
various problems arising in applied mathematics including applications in engineering,
medicine, economics, management, industry, and other branches of science. This subject
is not only expanding in all directions of science but also serves as an interdisciplinary
bridge between various branches of science. In order to solve a convex optimization prob-
lem, one can use either optimization algorithms or iterative methods to find the feasible
solution of the convex optimization problem. Iterative methods are ubiquitous in the the-
ory of convex optimization, and still new iterative and theoretical techniques have been
proposed and analyzed for the solution of various real world and theoretical problems
which can be modeled in the general framework of convex optimization. Such an algo-
rithm or iterative method deals with the selection of the best out of many possible deci-
sions in a real-life environment, constructing computational methods to find optimal so-
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lutions, exploring the theoretical properties and studying the computational performance
of numerical algorithms implemented based on computational methods.

Monotone operator theory is a fascinating field of research in nonlinear functional
analysis and found valuable applications in the field of convex optimization, subgradi-
ents, partial differential equations, variational inequalities, signal and image process-
ing, evolution equations and inclusions; see, for instance, [1-3, 6, 8, 19, 21, 26, 27, 30—
35, 43, 47, 50, 52, 53] and the references cited therein. It is remarked that the convex
optimization problem can be translated into finding a zero of a maximal monotone op-
erator defined on a Hilbert space. On the other hand, the problem of finding a zero of
the sum of two (maximal -) monotone operators is of fundamental importance in convex
optimization and variational analysis [38, 46, 56, 57]. The forward-backward algorithm is
prominent among various splitting algorithms to find a zero of the sum of two maximal
monotone operators [38], see also [58]. The class of splitting algorithms has parallel com-
puting architectures and thus reducing the complexity of the problems under considera-
tion. On the other hand, the forward-backward algorithm efficiently tackles the situation
for smooth and/or nonsmooth functions.

In 1964, Polyak [48] employed the inertial extrapolation technique, based on the heavy
ball methods of the two-order time dynamical system, to equip the iterative algorithm
with fast convergence characteristic, see also [49]. It is remarked that the inertial term
is computed by the difference of the two preceding iterations. The inertial extrapolation
technique was originally proposed for minimizing differentiable convex functions, but it
has been generalized in different ways. The heavy ball method has been incorporated in
various iterative algorithms to obtain the fast convergence characteristic; see, for example,
[4, 5, 10-12, 22, 40, 45] and the references cited therein. It is worth mentioning that the
forward-backward algorithm has been modified by employing the heavy ball method for
convex optimization problems.

The theory of equilibrium problems is a systematic approach to study a diverse range of
problems arising in the field of physics, optimization, variational inequalities, transporta-
tion, economics, network and noncooperative games; see, for example, [9, 21, 23] and the
references cited therein. The existence result of an equilibrium problem can be found in
the seminal work of Blum and Oettli [9]. Moreover, this theory has a computational flavor
and flourishes significantly due to an excellent paper of Combettes and Hirstoaga [20].
The classical equilibrium problem theory has been generalized in several interesting ways
to solve real world problems. In 2012, Censor et al. [16] proposed a theory regarding split
variational inequality problem (SVIP) which aims to solve a pair of variational inequality
problems in such a way that the solution of a variational inequality problem, under a given
bounded linear operator, solves another variational inequality.

Motivated by the work of Censor et al. [16], Moudafi [44] generalized the concept of
SVIP to that of split monotone variational inclusions (SMVIP) which includes, as a special
case, split variational inequality problem, split common fixed point problem, split zeroes
problem, split equilibrium problem, and split feasibility problem. These problems have al-
ready been studied and successfully employed as a model in intensity-modulated radiation
therapy treatment planning, see [14, 15]. This formalism is also at the core of modeling
of many inverse problems arising for phase retrieval and other real-world problems; for
instance, in sensor networks in computerized tomography and data compression; see, for
example, [18, 21]. Some methods have been proposed and analyzed to solve split equilib-
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rium problem and mixed split equilibrium problem in Hilbert spaces; see, for example,
[24, 25, 28, 29, 36, 37, 51, 54, 59, 60] and the references cited therein. Inspired and moti-
vated by the above-mentioned results and the ongoing research in this direction, we aim
to employ the modified inertial forward-backward algorithm to find a common solution of
the monotone inclusion problem and the SEP in Hilbert spaces. The proposed algorithm
converges weakly to the common solution under a suitable set of control conditions. The
strong convergence characteristics of the proposed algorithm is also obtained by employ-
ing the shrinking effect of the half space.

The rest of the paper is organized as follows: Sect. 2 contains preliminary concepts and
results regarding monotone operator theory and equilibrium problem theory. Section 3
comprises weak and strong convergence results of the proposed algorithm. Section 4 deals
with the efficiency of the proposed algorithm and its comparison with the existing algo-

rithm by numerical experiments.

2 Preliminaries

Throughout this section, we first fix some necessary notions and concepts which will be
required in the sequel (see [7, 8] for a detailed account). We denote by N the set of all
natural numbers and by R the set of all real numbers, respectively. Let C € H; and Q € H,
be two nonempty subsets of real Hilbert spaces H; and #, with the inner product (-, -)
and the associated norm || - ||. Let x,, — x (resp. x,, — «) indicate strong convergence (resp.
weak convergence) of a sequence {x,}52; in C.

Let A : H; — 2"1 be an operator. We denote by dom(A) = {x € H, : Ax # ¥} the domain
of A, by Gr(A) = {(x,u) € H1 x H;1 : u € Ax} the graph of A, and by zer(A) ={x e H,:0¢€
Ax} the set of zeros of A. The inverse of A, that is, A™! is defined as (u,x) € Gr(A™!) if
and only if (x,u) € Gr(A) and the resolvent of A is denoted as J4 = (Id+A)~!, where Id
denotes the identity operator. It is remarked that /4 : H; — H; is a single-valued and
maximal monotone operator provided that A is maximal monotone. Recall that A is said
to be: (i) monotone if (x — y,u — v) > 0 for all (x,u), (y,v) € Gr(A); (ii) maximally mono-
tone if A is monotone and there exists no monotone operator B : H; — 271 such that
Gr(B) properly contains Gr(A); (iii) strongly monotone with modulus « > 0 such that
(x —y,u —v) > alx — y||? for all (x,u),(y,v) € Gr(4), and (iv) inverse strongly monotone
(co-coercive) with parameter 8 such that (x — y, Ax — Ay) > B||Ax — Ay||%.

Let f : H1; — RU{+00} be a proper convex lower semicontinuous function, and let g :
‘H; — R be a convex differentiable and Lipschitz continuous gradient function, then the
convex minimization problem for f and g is defined as follows:

min {f(x) + g }.
The subdifferential of a function f is defined and denoted as follows:

af (x) = {x* eHi:f(y) = fx) +(x*,y—x> forally e 7—[1}.

It is remarked that the subdifferential of a proper convex lower semicontinuous function
is a maximally monotone operator. The proximity operator of a function f is defined as
follows:

1
prox; : Hi — Hy x> argmin(f(y) + = ||x—y||2>.
yeH1 2
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Note that the proximity operator is linked with the subdifferential operator in such a
way that argmin (f) = zer(3f). Moreover, proxs = Jjr. Utilizing the said connection, we
state that a monotone inclusion problem with respect to a maximally monotone operator

A and an arbitrary operator B is to find
x* € C suchthat0e Ax™ + Bx™. (1)

The solution set of problem (1) is denoted by zer(A + B).
We now define the concept of split-mixed equilibrium problem (SMEP).
Let F: Cx C— Rand G: Q x Q — R be two bifunctions. Let ¢y : C — H; and ¢ :

Q — H; be two nonlinear operators, and let /1 : H; — H; be a bounded linear operator.

A SMEP is to find

x* € C such that F(x*,x) + ¢y (x) — ¢ (x*) = 0 forallx € C (2)
and

y* =hx* € Q such that G(y*,y) +¢y(y) - ¢g(y*) >0forallye Q. (3)

It is remarked that inequality (2) represents the mixed equilibrium problem, and its solu-
tion set is denoted by MEP(F, ¢¢). The solution set of the SMEP as defined in (2) and (3)
is denoted by

SMEP(F, ¢y, G, ¢,) := {x* € C: x* € MEP(F, ¢y) and hx* € MEP(G, ¢,) }.

Let C be a nonempty closed convex subset of a Hilbert space #;. For each x € H;, there

exists a unique nearest point of C, denoted by Pcx, such that
lle = Pex|| < lx—yll forallyeC.

Such a mapping Pc¢ : H; — C is known as a metric projection or the nearest point pro-
jection of H; onto C. Moreover, P¢ satisfies nonexpansiveness in a Hilbert space and
(x — Pcx, Pcx —y) > 0 for all x,y € C. It is remarked that P is a firmly nonexpansive map-

ping from #; onto C, that is,
|Pcx — Pcy||® < (x—y,Pcx — Pcy)  forallx,y e C.

The following lemma collects some well-known results in the context of a real Hilbert

space.

Lemma 2.1 ([8]) The following properties hold in a real Hilbert space H:
Ll = ylI* = l%)1* = [IylI1* = 2(x - 3,9) for all x,y € Ha;
2 |lx+yl12 < |l%l? + 2(y,x + y) forall x,y € Hy;
3 Jlax+ (1 —a)y|? = alx)? + (1 —a)|y]? — a(l — a)||lx — y||? for every x,y € H, and
ne[0,1].
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Lemma 2.2 ([13]) Let C be a nonempty closed convex subset of a real Hilbert space H,,
and let T : C — C be a nonexpansive mapping, then (I1d-T) is demiclosed at the origin.
That is, if {x,} is a sequence in C such that x, — x and (I — T)x, — 0, then (I - T)x = 0.

Assumption 2.3 ([9]) Let C be a nonempty closed convex subset of a real Hilbert space
Hi. Let F: C x C — R be a bifunction and ¢y : C — R U {+00} be a convex lower semi-
continuous convex function satisfying the following conditions:

(Al) F(x,x)=0forallx € C;

(A2) Fis monotone, i.e., F(x,y) + F(y,x) <0 forallx,y € C;

(A3) for each x,y,z € C, limsup,_,, F(tz + (1 — t)x,y) < F(x,);

(A4) for each x € C, y —~ F(x,y) is convex and lower semi-continuous.

Lemma 2.4 ([41]) Let C be a nonempty closed convex subset of a real Hilbert space H,,
and let F, ¢r be as in Assumption 2.3 such that C Ndom(¢y) # 9. For r > 0 and x € H1, there
exists z € C such that

F(z,y) + ¢r(y) — ¢r(2) + %(y—z,z—x) >0 forallyeC.

Moreover, define a mapping T : H, — C by

Tf(x)z {zeC:F(z,y)+¢f(y)—¢f(z)+ %(y—z,z—x) zOforallyeC}

for all x € Hy. Then the following results hold:
(1) TF is single-valued;
(2) TE is firmly nonexpansive, i.e., for every
%,y € Hi, | TEx - TEy||> < (TFx - Ty, x - y);
(3) F(TF) = {x € C: T (x) = x} = MEP(F, or), where F(TF) denotes the set of fixed points
of the mapping T*;

(4) MEP(F, ¢y) is closed and convex.

It is remarked that if G : Q x Q — R is a bifunction satisfying conditions (A1)—(A4)
and ¢q : Q — R U {+00} is a proper convex lower semicontinuous function such that Q U
dom(¢y) # ¥, where Q is a nonempty closed convex subset of a Hilbert space H,. Then, for
each s >0 and w € H,, we can define the following mapping:

TSG(W) = {de C:G(d,e) + g,(e) - ¢(d) + %(e—d,d—w) >O0forallee Q},

which satisfies
(1) TS is single-valued,;
(2) TS is firmly nonexpansive;
(3) F(TF) = MEP(G, ¢,);
(4) MEP(G, ¢,) is closed and convex.

Lemma 2.5 ([55]) Let E be a Banach space satisfying Opial’s condition, and let {x,} be a
sequence in E. Let I,m € E be such that lim,,_, ., ||x,, — l||, and let lim,,_, o, ||x,, — m|| exist.
If{x,, } and {x,, } are subsequences of {x,} which converge weakly to | and m, respectively,
then [ =m.
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Lemma 2.6 ([39]) Let E be a Banach space, and let A : E — E be a-inverse strongly accre-
tive of order q and B : E — 2F be an m-accretive operator. Then we have:

(a) Forr>0,F(T4®) = (A + B)™}(0);

(b) ForO<s<randx€E,|x— T*Bx| <2|x- T4E|.

Lemma 2.7 ([39]) Let E be a uniformly convex and q-uniformly smooth Banach space for
some q € (0,2]. Assume that A is single-valued o-inverse strongly accretive of order q € E.
Then, given r > 0, there exists a continuous, strictly increasing, and convex function ¢ :
R* — R* with ¢,(0) = 0 such that, for all x,y € B, | T&Px — T*Ey||1 < |lx - y|7 - r(ag -
) | Ax — Ayll1 — @, (|(1d —TB)(1d —rA)x — (Id —JB)(Id —rA)y|), where k, is the q-uniform
smoothness coefficient of E.

Lemma 2.8 ([4]) Let {&,}, {nu}, and {a,} be sequences in [0, +00) satisfying &,,1 < &, +
on(En — E4-1) + 0y for all n > 1 provided Y. n, < +00 and with 0 < a, < a <1 for all
n > 1. Then the following hold.:

@) >_,1[60 —&n1ls < +00, where[t], = max{t,0};

(b) there exists £* € [0, +00) such that lim,,_, ;o0 &, = £*.

Lemma 2.9 ([42]) Let C be a nonempty closed convex subset of a real Hilbert space H,.
For every x,y € H1 and a € R, the set

D={veC:lly-vI> < lx-vI* + (z,v) + v}
is closed and convex.

Proposition 2.10 ([17]) Let g > 1, and let E be a real smooth Banach space with the
generalized duality mapping j,. Let m € N be fixed. Let {x;}?”; C E and t; > 0 for all
i=1,2,3,...,mwith )", t; < 1. Then we have

q

- o till]1?
Tg-@-DXnh )

m
E Lix;
i=1

3 Weak convergence results

In this section, we establish convergence analysis of the inertial forward-backward split-
ting method for solving the split mixed equilibrium problem together with the monotone
inclusion problems in the framework of Hilbert spaces. We first prove the following weak

convergence theorem.

Theorem 3.1 Let H; and H;y be two real Hilbert spaces, and let C C H, and Q C H,
be nonempty closed convex subsets of Hi and H,, respectively. Let F: C x C — R and
G:Q x Q — R be two bifunctions satisfying (Al)—(A4) of Assumption 2.3 such that G is
upper semicontinuous. Let h : Hi — H, be a bounded linear operator; let ¢f : C — Hy and
¢¢ : Q = Hy be proper lower semicontinuous and convex functions such that CNdom(¢y) #
@ and Q N dom(¢,) # 9. Let A: H1 — H1 be an a-inverse strongly monotone operator and
B:Hy — 2™ be a maximally monotone operator. Assume that I' = (A + B)™(0) N 2 # 9,
where 2 = {x* € C:x* € MEP(F, ¢7) and hx* € MEP(G, ¢,)}. For given xo,%1 € H,, let the
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iterative sequences {x,}, {y,}, and {u,} be generated by

Vi = % + On(Xy — %4-1),
tn =y + (1= ) TE (1d—y i* (1A =T ) i) yns (4)

Xntl = ﬂnun + (1 - ﬂn)]nun’ n>1,

where J, = (Id +s,B) "1 (I1d —s,A) with {s,} C (0,2a) and {6,} C [0,6] for some § € [0,1). Let
y € (0, %) such that L is the spectral radius of h*h where h* is the adjoint of h. Let {r,} C
(0,00) and {o,}, {Bu} be in [0,1]. Assume that the following conditions hold:

C1 > 021 Onlln — 21| < 005

C2 0<liminf,_ o0, <limsup,_, . o, < 1;

C3 O<liminf,_, o B, <limsup,_, . Bn < 1;

C4 liminf,_ . r, > 0;

C5 0<liminf,_, s, <limsup,_, . s, < 2c.
Then the sequence {x,} generated by (4) weakly converges to a pointg € I".

Proof First we show that /*(Id — Tfj Yhisa %-inverse strongly monotone mapping. For this,
we utilize the firm nonexpansiveness of Tg which implies that (Id—Tg ) is a 1-inverse
strongly monotone mapping. Now, observe that

[1 (=TS - (-7

= (n*(1d=TF) (hx — hy), i* (1d =T %) (hx - hy))

=((1d-T%) (hx — hy), *h(1d =T,7 ) (hx — hy))

<L{(Id-TF)(hx - hy), 1d =TS ) (hx — hy))

= L] (1d-TS) (hx - )|

<Llx-yn (Id—Trf)(hx - hy))
for all x,y € H;. So, we observe that h*(Id—Ti ) is %—inverse strongly monotone. More-
over, Id—y h*(Id —T,C: )k is nonexpansive provided y € (0, %). Now, we divide the rest of the
proof into the following three steps.

Step 1. Show that lim,,_, » ||%, — p|| exists for every p € I'.

In order to proceed, we first set T, = Tan (Id—yh*(1d - T,i )h) which is quasi-nonexpansive
by definition. For any p € I', we get

ly. -2l = ”xn + 0, (% — X4-1) = P
= ||(xn _ﬁ) + 0,00 — X-1) ||

= “xn _ﬁ” + 0;1”96,, — Xp-1 ” (5)

Utilizing (5), we have

Iz, _1}” = Han_yn + (1 _an)Tnyn _]3
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< ayllyn = pll + (1 = )| Ty — Pl
<llyn - Dl
=< “xn _13” + 9n||xn — Xn-1 ” (6)

It follows from (4), (6), and Lemma 2.7 that

s =PIl = [ Butt + (L= Bl it =
= [[Butun =) + (1 = Bu) Ut = ) |
< Bulltwn =PIl + (1 = Bu) Wuttn — Pl
= llun =PIl
< %n =PIl + Oullxn = xn-1ll. @)
From Lemma 2.8 and (C1), we conclude from estimate (7) that lim,,—, o ||, — p|| exists, in
particular, {x,}, {y,}, and {u,} are all bounded.

Step 2. Show that x,, — g € (A + B)™1(0).
Since p = J,p, therefore it follows from Lemma 2.1 and Lemma 2.7 that

2

%01 = PN = || Buttn + (1 = B)uthn — P

= | Batn =)+ (1 = BVt — |

< Bullttn — pII” + (1= B Jwttn — P11

< N =PI = (1= Bu)su(20 — s,) || Aty — AP
= (1= Bty — $nAutyy — Jutiy + su APl

< aullyn =PI + A= )| Ty — PI* = (1 = Bu)su(2e — s,) | Aus, — Ap|>
= (1= Bty — snAutyy — Juth + suAP |

< lyn =PI = (1= Bu)sn(20 — 5,) | Ats, — AP|1>
= (1= Bu)llty — spAuky — Juthy + 5, AP ||

< o6 = PII* + 26, (%0 — X1, 0 — P) — (1 = Bu)su(2et = 5,) || A, — Ap||®

— (L= Bu)llun — snAuy — Juttn + s, AP (8)
As limy,_, o ||%, — p|| exists, therefore utilizing (C1), (C3), and (C5), we get
Jim (1 - B,)s,(2a —s,) [ Au, — Apl| = 0. )
Also from (8) we get that
linol<J ety — $uAuyy — Jotay + s, AP = 0. (10)

n—

Using (9), (10) and the following triangle inequality:

”Mn _SnAun _]nun +SnA[}|| S ”un _]nun” +Sn||Aun —A]}|

’

Page 8 of 25
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we get
lim ||/, — 1, = O. (11)
n—0o0

Since liminf,_, o s, > 0, therefore there exists s > 0 such that s,, > s for all # > 0. It follows
from Lemma 2.6(ii) that

|| TSAYBMn — Uy H f 2||]nun - uVl”

Now, utilizing (11), the above estimate implies that
lim | 7w, - u, || = 0. (12)
n—00

From (11), we have
lim |[x,41 — uall = 1im (1 = B) /ity — unll = 0. (13)
n—0oQ n—0o0

Again, by Lemma 2.1 and Lemma 2.7, we have

1%ne1 = DI < Bulltn = PI> + (1 = Ba) st - I

A 112
< llun - pll

< aullyn _‘ﬁHZ +(1 _an)”Tnyn _19”2 —ay(1— )l Tuyn _.yn||2

< lyx _i?Hz —a,(1 _an)HTnyn _.ynH2

=< |Ixx _19”2 + 20, (% — Xn_1, Yn _i?> — o, (1 =)l Tyyn _ynllz-
Utilizing (C2), the above estimate implies that
lim || Ty, = yull = 0. (14)
n— o0
Note that
ll2£), = yull = 1- an)”Tnyn = Yull.
Using (14), the above estimate implies that
lim |[s, — yn|l = 0. (15)
By the definition of {y,} and (C1), we have
lim [y, — x| = lim 6,lx, —x,_1] = 0. (16)
n—oQ n—00
It follows from (13), (15), and (16) that

n—o0
[%ne1 = %nll < [%ne1 = tnll + 1280 = Yull + 1|y = %l — 0. (17)
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Moreover, from (13) and (17), we have
n—oQ
ltn = xull < Nty = %ps1 |l + [1%ns1 = %ull —> O. (18)

Since {x,} is bounded and H; is reflexive, v, (x,) = {x € H1 : %y, = %, {x,} C {x4}} is
nonempty. Let g € v,,(x,,) be an arbitrary element. Then there exists a subsequence {x,,} C
{x,,} converging weakly to g. Let p € v, (x,) and {x,,,} C {x,} be such that x,,, — p. From
(18), we also have u,, — g and u,,, — p. Since T48 is nonexpansive, therefore from (12)
and Lemma 2.2, we have p,§ € (A + B)™1(0). By applying Lemma 2.5, we obtain p = g.
Step 3. Show that g € £2.
In order to proceed, we first set v, = Tri (Id-yh*(1d —Tri )1)y,. Hence, for any p € I", we

calculate the following estimate:
Iva=I* = | 7}, (1 =y " (14T} )y, - B

<y = yh*(1d=T5) by — |

< llyn =PI + v | B (1d=TC)hyu|* + 29 (B — s 1* (1d =T ) By, )

< ltw = DI + 200 (6w = %1, 90 = ) + ¥ {1y = Ty, Wh(1d =T ) hy)
+29(p =y, (1 =T  hy,,)

< 1@ = DI + 20,50 = % 1,30 = B) + Ly [y = Ty
+29(p =y, (1A =T ) y). (19)

Note that

27(p =y (1A =T ) hyy) = 29 (h(B = yu), hyn — T3 hy)
=2y (n( = yu), (hyn = TS hy)
(hyn T hyn) hyn Ti”’)ﬁz)

=2y [{Ap = TC Ry, by, — T hy,) — | yw - TChy, |]
<2y [ o= TS0l - Vi~ T

= —y|\hyn = TS hy,|*. (20)
Substituting (20) in (19), we have
1V = BI? < 1% = DI + 26X = Xt ¥ = p) + ¥ Ly = D]y = TS hya|. (21)
Moreover,

ot = PI* < eullyn = DI + (1 = aa)llvs - I

A 2
< 1196 = PII* + 260, (0 — X1, — ) + YLy = 1) |y — TS hya |~
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Rearranging the above estimate, we have

y(1=Ly)|hy, - TShy, |’
5 ”xn _[9”2 - ”un —15||2 + 29n<xn _xn—l;yn —[9)
< (11 = 2l + ot = PU) 1% = sl + 26, (% = %01, Y0 — P).-
Since y (1 — yL) > 0, therefore utilizing (18) and (C1), the above estimate implies that
lim |y, — TS hy, | = 0. (22)
n—0o00
Note that Tﬁ; is firmly nonexpansive and Id —y #*(Id — Trf )4 is nonexpansive, it follows that
=B = | T}, (v = y 1" (10=T ) ) - T
<(TF, (v - y " (1d=T ) hy,) = T} p,yu — v * (14 =T ) iy, — D)
=(Vu=Doyu — yH* (1d=TS )y, - )
1 . N .
= (=1 + |y =y (=T )y - |
_ ||vn — Y+ yh*(Id—Ti)hyn ||2}

=

{1V = I + 19 = BI* = [V = 3 + v (1d=TC Y iy, |’}

N = N =

{1V =17 + Iy = DU = (v = yll® + v | 1 (14 =Ty ]|
=29 (Vi =y, H* (1 =T ) y,)) }.
Simplifying the above estimate, we get
Vi = BI% < 1y = BIP = 11V = yull® + 2 1V = yull | 1* (1d =T ) iy (23)
Taking into consideration the variant of (6) and (23), we have
s = DI* < @ullyn = PI” + (1 = ) v = PII?

< allyx —fﬂllz +(1 _an)(Hyn _[9||2 —Ivu —J’n||2
+ 2y [V = gl | ¥ (1A =T ) iy | ).

Rearranging the above estimate, we get

(1 =) 1V = yull* <y = BI* = Nt = PN + 29 1V = yull | H* (1A =T Y iy |))
< (Ilyn = DI + Nt = DI 1y — s
+ 2y [V =yl | ¥ (1A =T ) By ).

Utilizing (15), (22), and (C2), we have

lim v, -y, = 0. (24)
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From (16), (24), and the following triangular inequality
Vi = %nll < Ve = yull + 11yn = %nlls

we get
lim ||v, —x,| = 0. (25)
n>00

It follows from Step 2 that x,, — g. Therefore we conclude from (25) that v, — g. Next, we
show that ¢ € MEP(F, ¢y). Since v, = T,Fn (I—yh* (- Tan)h)y,,, therefore we have

1
F(vuy) + dp(y) — dr(vi) + r—(y ViV =% — yH*(I = T2 hy,)) >0 forallyeC.
This implies that

1 1
F(vi,y) + ¢r(y) — dr(va) + = Vo V= ) = r—(y ~ VY (1= TS hy,)) = 0.

From Assumption 2.3(A2), we have

1

1
¢f(Y) _¢f(Vn) + . (Y = Vs Vio — %) (y_ Vi Vh*(l - T,ghyn» > F(y,vn)

T'n

for all y € C. Since v, — g, therefore utilizing (25) and (C4), the above estimate implies
that

F(y,q) + ¢r(q) —¢r(y) <0 forallyeC.

Let y; =ty + (1 — t)q for some 1 > ¢ > 0 and y € C. Since g € C, this implies that y, € C and
hence F(y;, q) + ¢7(q) — ¢r(y:) < 0. Using Assumption 2.3((A1) and (A4)), it follows that

0=FWuy:)
S tF()’t,)’) + (1 - t)F(ytré)
<tF(y,y) + (1~ t)(¢f()’t) - ¢f@))
< tF(yi,y) + (1= Dt(dr () — d7(3))
< F(yi,y) + (1 - 0)(dr () — ¢r(3)).
Letting ¢t — 0, we have
F(@,y)+¢r(») —¢p(@) =0 forallyeC.
This implies that 4 € MEP(F, ¢). It remains to show that #g € MEP(G, ¢,). Since y, —
¢ (utilizing estimate (16) and the fact that x, — ¢) and / is a bounded linear operator,

therefore /1y, — hq. Hence, it follows from (22) that

TShy,—hg asn— oo. (26)
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Moreover, Lemma 2.4 implies that

1
G(Tghy,,,z) + ¢y(2) - ¢g(Tanhy,,) + —(z - Tghyn, T,Gnhyn - hy,,) >0
I'n
for all z € Q. Since G is upper semicontinuous in the first argument, taking lim sup of the
above estimate as # — 0o and utilizing (C2) and (26), we have

G(hglr Z) + ¢g(z) - ¢g(hé) = 0

for all z € Q. This implies that 15 € MEP(G, ¢,) and hence g € SMEP(F, ¢r, G, ¢,). From
this together with the conclusion of Step 2, we have that g € I'. This completes the proof. [

Remark 3.2 Since the split mixed equilibrium problem contains the following problems:
(i) Split equilibrium problem provided that ¢y = ¢ = 0;
(ii) Mixed equilibrium problem provided that G = 0 and ¢, = 0;
(iii) Classical equilibrium problem provided that G = 0 and ¢y = ¢, = 0.
Hence the following results can be obtained from Theorem 3.1 immediately.

Corollary 3.3 Let H, and H; be two real Hilbert spaces, and let C € Hy and Q C H,
be nonempty closed convex subsets of Hi and H,, respectively. Let F: C x C — R and
G:Q x Q — R be two bifunctions satisfying (Al)—(A4) of Assumption 2.3 such that G is
upper semicontinuous. Let h : Hy — Hy be a bounded linear operator, A : Hy — H; be
an a-inverse strongly monotone operator, and B : H, — 2" be a maximally monotone
operator. Assume that I' = (A + B)™(0) N 2 # @, where 2 = {x* € C:x* € EP(F) and hx* €
EDP(G)}. For given xo,x1 € Hi, let the iterative sequences {x,}, {y,}, and {u,} be generated
by

Yn =%n + en(xn - xn—l)r
Uy =0y, + (1 - oz,,)Tf; (Id—yh* (Id—Ti)h)yn, (27)

Xne1 = Buthn + (1= B)uthn, n>1,

where ], = (Id +s,,B)~(Id —s,A) with {s,} C (0,2a) and {6,} C [0,0] for some 0 € [0,1). Let
y € (0, %) such that L is the spectral radius of h*h where h* is the adjoint of h. Let {r,} C
(0,00) and {o,}, {Bu} be in [0,1]. Assume that the following conditions hold:

C1 Ziil Onllxn — xn-1]l < 00;

C2 0<liminf,_, o o0,y <limsup,_, o, <1;
C3 0<liminf,_, o B, <limsup,_, . B, < 1;
C4 liminf,_, o r, > 0;

C5 0<liminf, s, <limsup,_, . Sy < 2.

Then the sequence {x,} generated by (27) weakly converges to a point g € I".

Corollary 3.4 Let C be a nonempty closed convex subset of a real Hilbert space H;. Let
F:C x C— R be a bifunction satisfying (A1)—(A4) of Assumption 2.3 and ¢ : C — H;
be a proper lower semicontinuous and convex function such that C N dom(¢y) # 0. Let A :
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‘H, — Hi be an a-inverse strongly monotone operator and B : H; — 21 pe a maximally
monotone operator. Assume that I" = (A + B)™1(0) " MEP(F, ¢r) # 9. For given xo,%x1 € Hj,
let the iterative sequences {x,}, {y,}, and {u,} be generated by

Yn =%n + en(xn - xn—l)r
Uy =y, + (1 - an)T:;ym (28)

Xne1 = Buttn + (L= By, n>1,

where J, = (Id +s,B) "' (Id —s,A) with {s,} C (0,2a) and {6,} C [0,0] for some 6 € [0,1). Let
{r,} C (0,00) and {a,},{B,} be in [0, 1]. Assume that the following conditions hold:

C1 Zzl Onllxn — xn-1]l < 00;

C2 0<liminf,_ a0, <limsup,_, . o, < 1;

C3 0<liminf, . B, <limsup,_, ., B. < 1;

C4 liminf,_, 1, > 0;

C5 0<liminf,_, s, <limsup,_, . s, < 2c.

Then the sequence {x,} generated by (28) weakly converges to a point g € I'.

Corollary 3.5 Let C be a nonempty closed convex subset of a real Hilbert space H,. Let
F:C x C — R be a bifunction satisfying (A1)—(A4) of Assumption 2.3. Let A : H1 — H;
be an a-inverse strongly monotone operator and B : H, — 271 be a maximally monotone
operator. Assume that I" = (A + B)™1(0) N EP(F) # . For given xo,x1 € H, let the iterative
sequences {x,}, {yu}, and {u,} be generated by

Yn =%un + Gn(xn - xn—l)r
Uy =0pYp + (1- an)T;{;ym (29)

Xne1 = Buthn + (L= By, n>1,

where ], = (Id +s,,B)~(Id —s,A) with {s,} C (0,2a) and {6,} C [0,0] for some 0 € [0,1). Let
{r,} C (0,00) and {a,},{B,} be in [0, 1]. Assume that the following conditions hold:

C1 Z;il Onll%n — xn-11l < 00;

C2 0<liminf,_ o0, <limsup,_, . o, < 1;
C3 0<liminf, . B, <limsup,_, ., Bn < 1;
C4 liminf,_ 1, > 0;

C5 0<liminf,_, s, <limsup,_, . s, < 2c.

Then the sequence {x,} generated by (29) weakly converges to a point g € I'.

4 Strong convergence results

This section is devoted to modifying the sequence {x,,} generated by (4) to establish strong
convergence results in Hilbert spaces. For this, we equip the proposed sequence with the
shrinking projection method.

Theorem 4.1 Let H; and H, be two real Hilbert spaces, and let C C H; and Q C H,
be nonempty closed convex subsets of H1 and H,, respectively. Let F : C x C — R and
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G:Q x Q — R be two bifunctions satisfying (Al)—(A4) of Assumption 2.3 such that G is
upper semicontinuous. Let h : Hy — Hy be a bounded linear operator; ¢ : C — H, and
¢¢ : Q = Hy be proper lower semicontinuous and convex functions such that CNdom(¢y) #
@ and Q N dom(¢,) # 9. Let A : H1 — H1 be an a-inverse strongly monotone operator and
B:Hy — 2™ be a maximally monotone operator. Assume that I' = (A + B)™1(0) N 2 # 9,
where 2 = {x* € C:x* € MEP(F, ¢7) and hx* € MEP(G, ¢,)}. For given xo,x, € C, = C, let
the iterative sequences {x,}, {y,}, and {u,} be generated by

Vn = %p + Op(Xn — 2%p-1),

Uy =y, + (1 —a,,)TZ (I - yh*(l— Ti)h)y,,,

Zn = Butin + (1 = Bu)Juthn, (30)
Cuni = {2 € Cutllzu—2zl* < lovw — 2I1* + 26 10 — Xt I = 260, — 2,021 — %) },

Xpsl = PCn+1x1) n= 11

where J, = (Id +s,B) "1 (Id —s,A) with {s,} C (0,2a) and {6,} C [0,6] for some § € [0,1). Let
y € (0, %) such that L is the spectral radius of h*h where h* is the adjoint of h. Let {r,} C
(0,00) and {oy,}, {B,} be in [0,1]. Assume that the following conditions hold:

Cl > 02y Onlln — 251l < 005

C2 0<liminf,_, o 00, <limsup,_, o, <1;

C3 0<liminf, o B, <limsup,_, ., Bn < 1;

C4 liminf,_ oo 1, > 0;

C5 0<liminf,_, s, <limsup,_, . s, < 2c.

Then the sequence {x,} generated by (30) strongly converges to a point § = Prx;.

Proof The proof is divided into the following steps:

Step 1. Show that the sequence {x,} defined in (30) is well defined.

We know that (4 + B)™1(0) and £2 are closed and convex by Lemmas 2.4 and 2.6, respec-
tively. Moreover, from Lemma 2.9 we have that C,,; is closed and convex for each n > 1.
Hence the projection P, x; is well defined. For any p € I', it follows from (30), (5), and
(6) that

Izn = PI* < Bullttn = PII* + (1 = B) [Juthn — P11
< llu, - pII”
<dpullyn =PI + A= a)| Ty — P11
<Ily. -2l
< %n = DII* + 260, (% = Xn—1, Y — )
< N = PI* + 207 196 — K 1” = 26, (% — Py Xt — X).-

It follows from the above estimate that I” C C,,;. Summing up these facts, we conclude

that C,,1 is nonempty, closed, and convex for all # > 1, and hence the sequence {x,} is well
defined.

Step 2. Show that lim,,_, o, ||x,, — x1 || exists.
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Since I is a nonempty closed and convex subset of H;, there exists unique x* € I" such
that x* = Pray. From x,,,1 = Pc,,, %1, we have ||x,,1 —x1 || < |[p—x1 | forallp e I' C Cyyq.In
particular ||x;,41 —x1|| < |[|[Prx; —x1||. This proves that the sequence {x,} is bounded. On
the other hand, from x,, = P¢c,%; and x,,,1 = Pc,,, %1 € Cy41, We get that

%0 = %11l < [ %041 — 21
This implies that {x,} is nondecreasing and hence
lim ||x, —x1|| exists. (31)
H—0Q
Step 3. Show that x,, — g € (4 + B)"1(0).
In order to proceed, we first calculate the following estimate which is required in the

sequel:

2 2
”er-l _xn” = ”er-l —X1 tX1 _xn”

2 2

= a1 =21 17 + % =21 17 = 200 — X1, X041 — X1)
2 2

= [l =21 17 + 1% — 21 17 = 20 — X1, a1 — X + X — X1)
2 2

= ”xn+1 _x1|| - ”xn _xIH - 2<xn — X1 Xn+l _xn>

2 2
< %ner = 21ll” = 1% — 22 (17

Taking limsup on both sides of the above estimate and utilizing (31), we have
limsup,,_, o %411 — %,||* = 0. That is,

lim [|%,41 — %, = 0. (32)
n— 00

Note that x,,,1 € C,.1, therefore we have
”Zn — Xn+l ” = ”xn —Xn+1 ” + 29;1 ”xn —Xn-1 ” - 29;1 (xn —Xn+1rXn-1 — xn)-

Utilizing (32) and (C1), the above estimate implies that
lim ||z, — %p41ll = 0. (33)
n—0o0

From (32), (33), and the following triangular inequality:
”Zn _xn” = ”Zn - xn+1|| + ”xn+1 _xn”x

we get
lim ||z, —x,|| = 0. (34)
n— o0

Also, from Lemma 2.1, we have

22 =PI = Bulltt = DI* + (1 = B Wt = PI* = Bu(L = Br) W nth — ta >
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< Moty = PI* = Ba (X = B) Wit — >
< dyllyn _13”2 +(1—a)ll Tyyn _[9”2 = Bu(1 = Bt — un”2
E ”yn _ﬁHZ - ﬂn(l - ,Bn)”]nun - un”2

E ”xn _i’}HZ + 29n(xn _xn—l:yn _ﬁ> - /3;1(1 - lgn)”]nun - Mn||2'
Rearranging the above estimate, we have

Bu(L = Bu) otk — 1|
< ”xn _]9”2 - ”Zrl _‘ﬁllz + 29n<xn _xn—lryn _ﬁ>

< (1160 = 21l + 120 = DU 126 = Zull + 26, (% = %1, 9 = D).
The above estimate, by using (C1) and (34), implies that
lim ||/, — x|l = 0.
n— 00
Making use of (35), we have the following estimate:
lim ||z, — u,|l = lim (1 = B,) ||/t — tnll = O.
n—0oQ n—0Q
Reasoning as above, we get from (34) and (36) that
lim ||u, —x,| =0.
Hn— 00
In a similar fashion, we have
lim || TSA’Bun - Uy, H =0.
n—00
Reasoning as above (Theorem 3.1 Step 2), we have the desired result.
Step 4. Show that g € 2.
See the proof of Step 3 in Theorem 3.1.
Step 5. Show that g = Prx;.
Let x = Prx; imply that x = Prx; € Cpy;. Since x,,41 = Pc,, %1 € Cye1, we have
[%ne1 — 21l < [l — 21 |-

On the other hand, we have

llx =1l < llg — 1l

<liminf |, x|
/*)OO

< limsup [, — x|
j— 00

< [lx = x1]l.

(35)

(36)

(37)

(38)

Page 17 of 25
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That is,
g =1l = lim [lx, =1l = |lx =]
n— 00
Therefore, we conclude that lim,,_, o, x,, = § = Prx;. This completes the proof. O

Taking into consideration Remark 3.2, the following results can easily be derived from
Theorem 4.1.

Corollary 4.2 Let H, and H; be two real Hilbert spaces, and let C € Hy and Q C H,
be nonempty closed convex subsets of H1 and H,, respectively. Let F : C x C — R and
G:Q x Q — R be two bifunctions satisfying (Al)—(A4) of Assumption 2.3 such that G is
upper semicontinuous. Let h : Hy — Hy be a bounded linear operator, A : H1 — H, be
an a-inverse strongly monotone operator, and B : Hy — 21 be a maximally monotone
operator. Assume that I' = (A + B)™1(0) N 2 # @, where 2 = {x* € C:x* € EP(F) and hx* €
EP(G)}. For given xo,x1 € Hi, let the iterative sequences {x,}, {y.}, and {u,} be generated
by

Vi = % + Ou(Xy — %01),

Uy = oy, + (1 —otn)Tf7 (I-yh*(I- Tg)h)y,,,

Zy = Buttn + (1 = Bu)nthn, (39)
Curi = {2 € Cutllzu—2zl* < lovw — 2I1* + 26 10 — Xt [I* = 26, (6 — 2,021 — %) },

KXn+l = PC,H,lxlr n= 1,

where J, = (Id +s,B) "' (I1d —s,A) with {s,} C (0,2a) and {6,} C [0,6] for some § € [0,1). Let
y € (0, %) such that L is the spectral radius of h*h where h* is the adjoint of h. Let {r,} C
(0,00) and {o,}, {Bu} be in [0,1]. Assume that the following conditions hold:

C1 >0, Onllon — xp1ll < 00;

C2 0<liminf,_ a0, <limsup,_, . o, < 1;

C3 0<liminf, . B, <limsup,_, ., Bs < 1;

C4 liminf,_ o 1y, > 0;

C5 0<liminf,_, o s, <limsup,_, . s, < 2c.

Then the sequence {x,} generated by (39) strongly converges to a point g = Prx;.

Corollary 4.3 Let C be a nonempty closed convex subset of a real Hilbert space H,. Let
F:Cx C— R bea bifunction satisfying (A1)—-(A4) of Assumption 2.3, and let ¢f : C — H;
be a proper lower semicontinuous and convex function such that C N dom(¢y) # 0. Let A :
H1 — Hy be an a-inverse strongly monotone operator and B : H, — 21 be a maximally
monotone operator. Assume that I' = (A + B)™(0) " MEP(F, ¢¢) # 0. For given xo,x1 € H1,
let the iterative sequences {x,}, {yn}, and {u,} be generated by

Yn =%n + Gn(xn - xn—l)r

Uy =0oyyy + (1 - an)T,iynv
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Zy = ,Bnun + (1 - ,Bn)]num (40)
Cur1 = {z€ Cptllzn —2l1* < 120 = 2lI* + 202 11%0 — 1 1> = 260, (% — 2, %01 — %)},

Xps1 = Pc, %1, n>1,

where J, = (Id +s,B) "1 (Id —s,A) with {s,} C (0,2a) and {6,} C [0,6] for some § € [0,1). Let
{rn,} C (0,00) and {a,},{Bu} be in [0,1]. Assume that the following conditions hold:

Cl Y52, Ol = a | < 00;

C2 0<liminf,_ o oty <limsup,_, ., o, < 1;

C3 0<liminf,_, o B, <limsup,_, . B, < 1;

C4 liminf,_, 1, > 0;

C5 0<liminf,_, o s, <limsup,_, . s, < 2c.

Then the sequence {x,} generated by (40) strongly converges to a point g = Prx;.

Corollary 4.4 Let C be a nonempty closed convex subset of a real Hilbert space H,. Let
F:C x C — R be a bifunction satisfying (A1)—(A4) of Assumption 2.3. Let A : H1 — H;
be an a-inverse strongly monotone operator and B : H, — 2M1 be a maximally monotone
operator. Assume that I" = (A + B)™1(0) N EP(F) # . For given xo,x1 € H, let the iterative
sequences {x,}, {yu}, and {u,} be generated by

Vi =X + On(Xy — X421),

tn = oy + (1= ) T} Y,

Zy = Buttn + (1 = Bu)nthn, (41)
Cur1 = {2 € Cutllzu—2zl* < lotw — 2I1> + 26} 10 — Xt [I” = 26, (60 — 2,01 — %) },

Xn+l = PC,,H,lxlr nz= 1,

where J, = (Id +s,B) "1 (Id —s,,A) with {s,} C (0,2a) and {6,} C [0,6] for some § € [0,1). Let
{rn} C (0,00) and {a,},{Bu} be in [0,1]. Assume that the following conditions hold:

CL 322 Olln — x| < 005

C2 0<liminf,_ o a0y <limsup,_, . o, < 1;
C3 0<liminf,_, o B, <limsup,_, . B, < 1;
C4 liminf,_, 1, > 0;

C5 0<liminf,_, s, <limsup,_, . s, < 2c.

Then the sequence {x,} generated by (41) strongly converges to a point g = Prx;.

Remark 4.5 We remark here that condition (C1) can easily be implemented in numerical

computation since the value of ||x,, — x,,_1|| is known before choosing 6,.. Moreover, the
parameter 6, can be taken as 0 <6, < é:,,

H Zn i R

,; min{ [t 0} ifx, £x,_1;

0 otherwise,

where {z,} is a positive sequence such that ) -, z, < cc.
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5 Examples and numerical results
In this section, we give examples and numerical results to strengthen the theoretical re-
sults established in the previous sections.

Example 5.1 Let H; = H, = R3 with the inner product defined by (x,y) = xy for all
x,y € R? and the induced usual norm | - |. Let C = {x € R3|,/a? +x3 + 5 < 1} and
Q = {x € R®|(a,x) > b} where a = (2,-1,3) and b= 1. Let F: C x C — R be defined
as F(x,y) = 2maxXy,cyy,eyX(y — %) where x = (x1,%2,%3),y = (y1,¥2,¥3) € C and G(u,v) =
MaX,,;eu,v;ev U(V—u) where u = (11, us, u3), v = (v1,v2,v3) € Q. Let the mappings ¢y : C — H;
be defined as ¢y(x) = 0 for each x € C and ¢, : Q — H, be defined as ¢,() = 0 for each
u € Q. For r >0, let TFx = Pcx and TSx = Pox. Moreover, we define three mappings
h,A,B:R3 — R3 as follows:

1 -1 5 X1
hix)=10 1 3| |x], Ax=3x+(1,2,1) and Bx=4x
0O 0 2 Xy

for all x = (x1,%,%3) € R3.

__n_ —_n . _17_ _
Choose a,, = 15577 Bn = Too:7» 'n = 5» L =3,and s = 0.1.
Since
mln{m 0. 5} lfx,, #x,,_l,
n
0.5 otherwise,

we can construct strongly convergent sequences {x,}, {y,}, and {u,} as defined in Theo-
rem 4.1.

Proof 1t is easy to prove that the bifunctions F and G satisfy Assumption 2.3(A1)—(A4)
and G is upper semicontinuous. The operator / is a bounded linear operator on R? with
adjoint operator #* and ||/|| = ||*|| = 3. Moreover, it is clear that A is 1/3-inverse strongly
monotone and B is maximal monotone. Furthermore, it is easy to observe that, for s > 0,

]sB(x —sAx) = (I +sB) (x — sAx)

1—35
1+4s 1

+4(121)

Note that Sol(MEP(F, ¢r)) = {0} = Sol(MEP(G, ¢,)). Hence I" = (A +B)"1(0) N 2 = 0. Now,
we compute our desired sequences in the following six steps.
Step 1. Find z € Q such that G(z,y) + ¢5(y) — ¢g(2) + %(y —z,z—hx) >0forally e Q.
Observe that

G(z,y) + g (y) — dg(2) + — <y 22— hx) =

1
& zZy-2)+—-(y—-zz—-hx)>0
r

& rzy-z2)+(y-2)(z—hx) >0

& (-2(1+rz-hx)>=0
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for all y € Q. Thus, by Lemma 2.4(2), we know that TChx is single-valued for each x € Q.

= hx
Hence z = Tir

Step 2. Find m € C such that m = x — yh*(I - TS hx.
It follows from Step 1 that

m=x—yh*(I-T)hx=x—yh*(I - T )hx
B(hx))

=x—-y|3x-
y( 1+r

3
=(1-3y)x+ —y(hx).
l+7r

Step 3. Find u € C such that F(u,v) + ¢r(v) — ¢r(u) + %(v —u,u—m) >0 forallve C. From
Step 2, we have

F(u,v) + ¢r(v) — op(u) + %(v—u,u—m) >0

< (2u)(v—u)+%(v—u,u—m) >0

< rRu)v-u)+WV-u)(u-m)>0

< (V-u)(Q+2r\u-m)=>0

for all v € C. Similarly, by Lemma 2.4(2), we obtain u = {75~ = (11_2’2’“ (1+?;§/(T+C2r)'
Step 4.
x=x€R3

Yn=%nt Qn(xn _xn—l)

=7 __n (1-3y)an 3y hay
Un = Toous1In + (1 100,,”1)( T+2r Tn(1+20) )yn
- _n _ n 1-3s s
Zn = Toons1Un (1 100n+1)( Teds¥n 1+43Axn)uno
Step 5. Find

Cn+1 = {Z € Cn : ”Zn _Z”2 =< ”xn _2”2 + 293”?6,, _xn—ln2 - 29n<xn —Z,Xpn-1 _xVI)}'
Since ||z, — z||* < |6, — zl1? + 202 ||%, — %1 [1* — 260, (% — 2, %41 — %), we have

21> = |l ll + 2) = 26, 1% = % |1
2((Nlznll = lxull) = Oullocn = 2x5-111)

=< lzll.

Step 6. Compute the numerical results of x,,.1 = Pc,,, ¥1.

We provide a numerical test of a comparison between the inertial forward-backward
method defined in Theorem 4.1 and the standard forward-backward method (i.e., 6,, = 0).
The stopping criterion is defined as E,, = ||x,,1 — %, < 107. O

The error plotting E, against each choice in Table 1 is shown in Figs. 1-3, respectively.

6 Conclusion

From a mathematical formulation of the monotone inclusion problem together with the
split mixed equilibrium problem, we have derived in this paper an iterative algorithm com-
prising a modified version of the forward-backward splitting algorithm and the shrinking
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Table 1 Numerical results for Example 5.1

No. of Iter. CPU (Sec)
6,=0 6,#0 6,=0 0,#0
Choice 1.x0 = (-1,1,-1)" and x; = (1,-4,6)" 8 7 0.015876 0.013066
Choice 2.x0 = (-1,-3,2) and x; = (3,-2,-6)" 8 7 0.018625 0.013083
Choice 3.x0 = (-1.1,2.1,-1.5) and x; = (1.5,-4.5,-1.6)" 9 7 0016338 0013387
Figure 1 This is the graph of Choice 1 of Numerical 0.12 ‘ ‘ ‘ —
Example 5.1 mentioned in Table 1
0.1\ —H
0.08 - \\
80.06 N
w
0.04} N
0.02f N
0y 2 3 4 5 6

No. of lterations

Figure 2 This is the graph of Choice 2 of Numerical 0.12 w w \ \ ‘
Example 5.1 mentioned in Table 1

-6 #0
"l

No. of lterations

Figure 3 This is the graph of Choice 3 of Numerical 0.16
Example 5.1 mentioned in Table 1

1 2 3 4 5 6
No. of lterations

projection method in Hilbert spaces. We have shown theoretically that the proposed al-
gorithm exhibits weak and strong convergence characteristics towards the common so-
lution under a suitable set of constraints. It is remarked that the proposed algorithm is

easily computable as demonstrated in Sect. 5. Moreover, numerical performance of the
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proposed algorithm has been established in comparison to the existing algorithms. We
are interested in extending these results for various different classes of monotone inclu-
sion problems together with fixed point problems and/or equilibrium problems in Hilbert

spaces.
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