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1 Introduction and preliminaries

The degree of noncompactness of a set is measured by means of functions called measures
of noncompactness. A quantitative characteristic «(A) measuring the degree of noncom-
pactness of a subset A in a metric space was first considered by Kuratowski [25] in 1930
in connection with problems of general topology. In fixed point theory, one of the most
important results is due to Darbo [16], who used this measure to generalize both the classi-
cal Schauder fixed point principle and (a special variant of) Banach’s contraction mapping
principle for so-called condensing operators. A condensing operator is a mapping under
which the image of any set is in a certain sense more compact than the set itself. Indeed, the
condensing operators have properties similar to those of compact ones. There are some
other definitions of measures of noncompactness the authors tried to introduce in an ax-
iomatic way. First, it appeared in the paper of Sadovskii [33], but his axiomatics seems to be
too general. In 1980, Banas [9] introduced another axiomatic measure of noncompactness,
which was very useful in applications. With the establishment of these comprehensive ax-
iomatics, measures of noncompactness are widely applied in fixed point theory and are es-
pecially useful in investigations connected with differential equations, integral equations,
functional integral equations, operator equations in Banach spaces [21], fractional differ-
ential equations, fractional integral equations, and integro-differential equations [15]. Up
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to now, many authors have presented results on the existence of solutions for the men-
tioned equations with their applications by using measures of noncompactness and other
techniques [1-10, 12-14, 17-20, 22-32, 34].

Here we use the methodology of MNC to enlarge the Darbo fixed point theorem [16].
Our goal is extending the results of [3] from two dimensions to three dimensions and the
results of [30] on the existence of three-dimensional fixed points and tripled fixed points
for a class of operators in a Banach space.

Throughout this study, we use:

+ [ :areal Banach space;

» B(z,0): the closed ball with center z and radius o;

+ conY: the convex hull of a set Y;

+ coZ: the closed convex hull of a set Z;

o My : the set of all bounded subsets of F;

« Np: the set of all relatively compact subsets of .

Definition 1.1 ([10]) . A function p : My — [0,+00) is said to be MNC in £ if it satisfies
the following conditions:

(A1) The family ker u ={Z € Mg : u(Z) =0} #9, and ker u € N.

(Ay) If Z C Y, then u(Z) < u(Y).

(As) w(2)=p(2).

(A4) p(ConvZ) = u(2).

(A5) pMZ+ (1 =11)Y) < u(Z) + (1 = A)u(Y) for A € [0,1].

(Ag) If F, e My issuchthat Z,,1 C Z, forr=1,2,...and lim,_, .o, u(Z,) = 0, then Z, =

N2 #0.

Theorem 1.1 (Schauder [2]) Let A be a nonempty bounded closed convex subset of F .
Then every compact mapping F : A — A has at least one fixed point.

Theorem 1.2 (Darbo [9]) Let F: A — A be a continuous mapping, and let A be a
bounded closed convex subset of F . Suppose that there exists a constant K € [0, 1) such

that n(F(Z)) < Ku(Z) for any Z C A. Then F has a fixed point.

Definition 1.2 ([11]) A point (x,y,2) is called a tripled fixed point of a mapping F : Z> — Z
if

F(x,y,2) = x, F(y,x,2) =y, F(z,y,%) = z.
Theorem 1.3 ([10]) Let i1, ka,..., 1y be MNCs of F 1, F o,..., F ,, respectively. Moreover,

assume that B : R, — R, is convex and that B(xy,%s,...,%,) =0 iff x; =0 for j=1,2,...,r.
Then

la(z) = B(Ml(zl)r /'LZ(ZZ); e I'Lr(Zr))

defines an MNC in | 1 X [ o X --- X I ,. Here Z; denote the natural projections of Z into I
forj=1,2,...,r.
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Example 1.1 ([1]) Let 1, 2, t3 be MNCsin f 1, F 5, F 3, respectively. Moreover, suppose
that B: R? — R, is convex and that B(x1, %y, %3) = 0 iff x; = 0 for j = 1,2,3 Then

Z) = B(11(21), na(Z2), 13(Z3))

defines an MNC in f 1 x f 5 x [ 3. Here Z; denote the natural projections of Z into /- for
j=1,2,3.

Example 1.2 ([1]) Let 1« be an MNC in £, and let B(x,y,z) = max{x,y,z} for (x,y,2) € R3.
Then B is convex, and if B(x,y,2z) = max{x,y,z} = 0 iff x = y = z = 0, then clearly all the
conditions of Theorem 1.3 are satisfied. Therefore j1(Z) = max(u1(Z1), u2(Z,), u3(Z3)) is
an MNCon f x f x [ . Here Z; denote the natural projections of Z into [ ; for j = 1,2, 3.

Example 1.3 ([1]) Let u bean MNCin £, and let B(x,7,2) = x + y + z for (x,7,z) € R3. Then
B is convex, and if B(x,y,z) =x + y + z =0 iff x = y = z = 0, the clearly all the conditions
of Theorem 1.3 are satisfied. Therefore i(Z) = u1(Z1) + u2(Z5) + 3(Z3)) is an MNC on
I x F x F.Here Z; denote the natural projections of Z into f; for j = 1,2, 3.

Lemma 1.4 (Aghajani [2]) Let 6 : R* — R* be a nondecreasing upper semicontinuous
function. Then the following two conditions are equivalent:

(i) limy—,0060"(¢)=0,¢ >0.

(i) 6(¢)<¢,¢>0.

2 Main results
First, we denote by ¢ the class of functions ¢ : R* x R* x R* — R* with the following
properties:
(i) ¢ is a nondecreasing continuous function on R* x R* x R*.
(iD) 1im,—.007(¢) = 0, ¢ >0, where 0(¢) = ¢(¢,¢, ).
(i) $(@(21, v1,@1) + G(L2, V2, 92) + G(L3, V3, 3)) < G Mty Q1rep1es
for all {1, v1, 91,82, V2,92, 3, v3, 03 € R,

Remark 2.1 1f (¢, ¢, ¢) is nondecreasing and continuous, then 6(¢) is also nondecreasing
and continuous. Now by Lemma 1.4 the following two statements are equivalent:

() limy_10067(2) =0, ¢ > 0.

(i)) 6(¢)<¢,¢>0.
Thus ¢(¢,¢,¢) <¢, ¢ >0.

For example, the functions ¢(¢,v,¢) = In(1 + “%) and ¢(¢,v,¢) = Ur ¢ + Uy + Uz,

where Uy, Uy, Us € R* and U; + Uy + Uz < 1, belong to ¢.

Theorem 2.2 Let A be a nonempty bounded closed convex subset of F, and let F : A x
A X A — A X A x A bea continuous function satisfying

AF2) = ¢((2), 1(2), 1(2))

for any subset of Z of A x A x A, where [i(Z) is defined in Example 1.1, and § € ¢. Then
F has at least one fixed point in A x A x A.
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Proof Define the sequence {A, x A, x A} by induction: Ag X Ag X Ag=A X A X A,
and A, x A, x A, =ConvF(A,_1 X A,_1 X A,_1) forr=1,2,3,....

We have F(Ag X Ag X Ag) =F(A X A x A)CTA XA X A=Ay x Ay x Ag, that is,
A1 X A1 X A1 C Ay x Ag X Ao.

Continuing this way, we can show that
~~~§A,XA,XA,§---§A1xAlelngonon.

If there exists an integer P > 0 such that ji(Ap x Ap X Ap) =0, then Ap X Ap X Ap is

relatively compact, and since
F(Ap X Ap X Ap) - COI’IVF(AP X Ap X Ap) = Ap+1 X Ap+1 X Ap+1 - Ap X Ap X Ap,
by Theorem 1.1 F has a fixed point. Thus (A, X A, x A,) >0 for all r > 0. We obtain

(A1 X Aps1 X Apin)

= (ConvF(A, x A, X A,)

1l
—~

A(F(Ar x Ay x A,))
=< @(ﬂ(Ar X Ar X Ar): ll(Ar X Ar X Ar)na(Ar X Ar X Ar))

L(A, x Ay x A))

(

=0(A(ConvF(A,y x Apy X Ayq)))
(
(

Eé (ZJ(:&(Ar—l X Ar—l X Ar—l): ll(Ar—l X Ar—l S Ar—l); /’l(Ar—l X Ar—l X Ar—l)))

éz(ﬁ,(Ar_1 X Ap_q X Ar—l))

<---=< é’(ﬁ,(Al x Ay X A1))-

Therefore fi(A;11 X Ay X Appp) = 0asr — +00.

Since Ay X Apy1 X Apy1 €A, X A, x A, for r=0,1,2,..., in view of (4g), the set
Ao X Moo X Ao =[5] Ay X A, x A, is a closed convex subset of A x A x A invariant
under the operator F and belongs to ker /i, that is, F maps As X A X A into itself
and thus by Theorem 1.1 F has at least one fixed point in Ay X As X A and thus in

A X A XA O

Theorem 2.3 Let A be a nonempty bounded closed convex subset of F, let (i be an arbitrary
MNC, and let F: A x A x A — A be a continuous function satisfying

M(F(Zl X Zy X ZB)) = QZ’(M(Z1),,U«(22);M(ZB))
forall Z,,7Z,,Z35 C A, where ¢ € ¢. Then F has a tripled fixed point.

Proof First, i(Z) = u(Z1) + u(Z,) + w(Z3) isan MNCin F x F x f, where Z1, Z,, and Z3
denote the natural projections of Z C A x A x A into [ . LetF:AXAXA—AxXAXA
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be the mapping defined as ﬁ(x,y, z) = (F(x,9,2), F(y,x,2), F(z,,x) for (x,7,2) € A x A x A.
Since F is continuous, F is also continuous. Then by Theorem 2.2 we have

A(E2)

A(F(Zy x Zy x Z3),F(Zy x Zy X Z3), F(Z3 x Zy X Z1))

IA

W(F(Zy X Zy x Z3) + M(F(Zy X Z1 X Z3) + n(F(Z3 X Z3 x Zy)

< 9(u(21), W(Za), (Z3)) + P (1(Z2), 1(Z1), 11(Z3)) + @ (14(Z3), 11(Zo), 11(Z1)

- g(ﬁ(ﬂ(zl) + 1 Z2) + (Z3) (Za) + w(Zy) + u(Zs) w(Zs) + p(Zs) + H(Zl))
= 3 ’ 3 ’ 3
55(12, 12 2
3 3 3
Hence
1, . _((Z) pZ) pz)
gilb@) o "2 D)

Also, {11 is an MNC. So by Theorem 2.2 F has a tripled fixed point. O

Corollary 2.4 Let A be a nonempty bounded closed convex subset of F, let . be an ar-
bitrary MINC, and let F: A x A x A — A be a continuous mapping such that for some
nonnegative constants Uy, Uy, Us with Uy + Uy + U3 < 1,

W(E(Zy X Zy x Z3) < Uy ju(Zy) + U ju(Z,) + Uz p(Z3)
forall Z,,Z5,Z3 C A. Then F has a tripled fixed point.
Proof Setting ¢(¢,v,¢) = U1 + Uyv + Uz in Theorem 2.3, we obtain the result. a

Corollary 2.5 Let A be a nonempty closed bounded convex subset of I, let ;v be an arbi-
trary MNC, and let F: A x A X A — A be a continuous mapping such that

WE(Zy X Zy X Z3) < ln(l | 20 + (Zo) + M(Zs))

3

forall Z,,Z,,Z3 C A. Then F has at least one tripled fixed point.
Proof Putting $(¢,v,¢) =1In(1 + “%) in Theorem 2.3, we obtain the result. a

3 Applications

Recall that F = BC(R* x R* x R") is the Banach space of all real-valued continuous
bounded functions defined on R* x R* x R* with the standard norm

llx]l = sup{|x(¢, v, 9)| : ¢, v, 0 > 0}.
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Let Z be a fixed nonempty bounded subset of f and fix € > 0, G > 0, and x € Z. The mod-
ulus of continuity of x on [0, G] is defined as

w9 (x,€) = sup{|x(¢,v,0) = x(£,,8| : £,v,9,,0,¢ € [0,G], [ - ¢| <¢,
v-v[<€lp— |§€}
Further, let
w%(Z,€) = sup{w®(x,€) :x € Z},
w§(Z) = 111% 0%(Z,8),

and

wo(Z) = lim f(Z).

G—+00

Besides, for three fixed numbers ¢, v, ¢ € R*, we define rhe function /i on the family M,
as

w(Z) = wo(Z) +§ lim supdiamZ(¢,v,¢),
V,0—>+00
where Z(¢,v,¢) = {z(¢,v,9) : £, v, € R*}, and

diam Z(¢,v,¢) = sup{ [5(¢, v, 0) ~9(¢, v, )| -,y € Z).
Finally, we are going to prove the existence results for the system
%(¢,v,9)
=g, v,0,%(¢,v,9),5(¢,v,9),2(5,v,9),
/ / / H(E,0,0,8, 0,0, 5(E, 0, 0),9(E, P, 1), 206, 0, W) d dp ),

y(&,v,9)
=g(§»vr§0,y(i;V:‘P)’x(é“:v;w)rz(@V,fp); (1)

f / / B(E 0,002 000 Y (Er 90, 3(E ), 2Er 2 ) dE dp i),

Z(Z,v,9)

=g(§» v, QD’Z(K’ v, QD)’y(;’ V’W)rx(é-: v, (ﬂ);

/ f f B2 000180 26 1 ), (6 0,306 o) dp ),

where ¢,v,p € R*.
Consider the following assumptions:
(i) d,e k:R* — R* are continuous.

Page 6 of 17
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(i) g:R* x R* x R* x R x R x R x R — R is continuous, and there exist a function
@3 € ¢ and a nondecreasing continuous function ¢4 : R* — R with ¢4(0) = 0 such
that

ig(é" V,0,%,9,2,W) — 8L, v,9,%,5,Z, 17V)| = §03(|x_9~6|r ly =71, |Z—2|) + (04(|W_ ‘7V|)

forall ¢,v,¢ >0and x,5,2,%,5,z € R.
(iii) 7:R* x R* x R* x R* x R* x R* x R x R x R — R is a continuous function such

that

d(e) pe(v) k)
Q=SUP{/O /0 -/O h((»”:%&ﬁﬂ/’»x(éy,&1#)0’(5»,0,1//),

2(&, 0, ) de dp dl//‘
Lv,0.8,0 Y eR+,x,y,zeF}

is finite. Further,

dlp) pe(v) pk(¢)
c,v,gin+oo ; /0 /0 |h(C,V,<,0,§u0, lﬁ,x(é,p,w)’y(E,P:‘ﬁ);Z(S’P,W)

—h(5,v,0,6,p,0,%(, 0, %), 5, 0, V), 25, p,¥)) | dE dp diy =0

forallx,y,z,%,5,z€ F .

~

(iv) Q=sup{|g(¢,v,9,0,0,0,0)|:¢,v,9 € R} < +00.
(v) There exists a positive solution ¢ of the inequality

Q+@3(7,7,7) + 0a(Q) < 7.

Theorem 3.1 Under hypotheses (i)—(v), equation (1) has at least one solution in the space
F xF xF.

Proof Define the operator F: [ x [ x f — [ by
F(x,9,2)(¢,v,9)

= g({; v,0,x(5,v,9),5(5,v,9),2(,v,9),
dlg) pev) rk()
/ / / h(f:V;€0,5,Pﬂ/f»x($u0,1#),)’(5»/0;1/f),2(§,,0,1/f)d§d,0d1ﬁ>.
0 0 0
Clearly, F x F x [ is a Banach space with sup norm
|G 2 oo f 1= xlly + D9l + Nl

where [|lx[|; = sup{|x({, v, @)| : &, v, = O}, Iyl = sup{|y(¢,v,¢):¢,v,9 >0}, and |2, =
sup{|z(¢,v,@)|: ¢, v, ¢ > 0} forx,y,z € F . Then the operator F(x,y,z)(¢, v, ) is continuous

Page 7 of 17
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atany (x,7,z) € F. Let By={xefl: llx]lF <o}. Now we have

|(F(x,y,Z)(C, v, §0)|

= (‘g(i,v,fp,x(c,v,w),y(i,v,w),Z(E,v,w),

dp) re(v) k()
./0 /0 /0 h(Zv, 0,8, 0,9, %(, 0, ),
WE ., 28, p, ) dE dp dw)D

< ('g(s“,vxp,x(é“,v,w),y(é,v,w),Z(C,v»sv),

dlp) pre(v) pk()
/ f / h(C’V:¢:E,P,¢,x(§,p,1/f),
0 0 0

V& p, V), 2(E, p,¥)dE dp dir) - g(¢, v,<p,0,0,0,0)D +|g(£,v,9,0,0,0,0)|
< os3(llxll Iyl lIzll) + @a(Q) + Q
<o.

Hence F (Bg x B, x fBo) C B,, which means that F is well defined.
Now we prove that F is continuous on B(, X Ba X éa. Let (x,9,2), (%,%,2) € B(, X Ba X EG

and € > 0 with

Now we have

€
(x,)’,Z) - (05,,3; y)”FXFXF < §

|(F(x,9,2)(¢,v,9) = F(et, B,¥)(&, v, 9)]

g(é-’ v, 0,x(Z, v, 90)’3/(?, v,9),2(¢,v,9),

d(e) pe(v) rk()
/ / / h(g’v’¢’€:’piw:x(§ipyw);
0 0 0

V& p, V), 2(E, p, v)dE dp dip) — g(¢,v,0,a(8,v,9), B(E,v,0), 7 (L, v,9),

d(p) prev) pk(c)
[ [ [ nevoepvate. o 0.0 v€ o v)di dpy)
0 0 0

d(p) pre(v) pk(C)
5¢3(|x—a|,|y—ﬁ|,|z—y|)+¢4(/0 /0 /0 ({20, 0,E, 0, 2(E0 0, ),

y(&, 0, %), 2§, p, 1p)) - h(é’, v,0,&,0,%,a(,p,%),

BE 0,0,y & p,0) } dedpdy )

<@s(llx—al ly- Bl Iz-y1)

dle) pe(v) pk@)
+¢4(/(; /(; [) {h(i;vrﬁﬂ,E,P»llf,x(E:P,I/f),
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V& 0,2, 0, 0)) = h(E,v, 0.6, 0,9, (8, 0, %),
BE o),y €0 )} de dpdva.

From (ii) and (iii) it follows that there exists G > 0 such that for ¢,v,¢ > G,

m(/ / / H(E 020, 9o 2260 00,3 E 1 ), 260 00 0)

N | ™

—h(g,v,0,& 0,9, p, %), BE p, W),y (& p, )| dE dpdw> <

forallx,y,z,0, 8,y € .
Consider two cases.
Case 1: If £, v, ¢ > G, then

€ € € E € ¢
F 1) » Y —F » Py ,V, -, =, = — — _:“’.
F@2,2)(¢,v,0) (aﬂy)(£v¢)|§sos<3 ‘ 3>+2<2+2 :
Case 2: If £, v, ¢ € [0, G], then
€ € € A € An
’F(X;y;Z)(g; Vy(/)) _F(a;,B’ V)(C; v, (P)‘ S wS(gy g; g) + @4(dekw) < g + (p4(deka)),

where
w(€) = sup{Ih(é,v,w,é,p,w,x,m)—h(i,v,w,é,p,w,a,ﬁ,y)l 14,9 €[0,Gl,
telod,peloe],
v el0b5y50 b,y €l-0,0L|@na) - @, ., ., < g}

and

Q>
Il

sup{d(¢) : ¢ €[0,G]},
e= sup{e(v) :ve|o, G]},
k = sup{k(¢): ¢ € 0,G]}.
From the continuity of /# on [0,G] x [0,G] x [0,G] x [0, f(] x [0,e] x [0, cAl] X [-o,0] %
[-o,0] X [-0,0] we infer that w(€) — 0 as € — 0, and from the continuity of ¢, we obtain
<p4((:ié/A(w) —0as€— 0.
Clearly, F is a continuous mapping from l:}a X Ba X Ba into Ea, Fix G>0and € > 0.

Choose ¢1,82,, V1, V2,91, 92 € [0, G] such that [§1 — &3] <€, [v1 —1n] <€, @1 — o] < €. As-
sume that §; < £, v1 < vy, @1 < @2, and (x,9,2) € (Z1 x Zp x Z3). We get

|F(x,,2)(¢2,v2,02) — F(%,,2)(E1, v1, 1)

< 18(Z2, V2, 02, %(L2, V2, 02), (82, V2, 92), 2(L2, Vo, 02),

2 v2)  pk(g2)
/ / / h(CzrVz:wzyé»Prl/f,x(ErP’w),y(ﬁp;I/I)»Z(S,Pﬂﬁ)dédpdlﬁ)
0 0 0
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_g(é-Z, V2, (Pz,x@h V1,§01),y(§1, Vly@l)’z(é-l, V1, (pl)r

dlga) pe(va) pk(52)
/0 /0' /0 h(§2rv27¢27$)prw’x(§rpr W)ry(s’p! lﬁ)»z(fuo; Ip)dédde)

+1g(Z2, v, 02, %(C1, v1, 1), (81, V15 01), 2(81, Vi, 91),

dlga) pe(va) pk(s2)
/0‘ /0 /0‘ h(fzyvz:¢2;§;PyW»x(§yP» W)ry(s’p! lﬁ)»z(guo; l/f)dédeW)
= 8(&1,v1, 01,%(81, v1, 01), ¥(C1, v1, 01), 2(81, V1, 1),

d(pa) pe(va) pk(C2)
/0 /0 /0 (60,20 020600, 0,306, 90, E, p, 1), 26, 1) dp )

+

g(;li V1, (plrx(CI! V1, <P1),J’(Cl; V1, 901),2(51» V1, §01)»
d(ga) pe(va) pk(52)
/0 /0 /0 h(CzrVz»wz’éyprl/fxx(érp’1#):)’(5:,0,Iﬁ):Z(E,P’lﬁ)dédelﬁ)
_g<é‘1) V1, ‘Phx(fl: V1, §01):y(§1; V1, @1);2(;1, V1, (Pl),
d(ga) pe(va) pk(s2)
‘/0 -/O ‘/0 h(Ch”b‘ﬂl,E:Pﬂﬂ»x(E,P» 1#)4’(5»0,1//),
2§, p, ) dé dpdy) ds de dlﬁ) }

+1g(¢1, v1, 01, %(81, V1, 01), (81, V1, 91), 2(815 V15 01)s

d(ga) pe(va) pk(52)
/(; /0 /(; h((lrV1»<ﬂ1’$:ﬂrl/fxx(§rp’w),y(éx/%w):z(frpyw)dédpdlﬁ)
_g<é‘1) V1, ‘Phx(fl: V1, §01):y(§1» V1, @1);2(;1, V1, (/’1),

d(e1) pevy) pk(1)
/0 /0 /0 (0,01, 01,600, 0,306, 9 0, (E, p, ), 26, 1) i dp )

< o3(|x(Z2, v2, 92) = 2(L1, v1,01) |, [9(82s V2, 02) = (81, v1, 1)

|2(¢2, v2, 2) = ¥(£1,v1,01)])

+a)f(g,e)

+¢’4<

_h(CI; U1,§01,~§; P> W:x(%'»p, w);)’(& P> lﬂ),z(g;py W)) dé‘_ dpdlﬂ‘)
d(g) pe(n) k)
+¢4< [) /0 [) h(gl’vlﬂpbé:/?, W:x(fuo; W)J’(S:P,W),

d(p1) pe(vi) pk(1)
_/0 /0 /0 h(Cl;U1;</’1;§:/),I//,x(E,p,w),y(g,p’w)’

digp) pe(n) rk(e2)
~/0 /0 L h(§2’VZ»‘PZvé:PH/f,x(E,P,w):y(élp,l/f),z(é,p,lp))
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z(&, p, 1/f))) dg dp dtﬁD

< 03(0°,€), 09 (1, 8),0%(2,€)) + WE (g, ) + pu(dekal (h, €))

d(2) pe(va) rk(s2)
+‘04(/o /0 /0 h(&, v 00,8, 0,0, 3(E, 0, 0), 3 P V),

2§, p,9)) dé dpdy

dle1) pe(vi) pk(ty)
_'/0 /O fO h(é‘l’vl:(pl:%-rpi Iﬁyx(é:p:’ﬁ),y(fyp; Iﬁ'),

)

wG(x’ g) = Sllp{ ’x(§2! V2, (/72) _x(glr V1, ‘Pl)‘ : Cl’ ;2: V1, V2, Y1, P2 S [0: G]; |§1 - §2| < E,

2&,p,¥))dE dpdys

where

Vi — V2| <€ |1 — o] <€},
@%(y,€) = sup{[y(Z2, v2, 92) = Y(C1, V1, 91)] : &1, £2, 1, V2, 01,92 €[0, G, |61 — 1] <&,
[v1 —va| <& 11 — o] <€},
0%(z,€) = sup{|2(Z2, v2, 2) — 2(Z1,v1,01)| : &1, 2, V1, v2, 901,92 € [0, G, 81 = Lo <&,
Vi — V2| <€ lp1 — o] <€},
wf(g,é) = SUP{|g(§2» V2, 02, %, Y, 2, W) —g(él,V1,¢1,x,y,Z,W)| :
1,62, 1, v2, 01,92 € [0, G,
61— Lol <& v -l <& lg1 -] <Exyz€[-0,0],we[-L,L]},
S (1,€) = sup{ [1(¢2, va, 02, €, p, ¥, %,3,2) = h(G1, v1, 01, €, 0,53, 2)| -
1,62, V1, 2,91, 92, € [0, G,
61 =0l <& -l <& o1 -] <Exyz€ [-0,0L€ € [0,],
pel0e,yelod)},
L = ked sup{1h(¢, v, 9,28, p, V), (€, 0, ), 2(5, 0, 9] :¢,v,9 € [0, G,
£ €0,k pel0,el,y €[0,dl,xyz€[-0,0l}.
As h and g are uniformly continuous on [0, G] x [0,G] x [0, Gl X [-0,0] x [-0,0] x
[-o,0] x [-L,L] and [0, G] x [0, G] x [0,G] x [0,k] x [0,€e] x [0,d] x [-0,0] x [-0,0] x

[~0,0], respectively, we infer that w8 (g, €), wS(h,€) as € — 0.

Again, from the uniform continuity of &, e, and d on [0,L] we get that k(¢2) — k(¢1),
e(vy) — e(v1) and d(g,) — d(p1) as € — 0, So,

d(gz) pelva) k()
[ [ bt ste p0 e, o0 26,00 e dp

dp1) pev1) pk(c)
_/0‘ /O /(; h({l,v1,<ﬂ1,§,p,1/f,x(§-‘,p,w),y(g:,p,l/,),

Z(E,,o, 1p)) df dpdlﬁ‘ — 0,

Page 11 of 17
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which gives

o

d(e1) pe(v1) pk(t1)
_/(; A /(; h({l,vl,fﬂh-’;,pﬂ//,x(f,p,w),y(g,p,w),

d(ga) pe(v2) pk(s2)
/0 /0 /0 H(E0, 01, 01,600, 0,306, 9 0, E, . 0, 26, 1)) dE dp

2, p, V) dE dpde -0
as € — 0. We have
w§ (F(Z1 x Z x Z3)) < 3(w§(Z1), 0§ (Z,), 0§ (Z3)).
Taking G — +00, we get
wo(F(Z1 x Zy x Z3)) < p3(w0(Z1), 00(Z2), w0(Z3)). ()
For arbitrary (x,9,2), (B, y,a) € Z1 X Zy x Zs and ¢, v, ¢ € R,, we have

|F(x,5,2)(¢,v,9) - Fla, B,¥)(C,v,0)|
= <ﬂ3(|x(§,%<ﬂ) —a(g,v, )|, (¢, v, 0) =B, v, 9)

+§04(

—h(¢,v, 0,8 0,9,a(,p,¥), BE,p,¥), (& p,¥))dE dpdyr

’ ’

z(&,v, ) - J/(C:VMP)D

d(p) pe(v) pk)
/(; A ‘/0‘ (h({,v,(p,{-‘,p, W:x(é,,0»1//),3/(5:,0;10),2(5,,0,1//)

dlp) pe(v) k@)
/ / / (h(é"vx(p’érp’ v,x(&,0,9),56, 0,¥),2(5, 0, ¥)
0 0 0

=< <P3(dlam (Zl(§; v, 90)’ dlam(ZZ(C, v, <P)» dlam(zb’(;r v, ¢)))

+¢’4<

—h((»v,%é;pﬂ//,a(fno,1/f)»/3(‘§,,0,W)»V(E,Pﬂ/f))d(Sd(Pdl/fD.

Since (x,,2), (o, 8,y), and ¢, v, ¢ are arbitrary, we get

diam F(Zy x Zy x Z3)(¢,v, )

< g3(diam(Z, (¢, v, @), diam(Z>(Z, v, 9)), diam(Z3(¢, v, ¢)))

+§04(

—h(Zv, 0.8, 0,0,0(&,0,9), BE p,¥), v (€ p, ) dE dp dw‘)‘

d(p) pe(v) pk)
-/(; \/(.) /0‘ (h(g’v’w’s’p’w’x(g’p’ w),y(fyp: W),Z(Ey,o, w)

As¢,v,9 — +00,

lim supdiam F(Z; x Zy X Z3)(Z,v,¢)

V= +00

<g¢s (C Jim sup diam(Z1(¢,v,9)),  Jm _sup diam(Z,(¢,v,¢)),

lim  supdiam(Z3(¢, v, <p))). (3)

£,0,9p—>+00
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From (2) and (3) we have

w(F(Zy x Zy x Z3)) + lim  supdiam F(Z; x Z X Z3)(£,v,9)

C,0,0—>+00

< g3(wo(Z1), wo(Z3), w0(Z3) + @3 <{ , Eglm supdiam(Z,(¢,v,9)),

lim supdiam(Zg(g“,v,w)), lim supdiam(Zg(g,v,(p)))
o0

Lv,9—>+00 Evp—>+

)

<33 (U)O(Zl) + 11m{,v,<p—>+oossup dlam(Zl(gr v, (0))

wo(Z2)) + lim;',v,(p—>+oo sup diam(Z5(¢, v, ¢))
3 ’

(U()(Yg) + ]im;‘,v,qo%-v-oo sup dlam(Zg(f, v, (/))))
3 .

Therefore

1
gM(F(Zl X Zy X Z3)) < ‘Ps(

w|x

Ll
’3’

w|r

)

Putting 4 = [1, we get
A(F(Zy x Zy x Z3)) < @3((Z21), (Z2), (U(Z3)).

Hence equation (1) has a tripled fixed point in the space £ x F x F, and thus the system
has a solution in F x F x F. d

Example 3.1 Consider the system of NIEs

x(C»V,QD)

L (308, . CIn(1+x(8,v,9)) e’ In(l+y(2,v,9)  ¢*In(l +2(,,v,9)
=—e + +
11 5(1 + v3) 9 4(1 + ¢?)

1o e, 3 003
+ln<1+ 3/0 /0 /0 (cos*(1 +28°x(¢, p,¥)) + sin(V°y(€, p,¥))

+cos(0°2(&, p, 7)) dé dp dl//)/eﬁvztpz)’

y(&,v, )
_ ie*<§3+v3+<ﬂ3> N B +y(¢,v,9) e In(l+x(¢,v,9)
11 5(1 + v3) 9
©2In(1 +z(¢, v, @)
4(1 + ¢2) @

1 ¢ rvor¢ ) 3 . 3
+ln<1+ 3/0 /0 /0 (cos (1+2$ y(é,p,¢))+sm(lp x(é‘,p,lp))

+ cos(p5z(g,p, 1//)) dt dp dw)/e§2u2(p2),

Page 13 0of 17
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Z(C»Vyw)

_ L gy, I+ 2@ v,9) e I+ y(Ev,e)  ¢?In(l+2(E,v,9)

11 5(1 + v3) 9 4(1 + ¢?)

1o e, 3 L (3
+1n<1+3/0 /O/O(cos (1+28°2(&, p,¥)) +sin(V>y(E, p, ¥))

+ cos(0°x(€, p, V) dE dp dw)/e“ﬂ“)'

This system is a particular form of (1) with

1 3,5, <3In(l+x(¢,v,9)) e’ In(1 + y(¢, v, 9)
_ (2 +v°+97)
g2, 0,%,9,2,w) 11e + 50+ 0%) + 5

@*In(1 +2(Z, v, 9) ( IWI)
— " ¢In(1+— ),
4(1 + ¢2)

h(&,v, 0,8 p,9,x(, p,¥), 9, p, ), 2(8, p, V1))
_ cos’(1+28%(&, p, ) +sin(@°y(§, p, ) + cos(¥°z(&, p, V) dE dp dyy

ot 20202

903(§) U,(D) = 111(1 + “%)’ d(‘ﬂ) =, e(v) =V, k(g) =, 904(5) = %'
Now we show that all the properties of Theorem 3.1 are satisfied for system (4).
(i) d, e, k, g are continuous, |g(¢,v,¢,0,0,0,0)| = ﬁe’(§3*“3*‘/’3) is bounded for ¢,v,¢ €
A _ 1
R*,and Q = 3.
(ii) Let ¢,v,¢ € R* and x,y,z, w, X, J,Z, w € R* with |x| > ||, |y| > |7, |z| > |z, [w| > |W|.

By the mean value theorem, for In(1 + ‘—‘;")) and In(1 + “%) € ¢, we have

2,0 0,532 W) — g0, v,0,5.5,5, )
{3

<5 o9 In(1 + |x[) |~ In(1 + |x])| +

(pZ

+4-(1+(,02)
3 1 2 1
< 3 3 ln< +|f|>‘+e—ln( +|}~I|>‘
51+¢3) 1 \1+ x| 9 1+ 1yl
1 1] 1+
1n< +|f|)‘+—ln< %)‘
1+ 2| 3 1+%
1 1 1 1
() th(12)
5 1+ |x| 9 1+ 1y
1 1+|z| 1 -
+ —|ln — ||+ =|w—w|
4 1+|z| 3
1 —|x 1 —ly
5—‘ln<1+|x| |~x|)‘+—‘ln<l+|y| |~y|>‘
4 1+ |x| 4 1+1yl

1 |z| - |zl 1
+—|ln{ 1+ = + —|lw—-w|
4 1+ [z 3

2
e—v

5 IIn(1 + [y])|~In(1 + [y])|

ln(l + M) —ln<1 + M)‘
3 3

[In(1 + |2/) |~ In(1 + |2])| +

(/72

+
4(1 + ¢?)

Page 14 of 17
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1 - 1 - 1 - 1 -
< Eln(1+|x—x|)+ Zln(1+ |y—y|)+zln(1+|z—z|)+ §|w—w|

—R+ly-Fl+lz—2\ 1
Eln(1+ e A Z|)+§|w—17v|,

= @3(lx =&l [y =3I, 12— 21) + @a(Iw — W]).
(iii) Since 4 is continuous, for each ¢,v,¢,&, p, ¥ € R* and «,y,2,%,7,z € R*, we have

|1, v, 0,8, 0,9, %8, p, ), ¥, p, ), 25, 0, W)

- |h(§’ v, 0,8, 1//’5&(%_’ P 1#):5’(5: P 1//),2(5, P lﬁ))|
6

< -
= 222’

4 v e
lim / /0 /0 152, v, 0,€, 0, 0 5(E, 0,0, Y(E £y ), 2(E 01 1)

tvp—+o0 Jo

- |h(§rV’(p:g’p’wri‘(s»p’w)’y(s’p»w)’é(s»prv’)” lim % =

,v,0p—>+00 ¢

forallx,y,z,%,5,z€ F .
Moreover,

3
|h(§',\),(p,§,,0, 1//,x(§,,0, I/f),y(S,P, W),Z(E,ﬂ, lﬁ))| = W

Also,

[ [ Wvssonvt o onat. o) de dpa] < 252

forall ¢,v,¢,&,p,¥ € R* and x,9,z € R. Thus

= 3¢ve ol =3 _ 12866
Q_Sup {222 é’;V(ﬂ @— . .

(iv) Putting all values Q, Q, ¢3, and ¢, in the inequality.
1 N R
m +In(1 +7) +0.4286 < 7.
For 7 > 2, we obtain
L1 N
7 - o~ In(1 + 7) — 0.4286 > 0.

Choosing o = 2, all the conditions of Theorem 3.1 are satisfied, and the system of NIEs (4)

has a solution in the space f x F x F.

4 Conclusions
There are different generalizations of Darbo’s fixed point theorem. Some authors have cre-

ated generalizations via measures of noncompactness. On the other hand, several authors
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have extended Darbo’s fixed point theorem by changing the domain of mappings that pos-
sess a fixed point. In this paper, we used contractions to verify that a mapping defined on
a nonempty convex bounded closed subset of a given Banach space has at least one fixed
point. We prove the existence of solutions for a system of functional nonlinear integral
equations in three dimensions.
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