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Abstract
In this study, we examine the stabilization of fractional-order chaotic nonlinear
dynamical systems with model uncertainties and external disturbances. We used the
sliding mode controller by a new approach for controlling and stabilization of these
systems. In this research, we replaced a continuous function with the sign function in
the controller design and the sliding surface to suppress chattering and undesirable
vibration effects. The advantages of the proposed control method are rapid
convergence to the equilibrium point, the absence of chattering and unwanted
oscillations, high resistance to uncertainties, and the possibility of applying this
method to most fractional order chaotic systems. We applied the direct method of
Lyapunov stability theory and the frequency distributed model to prove the stability
of the slip surface and closed loop system. Finally, we simulated this method on two
commonly used and practical chaotic systems and presented the results.

Keywords: Fractional-order system; Uncertainty; Chattering; Lyapunov theory;
Sliding mode control; Frequency distributed model

1 Introduction
Fractional-order calculations play an important role in various scientific fields. Recently
the application of fractional-order is known as an important topic in engineering [1]. The
problem of fractional-order equations was first raised by Leibniz in a letter in Septem-
ber 1695 on the fractional-order derivative, and has become an issue for research that is
still under investigation [2]. This branch of science had long been a theoretical subject,
but there was no application to it. Deficit computing have attracted the interest of many
scholars in recent decades [3]. Scientists have recently shown that fractional order equa-
tions are capable of modeling different phenomena more accurately than the integer-order
equations and are a powerful tool for describing the structures of a system with complex
dynamics. Most systems in nature obey fractional dynamics, and their approximations
are considered integer. For example, Brownian fractional motion [4], porous media dy-
namics [5], time-lapse random walk theory [6], heat transfer process [7], electrochemical
processes and flexible structures [8] and chaos theory are among these. The ability of frac-
tional order calculators to improve the performance of controllers has been demonstrated
[9]. In 1988, Oustaloup introduced a robust fractional-order controller called Crown, and
created a starting point for entering fractional-order relationships into control. Then in
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1994, Podlubny introduced a PID fractional-order controller, which is one of the best-
known fractional-order controllers today. Since then, many different methods have been
investigated with respect to fractional-order controllers, including optimal fractional-
order controllers, adaptive controllers, and fractional sliding mode controllers [10].

In recent years, fractional-order systems have been used in numerous fields of sciences.
For instance, in physics: nonlinear optics [11] and quantum mechanics [12] in electronics:
electromagnetic waves [13] electrodynamics [14], and electrical circuits [15, 16], in med-
ical and biological sciences: modeling of HIV infection [17], modeling of muscular blood
vessels [18] and the movement of bacteria and food seeking of microbes [19], in psychol-
ogy and social sciences: modeling of love [20] and modeling of happiness [21]. Moreover,
the role of FDEs in the control engineering and renewable energy is well known in the
related literature [22–31].

Chaotic behavior has been observed in various fields of science such as mechanics, elec-
tricity, physics, medicine, biology, and economics. The main goal of control engineers is
chaos control, means, stopping chaotic oscillations or reducing them to normal oscilla-
tions. Various methods for controlling fractional-order chaotic systems have been pre-
sented so far, including feedback linearization [32, 33], fuzzy control [34–36], optimal
control [37, 38], sliding mode control [39–41] and adaptive control [42–44].

Sliding mode control (SMC) is a nonlinear control strategy expressing considerable
properties such as robustness, accuracy, simple implementation and immutability to un-
certainties [45–47]. As is known, SMC includes two steps as follows.

• The first one is to design appropriate sliding surface.
• The second one is designing control input for the closed-loop system to change to the

desired system specified by the sliding surface.
In recent years, a lot of works about control and stabilization of fractional-order systems

have been designed by SMC in the literature. For instance, in [48], a fuzzy fractional-order
sliding mode controller is designed for a group of nonlinear systems and a fractional-order
sliding-surface is used to design the control law. Two robot arm systems and intercon-
nected tanks were investigated by this method and it revealed that the control system by
using the fractional-order sliding surface can provide a more robust and faster response
in tracking the desired path. In [49] the sliding mode control method based on parameter
setting with fuzzy control method is proposed for controlling a mechanical system. We
also use fractional-order sliding surface in designing the sliding mode control law. Also, in
[50] a fractional-order sliding mode control method is proposed for fractional adjustment
of an ABS braking system that uses a PDα sliding surface in the design of the sliding mode
control law. The results of experimental experiments show that this method performs bet-
ter than deploying the integer sliding surface PI and P counteracting uncertainty in the
ABS brake system and delivering the slip speed to the desired level.

One of the main issues in controller design is control under uncertain conditions and
uncertainties in parameters. So, there has been a great deal of research and study of un-
certain processes in recent years. Among the advanced control methods, sliding mode
control is more prominent than other methods due to its high robustness to uncertain-
ties and unmodified dynamics [51]. But despite its high capabilities, this method has one
major drawback: it is the oscillation at the control input that is known as the chattering
phenomenon. The chattering phenomenon can lead to unwanted and undesirable oscil-
lations in the control system and make the behavior of the system nonideal [52, 53].
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There are several ways to prevent the chattering. One of the most commonly used meth-
ods for smoothing unwanted oscillations is to apply a fuzzy algorithm to determine the
amplitude of a narrow boundary layer around the slip surface, but slowing control is a
problem of this method [54].

Another way is to exert high-order sliding mode control. In this way, we can maintain
the main feature of the standard sliding mode control and prevent the chattering phe-
nomenon without reducing accuracy [55]. But, in this method, when high-order slider
dynamics increase the relative degree of the system, the algorithm of high-order sliding
mode algorithm also faces the problem of chattering. Also, it is so hard to design control
law to guarantee system convergence properties using systematic methods for control-
ling high-order and even second-order sliding modes [56]. The continuous approximation
method is more applicable to reduce chattering than other methods. This method designs
the control signal discontinuity by creating a narrow boundary layer around the sliding
surface and no problems have been reported so far [57].

In this paper, fractional integral sliding mode control (FISMC) is applied to the control
of nonlinear chaotic fractional order dynamical systems. Also, the continuous function
has been exerted instead of the sign function in sliding surface design and control input
to prevent fluctuation and chattering. The advantages of the proposed control method
are rapid convergence to the equilibrium point, the absence of chattering and unwanted
oscillations, high resistance to uncertainties, and the possibility of applying this method
to most fractional order chaotic systems.

Briefly, the main contributions of the paper are as follows:
1. Designing a novel chattering-free fractional-integral-based SMC approach, by which

can be accomplished the stabilization of a vast class of fractional-order chaotic
nonlinear systems.

2. The proposed FISMC is robust against the system uncertainties and external
disturbances.

3. The global stability and asymptotic stability of the controlled closed-loop
fractional-order chaotic nonlinear systems are concluded according to frequency
distributed model and fractional version of the Lyapunov stability theorem.

4. Using two applicable examples, the validation of the proposed method is guaranteed.
The article continues with the second part of this article, which contains the system’s def-

initions, descriptions and theorems. In the third section, we introduce the sliding mode
control method and prove its stability. The fourth section contains two popular fractional
order systems that are investigated based on the proposed control input and the simula-
tion results confirm speed and accuracy of this method. Finally, the concluding section is
presented.

2 Introductory concepts and system descriptions
2.1 Introductory concepts
Definition 1 The Riemann–Liouville fractional integral of the order α is defined as fol-
lows [58]:

t0 Iα
t f (t) = t0 D–α

t f (t) =
1

�(α)

∫ t

t0

f (τ )
(t – τ )1–α

dτ , (1)

where �(·) is Euler’s gamma function.
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Definition 2 The Caputo fractional derivative of a continuous function f (t) : R+ → R of
the order α is defined as follows [58]:

C
t0 Dα

t f (t) = t0 D–(m–α)
t

dm

dtm f (t) =
1

�(m – α)

∫ t

t0

f (m)(τ )(t – τ )m–α–1 dτ . (2)

Property 1 If c is a fixed number, then C
t0 Dα

t c = 0.

In the rest of the paper, Dα is the Caputo fractional derivative.

2.2 System description
Since in practical application the system dynamics is often affected by the uncertainty of
the model and the external disturbances, in this paper a nonlinear fractional order system
has been shown with the model uncertainties and the external disturbances as follows
[59, 60]:

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Dαx1(t) = f1(t, x(t)) + �f1(t, x(t)) + d1(t) + u1(t),

Dαx2(t) = f2(t, x(t)) + �f2(t, x(t)) + d2(t) + u2(t),
...

Dαxn(t) = fn(t, x(t)) + �fn(t, x(t)) + dn(t) + un(t),

(3)

where α ∈ (0, 1) is the order of derivative and x(t) = [x1(t), x2(t), . . . , xn(t)]T ∈ Rn denote the
system state vector, fi(t, x(t)) ∈ R is the given nonlinear function of t and x(t), �fi(t, x(t)) is
the uncertainty term, di(t) ∈ R is the external disturbance term of the system and ui(t) ∈ R
is the control input.

Because in practice system uncertainties and external disturbances can never be infinite,
in this paper the uncertainties �fi(t, x(t)) and external disturbances di(t) are assumed to
be bounded as follows [61]:

∣∣�fi(x, t)
∣∣ +

∣∣di(t)
∣∣ ≤ ρi < ∞; i = 1, 2, . . . , n, (4)

where the constant coefficients ρ1,ρ2, . . . ,ρn are positive and these upper bounds are used
in the controller design.

Now, suppose that

Fi
(
t, x(t)

)
= fi

(
t, x(t)

)
+ �fi

(
t, x(t)

)
+ di(t) + ui(t),

then the fractional order system (3) can be rewritten as follows:

Dαx(t) = Fi
(
t, x(t)

)
. (5)

The following theorem is presented to illustrate the method of converting the fractional
order differential equation system to the frequency distributed model (FDM) model.

Theorem 1 ([62]) Set

μ(ω) =
2 sin(πα)

π
ω1–2α , (6)
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and define the function ϕ(ω, t) as follows:

ϕ(ω, t) =
∫ t

0
e–ω2(t–τ )F(x, τ ) dτ , (7)

then the fractional-order system (5) is equivalent to the following system:

⎧⎨
⎩

∂ϕ(x,t)
∂t = –ω2ϕ(ω, t) + F(x, t),

x(t) =
∫ ∞

0 μ(ω)ϕ(ω, t) dω.
(8)

To find the stability condition of the fractional order system, Theorem 2 is stated.

Remark 1 Actually, the FDM model, by converting a fractional derivative to an ordinary
one, causes reduction of the complexity and difficulty of fractional calculations. On the
other hand, it can provide a new Lyapunov function to prove the stability of fractional
differential equations.

Theorem 2 ([63]) The fractional-order system (3) is Mittag-Leffler stable at the equilib-
rium point x̄ = 0 if there exists a continuous function V (t, x(t)) that satisfies

α1
∥∥x(t)

∥∥a ≤ V
(
t, x(t)

) ≤ α2
∥∥x(t)

∥∥ab, 0Dβ
t V

(
t+, x

(
t+)) ≤ –α3

∥∥x(t)
∥∥ab, (9)

in which V (t, x(t)) : [0,∞) × D → R satisfies locally Lipschitz condition on x, V̇ (t, x(t)) is
piecewise continuous, and limτ→t+ V̇ (τ , x(τ )) exists for any t ∈ [0,∞), D ⊂ Rn is a domain
containing the origin and for t ≥ 0

V
(
t+, x

(
t+))

� lim
τ→t+

V̇
(
τ , x(τ )

)
,

where β ∈ (0, 1) and α1, α2, α3, a and b are arbitrary positive constants.

Theorem 3 ([36]) If x(t) denotes a continuously differentiable function, the following in-
equality holds almost everywhere:

Dα
∣∣x(

t+)∣∣ ≤ sgn
(
x(t)

)
Dαx(t), (10)

in which x(t+) = limτ→t+ x(τ ).

3 Controller design
For the fractional-order system (3) we define the sliding surface as follows:

Si(t) = xi(t) + kiD–α
[∣∣xi(t)

∣∣η tanh
(
xi(t)

)]
, (11)

where ki > 1, 0 < η < 1.
The following equations are met when the system works on the sliding mode:

Si(t) = 0 ⇒ DαSi(t) = 0 ⇒ Dαxi(t) + ki
∣∣xi(t)

∣∣η tanh
(
xi(t)

)
= 0.
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So, the dynamics of sliding surface (11) is obtained as follows:

Dαxi(t) = –ki
∣∣xi(t)

∣∣η tanh
(
xi(t)

)
. (12)

Now it will be shown that the proposed sliding surface is stable.

Theorem 4 If the sliding surface is selected in the form (11), then the sliding dynamics (12)
is stable and its state trajectories will converge to zero.

Proof According to Theorem 1, one can convert (12) to the distributed frequency model
as follows:

⎧⎨
⎩

∂ϕ(x,t)
∂t = –ω2ϕ(ω, t) – ki|xi(t)|η tanh(xi(t)),

x(t) =
∫ ∞

0 μ(ω)ϕ(ω, t) dω.
(13)

We know that, to prove the stability of the above sliding surface, by using the direct
method of the Lyapunov theory, it is sufficient to select a positive-definite function as
Lyapunov function, and show that its derivative is a negative-definite function, so the fol-
lowing Lyapunov function has been chosen:

V (t) =
1
2

∫ ∞

0
μ(ω)ϕ2(ω, t) dω. (14)

The above function is clearly positive-definite. By deriving this function will be obtained

V̇ (t) = –
∫ ∞

0
μ(ω)ϕ(ω, t)

[
ω2ϕ(ω, t) + ki

∣∣xi(t)
∣∣η tanh

(
xi(t)

)]
dω

= –
∫ ∞

0

[
μ(ω)ω2ϕ2(ω, t) + μ(ω)ϕ(ω, t)ki

∣∣xi(t)
∣∣η tanh

(
xi(t)

)]
dω

= –
∫ ∞

0
μ(ω)ω2ϕ2(ω, t) dω – ki

∣∣xi(t)
∣∣ηxi(t) tanh

(
xi(t)

)
< 0.

Note that xi(t) and tanh(xi(t)) are always of the same sign, then the expression xi(t) ×
tanh(xi(t)) will always have a positive value, and therefore the derivative of the Lyapunov
function is negative-definite, and the proof of the stability of the sliding surface is com-
pleted. �

Now design the control input as follows:

ui(t) = –
(
fi
(
t, xi(t)

)
+ ki

∣∣xi(t)
∣∣η tanh

(
xi(t)

)
+ ρi + γiSi(t) + λi

∣∣Si(t)
∣∣δ tanh

(
Si(t)

))
. (15)

Here ρi, γi, λi are positive parameters and 0 < δ < 1.
We now show that the system (3) will converge with the designed input (15) to the sliding

surface (11).

Theorem 5 Consider the fractional order system (3) and the sliding surface (11). If the
system is controlled by the controller (15), then its state trajectories will converge to the
sliding surface in a short time.
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Proof We have defined the Lyapunov function as

V
(
t, x(t)

)
=

∥∥S(t)
∥∥

1 =
n∑

i=1

∣∣Si(t)
∣∣.

According to Theorem 3

Dα
∣∣Si(t)

∣∣ ≤ sgn
(
Si(t)

)
.DαSi(t). (16)

By deriving the Lyapunov function

DαV
(
t+, x

(
t+))

= Dα

n∑
i=1

∣∣Si
(
t+)∣∣

=
n∑

i=1

Dα
∣∣Si

(
t+)∣∣ ≤

n∑
i=1

sgn
(
Si(t)

)
.DαSi(t)

≤
n∑

i=1

[
sgn

(
Si(t)

)(
Dαxi(t) + ki

∣∣xi(t)
∣∣η tanh

(
xi(t)

))]

=
n∑

i=1

[
sgn

(
Si(t)

)(
fi
(
t, xi(t)

)
+ �fi

(
t, xi(t)

)
+ di(t) + ui(t) + ki

∣∣xi(t)
∣∣η tanh

(
xi(t)

))]

=
n∑

i=1

[
sgn

(
Si(t)

)(
fi
(
t, xi(t)

)
+ �fi

(
t, xi(t)

)
+ di(t) – fi

(
t, xi(t)

)
– ki

∣∣xi(t)
∣∣η tanh

(
xi(t)

)

– γiSi(t) – λi
∣∣Si(t)

∣∣δ tanh
(
Si(t)

)
– ρi + ki

∣∣xi(t)
∣∣η tanh

(
xi(t)

))]

≤
n∑

i=1

[
sgn

(
Si(t)

)(
–γiSi(t) – λi

∣∣Si(t)
∣∣δ tanh

(
Si(t)

))]

= –γi

n∑
i=1

sgn
(
Si(t)

)
Si(t) – λi

n∑
i=1

sgn
(
Si(t)

)∣∣Si(t)
∣∣δ tanh

(
Si(t)

)

≤ –γi

n∑
i=1

∣∣Si(t)
∣∣ – λi

n∑
i=1

sgn
(
Si(t)

)
tanh

(
Si(t)

)∣∣Si(t)
∣∣δ < 0.

Since tanh(Si(t)) and sgn(Si(t)) are always of the same sign, their product is always posi-
tive, and therefore the derivative of the Lyapunov function is a negative-definite function
and this completes this proof. �

Remark 2 The parameter ki and η in (11) and (15) is actually the gain of the sliding surface,
which should be set to a value of ki > 0 and 0 < η < 1 to ensure the stability of the sliding
surface’s equilibrium point. According to (11) and (15), one sees that the bigger value of
the parameter ki affects the control effort applied in the proposed approach.

Remark 3 The parameters ρi, γi, λi and δ in (15) are some gains for the control method.
It is seen that Eq. (15) is proportional to the values of all ρi, γi, λi and δ. This means that
larger values for ρi, γi, λi may make the value of the magnitude of oscillations increase,
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which is appropriate for the cases with large bounds of the system dynamics. However,
according to (15) the larger δ (near 1) the larger control effort. Thus, a trade-off between
unknown dynamics cancelation and control effort may be taken into account.

Remark 4 In a real application, since most of complex fractional-order systems cannot
be modeled and unknown uncertainties always exist, this FISMC controller can apply for
these kinds of FO systems. As one can see, the simulation results indicate the efficiency of
the proposed method. In addition, the method can be easily implemented by using digital
devices, like FPGA (Field-Programmable gate array) or DSP (Digital signal processing),
with only the state of the systems.

Remark 5 Because of using fractional version of Lyapunov stability theorem for the sta-
bility analysis of the close-loop systems, we can be sure that the initial solution is feasible.

4 Numerical simulation
The effectiveness of the FISMC control method is illustrated by two practical examples.
The first one is about controlling the chaotic fractional-order Lu and the second one is
about controlling the fractional-order Arneodo system. Also, it should be clear that the nu-
merical simulations are provided based on a modification of Adams–Bashforth–Moulton
algorithm [57, 64], in the MATLAB software with h = 0.001 as a time step.

Example 1 This example applies the chaotic fractional order system Lu. It is widely used
in the power industries and distribution of power electricity systems. Figure 1 shows an
example of a power electricity transmission and distribution system.

The differential equations of this system are expressed as follows:

⎧⎪⎪⎨
⎪⎪⎩

Dαx1(t) = 36(x2(t) – x1(t)) + �f1(t, x(t)) + d1(t) + u1(t),

Dαx2(t) = 20x2(t) – x1(t)x3(t) + �f2(t, x(t)) + d2(t) + u2(t),

Dαx3(t) = x1(t)x2(t) – 3x3(t) + �f3(t, x(t)) + d3(t) + u3(t).

(17)

Figure 1 A view of a power electricity transmission and distribution system
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Consider the system uncertainties and external disturbances

⎧⎪⎪⎨
⎪⎪⎩

�f1(t, x(t)) + d1(t) = 0.2 cos(3t)x1(t) + 0.15 sin(2t),

�f2(t, x(t)) + d2(t) = 0.25 sin(4t)x2(t) + 0.2 sin(3t),

�f3(t, x(t)) + d3(t) = 0.3 sin(2t)x3(t) + 0.25 cos(4t).

(18)

This system as 0.91 < α ≤ 1 has chaotic behavior [37]. Figures 2 and 3 show the chaotic
behavior of this system by selecting α = 0.98 in 3D and 2D plot modes, respectively. The
initial states x1(0), x2(0) and x3(0) are considered 10, 5- and 5, respectively. Obviously,
extreme fluctuations in state variables cause a lot of energy to be consumed and the device
to be consumed.

Figure 2 Chaotic behavior of the Lu fractional-order system

Figure 3 Chaos in the state trajectories of the Lu fractional-order system
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To control this system, we describe the sliding surface as follows:

Si(t) =
∣∣xi(t)

∣∣ + 2xi(t) + 0.2D–0.98[∣∣xi(t)
∣∣0.7

tanh
(
xi(t)

)]
, i = 1, 2, 3. (19)

For the appropriate control parameters, we apply the following control rules to the sys-
tem:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u1(t) = –(36(x2(t) – x1(t)) + 1.5 tanh(x1(t)).|x1(t)|0.7

+ 0.05 + 2S1(t) + 1.5 tanh(S1(t)).|S1(t)|0.9),

u2(t) = –(20x2(t) – x1(t)x3(t) + 1.5 tanh(x2(t)).|x2(t)|0.7

+ 0.15 + 2S2(t) + 1.5 tanh(S2(t)).|S2(t)|0.9),

u3(t) = –(x1(t)x2(t) – 3x3(t) + 1.5 tanh(x3(t)).|x3(t)|0.7

+ 0.2 + 2S3(t) + 1.5 tanh(S3(t)).|S3(t)|0.9).

(20)

The stability of the primary system (17) is shown by using the control input (20) in Fig. 4.
Very fast convergence to the equilibrium point about 0.1 second as well as the absence
of noise in the closed-loop system behavior diagram indicates the high efficiency of the
controller (20).

Figure 5 shows the convergence of the sliding surface (19) to zero and the control signal
(20) is shown in Fig. 6. As it reveals, the state variables of the controlled system and the
sliding surface and controller converge to zero in a short time of about 0.1 second, which
will save energy and reduce device depreciation.

In the following example, we intend to compare our sliding mode control method with
another sliding mode controller. The method was designed in 2016 to stabilize fractional-
order devices by Wang et al. [62].

Figure 4 Closed-loop system states after applying the controller (20)
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Figure 5 Time response of the sliding surface (19)

Figure 6 Time history of the FISMC controller (20)

This method is as follows:

S(t) = Dα–1x(t) + D–1(k1x(t) + k2
∣∣x(t)

∣∣γ sat(x)
)
,

u(t) = –
[
f (x) + k1x(t) + k2

∣∣x(t)
∣∣γ sat(x) + η1S(t)

+
(
ξ1 + ξ2 + L

∣∣S(t)
∣∣r) + K3 sat

(
S(t)

)]
.

(21)
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Here S(t) is the sliding surface and u(t) is the control signal. By selecting α = 0.98 as the
differential order, k1 = k2 = 3, η1 = 2, ξ1 = 10, ξ2 = 5, L = 8 and k3 = 5 as the controlling
parameters, the state trajectories of this example occur as in Fig. 7. Figure 7 presents the
comparison between the proposed FISMC method in this paper and the method [62]. As
can be seen in Fig. 7, the continuous line shapes converge faster than the dotted lines to
the equilibrium point.

Figure 7 Comparison of the proposed FISMC method with the method in Ref. [62]



Haghighi and Ziaratban Advances in Difference Equations        (2020) 2020:503 Page 13 of 19

Table 1 Comparison between the results of the FISMC (20) and FTSM (21)

Comparison items The result of this paper The result in [62]

Control
methodology

Fractional integral sliding mode control
(FISMC)

Fast terminal sliding mode (FTSM)

Design
parameters

Overall, 4n + 2 parameters should be
selected

Overall, 6n + 1 parameters should be
selected

Chattering and
convergence

The FISMC seems to has a chattering free
control procedure and a fast
convergence to equilibrium point

The FTSMC seems to has chattering in
control procedure and needs a long time
for convergence to equilibrium point

Magnitude of
oscillations

Normal range (based on the behavior of
the error system)

Out of range (based on the behavior of
the error system)

Conclusions The advantages of the proposed FISMC:
(1) higher robustness; (2) the controller is
easier to design and may be more
convenient for practical use;
(3) chattering-free; (4) higher
convergence accuracy

The advantages of the FTSM: (1) it has
many parameters that may be difficult to
use; (2) it is effectively working when the
states of the systems are known; (3) it is
applicable for the vast area of systems

In addition, more precisely in Fig. 7, we can see that the state variables are oscil-
lating and noisy with the use of the sliding mode controllers [62], and this created
chattering may create long-term problems for the device and the stability of the de-
vice will be destroyed. While the proposed method performs stabilization without any
fluctuation or noise. Also, a discussion about this comparison is summarized in Ta-
ble 1.

Example 2 In this example, we use our FISMC method to control the chaotic system of the
Arneodo fractional order. This system is widely used in hydraulic dynamics. The Arneodo
fractional order differential equation system is as follows [62]:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Dαx1(t) = x2(t) + �f1(t, x(t)) + d1(t) + u1(t),

Dαx2(t) = x3(t) + �f2(t, x(t)) + d2(t) + u2(t),

Dαx3(t) = 5.5x1(t) – 3.5x2(t) – x3(t) – x3
1(t)

+ �f3(t, x(t)) + d3(t) + u3(t).

(22)

We consider external uncertainties and disturbances as follows:

⎧⎪⎪⎨
⎪⎪⎩

�f1(t, x(t)) + d1(t) = 0.2 cos(3t)x1(t) + 0.15 sin(2t),

�f2(t, x(t)) + d2(t) = 0.25 sin(4t)x2(t) + 0.2 sin(3t),

�f3(t, x(t)) + d3(t) = 0.1 sin(2t)x3(t) + 0.25 cos(3t).

(23)

By selecting α = 0.96 the starting points are selected as x1(0) = –2, x2(0) = 5, x3(0) = 2.
Figures 8 and 9 show the instability and turbulence of the uncontrolled system in both
three-dimensional and two-dimensional views.

To use the proposed controller, we describe the sliding surface as follows:

Si(t) =
∣∣xi(t)

∣∣ + 2xi(t) + 0.2D–0.96[∣∣xi(t)
∣∣0.7

tanh
(
xi(t)

)]
. (24)
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Figure 8 Chaos in the behavior of Arneodo fractional order system (22)

Figure 9 Chaos in Arneodo fractional system states

By choosing the appropriate parameters, we provide the controller as follows:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u1(t) = –(x2(t) + 1.05 tanh(x1(t)).|x1(t)|0.95 + 0.15 + 2S1(t)

+ 1.5 tanh(S1(t)).|S1(t)|0.9),

u2(t) = –(x3(t) + 1.05 tanh(x2(t)).|x2(t)|0.95 + 0.15 + 2S2(t)

+ 1.5 tanh(S2(t)).|S2(t)|0.9),

u3(t) = –(5.5x1(t) – 3.5x2(t) – x3(t) – x3
1(t) + 1.05 tanh(x3(t)).|x3(t)|0.95

+ 0.02 + 2S3(t) + 1.5 tanh(S3(t)).|S3(t)|0.9).

(25)
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Figure 10 State trajectories of Arneodo fractional system (22) after applying the controller (25)

Figure 11 Stability of sliding surface (24)

Figure 10 shows the state trajectories of the system over time after the proposed
controller has been implemented. It is clear that all system state variables have con-
verged to the equilibrium point rapidly and without fluctuation and the system has stabi-
lized.

Figure 11 illustrates the sliding surface stability (24) and Fig. 12 illustrates the controller
behavior (25) over time. It is observed that the controller components also converge to
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Figure 12 Controller signal (25) applied to Arneodo system (22)

zero in a very short time. Therefore, the controller will consume very little energy, so the
proposed method is consistent and practicable.

Remark 6 Based on Eq. (15), and the concept of the tracking control, we can see in Figs. 4
and 10 that the tracking control converges to zero. Moreover, since the equilibrium point
of the system equals zero, the asymptotic stability will be implied.

5 Conclusion
The present paper investigates a new method for stabilizing fractional-order chaotic non-
linear systems by using a sliding mode controller. A continuous function is replaced with
the sign function in the controller design and the sliding surface to suppress chattering.
Rapid convergence to the equilibrium point, high resistance to system uncertainties and
external disturbances are main features of this method. The direct method of Lyapunov
stability theory and the frequency distributed model (FDM) are applied to prove the sta-
bility of the sliding surface and closed-loop system. Two illustrative examples of the frac-
tional order chaotic systems show the efficiency and applicability of the FISMC control
method. It is noteworthy that the results and diagrams demonstrate appropriate perfor-
mance, high speed of the control and the absence of oscillations. The proposed control
scheme will significantly reduce the energy loss and depreciation of the device.
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