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1 Introduction

The boundary-value problems for singularly perturbed differential-difference equations
arise in various practical problems in biomechanics and physics such as in variational
problem in control theory and depolarization in Stein’s model. Many scholars have done
a lot of work on this field, especially for linear problems [1-6]. For nonlinear problems,
some results [7—12] have also been obtained. However, most of these works are related
to boundary layers, numerical solution, or the proof of the existence of the solution. Few
of them concern the contrast structures and the uniform validity of the asymptotic ex-
pansions [7, 12]. Recently, the contrast structures have become the focus of attention in
singular perturbation [13-16]. The fundamental characteristic of contrast structures is
that there exists a ¢, (or multiple £,) within the domain of interest, which is called an in-
ternal transition point. The position of £, is unknown in advance, and it needs to be deter-
mined thereafter. In the neighborhood of £, the solution y(¢, ;) will have an abrupt struc-
ture change. In the different sides of ,, if y(¢, ) approaches different reduced solutions,
we call it step-type contrast structure. If y(¢, ) approaches the same reduced solution,
we call it spike-type contrast structure. In [17], Wang, Xu, and Ni study the spike-type
contrast structure for the following singularly perturbed differential-difference equation
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which only contains negative shift in it:

w>y' () = F(y(t),y(t —0),t), 0<t<T; (1.1)

yt,p) =alt), —o<t<0,  yT,u)=y". (1.2)

In this paper, we study the step-type contrast structure for system (1.1), (1.2), where 0 <
1 < 1is a small parameter and o is a delay argument. «(t) is a smooth function defined
n [-0,0]. T is a positive constant that satisfies 0 < T < 20. The restriction on T will not
influence the essence of the problem and it is only convenient for our discussion.

2 Algorithm for the construction of asymptotics
Let uy’ =z, then (1.1) can be rewritten as follows:

wy'(6) =z(t), 2 () =F(yt),y(t-o0),t). (2.1)

When necessary we impose several additional conditions on Eq. (2.1).

(H1) Suppose that F(y, u, t) is sufficiently smooth with respect to each argument and for
0<t<T,whereu=y(t-o).

(H2) Suppose that the reduced equation F(y(t), y(t — o), ) = 0 has three disjoint real roots
y(t) = i(t) (i = 1,2,3) in [0,0], but an isolate root y(¢) = ¥1(¢) in [0, T].

(H3) Suppose Fy(y(t),y(t — 0),t) > 0, when ¥(¢) = ¢i(t) (i = 1,3), or ¥(t) = ¥1(¢), while
Ey(@2(t), g2t - 0),2) <O.

Let £, € (0,0) be the transfer point of the contrast structure, and it has the series form

bo=to+ b+ + pwlee+-0e, (2.2)

where t; (k =0,1,...) are unknown constants determined by the smooth connection at
£=t,.

Setting x = (,2)7 and using the method of boundary function, we construct a series
formally satisfying (2.1), (1.2) in [0, £,], [£, 0], [0, T, respectively.

2t ) = Y ED (8 1) + To(zo, 1) + Q7T 1), (2.3)
k=0

() =Y ED (8 1) + QT 1) + Qi1 1), (2.4)
k=0

2 =Y (#(8 1) + QW(zo, 1) + Rie(tr, 1)), (2.5)

where 1, = ﬁ, T, = t‘ﬂt*, T, = %, Tr = % (7o), Qﬁ(_)x(f*), Q,(:)x(t*), Qi_)x(fa),

Q,(:)x(rg), Rix(tr) (k > 0) are called boundary functions, and

lim Ix(zo) =0, lim Qx(z,) =0, lim Q\"x(z,) =0,
70— +00 T4 —>—00 Ty —>+00

lim Q,(:)x(r*) =0, lim Qk x(1,) =0, lim Rix(tr) =0
Ty —>—00 Ty —>+00 TT—>—00

hold.
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By the method of boundary function, we obtain

206 =0,  FFY@),alt-0)t)=0; (2.6)
@Y B 2w L 7
7 =z (t), 7 = Fy Vi (t) + hk (t), (27)

where Py(l) takes its values at 6/(()1)(t), a(t—o),t)and il?) (¢) are determined functions. Equa-
tion (2.6) coincides with the reduced equation of (2.1), so we have 5/(()1) (t) = p1(8), Ef)l)(t) =0.
Obviously, by (H;) and (2.7), icl((l)(t) are completely determined. Similar to a_c,((l)(t), we ob-
tain 35(¢) = @3(t), Z5(8) = 0, T2 (£) = ¥ (1), 20(2) = 0, and % (¢), 7(¢) are completely
determined.

For Iox(7p), we have

dno_)/ dnoZ
= Z,
d‘L’o 0 dfo

Moy(0) = a(0) — ¢1(0), Mgy(+00) = 0.

= F(¢1(0) + Moy, a(-0),0);

Let ¢1(0) + Iy = 0, W) = 21, and we get

T - S
_— = , _— = F (1), — ,0 5 2.8
dny ° ar (3", a(-0),0) (2.8)
3P0 =), 5P (+00) =:1(0). (2.9)
Integrating (2.8), we have
o 2
70 = iﬁ( / F(y,a(~0),0) dy) 2 10, (7V). (2.10)
»1(0)

By (H,), the equilibrium M (¢;(0),0) is a saddle point on the phase plane (5V,z(). Let
the steady manifold be X, : 21 = —®; (V). Under the condition that the line 5V = «(0)
intersects with X;, the solution of problem (2.8), (2.9) exists.

For Ixx(10), we have the following system:

dl‘[ky _ dl‘lkz

- = Mz, = F, iy + Gr(1o); (2.11)
To
My(0) = -5°(0),  Miy(+00) =0, (2.12)

where Fy gets its value at the point (¢;(0) + IToy, ¢(~0),0). Gi(t) are functions formed by
Q_Cl‘(t), Hl‘x('(()) (l =0,1,... ,k - 1)
According to the Liouville formulas and the constant-change method, we infer that

Z(v0) , ) - LI S L
= ——(-%,7(0)) + z(o) —-— Z(s)Gx(s)dsdn. (2.13)
4 Z(O) ( Yk ) 0 0 22(77) +00 ‘
Thus, IT;x(t) are completely determined. The exponential decay of ITxx(7o) can easily be
obtained from (2.13).
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For Qéf)x(t*), we have

Aty . 4002 i
d—g* :Qf) 'z, d—g* =F(§01(t0)+QE) )y:a(to—ﬁ),to);

Q¥0) = pat0) —r(0),  Qy(=00) =0
Let ¢1(to) + Qf{)y =79, 3?) =z, and we get

dy®
drt,

F20) = @ate), 7P (=00) = @1 (to).

(2
g, Y
dt,

F(j’(Z)ta(tO -0), tO);

Integrating (2.16), we get

5,(2)

1
5@ _ :i:«/i(/ F(y,oz(to —0), to) dy) 2 240, (5,(2)).
¢1(to)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

By (H,), the equilibrium M,(g;(t),0) is a saddle point on the phase plane (5@,z?). Let

the steady manifold be X, : 22 = ®,(5®). Under the condition that the line %

intersects with X,, the solution of problem (2.16), (2.17) exists.
For Q;f)x(t*), we have the following system:

dQy _ dQ'z
dr, dr,

Qy(0) = (#4(t0) — ¢, (80)) tx + 4L (tos t1, -, ti1), QU y(+00) =0,

Q7 = FQy+ G (s

= ¢ (o)

(2.19)

(2.20)

where ?y(l) gets its value at the point (¢ (%) + Qg)y,a(to —0),t). G,((l)(t*) are functions

compound formed by X;(¢), QE_)x(ro) (i=0,1,...,k=1).
Similar to (2.11), the solution of (2.19), (2.20) is

7@ (T4)

#2(0)

Tk 1 n
+29(z,) / T / ()G (s) dsdn.
0 —00

Q\y= (63 (t0) — ¢ (t0)) tx + 4

Thus, Q,(;)x(r*) are completely determined.

For Qg')x(t*), we have

dQ(*)y dQ(+)Z
d:* =Q\z, d—z* = F(ps(to) + QYy,alto - o), to);

QY(0) = pa(t) — @s(te),  QYy(+00) =0.
Let @3(to) + fo)y =59, 3?) =z, and we get

~(3 ~(3
dy( ) 50 az® )
drt, drt,

F(3®,a(ty - 0),0);

(2.21)

(2.22)

(2.23)

(2.24)
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730) = pa(te), 7 (+00) = p3(to). (2.25)

Integrating (2.24), we have

3)

i 3
79 = iﬁ( [ E(y,alty - 0),0) dy) 2 £0;(79). (2.26)
@3(to)

By (H,), the equilibrium Mj3(gs(to),0) is a saddle point on the phase plane (7®,z). Let
the steady manifold be 3 : z®) = —®3(5®)). Under the condition that the line y® = ¢, (t,)
intersects with X3, the solution of problem (2.24), (2.25) exists.

For Q§:) x(t.), we have the following system:

dQMy dQ\z

A T e A A L (2.27)
Q3(0) = (5 (t) — $5(t0))ti + 4\ (os tr, . 1), QY p(+00) =0, (2.28)

where I-"y(2) gets its value at the point (¢3(¢) + fo)y,a(to —0),t). G]((2)('C*) are functions
compound formed by a_cl(.z)(t), Ql(.+)x(t*) (i=0,1,...,k=-1).

Similarly, according to the Liouville formulas and the constant-change method, we get
the solution of (2.27), (2.28):

(3)
Qy= Zg(s)((zﬁ)) ((5(t0) - B5(t0)) i + )
+39(z) ]0 " z(%(n) / " 599G ds . (2.29)

Thus, Q}ﬁx(u) are completely determined. The exponential decay of Q§<+)x(r*) can easily
be obtained from (2.29).
Specially, at the point ¢ = o, we set

(o, 10) = p(i) =po+ upr + pWopa + -+ g+
where pi (k =0,1,...) are unknown constants determined by the smooth connection at

t=o.

Q(()_)x(rg) are determined by the following system:

dC (=) _ 400 i
3: 7=z % = F(¢s(0) + Q) y,2(0),0); (2.30)
Q90 =po-ps0),  Qy(~o0) =0, (2.31)

Let ¢3(0) + QS )y(z5) = 79, Q\z(1,) = 2%, and we get

d51(4) @ dz®
=Z 5 =
dt, dt,

W0 =po, 7 (~00) = g3(0). (2.33)

F(G®,a(0),0); (2.32)
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Integrating (2.32), we get

54)

1
5 1
7@ _ :I:«/i(/ F(y,a(O),g)dy) 2 2 :I:q)4(5,(4)).
@3(0)

By the Virtue of condition (H;), the equilibrium (¢3(c), 0) is a saddle point on the phase
plane (5,z9). So passing through (¢3(c),0) there exists a steady manifold T, : 2% =
O,(G5Y). Under the condition that the line 5¥(0) = p, intersects with the manifold X,
the solution of system (2.32), (2.33) exists.

Qi_)x(rg) are determined by the following system:

dQ(—) . dQ(_)Z o

— 2 -qs, A= EIQy+ 60w (2.34)

A=) _ =(2) A=) —

Qk y(o) _Pk_yk (U)) Qk J’(—OO) =0, (235)
where FZ ,F get their values at (@3(0) + Qo y,(0),0). G (rg) are determined functions.

In fact, the homogeneous system, corresponding to (2.34),

dQly - dQ'z -0
Tdr, <k ® dr, =57Qy (2.36)

is the variational equation of (2.30). Under the boundary condition Qﬁ:) 9(0) = pk — )722) (0),
Qy(=00) = 0, we get

: (Q7(70) = (pr = 71(0) 1 (1) ¥ (0), (2.37)

(- ) _
(Q2(1))% = “o85 (o = 710 Wi (7) W7 (0).
Next, let Q,(;)y*, Q,(;)z* be the particular solution of (2.34). Introducing a new transforma-
tion

_do,(Y)

A=), x A) x
Q =5y, Q =
K ! kZ dy®

Qk y +68

and substituting it into (2.34), we get

dsy d<1>4(y<4

a7, = e 81 + 52,
ds Aoy GW
0= (%)az + G ().

d52 _ (d<l>4(y<

Let 8, = CWy(t,) be the general solution of )82, then we get a particular

solution

= [ watm) e 966 s

o0

5(4)
of ij = (%)82 + G,((S)(r(,). Furthermore, we have

8 = / ) wl(ra)w#(s)[/ Wy(5) 95 ()G (p) dp ] &
\ g

o]
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So, we have

Qk y (1) = fi7 W1 (2T (s) [, Wals) W5 ()G (p) dpl ds,
Q2 *(u)-d‘w CQUy (1) + [T Walt,) W5 (5)GY (s) ds.

Thus, we obtain

_ _ 2.38
Qi"z(n)-“m Pk = (0 W1 (1) ¥710) + Q)2 (1) (2.38)

{ Q7 ¥(%) = (o = (0 ) W1 () U7 (0) + Q" (50),
Now, (_2](;)96(1'0) are all completely determined, but they contain the unknown numbers
Pk Obviously, the estimation about exponential decay of Qi_)x(rg) can easily be obtained
from (2.38).
Due to the deviation of arguments, the equations determining Q;ﬂx(rg) will be relevant
to ITjy(1o), 0 <j < k. Namely,

d’(*) = (4

degy = Q7

dl

QO = F(n(0) + Qy,¢1(0) + Moy(t,), 0);

Q59(0) = po - ¥1(0), Q) y(+00) = 0.

Let vr1(0) + QPy(t,) =79, Qz(z,) = 29, we have
dy® dz®
dyt —=20, T = F(01(0)+ Toy(x). o), (2.39)
) =py, 7 (+00) = Y1 (0). (2.40)

Combining (2.8), (2.9) with (2.39), (2.40), we have a coupled system:

G0 _ 30, D _pGe, 5

dt, F()/

a1 - dz 1>

Gz, 57) =FGWY ,oz(—a),O);

IO =a©), P00 =@, PO =ps, ¥ (+00) = Yi(0).

Here, the phase space (5®,z®,51,z() is the direct sum of (®,z®) and (3V,z). The
equilibrium M(1(0),0, ¢; (0),0) is a hyperbolic saddle point because the character1st1c
equation at M(vy1(0),0,¢1(0),0) is

[)»2 — Fy(s)] [)»2 — Fj,u)] =0
and its eigenvalues satisfy
)\,1)\2 = —F;,(s) < 0, )»3)\,4 = —Fj/(l) <0.

Thus, going through equilibrium M there exist a two-dimensional stable submanifold
W*(M) and a two-dimensional unstable submanifold W*(M). Set

WS(M): Z = O(Y),
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where Y = (5®,50)7, Z = (26),Z0)T, & = (d,, ®5)7. Obviously, the projection of W*(M)
on the phase plane (3V,z() is ;. Namely, (WS(M))ém,%m) =Y. Set

(WS(M))é(s)Yz(s)) = Xs,
then
76) = @5 (5,(5)’5,(1)).

Under the condition that the plane 5*(0) = p, intersects with the steady submanifold X5
in the phase space, the solution of (2.39), (2.40) exists.

Qy)x(r(,) are determined by the following system:

dQ(+)y ~ () dQ(+)Z 5 B @
ﬁ:Q;Z: ﬁ:F Qky+G (ts)

Qy0) =P -7P(0),  Qy(+00) =0,

where FZ , F, +) take their values at (1 (o) + QO ¥, 01(0) + oy, 0). H ,£+)(rg) are determined
functions.

In a similar manner, for solving Q,((_)x(rg), we can obtain

Qi*)ym) = (pi - &f (0)Ws(1,)¥51(0) + Q\y* (z,),
QY z(z, """5@ (px = 72 (0) W3 (7,) W51 (0) + Q2" (1),

where

oy [ ”w3<ra>w;1<s)[ | wewiee! (p)dp]

o]

and

To

Ly (z) + / V(1) W5 ()G (s) ds.

+00

d®s(5°)

Q7 (1) = 5

Thus, Q,(:)x(rg) are completely determined.

Lemma Under conditions (H,), (Hs), (H3),

M), QPx(r),  Qa(z,) (k=0)
all satisfy exponential decay.
For boundary functions Rix(tr) (k > 0), they have no essential influence on the interior

layer and the solving method of them completely coincides with ITxx(zo) (k > 0). We will
not discuss them in detail.
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3 The smooth connection of the asymptotic solution
In order to get a smooth solution in [0, T, yV(¢, 1) and y?(¢, ) must join smoothly at
t = t,, at the same time, y?(¢, ) and y®(¢, 1) join smoothly at £ = o. Namely,

d
T Dt 1) = y 2t 1), (3.1)

d d
—yP(o, 1) = —»

3)
7 ) @) (3.2)

Substituting (2.3), (2.4) and (2.5) into (3.1), (3.2) respectively, we get a series of equations:

d d

EQ((;)}’(O) = EQ&”}/(O), (3.3)
d d

#(t0) + - Q75(0) = ¢4 t0) + —-Q\"y(0), (3.4)

/ d _ "
G12) t0) + Q00 = (521) (1) + -0 50 (35)
and

d - d .

—-Q7y(0) = —-Q»(0) (3.6)
d . d -

#5(0) + ——Q¥(0) = ¥{(@) + ——Q"x(0), (37)

DV L5000 - 69 Vo). Lo

G @) + -Q7y(0) = (321) (@) + Q7 y(0). (3.8)

Substituting (2.8), (2.26) into (3.3), we have
v2(to) ¢a(to)
/ F(y,a(to—a),to) dy:/ F( ;a(tO_G)rtO) dy;
¢1(to) »3(to)
that is,
(t0)
H(to) = / F(y,a(to—0),t) dy =0, (3.9)
v1(to)

which is the equation for finding .
(Hy) Suppose that (3.9) is solvable for £y (0 < tg < o), and H(to) #0.
Therefore, (l’) exists. By (3.5), the equation to determme t is

H'(to)tx = Pr, (3.10)

where Py are known constants. Thus Q,fx(t*) are all completely determined.
In the following, we will seek the value of py. Let

G(po) = 2%(0, po) — 2%(0, po) = Pa(po) — Ps5(po, (0)). (3.11)
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(Hs) Suppose that there exists a solution pg = pg for (3.11) that satisfies (ZTGO lpo=po <O.
For py, by virtue of (2.38) and (3.8), we have

(dd%(m) _ d®s(po) )
dpo dpo Pr

_ ro n dPs(po) d®.(po) -
- (R4 = 2L @)) - PG 0) + TP G )

0 0
- / Wy (0) W5 ()G (s) dls + / W, (0)W; ()G (s) ds.

oo +00

By (Hs), the coefficient of py is not equal to zero , so py is determined. Thus Q,ii)x(rg)
are all completely determined.

4 The existence of the complex solution
In this section, using the method of sewing connection, we prove the existence of the solu-
tion about problem (2.1), (1.2) and give out the estimates of the remainder. The solution of
(2.1), (1.2) may be considered as a solution which is smoothly connected by the solutions
of the following auxiliary problems.

The left problem (0 < £ < £,):

1> = F(V @), a(t - 0),t), (4.1)

y0O0,m) =a0),  yV(t, ) = da(t). (4.2)

The middle problem (¢, <t <o0):

12(?)" = Fp?@),alt - 0),t), (4.3)
y(Z)(t*r /'L) = ¢2(t*)7 J’(Z)(U, /'L) =‘5(/'L)r (44')
where p(u) = po + u(p1 + 8). Here, we do not expand the parameter £,. § is a parameter.
The right problem (o <t < T):
12 = FpP 0,9Vt - o, 1), t), (4.5)
Yo, =pw), YT, =", (4.6)
where p(1) = po + (p1 +9).

The problems (4.1), (4.2), (4.3), (4.4), and (4.5), (4.6) are all boundary layer problems, so
their solutions exist and have the following form:

yO(, 1) = 1(8) + Toy(to) + Q5 y(x.) + O(u), (4.7)
Y8, 1) = p3(2) + Q57 y(z.) + QY y(z,) + O(w), (4.8)
¥t 1) = v (0) + QY y(t,) + Roy(rr) + O(s0). (4.9)

Considering (4.2) and (4.4), we see

YD (o) =yP (1), t€(0,1), (4.10)
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which implies that y(¢, 1) is continuous at ¢ = £,. Therefore, £, can be determined by the
following formula:

V(1) =22 (8, ). (4.11)
It yields
A(t) = H(t,) + O(i) = H(to) + %H(to)(t* —to) + O((t. — t0)*) + O(u), (4.12)

where tj is known by (3.9). Let ¢, = fp + ku and put it into (4.12), we obtain

d
Ato £ ku) = :I:kuaH(to) +0(u). (4.13)

Let k in (4.13) be sufficiently large and select u sufficiently small, then the symbols of the
right-hand side of (4.13) are different. By virtue of the intermediate value theorem, there
exists £, € (ty — ku, to + k) such that A(z,) = 0. So (4.11) holds, and £, = £ty + O(u).

From (4.4), (4.6) we know that y® (¢, 1), y® (¢, 1) are continuous at ¢ = o. For their
smooth connection, % yP(o, 1) = %y(s)(o, W) is necessary.

Let W(p, u) = %y@)(o,u) - %y@) (0, ). Considering the smooth condition (3.6), (3.7),

we have

I ,od o d -
W(p, 1) = u[(y?)(a)) - 5P0)) + Eoi 'y(0) - 5@5 )y<o>] + o)

When p is sufficiently small and § has different sign, G(p, 1) also has different sign.
By virtue of the intermediate value theorem, there exists p* € [p; — 8, p; + 8] such that
Gp*, ) =0.

We write the results in the following theorem.

Theory 1 Under conditions (Hs)—(Hs), the smooth solution y(t, 1) of (1.1), (1.2) exists in
the interval [0, T]. The zeroth asymptotic expansion of (1.1), (1.2) is

01(8) + Toy(z0) + QS )y(1) + O(w), 0<t<t,
y(t. 1) = { @3(8) + Qy(w.) + Q5 )y(w,) + O(w), t.<t<o,
¥1(6) + Qy(z,) + Roy(r) + O(n), o <t<T.

Similarly, we can obtain the higher order asymptotic expansion.

Acknowledgements
The authors would like to thank the anonymous referees for very helpful suggestions and comments which led to the
improvement of our original manuscript.

Funding
This work is supported by the National Natural Science Foundation of China (No. 11501236).

Availability of data and materials
Not applicable.



Xu and Wang Advances in Difference Equations (2020) 2020:561 Page 12 of 12

Ethics approval and consent to participate
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 8 May 2020 Accepted: 10 September 2020 Published online: 07 October 2020

References

1.

2.

Ramos, J.I.: Exponential methods for singularly-perturbed ordinary differential-difference equations. Appl. Math.
Comput. 182, 1528-1541 (2006)

Sharma, KK, Kaushik, A.: A solution of the discrepancy occurs due to using the fitted mesh approach rather than to
the fitted operator for solving singularly perturbed differential equations. Appl. Math. Comput. 181, 765-766 (2006)

. Kadalbajoo, MK, Devendra, K. Fitted mesh B spline collocation method for singularly perturbed

differential-difference equations with small delay. Appl. Math. Comput. 204, 90-98 (2008)

. Kadalbajoo, MK, Sharma, KK.: A numerical method based on finite difference for boundary value problems for

singularly perturbed delay differential equations. Appl. Math. Comput. 197, 692-707 (2008)

. Pratima, R.: Numerical analysis of singularly perturbed delay differential turning point problem. Appl. Math. Comput.

218, 3483-3498 (2011)

. Pratima, R, Sharma, KK.: Numerical method for singularly perturbed differential difference equations with turning

point. Int. J. Pure Appl. Math. 73,451-470 (2011)

. Wang, AF, Ni, MK The interior layer for a nonlinear singularly perturbed differential-difference equation. Acta Math.

Sci. 32B, 695-709 (2012)

. Lange, C.G, Miura, RM. Singular perturbation analysis of boundary-value problems for differential difference

equations. IV. A nonlinear example with layer behavior. Stud. Appl. Math. 84, 231-273 (1991)

. Tian, H.J.: Asymptotic expansion for the solution of singularly perturbed delay differential equations. J. Math. Anal.

Appl. 281, 678-696 (2003)

. Kadalbajoo, MK, Sharma, KK.: Parameter uniform numerical method for a boundary-value problem for singular

perturbed nonlinear delay differential equation of neutral type. Int. J. Comput. Math. 81, 845-862 (2004)

. Kadalbajoo, MK, Sharma, KK.: Numerical treatment for nonlinear differential difference equations with negative shift.

Nonlinear Anal., Theory Methods Appl. 63, 1909-1924 (2005)

. Ni, MK, Lin, W.Z.: The asymptotic solutions of delay singularly perturbed differential difference equations. Acta Math.

Sci. 30A, 1413-1423 (2010)

. Vasil'eva, AB.: Contrast structures of step-like type for a second-order singularly perturbed quasilinear differential

equation. Zh. Vychisl. Mat. Mat. Fiz. 35, 520-531 (1995)

. Wang, AF, Ni, MK Contrast structure for singular singularly perturbed boundary value problem. Appl. Math. Mech.

35,655-666 (2014)

. Dmitriev, M.G., Ni, M.K.: Contrast structures in the simplest vector variational problem and their asymptotics. Avtom.

Telemeh. 59, 41-52 (1998) (in Russian)

. Ni, MK.: Asymptotics of a step-type contrast structure for a class of variational problems. Avtom. Telemeh. 69,

176-183 (2008) (in Russian)

. Wang, AF, Xu, M., Ni, MK.: The impulsive solution for a semi-linear singularly perturbed differential-difference

equation. Acta Math. Appl. Sin. 32, 333-342 (2016)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	The step-type contrast structure for a second order semi-linear singularly perturbed differential-difference equation
	Abstract
	MSC
	Keywords

	Introduction
	Algorithm for the construction of asymptotics
	The smooth connection of the asymptotic solution
	The existence of the complex solution
	Acknowledgements
	Funding
	Availability of data and materials
	Ethics approval and consent to participate
	Competing interests
	Authors' contributions
	Publisher's Note
	References


