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1 Introduction
Hardy in [12] proved the discrete inequality

%) s q %)
Z % Zﬂ(i) < (#)anq(s), forg>1,5>1, (1)

s=1 i=1 s=1

where a(s) is a positive sequence for s > 1. In [13] Hardy proved the integral form

/1 (Y q q 9 poo
/0 (;/Of(s)ds> dyf(;) /0 f'ody, forg>1, (2)

where f is a positive function. In [10] Copson considered a new type of inequalities of the

form

[([ o dy)qu ¢ [ o, )
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where f is a positive function and ¢ > 1. In [11] Copson (see also [14, Theorem 344]) proved
the discrete version of (3), which is given by

[e¢]

00 q %)
Z ( a(k)) <47 Z k1a(s), (4)
k=s s=0

where g > 1 and a(s) > 0 for s > 0. In [4] Beesack proved an inequality of the form

/ o) ( [ yf(r)dr)qdy <[ o)y 5)

a

where y and w satisfy the differential equation of Euler—Lagrange type

(OE M) +0@)2 ) = 0. ©)

The method of the proofs in [4] depends on the solution of (6) when the first derivative
Z' >0 on the interval (4, b). The approach of Beesack extended to generalized Hardy’s type
inequalities; see, e.g., Beesack [5] and Shum [23]. Some of the conditions on z, y and w
were removed by Tomaselli [26]. In particular Tomaselli followed up the papers by Talenti
[24] and [25] and proved some inequalities with some special weighted functions.

The discrete analogues for the continuous results have been considered by some au-
thors, we refer to the articles by Chen [8, 9] and Liao [15]. It is worth to mention here that
some parts of the proofs of Liao’s results are based on the technique used in [7] and [14],
which are based on the application of the variational principle which is not an easy task
to apply on time scales and then we did not consider in our proofs of characterizations of
weights of the inequalities that we will consider in our paper. There is thus an urgent need
of a new technique that helps us in studying such problems on time scales, which is our
main aim in this paper.

The dynamic equations and inequalities have been introduced by Hilger in 1988 and
considered by a lot of authors, we refer to Refs. [1-3, 16-20, 27]. One of the applications
of Hardy-type inequalities in dynamic equations was demonstrated in [19]. In particular,
in [19] the author established a time-scale version of the Hardy inequality, which unifies
and extends well-known Hardy inequalities in the continuous and in the discrete setting,
and presented an application in the oscillation theory of half-linear dynamic equations to
obtain sharp oscillation results. Recently, in [21] the authors established some conditions
on the weights of dynamic inequalities of Hardy’s type to be hold. More precisely it has
been proved that, if 1 < p < g < o0,

oo x
f YT (y)Ay = oo,/ VI (y)Ay < oo, fory e [¢,d]r, (7)

where p* is the conjugate of p > 1, then

d q : d 7
( / w(x)( [ yg(s)ds) Ay) sc( / v(y)gp(ymy) , ®)

where w is a positive function, if and only if there is a number 1 > 0, such that the equation

I

4
=3

n(vh (5) (4 5))

*|

)A + w(s)ur

(0()=0 )
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has a solution u(s) that satisfies
u(s), ub(s)>0 and u®%(s)<0, forse [c,d]r. (10)

In this paper, we establish some relations between the weights in generalized inequalities
of Hardy and Copson type by using the solutions of dynamic equations of half-linear types.
The technique in our paper allows us to cover the inequalities with tails of Copson’s type
with weights and improve the above results, since our results do not need the restrictive
condition (7). In Sect. 2, we are concerned with the presentation of some basic definitions
and preliminaries regarding the time-scale calculus. The dynamic Hardy-type inequality

of the form

o(t)
/ﬁ w(t)(/ F(‘L’)A‘L’)th < /ﬁ y(6)T9(¢) At, (11)

will be proved in Sect. 3, where the method reduces the proofs to the solvability of dynamic

equation

(D@2 0)N + 00 (W 3) =0, yelw Bl (12)

where u > 0,u® > 0. Next, we prove new conditions on weights in the dynamic Copson-

type inequality with tail of the form

B 00 q B
[ w<t></ r(y)Ay) acs [y, (13)

®

and we prove that the conditions on the weights reduces to the solvability of the dynamic
equation

1

() (-42()" )" — 0@ () =0, sela Bl (14)

where u > 0,u® < 0. To the best of the authors’ knowledge the results in this case are es-
sentially new. For illustration, we derive some dynamic inequalities as special cases and

from them we formulate some classical and discrete inequalities.

2 Preliminaries

In this section, we present some basic definitions that will be used in the sequel and for
more details see [6]. The derivative on time scales of 'Y and I'/Y of two functions I" and
T are given by

r

A A A
rAy -ry
Y2 =TY2+T2Y° and <¥) ==

TTe (15)

The forward jump operator o () on a time scale T is defined by o (¢) := inf{s € T : s > ¢} and
the graininess function u is defined by u(¢) := o (¢) — ¢, and for any function I' : T — R the
notation I'?(£) denotes I'(o (t)). The Cauchy (delta)-integral is defined by f; I'*(w)Aw =
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['(t) — I'(a). The integration formula on a discrete time scale reads

b
[ rwac= ¥ wore,

tela,b)

while the infinite integral is defined as [ I'(£) At = limp_, o fab ['(¢)At. The chain rule for
functions ® : R — R, which is continuously differentiable, and Y : T — R, which is delta-

differentiable, is given by
(©o1)*() =0 (T()Y™(@®), force[to(t)],
this rule leads to the useful form
(Y7(0)> = YT ()YA (), forc e [to(8)]. (16)

Another formula pertaining to the chain rule states that

1
CERIROE / O (Y (&) +su(O)Y2(2)) dsT™(2),
0

which provides us with the following useful form:

(r70))* = ¢ /O l(sT“(t) +(1-9T®)" " dsT2(0). (17)

Fora,b e T and T, ® € C4(T), the integration by parts formula is given by

b b
f F”(t)@A(t)AtzF@(b)—r‘@(a)—/ 2O At. (18)

a

The Holder inequality on time scales is given by

b b % b %
/|F(t)®(t)|At§</ |F(t)|"At> (/ |®(t)|th) ,

where g > 1 and 1/g + 1/q = 1. We define the time-scale interval [a, co)T by [a4,00)r :=
[a,00)NT.

3 Main results

In this section, we will prove the main results and we begin with inequalities of Hardy’s
type with heads. In what follows, all functions in the statements of the theorems are
assumed to be rd-continuous, and positive functions (see [6]). The set of all such
rd—continuous functions is denoted by C,(T). Let y,w € Cy(la, BlT,R*), and S €
Cid([oe,ﬂ]qr,R*). Suppose that y(¢) and w(f) satisfy the half-linear dynamic equation of
Euler-Lagrange type

(@S2 ®) ™) +0@)(S°(1) " =0, fortela,Blr, (19)
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for any real number 6 > 1, and S(¢) > 0, S2(¢) > 0 for ¢ € [, B]T, and define

) y(SA)e—l

So-1 (20)

Definition 3.1 Suppose that z € C,;([e, B]T, R*). The function z is said to be in the class

H if
b ) k )
/ w(s)(27(s))” As > 00, / y(9)(2%(s))” As < 0o, (21)
and
}er;inf(vze)(t) < 00, }m; sup(vze)(t) > —00. (22)

For convenience sometimes in the computations we skip the argument ¢.

Lemma 3.1 Assume that a, B € T and suppose that S(t) and Y (t) are nondecreasing. If
z € Hy, and y and o satisfy Eq. (19), then

(Vz(’)A = —a)(z")9 + y(T”SA)Q + yS(SA)efl(TG)A. (23)

Proof From the definition of v and by using the rules of derivative on time scales (15), we

have, for ¢ > «,
Y= (r(8) 7)) T (8 TSN (24)
Since
(87 = (5.8 =82(8°) " +S5(5)", (25)
we have from (19) and (25)
s

)A

(r(8%) S +p(s?
(r (84S +v(s?

- (827N (E7) (57

V

)
)" (ss
= —w+y(8)(87) " +yS(82) (S (26)

Let z = ST, then we have by employing the product rule of derivative
(@)% = (S77%)" = ()% (r7) + 87 ()", (27)

Also by the product rule of derivative, we have

(Vz@)A =vA (z“)e + v(zg)A. (28)
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Substituting (26) and (27) into (28), we obtain

()" = (o + 7 (8%)(87) " +78(8%) 7 (S) ) )
(8578 (8) (1) + 87(17)%)
=—o(2) +y(Y78%)" + ST (1782) 7 (5) 2 (87)°
+ySTO(T78%)" 71 84(89) " +yS(82) 7 ()

= —o@) +y (178%) 4 yS(54) (%)
+y8T7 (1827 (8)2(8%) +879(57)%). (29)
The product rule of derivative now yields
(5287 +87°(8)* = (878 =(1)* =o0. (30)
Substituting (30) into (29), we have
(v2)" =~ () + 7 (178%) +yS(82)" 7 (1%)",
which is the desired equation, Eq. (23). The proof is complete. O

Lemma 3.2 Let o, B € T and suppose that S(t) and Y (t) are nondecreasing. Ifz € Hy, and
v and o satisfy Eq. (19), then

y(*) =) + G+ (v2)", (31)
with G > 0. Furthermore, G = 0 if and only if z = ¢S with ¢ = const > 0.
Proof From (31), we see that

G-= y(zA)Q - w(z“)g - (VZG)A. (32)
Letz=ST, thenz® =S2Y? + SYT2 >0, and

(%) = y(SAY7 + 512’ (33)
By using Lemma 3.1, we get

(Vze)A + w(z")g = y(T“SA)9 + yS(SA)O_l(TQ)A. (34)
Substituting (33) and (34) into (32), we obtain

G=1() ~ol@) - ()°

=y (8217 +8T2) —y(178%) —yS(82) 7 (r?) " (35)



Saker et al. Advances in Difference Equations (2020) 2020:549 Page 7 of 19

Since S and Y are nondecreasing for ¢ € [«, 8]r, then S% > 0, and by (17), we get

1
()" = 9{ / (sY%(8) + (1 -9)T(@®)"" ds}TA(t) <6(Y7 ()" A @),
0
and then
—yS(8)H(r%)* = —y6S(178%) . (36)
Substituting (36) into (35), we obtain
G=y(S277 +8T2) —y(1°8%) —yS(84)" 7 (1%)"
> (8277 +8T2)" —y(178%)" - yoS(r°82) A
=y (8217 +872)" = (178%) - 08 (17 S2) A, (37)
By employing the inequality (see [14])
a’ -b° >0a’Ya-b), fora>b>0and6 >1, (38)
we have
(8277 +8T2)" = (1782) = 6(SA17 +8T2) IS T2 = 6(S2 1) ST
This and (37) imply that G > 0 where y > 0 on [«, 8]t. Furthermore G = 0 if and only if
T2 =0, where T = zS1. This in fact gives us that T2 = (z§7!)% = 0, and then z = ¢S with
¢ = const > 0. The proof is complete. d
Theorem 3.1 Let o, B € T and S(t) and Y (t) are nondecreasing. If z € H,, and y and w

satisfy Eq. (19), then

B B

/ w(t) (z" (s))gAs + lirr/; vZ’(s) = lim vz’ (s) < / y(s) (ZA(S))G As. (39)
o 5—> S—>o o

Furthermore the inequality (39) becomes an equality if and only if z = ¢S with ¢ = const > 0.

Proof From Lemma 3.2, we have

w(z")g +G(s) + (Vz(’)A = y(zA)g.

Then

B 0 B B A B o
/ w(z”) As+ / G(s)As + / (v2’)" As = / (%) As.
Since G(s) > 0, on [, 8], we get from the last equation

p B
/ o(z°)" As + liné vz’ (s) - lim vz’ (s) S/ y(*) as,
13 = “

S—a



Saker et al. Advances in Difference Equations (2020) 2020:549 Page 8 of 19

which is the desired inequality (39). Furthermore the inequality (39) becomes equality if
and only if G(s) = 0, this implies that Y2 (s) = 0, where T = zS~!. This in fact gives T2 =
(2871 =0, and then z = ¢S with ¢ = const > 0. The proof is complete. O

Definition 3.2 Let z € C,4([o, B]1,R) such that z > 0 on [«, B]. The function z belongs
to the class H; if

/ﬂ o 6 ’ A 0
w(s)(27(s))” As > 00, / y(s)(z%(s))” As < 00, (40)
and

Sh_)n; (Vze)(s) <0, lin% (vze)(s) > 0. (41)

Remark 3.1 Obviously H; C H.

Theorem 3.2 Suppose that y and w satisfy Eq. (19) and S(t) and Y (t) are nondecreasing
fort € o, Blr. If z € Hy then

B B
/ o(t)(2° (1)’ At < / v (22 0)’ At. (42)

o

Ifz #0, then inequality (42) becomes equality if and only if zS™ = const #0, S € Hy, and

lim(y(S2)"7'8) () <0 and 1lim(y(5%)"'S)) > 0. (43)

t—a t—p

Proof From (41), we have lim;_, g vz® (£) - lim;_, , vz’ (£) > 0. From Theorem 3.1, we see that

s 0 b 0
/ () At < / y () Aty
which is the desired inequality (42). Furthermore inequality (42) becomes an equality if
and onlyif G(¢) = 0, this implies that T2 = 0, where Y = zS™!. Thisleadsto T2 = (z§71)2 =
0, and then z = ¢S with ¢ = const > 0. Since v = ¥ (S*)?"1S'?, and z = ¢S with ¢ = const >

0, we have

. IN Y JERT A\O-1 o1-06 0 _ 1 0

tll)r%y(S ) S—th_%y(é’ ) SeS) —th_)rrﬁ} v (8), (44)
and

lim y (%) = lim y (§%)"7'§'(cS)’ = lim v2 (2. (45)

Now by using (41), and (44) and (45), we have

. A\0-1 . A\O-1
}er;y(S) S<0 and tll)r%y(S) S>0,

and hence S € H,. The proof is complete. O

When T =1, we have from Theorem 3.2 the result.
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Theorem 3.3 Let y and w satisfy

(S M)’ ™) +0m)(S70) " =0, foryela, Bl (46)

such that S(y) > 0,8%(y) > 0. If z € Y, then

B B
/ w(s)(z" (s))gAts 5/ y(s)(zA(s))gAs. (47)

o

Remark 3.2 If T = R, then we obtain from Theorem 3.3

B t o B
/ a)(t)(/ M(T)dl’) dtf/ y(©)u (t) dt,
o 0 o

where y and w verify the differential equation
(®OS'©)) +0®(S@) =0, fortela Bz, (48)
where S(¢) > 0,S5'(¢) > 0.

Remark 3.3 For the differential form, we get from Remark 3.2 the Wirtinger inequality

B B
/ a)(s)(u(s))9 ds 5/ )/(s)(u’(s))9 ds,

o

where y and w satisfy the differential equation (48) and «(0) = 0.
Now, we give some examples for illustration.

Example3.1 LetT =Rand e, 8 € R, such that 0 < o < 8. Assume that y(s) = 1,and S(s) =
s'7 forse [, B] where 6 > 1. It is clear that y, S > 0, and

0-1 -
S'(s) = es%>a

From (48), we have

6-1\ /
R e (e I
6-1 6
—(%57) EER () s e

0 —1\? 120.201.62 6-1\’ 0
= —— S 0 = — S .
0 %

Now, by applying Theorem 3.2 when T =R, we have

/j(% /Osu(t)dt>9ds§ (%)g/j W0 (s) ds,

which is the Hardy inequality (5) with a sharp constant (6/(6 — 1))°.
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Example 3.2 Let T=R and «, B € R, such that 0 < & < 8. Assume that y(s) = s’~7, and
n-1
S=s57 forse [n, B] where 1 > 1 is an arbitrary constant. Then y, S > 0, and

s ¢ >0, for@>1ands>0.

From (48), we have

o(s) = —(y(s)(S'())"") S

By applying Theorem 3.2 when T = R, we see that

B s 0 ¢ B
/n si’i</0 u(t)dr) dsf(%) /ﬂ $"ul(s) ds,

which is the Hardy—Littlewood inequality with a sharp constant (8/(n — 1))’ (see [22]).

Remark 3.4 When T = N, we obtain from Theorem 3.3 the following inequality:

N n 0 N
zwm)(z u<w>) =3y ),

=0 n=0

where u is a positive summable sequence, and the sequences y and w satisfy the difference
equation

Alym)(ASM)" ™) + 0m) (St +1))" " =0, forne[1,N]y, (49)
where S(n) > 0, AS(n) > 0.

Example 8;.3 Let T = N with [1,N] C N such that 1 < N < co. Assume that y (k) = 1, and
Sk) = k' fork e [1,k] where n > 1. It is clear that ¥, S > 0, and by using the inequality

vy My-2z) <y’ -2 <yz’ ' (y-z), fory>z>0and0<y<]1, (50)
with y = (n —1)/n < 1, we have

1-1 =21 p-1 2
AS(Kk)=(k+1) " —k'm <——k7, forn>1landk>0.
n

From (49), we have

w(k) = Ay (k) (ASK)" ]S (k +1)
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n-1 -1 -(n-1) =11y
Z‘(T) AR (k)Y (51)

By applying the inequality
vz’ Ny-z) <y’ -2" <yy"(y-2), fory>z>0,y>1lory<0, (52)
with y = —(n —1)/n < 0, we get

A(k—(nn—l)) < —(77 — 1)k7(2z—1) '
n

Substituting the last inequality into (51), we get

(k) = ~A(y () (AS(K))" ™) Sk + 1)

> (”—"l)nkuﬂl) ((k+DT)" = (Ll)n(lw .

n n

Now, by applying Remark 3.4, we have

N ~1\" k+1 n N
>(") (k+1)-ﬂ(2u(w)> =Y Wi,
k=1

k=1 w=1
That is,

N 1 kel n n & }

]gl: m(é u(a))) < <ﬁ> ;M (k),

which is the Hardy inequality (1) with a best constant (n/(n — 1))".

Example 3.4 Let T =N with k € N, and 1 < k < 0co. Assume that y (k) = k7%, and S(k) =
a-1
k 1 for k € [1,N] where « > 1 is an arbitrary constant. Then y, S >0 and

-1 e-1-
ASK) < L2k
n

>0.
As in Example 3.3, we have from (48)
oa—1

(k) = (—)"<k+1)—a.
n

By applying Remark 3.4, we see that

N 1 k+1 n n n N
Z(kn)a (;”“")) 5<ﬁ> g(k + 1) u"(k),

which is the discrete Hardy—Littlewood inequality with a best constant (n/(a — 1))" (see
(3]).
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Now, we will prove some characterizations of the weights of the inequalities of Copson’s
type with tails on time scales. Let T be a time scale with «, 8 € T. Assume that y,w €
Cri(le, BlT,R*),and S € Cid([a, Blt,R*). Let 6 be any real number such that 6 > 1, and let
y and o satisfy dynamic equation of the Euler—Lagrange type

(yO(-82®)" ) —w(@®)(87 )" =0, fortela,Blr, (53)

where S(t) > 0,58%(¢) < 0 for ¢ € [o, B]r, and define

_y(_SA)G—l
V= —F—7——.

o1 (54)
Definition 3.3 Assume that z € C,4([e, B]1,R) such that z > 0 on [«, 8]T. We say that
ze [’\_[2 if
b 0 f 0
/ a)(t)(z"(t)) At > —00, / y(t)|zA(t)| At < 00, (55)
and
.. 9 . 7] _
th_)nolt 1nf(vz )(t) < 00, tll)n}. sup(vz )(t) > —00. (56)

Lemma 3.3 Suppose that o, B € T and S(t) and Y (t) are nonincreasing. If z € H,, and y
and w satisfy the dynamic equation (53) then

(v2) = —o(2%) + | 0782 -y S[SA T (r?) 5 (57)

Proof From the definition of v and by using the rules (15) for ¢ > «, we have

v =—(r (-8 (87) T -y (-84) (s (58)
Since
(8% = (8.8 =82(87) " +S8(57)%, (59)

from (53) and (59), we see that (note S* < 0)

A= (8T (8 ()
=—0-y (=847 (s2(87) " +8(57)")

= —w+y(-82)"(87) " - yS(-82)" (59" (60)
Let z= 87, then we have
(@)= (57" = (&) () 8 (7). )

Substituting (60) and (61) into
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we obtain

(v2)" = (o + y (-5°)(8°) "~ S (=84 (s ) ) ()
+ (- (=84S ((8) ()" + 57 (7))
~o(2) 4y (<1784 =y S(r7)" (=5 (57) ()
—yS(r°)’ (=875 (8")" ~yS(=84)" (x")*
=-o(@)" +y(-175%)

—yS(7) (=84)7((87)(8") +57(5")")

—yS(=82)"(r?)". (62)

By using the product rule, we see that

((5)2(8%) +87(8) %) = (878 =(1)* =o. (63)
Substituting (63) into (62), we have

(1) = (&) + 7 (1782 —y8(-52)7 (1")"
Since z = ST > 0, we get (note that |S*| = -S%)

()" = ~oo(&) +y 1788 - yS|SA T (X7),
which is the desired equation, Eq. (57). The proof is complete. 0

Lemma 3.4 Suppose that o, B € T and S(t) and Y (t) are nonincreasing. If z € H,, and y
and w satisfy the dynamic equation (53) then

y|e* |9 = w(z”)g +G+ (vze)A, (64)
with G > 0. Furthermore, G = 0 if and only if z = ¢S with c = const > 0.
Proof From (64), we see that

G= y|zA|0 - a)(z")e - (VZQ)A. (65)
Let z=S7, then z2 = S2Y? + ST2 <0, we have

y(-2*) =y (-(s* 7+ 5T%))". (66)
By using Lemma 3.3, we get

(Vz@)A + w(z")g = y‘T”SAIG - yS|SA|0_1(T9)A. (67)

Page 13 0of 19
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Substituting (66) and (67) into (65), we obtain

G= y|zA|9 - a)(z”)g - (1/29)A

=y (=(8277 +812)) =y (-178%) + yS(-82)" 7 (r?) 2. (68)

Since S and Y are nonincreasing for ¢ € [«, 8], then, by using the chain rule (17), we see
that

1
(r?)* = 9{ / (sY7(8) + (1 -9)T ()" ds}TA >6(Y7 ()" A, (69)
0
Substituting (69) into (68), we obtain

G=y(-(S2T7 +8T2)) —y(-178%)" + yS(-82)" (v9)*

0

v

y(=(82Y7 +872)) =y (-178%) + yS(-82)" 1o (o) e
=y ((~(82Y7 +872)) - (-178%)" — 0 (=872 (-1°8%)" ™).

By using the inequality (38) and proceeding as in the proof of Lemma 3.2 we can prove
that G > 0, since y > 0 on [«, B]t. Furthermore, G = 0 if and only if T2 =0, where Y =
2871, This implies that Y2 = (zS1)2 = 0, and then z = ¢S with ¢ = const > 0. The proof is
complete. d

Theorem 3.4 Suppose that a, B € T and S(t) and Y (t) are nonincreasing. If z € H,, and
y and o satisfy the dynamic equation (53) then

p % b %
/ w®)(2° 1)) At+tli_)né(vz")(t)—}Ln;(vzg)(t)5 / y(®)2 @) At (70)

holds on [, Blr. Furthermore, inequality (70) becomes an equality if and only if z = ¢S
with ¢ = const > 0.

Proof From Lemma 3.4, we see that
w(z")g +G(t) + (1/29)A = )/|ZA|0.

Then

B B B B
/ w(z") At+/ G(t)At+/ (vze) At:/ y’zA’ At.

o o

Since G > 0, on [«, BT,

B
lim vz’ (£) < f v (0|22 @) At,

B
o 0 : o _
/a w(t) (z (t)) At + }Lng vz’ (t) lim
which is the desired inequality (70). Furthermore, the inequality (70) becomes an equality
ifand only if G(¢) = 0, this implies that Y2 = 0, where T = zS~!. This yields T4 = (zS§71)* =
0, and then z = ¢S with ¢ = const > 0. The proof is complete. g



Saker et al. Advances in Difference Equations (2020) 2020:549 Page 150f 19

Definition 3.4 Let z € C,;([o, B]1,R) such that z > 0 on [w, B]1. We say that z € H, if

B B
/ w(s)(z” (s))eAs > —00, / y(s)|zA(s)|9As < 00, (71)
and
tli_)m (v’)(®) <0, thrrﬁl} (v2’)(®) = 0. (72)

Remark 3.5 Obviously H, C H,.

Theorem 3.5 Suppose that o, B € T and S(t) and Y (t) are nonincreasing. If z € H,, then

g 0 p 0
/ w(s)(27(s)) As < / y(9)[z%(9)] As. (73)
If z #0, then inequality (73) becomes an equality if and only if zS™" = const #0, S € H,,
and
lim(y (-8%)"'S)() <0 and Jim (y(-8%)""'8)® = 0. (74)

Proof From (72), we have lim,_, 5(vz”)(¢) — lim,_.(vz°)(¢) > 0. By applying Theorem (3.4),
we obtain

B B
| ooEo)yacs [ yolof s,

o

which is the desired inequality (73). Furthermore, inequality (73) reduces to an equality if
and only if G(¢) = 0, this implies that Y* = 0, where Y = zS~!. Thus T2 = (z§7!)* = 0,and
then z = ¢S with ¢ = const > 0. Since v = -y (-S2)/~18'9, and z = ¢S with ¢ = const > 0,

this implies that
. . 0-1 01— ) . 0-1
th_)r% vl (t) = }LI%(—V(—SA) St 9(05)) (t) = ilirlgl(y (—SA) S)(t)
and
. 2] T o, (_cA 0-1 51-9 %] RT _ QA 6-1
th_)rroltvz (t)—tleQ( y(=8%) T 8"(cS) )(t)_ﬁlirgl(y( S*)T8)).

Now, by using (72), we have

t—a

lim(y (-8%)""'S)(#) <0 and tnr%(y(-sA)@*ls)(z)zo,

and then S € H. The proof is complete. O

Remark 3.6 When T = R, we have from Theorem 3.5

B B o B
/ w(t)( / u(r)dr) dt < / y(@)|u@)|’ dt, (75)
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where y and w satisfy
(y@&)(-®)"") —w@x(6)=0 forte[a,pl, (76)
where x(£) > 0,%'(¢) < 0.

Remark 3.7 As a special case of (75), we get the Wirtinger type inequality

B B
[ o) as [ yoluol

where y and w satisfy the differential equation (76) and u(8) = 0.
We give some examples for illustration.

Example 3.5 Let T=R with o, 8 € R, and 0 < « < 8 < oo and assume that y(s) = s*7,

and S =577 ,where 0 <y <1< 6 isanarbitrary constant. Then y, S > 0 for s € [, 8], and

By applying Remark 3.6, we see that

B 1 B o o\’ ey
/O,S_V</s u(r)dt) ASE(E) /0; s U’ (s)As,

which is the Hardy-Littlewood inequality with a sharp constant (8/(1 - y))? (see [22]).

Example 3.6 Let T=R with o, 8 € R, and 0 < & < f < 0o and assume that y(s) = s?, and
S(s) = s7 where 0 > 1. It is clear that y,S >0, and

From (76), we have

0-1\ 7
(s) = (y(5)(-S'(9)")'S* = (Se(%s%> > (s7)""
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Now, by applying Remark 3.6, we have

/j(/;ﬁ M(T)dt)edsfée /aﬁ(su(s))e ds,

which is the Hardy inequality (6) with a best constant 6.
Remark 3.8 When T = N, we have from Theorem 3.5 the inequality
N N b N
> w(k) <Z u(i)) <> yR)u k),
k=1 i=k k=1

where u is a positive summable sequence over any finite interval (1, k),and the sequences
y and o satisfy the difference equation

Aly(m)(-A8m)" ™) = w(m) (S +1))" " =0, forne[1,Nly, (77)
where S(n) >0, AS(n) < 0.

Example 3.7 Let T=N with N € N, and 1 < N < oo and assume that y (o) = (¢ + 1)*77,
-1

and S(p) = QVT, where 6 > 1, and 1 > y > 0 is an arbitrary constant. Then y, S > 0, and

by using the inequality

2 -y <ax*(x-y), forx>y>0(a>1lora<0),

with a = (y — 1)/0 <0, we have

-1-6

. _ -1
AS@=(e+1)7 —o'7 =To—(e+ 17 =0,

This implies that

_ g\
r(@)(-a8@)"” z(g+1)9-y<%(g+1) ; )

0

0-1
= <1_—y) (0+1)7

1-y\""! o y=1-0 -1
=(—> (e+1)" 7 ((e+1) 7))

0

and

0-1
Al (@)(-AS@) ] = A(l‘—y) (0+1)7F
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By using the inequality
2 -y >ax*Y(x—y), forx>y>0and(0<a<1),

witha = (1 -y)/0 <1, we have

_ 6-1 o
Aly(0)(-A8(0)" ] = (17) Ao+1)7

From (77), we have
0(0) = Ay (0)(-28(0)" 18 (0 + 1)
1-

(-
( - ) @+ 7 (e+17)""

1-vy 0
-(57)

-Y 1-y-6 i
( )(Q+2) e (Q+1) X (Q+1)V

:A(Q)<19y) (0+1)7,

\<

where

2 1156
Ao) = <Q+ ) <1.
o+1

Now, by applying Remark 3.8, we have

N N
ZA(Q)( ) (@+1) V(Zu(i)) <Y (o+ 1) 7ul(
0=0

i=0

That is,

i‘ Alo) (i u(i)>0 < (L)g i(g +1)%74 (o)
o= e+ Y\ “\1-rv) =

which is the discrete Hardy—Littlewood inequality with a sharp constant (8/(1 — y))?.
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