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1 Introduction
The study of non-integer order differential equations has emerged as one of the most
active research fields in modern mathematics. The non-integer order derivative is also
known as fractional order derivative. The main advantage of non-integer order deriva-
tive is that it is a global operator and produces accurate and stable results, while the
integer order derivative is a local operator. The non-integer order differential equations
have multi-dimensional applications in various fields of modern sciences. For example,
the non-integer order oscillators are used to control the phase difference and to achieve
independently the high frequency oscillation. In electrical engineering the non-integer
order DC-DC converter models are used to get best estimation of the power conversion
efficiency. Similarly, the non-integer order bio-impedance models give the best fitting to
the measured data obtained from vegetables and fruits. For historical background and
some applications of non-integer order derivatives, we refer the readers to study [1-9].
The impulsive differential equations have impulsive conditions at points of discontinu-
ity. Various physical and evolutionary phenomena which have discontinuous jumps and
sudden changes can be modeled via these equations, and therefore, these equations con-
stitute an important class of differential equations. For some recent work, we refer the
readers to study work in [10-14].
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Some processes and phenomena cannot be described at the current time and depend
on their previous states. For this purpose various types of delay differential equations are
used. There are mainly three types of delay differential equations: discrete delay differen-
tial equations, continuous delay differential equations, and proportional delay differential
equations. The proportional delay differential equations are known as pantograph dif-
ferential equations. The pantograph differential equations are used to model numerous
processes and phenomena. More specifically these equations have applications in electro-
dynamic, quantum mechanics, number theory, biology, etc. We refer the readers to study
[15-17].

Existence theory and stability analysis are two important aspects of qualitative theory.
The Hyers—Ulam stability concept is one of the well-known methods used to study the sta-
bility of functional and differential problems. This concept was given by Ulam and Hyers
in 1940-41 [18, 19]. Rassias was the first who established Hyers—Ulam stability of linear
mapping [20]. Jung studied Hyers—Ulam—Rassias stability results for functional equations
in nonlinear analysis [21]. Due to its simple procedure, Hyers—Ulam concept has got a
great deal of attention from researchers. Using this concept, they investigated stability of
various systems of functional and differential equations. We refer the readers to study the
recent work in [22—-27]. Also, for more related results about the existence, uniqueness, and
stability, the readers may consider the work in [28—35].

The antiperiodic boundary value problems are of great interest as these problems appear
in various fields of science. In [36], Ahmad et al. investigated a class of fractional integro-
differential equations with dual anti-periodic boundary conditions. In [37], Agarwal et al.
studied a problem of fractional-order differential equations with anti-periodic boundary
conditions.

In [38], Wang et al. studied the existence of solution to the following antiperiodic prob-
lem with impulsive conditions:

SD;w(t) =g(t,w(t), tel0,1],t#4,0<8<1,¢€(2,3],
Aw(ty) = Tr(w(ty)), k=1,2,...,n,

AW (k) = fk(w(tk)), AW (&) = Twt), k=1,2,...,n,
w(0) = —w(1), w'(0) = —w/(1), w’(0) = -w"(1),

where g: [0,1] x R — [0,00) and Ik,jk,ik :R — R are continuous functions. In this pa-
per, we generalize problem 1 to an anti-periodic boundary value problem of nonlinear
pantograph implicit fractional differential equations with given impulsive conditions as
follows:

Sy w(t) = gt, w(t), w(st), SDsw(t)), te[0,1],t#4,0<8<1,¢ € (23],
Aw(ty) =Ti(w(t)), k=1,2,...,n,

AW (t) = fk(w(tk)), AW (t) = fk(w(tk)), k=1,2,...,n,

w(0) = —w(1), w'(0) = -w'(1), w’(0) = -w"(1),

2)

whereg:[0,1] x RxR xR — [0,00) and Ik,j:'kjk : R — R are continuous functions. g]D)f
is a standard notion for Caputo type fractional differential operator of order ¢. Aw(t;) =
w(t]) —w(t), Aw'(ty) = w(tf) — w' (), Aw' (&) = w'(tf) — w'(£); w(tg), w' (), w'(t]) are
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right-hand limits and w(t;), w'(£;), w”(£;) are left-hand limits of the function w(t) at ¢ =
tx. And the sequence #; satisfies that 0 = £y < t; <ty < -+ < t, < b1, € N. We study the
existence, uniqueness, and Hyers—Ulam stability of the generalized problem (2).

Let I =[0,1], Iy = [0, 1] and Iy = (£, tk+1]- We define the space of piecewise continuous

functions by

Z=PCU,R)={w:I—>RlweC(l), k=12,...,n,

w(tr), w(ty) exist for k =1,2,. ,n}
Z is a Banach space with the norm defined by ||w|| 2 = max;c; |w(z)|.

2 Preliminaries
Definition 1 ([24]) The fractional order integral of function 4 € L!([0,1],R*) of order
¢ € R* is defined by

Lt-s)st
I h(t) = / ————Mh(s)ds, (3)
o 0o T
provided that integral on the right-hand side exists.

Definition 2 ([25]) For a function # € C"[0, +00), the Caputo fractional derivative of order
¢ is defined as

1 t
SDEh(t) = —— / (t-s)""h"(s)ds, m-1<c<n, (4)
I'(n-¢) Jo
where n = [¢] + 1; [¢] denotes the integer part of 5.

Lemma 1 ([24]) Let ¢ >0, then oI; SD; h(t) = h(t) + co+crt +cat®> +- -+ ¢, 1" L, c; €R,i =
0,1,...,n-1,n=[c] +1.

Let ¢ € C(I,R,) be a nondecreasing function, ¢ > 0, v € Z such that, for ¢t € I, k =

1,2,...,n, the following sets of inequalities are satisfied:

SD7v(t) — gt v(t), v(8t), §Div(E) <€, ¢€(2,3,,0<8<1,

Av(ty) —IAk(V(tk)) <e -
AV (tr) = Li(v(t)) <,

AV () - Ti(v(t)) < €

§D7v(e) - g(t, v(0), v(80), §DF V(1) < $(1), s €(2,3,0<5<1,

Av(ty) —IAk(V(tk)) <o ©
AV'(te) = Li(v(t) < @,

AV (t) - Ti(v(8)) <
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SD;v(t) — gt v(t), v(8t), §D; v(2) <e€g(t), ¢ €(2,3,0<8<1,
Av(tk) = Li(v(t)) < €9,

AV () = Z(v(t) < €,

AV (t) - Ti(v(8)) < €.

7)

Definition 3 ([39]) If for € > 0 there exists a constant C; > 0 such that, for any solution
v € Z of inequality (5), there is a unique solution w € .2 of system (2) that satisfies

’v(t) - w(t)| <Cge, tel,
then system (2) is Hyers—Ulam stable.

Definition 4 If for € > 0 and set of positive real numbers R* there exists ¢ € C(R*,R"),
with ¢(0) = 0 such that, for any solution v € & of inequality (6), there exist € >0 and a
unique solution w € Z of system (2) that satisfy

@) -w@)| <), tel,
then system (2) is generalized Hyers—Ulam stable.

Definition 5 ([39]) Iffor € > 0 there exists a real number C, > 0 such that, for any solution
v € Z of inequality (7), there is a unique solution w € Z of system (2) that satisfies

[v(0) - w(0)| < Celp + 6(0), tel,
then system (2) is Hyers—Ulam—Rassias stable with respect to (¢, ¢).

Definition 6 ([39]) If there exists a constant Cy > 0 such that, for any solution v € 2 of
inequality (6), there is a unique solution w € Z of system (2) that satisfies

[v(E) —w(t)| < Co(p + 0(0)), tel,
then system (2) is generalized Hyers—Ulam—Rassias stable with respect to (¢, ¢).

Remark 1 The function v € Z is called a solution for inequality (5) if there exists a func-
tion ¢ € Z together with a sequence Yy, k =1,2...,n (which depends on v) such that
0 Y@l <e Yl <€ tel
(il) §DFv(e) = glt,v(2),v(8t),§Div(E)) + ¥ (2), ¢ €(2,3],0<8< 1, t e,
(i) Av(tx) = Lr(v(t)) + Yr, t €1,
(iv) Av'(t) = Ze(v(t) + i t €1,
) AV"(t) = Li(v () + Y, t € .

Remark 2 A function v € Z is a solution of inequality (6) if there exist a function ¢ € 2
and a sequence Y, k =1,2...,n (which depends on v) such that

@) @ <9@), Ykl <@, tel,
(ii) §DFv(E) = g(t,v(2), v(8), SDiv(E) + ¥ (2), ¢ € (2,3],0<8< 1, t e,
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(iii) Av(te) = Le(v(te) + i, L €1,
(iv) AV () = Ze(w(t) + Yo t €1,
V) AV (&) = Li(v(t) + Y, t e L.

Remark 3 A function v € Z is a solution of inequality (7) if there exist a function ¥ € 2
and a sequence Y, k =1,2...,n (which depends on v) such that
0 1Y@ <ed@), [yul <e€p, el
(ii) SD7v(e) =gt v(t),v(8),§D;v() + ¥ (2), ¢ €(2,3],0<8 <1, t e,
(iii) Av(ty) = Te(w(t)) + Vi, t €1,
(iv) AV/(8) = Zev(@) + Yi t €1,
V) AV () = Te(w(t)) + Y, t €1

Lemma 2 For a given function ¥ € CI0, 1], function w is the solution of the linear BVP of
impulsive differential equations

SDw(t) =v(t), tel,ce(2,3),k=12,...,n,
Aw(ty) = Li(w(t), k=1,2,...,m,

7 7 (8)
W) = Tewit),  AW'(t) = Tw(t), k=1,2,...,n,
w0) =-w(l), WO =-w(Q1), w()=-w(Q)
if and only if w satisfies the following fractional integral equation:
l"(g fO(t s)g 119(5)615_ ) telo;
F(g ftk (t=s)°" 119(3)ds+ T() Z:m 1 [m (t —-s)°” 119( )ds
+ Y p‘kg"i) S (= 9)5" 219(5) s
# YR St o ()59 (s) dis
3N S [ (6, — 5)5729(s) ds
w(t) = n Zl;, 11 (t—tx gtkz)tm ti:nl(t —5)5739(s) ds ©)

T D g 5 1 (= 5)5730(8) ds + 3y Zu(w(t))
+ Y —tm)I (w(tm))

# YO T (t,,)) + YK~ )T (W(5)

+ 3k (t - tk )tk = tun) Ln(W(t))

+ Zle L ;k TuwWtn) - A, tel,k=1,2,...,n

where
n+l )
1 Lty .,
7o Z/t D) ds Z zr(g 5 tm( =520 (s)ds
n-1
(tu =) [ -3 (1-2t,) (™ -2
Zm - 1( —8)s~ L?(S)dS+Z4F( D tm_l(tm_s)s‘ B (s)ds

n-1
(1 - 2tn)(tn - tm) b -3
+ Z W ‘/tm_l (tm - S)g l?(S) ds

m=1
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n

_ Z M i (t — 5)S 730 (s) ds

m=1 4F(§ _2) tm—1
n-1 )
_g)s2 -
4F( _1)/ (1-s9) z?(s)ds+ > ( (tm))
-1 n
(1 - 2tn)
mZ: L (Witi)) + ; + Zn(Witn)
-1
1-26)(, — bn) =
$zm<w@m»
m=1
n £ (1 _t ) B n+l
- B T (W(t) Z‘/ (tyy — 5)S 20 (s) ds
m=1 tm-1
n-1 n
ttn —tm) [ 3 t(1-2t,) /tm 3
+ —_ ty—8)°0(s)ds + —_ twm —S)° 0 (s)ds
;ZF(§—2) tm_l( )S9(s) ;4F(§—2) | (=9 (s)
t 1 t Lt —t,)
- 1-5)739(s)ds + — L (W(t,)) + o T (Wit
4r(g—2)/tn( 0 ds 1 53 Tt + 3 T vt
2L (1 -2t,) - 2 /fm _3
+ ——T. (W) + ————— tm—8)°0(s)ds
; 1 (Wltm) 4r(g—2); | (=970
2 I
2 ZIm (W(tm))
m=1
Proof For proof, see [38]. d
3 Main results
Corollary 1 As a result of Lemma 2, system (2) has the following solution:
5 o t=9 T Bul)ds— M, tely
5 f;(t—s)g-lﬁw(s) ds+ 155 Yot o (b = )57 Bu(s) dis
0 ém) S (e —s)g 2B,u(s) ds
+ Zm 1 2”1i ;mz th_l(tm =) Bu(s) ds
+Zm 1 rtgtkl) ti:ll(t _S)g_zﬂw(s)ds
W)=+ Y !%‘” S (b =957 Buls) ds (10)

# Yk R [ (1, —5)573B,(5) ds

+ Y owt TnW(t)) + 3wy (e = ) Ln(W(Esn)

# Yk W T (t,,))

Y (- tkI W) + S (= )t — ) Ton(W(Em)
+ 3k f;k LuW(ty) - M, telnk=1,2,...,n,

where

Buw = g(t, w(t), w(s2), § D w(?)),

Page 6 of 32
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and

n+1

th (b = 557 Buls)

-1
Z tM) f (tm —5)° > Buls) ds
l m—1

n-1

(tn tm / _3 (1 2tn) L,
' (b =5)"" B (tm —8) " Bul(s)ds
Z 4 tm-1 ﬂ Zl S‘ 1) tyr :3
(1-2t,) (tn—tm)/ 5B ds
m=1 4r'(c -2) bm

- Z bl = ) f K (tym —5)S>By(s)ds

=1 4F(§—2) £
-1
(1= 8)5 () ds + = T (46
T ar(s- 1)/ ; > )
n-1 .
m=1 m=1
n-1
* me(w(tm))
m=1
L t(1-t, ) nil ]
_; g )+ 2 (s 1)2/% 1 (tm = 5) 7 Bu(s) ds
n-1

2t,)

t(tn - tm) _3 tm R
+ X; F(c-2) - 1(tm —8)°Buls)ds + Z 4F( ) (b — )3 Bo(s)ds

N

-1
t 3
e (1 $)S738,, s)ds+—;z mz (w(t,)
n+l
+Zt(1 4213) ( (L‘m) Z/ (b — )52 Buo(s) ds
m=1 b1
2 <

-3 ZI (W(to))-

For w € &, we define an operator N : & — Z by

Nw(t):%/t:(t $)S718,( s)ds+

Zf (twm — ) Bu(s) ds

k-1 (

~t,) ]
¥ Z eE l(tm —5)52B,(s) ds

(t—te) [ .
m=1 I'(c-1) tm_l(tm =8) " Buls)ds

Page 7 of 32
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k-1 i
I g iUl f (b =)~ Buls) ds

~ T(c-2)

L (t—tk)z tn
' (tm — )7 Bul(s) ds
; 2M(c-2) J,,
k k-1 R
# 2 Tn(wlt) + D {0k = ) ()
m=1 1
k-1 )
DI _2t 7 i) Z(t H) T
m=1
k-1
3 (= 1)t = b)) L (W)
m=1
: n+l
+Z (t- tk)2j_: (46—
m=1
n-1
(ty — tw) tm .
) ; 2(s -1 /tm (= )" Buls) ds
n-1
(tn - tm)2 tm .
) (tm = )" Bu(s) ds
m=1 4I'(s -2) /ml
(1-2t,) [ ,
) ; 4I'(c - 1) [ml (tm —$)° " Bu(s) ds
n-1
(1 =28,)(t0 — L) S
; 4T ( 5‘ 2 / t —Sg

n

tn(l - tn)
’ ; ar(c -2)

1 n n-1 (tn
- E ;Im (W(tm)) - Y; W(tm))

n-1

" (1-2t,
_; .
+ Xn: tn(lz; tn)im

m=1

m=1

(w(t))

n+l

mg 5 Z /tml(tm—sf 24,(s) ds

n-1

> (Ft'(’g > (tm—s)g *Buls) ds

m=1

" t(1-2t,)
Z 4T'(¢ - 2)

m=1

(tm — 8)° 3 Bo(s) ds +

tm-1

(tn - tm)z
_ Z n

) (1 - Ztn)(tn - tm)
T (wlt)) - Y s B

4TI' (¢

Page 8 of 32

w(tn))

zr( thm (n =9 Bl ds

" o — ) Bls) s + ———— / (1= )72 (5)ds
4aI'(¢ - 1) tn

n-1

Zn(w(tm))

m=1

jm (W(tm))

1
-3
5y -9 B ds
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n -1 )
"2 > Tu(we) Z W =) 7 () % ()
m=1 ) 2
n+l
4F(g 2) Z/ (b = 8) S,BW(S)ds+—ZI Wit)),
tel,k=1,2,...,n. -

We take the following assumptions:
(H1) Letg:[0,1] x R x R x R — [0, 00) be a jointly continuous function.
(H2) Foranyw,y,z,%,%,z € C(I,R), letthefollowinginquality

|lg(t, %,9,2) — g(t,%,5,2)| < Lg(lx — | + |y = J|) + Nglz - ZI

hold, where Ly >0 and 0 < Ny < 1.
(H3) There exist Cy, Cy, C3 > 0 such that the following relations hold true:

(W(tm)) (W(tm )i = Cl |W(tm) -
(Wltm)) = Zn(W(tm)) | < Co| wltm) — Wltm)],
Ton(Wt)) = Lon(#(t)) | < Cs|wltn) — (k)]

N
3

(H4) There exist functions 01,0,,05 € C(I,R"), with

|g (£, w(t), w(st),§ Diw(0))| < 01(8) + () (Iw] + |w(82)|) + 05(2) |§Dg

fortel,wekE,
such that 65 = max;e; |05(2)] < 1.
(Hs) If g,Im,i’m,fm are continuous functions and there exist constants Cy, Cs, Cg > 0
such that, for all w € R, the following inequalities are satisfied:

IZ.m©O|<Co  |[Z.W®|<Cs,  |[Z.w)®)| < Ce.

Theorem 1 If assumptions (H,)—(Hs) and the following inequality

L, 3m+1) 13n-3 15n-8 13nC; +53n—-2)Cy + 6(n —1)Cs 1
[(1—Ng)<r(g+1>+ 20(5) +2r(g—1>) 4 ]<

are satisfied, then problem (2) has a unique solution.

Proof We take w,w € 2 and consider

INw(t) - Nw(t)|
k

1 3
) tk(t $)S7 Bu(s) - ﬂw(S)IdHF( )mZ

y f " (b = 95| Buls) = Bals)| s

Page 9 of 32
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k-1

Z (tk = tm) / =) Buls) - Bils) | ds

N (& — t)? L ot-n)

-3
T3 / o =90t B o+ 3 1

y f " (b = 92| Buls) = Bals)| s

k-1
(= )t~ ) [ ; ;
F oy ) =T B~ Bals)] ds

m=1 -1

(t-t) )
> 2F(§k2) / (b — 52| Bu(s) - ﬂw(s)|ds+Z|I (W(tm) = T (6|

m=1 -1

m=1

k-1
-3 e o) () - Z“" P2, (0000) - T (00,0

k
+ Y (= )| T (Wtn)) = Ton ((t)|

k-1

+ Y (= )tk — )| Ton (Wltm)) = Tn (Wlt)) |

m=1

+Z“ 517 () — o ()|

m=1
1 n+l tm i
T ar() ;/tml(tm = 5)7 | Buls) - Bu(s)| ds

(tn - tm) tm -2 2 < (tn - tm)2
ot [ 9521009 - o] s+ >

y / " (b = 9)53|Bu(s) - Bnls)| s

|1 _2tn| K B _
' Z < 4T (s - 1) / (tw =) | Buls) = Bals)| ds

bp-1
n

11 -2t ) " ta(1—t,)
+;W/ (tm —8)~ |,3w(5 ,3w(S)|dS 241.,( ~2)

X v/;ml (& _S)§73|:3w(5) - ,Bw(S)| ds + ﬁ /;n 1 —S)§72|/3W(S) _ ,3_1@(5)‘ ds

n-1
+_Z|z (W(tm)) = Lon(W(t)) | + Z“”;t’”)ﬁ( (tm) = Zon(W(tw) |
m= m=1

S 2 000) = o 00+ 32 2 ) - 2 510

m=1
o 11 =2, |(t, = tn)

-1
Z
+ Z f |:Zm (W(tm)) - :ZWI (V_V(tm)) |
m=1

Page 10 of 32



Ali et al. Advances in Difference Equations (2020) 2020:572 Page 11 of 32

n

o3I 7 ) - T

m=1

n+l

s t)
2r(g 1)2 /M(tm—s)g 1Bu(s) - ﬂw(S)IdHZZF(g .

y f (b = 552 Bus) - ()| ds

 £]1 - 24,
+Z4r(g 2) f l(fm-s)§3|ﬂw(s) Bi(s)| ds

t B p ]
ar(c-2) f (=) |Bu(s) = Bo(s)| ds + ;pm (W(t)) = Zon (#(6) |

-1

5 (tn 5|7, (w(6) = Ton ()|

m=1

£l - 2tn

[ Zon (w(t)) = Lo ((t) |

m=1

n+l

e 2)2[ e — )53 Buls) - als)| ds

& .
m=1
tel,k=1,2,...,n, (12)

where

Bu(t) = g(t, w(t), w(s2), Bu(1)),
Bi(t) = g(t, w(t), W(82), Bu(t)).

By (H,) we have

|Bu(t) = Ba(®)] = |g(& w(t), w(st), B (0)) — g(& w(e), w(82), By (D)) |

< Lg(|w(e) - w(6)] + |w(82) — w(5¢)|) + Ng|Bu(2) — Ba(t)|

(1 N)|w(t - w().

Hence using the last inequality and assumption (H3), from (12), we get

N — A <[ L, <3(n+1) 13n -3 1571—8)
- ¥ =

(1-N)\T(c+1) * 2I'(g) ' 2l(c-1)

131nC; +5(3n—2)Cy + 6(n —1)C3 _
. : =Wz
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Since

|: L, 3m+1) 13n-3 15n-38

(1—Ng)(r(g+1) T ar() +2r(g—1>)
13nC1 + 5(31’1 - 2)C2 + 6(1’1 - 1)C3:|

+ 2 <1,

therefore, by the Banach contraction principle, problem (2) has a unique solution. d

Theorem 2 If assumptions (H1)—(Ha) and the inequality are satisfied, then system (2) has

at least one solution.

Proof The proof is given in the following four steps.
Step 1: We show that the operator N defined in (11) is continuous. We take a sequence
w, € & such that w,, — w € Z. Consider

[Nw,. () - Nw(t)|

1 1
_Tg) tk(t Sg ‘;Bwn ﬂw(5)|ds

ko ptm
FL mZ/ (tm — S)g_l |ﬁw,n(s) - ,Bw(s)‘ ds

k-1 k-1
(t —tm) [ i (tc = tm)”
+ ; rie 1) ), =9 B = (o] ds+ ; T2

y / " (= 95| Bum(s) — Bu(s)] ds

k

(t — ) tn )
+ ; (¢ —kl) tm,l(tm —s)° ZIﬁW'n(s) - ﬁw(S)‘ ds

+Z(t—tk)(tk m)/ =) Buuls) - ﬁw(5)|ds+221“ (s );)

m=1

x / (b =952 Bl - ﬁw(8)|dS+Z|I (W) = T (w(5)|

o

-1

+ (tk — m)|i—m (Wn(tm)) - -,zm (W(tm))|

g

>
—

- 2’”)| (W) = T (W(6)|

(t = 8| Zon(Wn(tm)) = Zon(W(tm)) |

+
M- EM

>~

-1

+ ) (= 1)t = ) | Lon (W (t)) = Lo (W(E))|
1

3
I
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k

Z (t- tk) (Waltm)) = Zon(w(t) |
; n+l tm »
' 2I'(s) ; ‘/;ml (tm =) ‘IBW:"(S) - ,BW(S)| ds

n-1 n-1
(tn - tm) tm -2 (tn - tm)2
oy [ o972 ot s > e

< / " (b = 5 Bum(s) - Buls)| ds

n (1 —Ztn) tm )
Vi e -l

n-1 n
(1 - Ztn)(tn - tm) b -3 tn(l - tn)
+ ; T /m (b= 52 | Bun(5) = Bl ds + Z O

xft (o =9 Bun(s) ~ Bul) ds + f(l 95| Bunls) — Bu(s)] ds

-1

+ _Z|I Wn(tm) m Z

m= m=1

|I Wn(tm)) (W(tm))|

-1

Z tM) |I Wn(tm)) ( (tm))|

m=1

o3 02 0) T

n-1
o DL L (A U) R A )|

m=1

3 T o 00) - Tt

m=1

n+l

5 tt,
S I)Z/Mt 952 Byn(s) - ﬂws)|ds+22r( _2)

« / (b = 5| Bum(5) — ()| ds

n

t(1-2t,) [™ )
' ; 4 (s -2) /m (=) Bun(s) = Buls)| ds

t
Tarc-2 /), (1 8)°7%| Bun(s) - ﬁw(s)|ds+—Z|I (Waltm)) = Ton(w(t)) |
-1
Z )12, ()  Ton (20
"L 11— 2t,)

ﬁm(wn(tm)) = Ln(w(tm)|

m=1

Page 13 of 32
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n+l

£ tm _3
Tar(c-2) ; /t _ (m o) |Bun(s) = Buls)| ds

’

2 n i
+ % Z|Im (Wn(tm)) = Lu(w(tm)
m=1

tel,k=1,2,...,m (13)
where B,,,(2), Bw(t) € C(I,R), which satisfy the following function equations:

lgw,n(t) = g(t¢ Wi (), wy(82), ﬁw,n(t))¢
Bu () = g(t, w(t), w(5t), Bu(2)).

By using (H;), we obtain

2L
1B — Bullz < |, —wll 2.
(1—Ng)

w, — w as n — oo, this implies that 8,,, — B, as n — oo. Moreover, every convergent
sequence is bounded, hence let for each t € PC(I, R) there exist £ > 0 such that |8, ,(f)| < ¢
and |B,,(t)] < £. Then

(& =) Bun(s) = Bu(9)| < (£ =97 (| Bun(s)]| + | Bu(9)])
<2e(t-s)",
(tm =) Bun(8) = Bu(9)| < (tm — ) (|Buin(9)] + | Bu(s)])
<2(tm-9)°",
(tm = 5)7| Bun(8) = Bu(9)| < (tm — )72 (|Buin(9)] + | Bu(s)])
<2(tm—5)°7,
(tm = 5)° | Bun(8) = Bu(9)| < (b — )7 (|Buin(9)] + | Bu(s)])
<2(tm -5,
(1= 8)72|Bun(s) = Bu(9)| < (1 =) (|Bum ()] + |Bu(s)])
<20(1-9)7,
(1 =972 | Bun(s) = Bu(s)| < (L =9) (| Bun(s)| + | Bu(s)])
<2¢(1-5)57.

For ¢t € PC(I,R), the functions s — 2£(t,, — 8)S71, s = 28(t,, — 8)S7, s = 28(t,, — 5)S72,
5 — 20(t,, — )73, s — 20(1 —5)°72, s — 2£(1 — 5)°~3 are integrable on [0, ¢]. Thus, using
the Lebesgue dominated convergent theorem, from (13) we have |[N'w,(t) - Nw(t)| — 0
as t — oo, which implies |N'w, — N'w| 2 — 0 as t — oo. Therefore, the operator A is

continuous.

Page 14 of 32



Ali et al. Advances in Difference Equations (2020) 2020:572 Page 15 of 32

Step 2: Next we show that AV is a bounded operator. Foreachw € S, = {we 2 : |w|| » <
o}, INw|l # <k.For £ € J,

INw(e)| < %S_)/t(t_S)gl|ﬂW(s)|ds+ Z/tml o571 8015 d
k-1
Gt [
' m=1 Fl((g -1 tm,l(tm il 2|f3w(s)|ds
k-1
(t _tm)2 b ~
' ; m tmfl(tm ~9)573|Buls)| ds

k
(t—t)
+,; I'(s kl) - l(tm_s)g 2| Buls)| ds

ZM/ (b =5 | Buls)| s

~ T(c-2)
£ (t-0)?
+) (tm )| Bu(s)| ds
Y; 2I(s -2) tm-1 | |
k k-1 R
+ Z‘Im (W(tm))‘ + Z(tk - tm)‘Im(W(tm))‘
m=1 m=1
k-1 )
Z ) T, (wit)| Z(t 1) [ Zn (w(t)) |
m=1 m=1
k-1 _
(£ —tr)(t — tm)iIm (W(tm))|
m=1

n+l

(t- t)2
Z k m) ZF Zv/tm l(t _Sg 1|,3w(S |ds

= (tu—tw) [P )
' ; 2I‘(§ -1) tm,l(tm _S)g 2|/3w(5)’ ds

n-1
(tn - tm)Z tm )
' ; 4l (s -2) tm,l(t’” = 8)°7°| Bu(s)| ds

t(1-2¢t,) [ )
' Z <40 (¢ - 1) tmil(tm ~8)°72|Bu(s)| ds

(1 =2t,)(ty — tm)
+ZW[ tm =) | Bu(s)| ds

m=1

n t,,(l _ tn) tm )
' ; 4T (¢ -2) tm,l(t'” —5)°7%| Bu(s)| ds

1 1 ,
Tarc-1n ftn (1-5)°7%|Buls)| ds
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n n-1

+ % > 1T (wltw)| (tn = ) |Z (Wlt))|
m=1 m=1
n-1
(tn - tm)z =
+ ; T |Zn(wt)|
n n-1

At —42tn) T (wlt)| + 3 (1= 28,)(tn — t) T (i)

m=1 m=1

> W87 )

n+l

t tm 5
- Z/“ ~9 |l ds

n-1

Hty —tw) [™ _
2 ore- ), I 1A

m=1

n

t(1-2t,) [m ~
2 iM% | (=9 But9)] ds

m=1
t

Tarc-2)

1
/ (1-95)7%|Bu(s)| ds

n-1

ty H(tn — tw) |
+5;|Im(w<tm))|+z | T ()|

m=1

n

£(1 -

2tn) |~
4 |Im (W(tm))|

m=1

n+l

£ tm _3
0 L

2 -
+ Z ;|Im(W(tm)) » tGIk,k = 1,2,...,}’[. (14)

Using (Hy) with 6] = maxe |01 (2)], 05 = max,e; |62(£)], we have

|Bu(0)] = |g(t; w(t), w(82), Bu(2))|

< 01(0) + 02(8) (Iwl + [w(80)]) + 5(8) | B (0).
Taking maximum, we have

n;glx|ﬁw(t)| <05 + 2050 + 05| B (1)

’

which implies

0y + 2650
wt < = U. 15
max|fu(t)] < 1-ey M (15)
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Using the result (15), we obtain from (14)

Nl < 2k+n+3+8k+5n—3+8k+7n—8
Z=Rorc+) T T ar(o 4 (c—1)

4k +5 2k -3 2k +7n-6
+( (Z n>C4+<(++>C5+<k++)C6ZZk.

Thus N is a bounded operator.

Step 3: To show that \ is equicontinuous, we take w € Sz = {w € & : ||w||# < &} and
t1,ty € I such that £, > t;. We have

|NW(t2) —NW(t1)|

f%g) , (L2 —s)¢~ 1‘,BW(S)|dS+ e )Oqlgzz tl/ =)~ 1|ﬂW(S)|dS
Loy et v RCEER DS (= t)”

0<ty_1<ty—t1 Pe-1) O<ty_<ty—t1 2M(s-2)

X /tm (t,, — s)§—3 |13W(s)| ds + Z lit(2g—_t11)) lm (t — 5)5—2 |ﬂw(s)| ds

- O<ty<tar—t1
by — )tk — ¢

- (2p1)k m)/ Bu(s) ds
O<tp_1<ta—t1 (g 2)

[(t2 — t1)(t2 + t1 — 28|
Z 2I'(s - 2)

O<tg<ta—t1

R T S ACT)]

O<ty<ta—t1

CY -t Ea(en)

O<tg_1<tr—t1

— 2 -
C T S ) T )

O<tg_1<tr—t1 O<tg<ta—t]

Y (=t — 0) | Zu(wltw))|

O<tg_1<tr—t1

[t — t1)(t2 + 11 = 28)] | =
Z 2—h 22+1 k ‘Im(W(tm))|

O<ty<ta—t]

+2I‘1( > / (b =) | Bu(s)| ds

0<tn+1 <tp—t]

(tn=tw) ™ -
+ Z M/:ml(tm_S)g 2|,Bw(s)|d5

0<ty_1<tr—t1

(tn - tm)Z tm -3 (1 - 2tn)
+ Z 741"(5‘—2) ‘/tm_l(tm—s)g |,Bw(s)|ds+ Z 741_,(5__1)

0<ty,_1<tr—t1 O<ty<tr—t1

< [ =9 ] s
tm-1
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(l - 2tn)(tn - tm) tm -
oy W/tm_l(tm—@g 3| Buls)| ds

0<t,_1<tr—t1

(1 - 1)
> / (=9 |0 ds v 5 3 |Tu(wten)]

O<ty<tr—t1 O<ty<tr—t1

tn_tm = tn—lfm 2
oy g e Y S )
0<t,_1<tr—t1 0<t,_1<tr—-t1

1-2t, 1= 26,)(t — b)) |
DML )II () [+ Yo U2l L( 2, (v(t,)
O<ty<ty—t1 O<ty_1<tr—t1

)y —t”“; |2, w6

O<ty<tr—t1

t _
S

O<tyi1<ty—t1

(tr =)t —ty) [P _
- ﬁ/ﬁm_ym—s)g 2| ,(5) s

0<ty,_1<tr—t1

(b2 —t1)(1 = 2t,)
Z 4I'(s - 2)

O<ty<ty—t1

x / " (o 9573l ds
tm-1

(&2 —t1) |t — 1]
reraiA R e SR S)]

O<ty<ty—t]

oy g )

0<ty_1<tr—t1

(ty — t1)(1 - 2t,)
> (e

O<ty<tr—t1

(&> -t?)
+m > /(t - )57 Bu(s)| ds

O<tyi1<ty—t1

DS 7 )] (16)

4
O<ty<ty—t]

Using assumptions (H1), (H)—(Hs), inequality (15) in (16) and evaluating, we can easily
show that as ¢; tends to £, the right-hand side of (16) tends to 0. Thus by the Arzela—Ascoli
theorem the operator A" is completely continuous.

Step 4: In the final step we define a set Sy« = {w € 2 : 0* N'w, for0 < o* < 1}. We need to
show that S« is bounded. Let w € S+, then by definition, we have w = o* N'w. From Step

2, we obtain

INWl < o* 2k+n+3+8k+5n—3+8k+7n—8
=M orcrn T ar(o al(c - 1)

4k + 5n 2k+n-3 2k+7n-6 .
+ 4 C4+ f C5+ * C6=Qk5k.
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Thus set £ is bounded. Therefore, by Schaefer’s fixed point theorem, system (2) has at least

one solution. O

4 Stability results

In this section we investigate the results related to Hyers—Ulam stability of system (2).

Theorem 3 If assumptions (H,)—(Hs) and the inequality

|: Lg (3(n+1) 13n-3 15n—8> 13nC1+5(3n—2)C2+6(n—1)C3] )
(1-Ny)\T(c+1) 2I(c) ' 2l(c—1) 4 <

are satisfied, then system (2) is Hyers—Ulam stable.

Proof Let v be any solution of inequality (5). Then, by Remark 1, we write

SD;v(t) = g(t, v(t), v(S2), SDIv(E) + Y(t)s € (2,3], 0<8<1,

Av(tr) = Ti(v(t)) + Yk

AV () = T (t0) + Ve (17)
AV (t) = Te(v(te)) + Ve

v(0) = -v(1), V' (0) = —v'(1), v”(0) = -v"(1).

By Corollary 1, the solution of (17) for ¢ € I, is given by

_L ‘ _ -1 L ‘ _ -1 _ *
v(t) = F(s‘)/o(t s)¢ ﬁV(S)dS+F(§)/(; (t—s)"Y(s)ds— M

and the solution of (17) for ¢t € I, k= 1,2,...,n, is given by

I Y A
v(t)—F(g) /:k(t s)¢ 'BV(S)ds+F(g)/t(t S)* T (s)ds

k

1 & [
= (t —5)" Buls)ds
S) MX; /tm_l

* T Zf (=55 (s)dis + Z(tk fm(tm—sﬁ-?m(s)ds

x / " -y s+ 3 ;;( ) / —9538,(s) ds

bk — bw)?
’ ; 2M(s -2)

(t—t)
I'sc-1)

x/tm (t —S)g_?’l//(s)ds+2k: =) [ 52 (s)ds+2k:
ot —=T(-1)J,, " ! Pt

Page 19 of 32
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k-1

R @ it to) [ 4, - 2 pi00ds
tm-1 =1 tm-1
kX_EM/ (b —$)S~ 31//(s)ds

= T(s-2) "

. (t - t)?
m= 12F(g 2) tn—1

k k-1
Z + Y (e = tw)Tn (v(Em)

k
(t- tk)z tm B
' ; 2I'(c - 2) /t 71(t'" —$) 7 Bu(s)ds
>

" (- 3w(s)ds+ZI (v(tm))

— (t t)
Ztk tm)wk+2 T T (v(En)

k-1
+Z( bl +Z(t 60T ((Em)
m=1

m=1
k-1

(t BV + Y (E = 8tk = b Ton (v (E) Z(t 8t = b
m=1

k

m=1 m=1

where

By = g(tv(®), v(58), S D v (),

and

n+l n+1l

M =5 g)zftml'r =97 B) 2F(§)2/¢m1t —ITV ) ds

+ :;11 2(;"(; iml)) :1 (tm — )72 Bu(s)ds + ; Z(Ii"(; iml)) :1 (= 5)5 20 (s) s

S A TS o= A

+ ; 4(;_;2,:"1)) A 1(tm —8)S2B,(s)ds + Z 4(;( 2 1)) ,l (0= 0
2 (142;(;—2)’") / (tn = 5) Bl ds

(1 Zt n m) -3
+§W/ (tm =)V (s)ds
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t,(1 tm
Zm; 2) Sy

(2020) 2020:572

n

(tr — )5y (s) ds — Z tu(1 ~ t)

tm ~ o3
—~ 4F(§ _ 2) (tm S) w(s) ds

tm-1

1 1 -2 d 1 1 ) S p
_m tn( -) ﬁv(s) S—m[n( —-3) Ip(s) S
* % ;Im(”(tm)) + % Zwk
n-1 1
. (tn —2t A (v(6) Z tW')llfk
m=1 m=1
n-1
+ (tn _4tm Z tm)
m=1 =
(120 L (1=26) A (1= 26,) (b~ b) 5
+ Z ( 7 )Im(v(tm)) + Z (1 ty) Z w T (v(5m))
m=1 m=1 )
n-1 "
(1 Ztn)(tn - m) tn(l - tn) - tn(l _ tn)
Py e L Tlven) - mZ )
n+l ¢ el
21"(5._1);/;" 1(tm S) lgv(s)d5+ 1)Z[m ](t S w(s)ds
n-1 tty — tm) 3 tty —t) [ .
+ mZ a(c-2) ), 1(t —8)°7°Bu(s)ds + Z 2F(g 2 ,mfl(tm —8)S3Y(s) ds
(1 = 2t,) 3 ¢(1-2¢,) L
+;4 (5' 2) . l(tm—5)§ ,BV(S)d ZZLF( ) . ](tm_s)§ w(s)ds

4T

-3 t 1 L
ﬂ-/t; (1-5)7B,(s)ds - m/t‘n (1-9)53y(s)ds

b2 YT (vlen)
m=1

n n-1
+§Z‘ﬁk+zt(t" b

t(1- 2t,,)
+ Z i

m=1

-1

(vEm) +

m=1

L (v(tm)

n+l

- t(1—2tn)
£y i

Y + T(c- ZZ/t t—s§3lgv )ds+ ( 2);

m=1 =1
tn 3 t2 n t2 n

X bty —8)S W (s)ds — — I - — -

[ 9w 53 N
‘We consider, for ¢t € I,
|v(®) - w()|
1
< (t $)S7YBu(s) = Bu(s)|ds + —— t s)s7
=@ ), YT IO ROl g [ Tl
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kot kot
%ZI/ (60 =916, Bulo)] ds ;/t 9 (o) ds
k-1

Z (ti = t) m(tm—s)§_2|ﬂu(5)—,3w(s)|ds

b

< (tk—tm) tm e
= I'(c-1) /tml(tm )52y (s)| ds

1
k-1
(

k—tn)? [ 3 )
20 (¢ - 2) /tm_l(tm 8)°7>| Bu(s) — Buls)| ds

m=1
1

— (tx — tm)*
)

k
+;2F(g—2
>

/ " (= 95|y ()] ds

bm-1

-t [om (tr — $)572[ Bu(5) — Buls)| ds
-1 I'(c-1) tm-1 " V ’

+Xk: Lt (t —8)S~ 2|1/f(s)|als
F(g—l) b1

= (k= £) [ ) A 1= (5 = )
+Zﬁ tm_l(tm_s)s 3|ﬂv(s)—ﬂw(s){ds+2ﬁ

m=1 m=1

k
b -3 |(t - tk)zl o —3
x /m (b —5)° |¢(s>|ds+; o2 ), |Bu(s) = Bus)| ds

k
+Z;(Ft tk)'/tl 97w (s)| ds

k
3 | T (v(tm)) = Zn (wlt) | Zwm

m=1
k-1 A (t t)
3t = )| T (v (E)) - Z(rk b)Ykl + Z AL
m=1
_ = t)

% | Zys(v(tm)) — Zon (W(tin) | Z Tyl
+Z|t 86| Zn (v (8)) = Ton (Wt |
m=1

k-1
+Z|t tk||1/fk|+Z|t tl e = )| Zon (v () = Zn (W(t)) |
m=1 =

+Z|t—tk|(tk—tm)|wk|

m=1

k

k ) .
+z|(t tr)*| |I( ) w(t Zl(t t)? |Wk| —)Z

m=1 m=1




Ali et al. Advances in Difference Equations (2020) 2020:572 Page 23 of 32

n+l

b o i o
X/tm-1(tm ) |'BV(S) ﬂW(S)|dS+ )Z/ (tm =) |1ﬁs)|ds

n-1

(tn _tm) fm .
+ ; w(c-1) ‘/tm_l(tm —-s)° 2|'BV(S) - ﬂw(s)ids

n-1
(tn — t) tm )
* ; 2F(§ — 1) _/tm_l(tm —S)g 2|1ﬁ(5)| ds

n-1
(t" B tm)z tm _
’ ; 4T(¢ -2) /tm_l(t’” —5)7|By(s) = Buls)| ds

n-1
(tn_tm)
+Z4F(§ 2)f 1(t -5) W (s)| ds

|1_2tn| tm .
' ; ar(s -1 /m (t = )*72[Bu(s) = Bu(s)| ds

n 11— 2¢, tim .
+;4F(§—1)/ (tm = 9) |y (s)| ds

tm-1

n-1 n-1
|1 = 2t,[(8n = t) ™ 3 11— 2t, (s — )
+Z 4T (c—2) v/tml(tm_s)g ‘ﬂv(s)_ﬁw(s)’ds-'—z 4T (¢ —2)

" m=1

tm . n t,(1—t,) [ _3
X /zml(tm_S)g ‘W(S)’ds+;4r(§_2) tmil(tm_s)§ |/3v(3)—ﬂw(s)‘ds

n t,(1—t,) tm )
+;4F(;—2)/ (tm =)W (s)| ds

bm-1

1
* ﬁ (1=9)%|Bu(s) = Bu(s)| ds
"ar(e- 1)/(1 ””'*”(S)WS*—ZII () - T (wle)| +—Z|wk|
-1 i 3
Z |I l)(tm) W(tm)

- - < (tn_tm)2
X | T (v(Em) = Zon (wit)) | + D =19l

m=1

+Z 11— 2tw | T (v(tm)) = T (Wlt) |

m=1
n-1
Z RS D L ) A
m=1
Zu 2t,| tn tm)WkHZfn“;t")|i,,,(u<tm>)—im(w(tm))|
m=1
tn(l tu)

[Vl

m=1
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n+l

2F(g 1) Z./t,,, 1(tm—s); 2|,Bu(5) ﬂw(s)lds

n+l

wiad Lo

-1

(tm —5)*" 3|ﬂv(s) ﬁw(s)i ds

1 tn

-1

£ s

i ”'f (b= 5| Bu() = Buls)| di

Z
Zl —2t,|

f (tm —s)§’3|1,b(s)|ds

t
4F( -2)Js,

+ gz_\zm(v(tm)) o (W(6) Z Wil

( —5)S” 3|,3 ()-8 (s)\ds+ t /l(l—s)§-3|1//(s)|ds
' " 4T'(¢ -2) tn

P30 M 7 (4 ,0) - oot

m=1

t|1 2%,

1-2
t(t )|1pk| Ztl L ||I (V(tm)) = L (Wtw)) | + Z il
m=1 Py 2
n+l
4F(§ 2) Z./t,,, 1(tm—s); 3|,Bu(5) ﬂw(s)lds
n+l
4F(g 2) Z‘/tm 1(tm—5); 3|1/f(5)|ds
+— Z|I V(tm)) = Ln(wltm))| + = Z Wal. 19

Taking into account assumptions (H;)—(Hs) and taking maximum value, we obtain

lv—wllz
[ L, (3(n+1) 13n-3
< +
(1-Ng)\I'(c+1) 2I'(c)
15n -8 13nC; +5(3n—2)Cy + 6(n —1)C3
+
2I'(¢ - 1) 4
( 3(m+1) 13m-3 15m-8 3471—16)
+ + + €.
2I'(¢c+1) 4I'(¢) 4I'(¢-1) 4

:|||V—W||Qf’

Page 24 of 32
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This inequality implies

( 3(n+1) 13n-3 15n-8 34n-16 )E

v -wle < ey targ Targn t
z= 0 ( B(1s1) | 1303, 15n8 ) | 131C1+5Gn-2Cy+6(-)Cs 1’
(I—Ng I(s+1) 21"(;) 2I'(¢-1) 4

Or
lv—-wlz < Cege,
where
3(ntl) , 13n-3 , _15n-8 _ 34n-16
C._ Greon * ot *aren t T )
8= _ -
[ ( ng:ll IBn(;))' + 2}‘52 éi)) + 13nC1+5(3n i)C2+6(n 1)C3]
with
|: L, (3(n+1) 13n -3 15n -8 )
+ +
(I-Ng\I'(c+1) 2I'(s) 2I'(c-1)
13nC;y +538n - 2)Cy + 6(n — 1)C3:|
+ <1
4
Therefore, problem (2) is Hyers—Ulam stable. d

Corollary 2 In Theorem 3, if we set ¢(€) = Cy(€) such that $(0) = 0, then problem (2) be-
comes generalized Hyers—Ulam stable.

For the next coming result, we assume that

(He) There exist a non-decreasing function ¢ € C(I,R) and constants A4 > 0,€ > 0 such
that the following inequality holds:

olt* P(2) < Agp(t).

Theorem 4 If assumptions (H1)—(Hs), (He) and the inequality

L, 3m+1) 13n-3 15n-8 13nC; + 531 —-2)Cy + 6(n —1)Cs 1
&1 )(Hg+D+ZF@)+2Ng—D> 4 ]<

are satisfied, then system (2) is Hyers—Ulam—Rassias stable with respect to (¢, ¢), where ¢
is a nondecreasing function and ¢ > 0.

Proof Let v be any solution of inequality (7) and w be the unique solution of problem (2).

Then, from the proof of 3, we have the following inequality:

|v(t) - w(t)|

§1 _gl
_N)/uls\mw Bu®)| ds + —— [ (t—5)5 |y (s)|ds

F()
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kot kot
%ZI/ (60 =916, Bulo)] ds ;/t 9 (o) ds
k-1

Z (ti = t) m(tm—s)§_2|ﬂu(5)—,3w(s)|ds

b

3 () /tm (tm =) | (s)| ds

“T(c-1 /.,
k-1
(t — tm)z tm _3
“=2I'(c -2) ‘/tm—l(tm — )57 Bu(s) = Buls)| ds
Sl (el
+;2F(§_2)/tm1 m—S$ WS’ B
lt—tel [ R
Z:; I'(c-1) tm_l(tm —8)572| Bu(s) = Bu(s)| ds

+Xk: Lt (t —8)S~ 2|1/f(s)|als
F(g—l) b1

= (k= £) [ ) A 1= (5 = )
+Zﬁ tm_l(tm_s)s 3|ﬂv(s)—ﬂw(s){ds+2ﬁ

m=1 m=1

k
b -3 |(t - tk)zl o —3
x /m (b —5)° |¢(s>|ds+; o2 ), |Bu(s) = Bus)| ds

k
+Z;(Ft tk)'/tl 97w (s)| ds

k
3 | T (v(tm)) = Zn (wlt) | Zwm

m=1
k-1 A (t t)
3t = )| T (v (E)) - Z(rk b)Ykl + Z AL
m=1
_ = t)

% | Zys(v(tm)) — Zon (W(tin) | Z Tyl
+Z|t 86| Zn (v (8)) = Ton (Wt |
m=1

k-1
+Z|t tk||1/fk|+Z|t tl e = )| Zon (v () = Zn (W(t)) |
m=1 =

] L _
S e el - el + 3 M S 7 (vt600) - Z(tt)

m=1 m=1

(£ — t)?|
2

k

23

m=1
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n+l

_ g5
zr(g)Z/tr“(tm )7 Bu(s) — Buls)| ds

n+l

g

+HX_1: e M)_/ (t = )| Bu(s) = Buls)| ds
= 2r(s-1) " ' '

n-1
(n m)
+er(g 1)/ (6 =9 (5] ds

(tn_tm) 3
(t =) |Buls) - Buls)| ds
2:41“ c-2J,,,

-1

Z —tm) / t _S)§73|170(S)|d5

n

2n bm ~
Z - / (tm =) 72[Bu(s) = Buls)| ds

tm
Z |1 2L‘n / gzw ’ds
—1

1

-1

|1 =2t,|(t, — ty) )
+2Wf (tm =572 |Bu(s) = Bu(s)| ds

m=1 bm-1

”f: 1= 26,16y — )
+ —_—
4ar'(c -2)

m=1

tm ~ n tn(l—tn) tm )
x/;nl(tm—s)g 3|¢(s)|d3+;4r(§_2) tmil(tm_s)g 3|/3v(5)—ﬁw(s)|ds

(-1,
*;m o[ Gl a

1
Tarc-1)

"o 1)f(1 s)§2|w(s)|ds+—Z|I (t)) — To(w(t)| +—Z|wk|

(1 - S)§72|/3U(S) - ,Bw(s)‘ ds

-1

— — _ 2
Ly 3 () - T () + ZMMHZ(” L)

m=1 m=1 m=1

-1

< [T ((6) - o3 SUININ

m=1

> 2 06,0) - 7 )|

m=1

n n—1
3 %WH 53 W 12 (0(E)) = Lo (Wlt))|

m=1 m=1



Ali et al. Advances in Difference Equations (2020) 2020:572 Page 28 of 32

n-1
Py L2l 2t
m=1
" (1 " t,(1-t,) E
2 W\, (v(e) - T (w(tm))|+; 1 |wk|+2F(g_1);
n+l
x (tm—s”mv(s) Buls)| ds + - Z/ (b - 952 |¥(6)] ds

21“(; 2

X by — t)
20 (c - 2)

-1
+Z ’"/ (= )| Bo(s) — Buls)| ds
m=1 -1

"2

(t ~5)5 [y ()| ds

Zt” 20 f (b~ 52 |Buls) - Bu(s)| ds
2t,,,
Z

1

/ (tm —s)g_3|¢(s)’ds

t

t 1
- -3
m . ( = 8)57|Bu(s) = Bu(s)] ds+ -2 /tn (1-95)73|y(s)|ds

+= Z\I (V(tm)) = Zn(wlt))|

t — Lty —tw) | = -
+§Z_|w|+2=1 S T (0(6) = Ton(w(t) |

+Zt(t )|1/’/<| Ztll 2t, ||I (v(tn)) = L (w(t))| + Ztll 2t,, ||1/fk|
m=1 Py 2
n+l
4F(g 2) Z_/tm 1(L‘m —s)°” 3|,Bu(5) ﬂw(s)lds
n+l
4F(§ 2) Z/:m 1(tm_5)§ 3w (s)|ds
* %Zﬁ.m(v(t W(t + _ZW’H 19)
m=1

Using assumptions (H;)—(H3) and (Hs), we get the following result in its simplified form:

lv-wlez
[ L, (3(n+1) 13n-3
< +

(1-Ng)\I'(c+1) 2I'(c)
15n -8 13nC1 +5(Bn-2)Cy +6(n—1)C3

+

2M(c - 1) 4

A¢(34n—9)+2(17n—8))

+€(op(2) +¢)< 2

:|||V—W||Qf’
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which implies

A (341-9)+2(17n-8)
e(p(t) + )(#)
”V - W”QF S L 3(1+1 — — )
_ g ( n+1) 13n-3 15n-8 ) 13nC1+5(3n-2)Ca+6(n 1)C3]
(1-Ng) *T'(s+1) 2I'(¢) 2I'(¢-1) 4
or
v —wlz < Cee (o) + ), (20)
where
hg (34n-9)+2(17n-8)
. (1G22 )
g [ ( 3(n+1) 13n 3, 15n-8 )+ 131C1 +5(3n-2)C+6(n—1) c3]
—N) §+1) ) T (-1 4
Therefore, problem (2) is Hyers—Ulam—Rassias stable. (|

5 Application
In this section we provide a numerical problem to verify the applications of our main

results.

Example 1 Consider the following problem:

5

EDIw(t) = S5t + 2 (sin(w(@)) + w(de) + sin(§DI w(O),
tel01]t41k=1
Aw(d) =T, (w(L »—26'15(;)'
aw/() =Tyl >)—%, on
aw'(3) =Fiwd) = i
w(0) = —w(1),
W(0) = -w(1),
W(0) = -w' (1),

where e is an exponential function.
Here,

g(t w(t), (8t),g]D)2w(t)) % + Z)fi_t? (sin(|w(t)‘) + w(%t) + sin(|g]]]>t%w(t)‘)>,

with ¢ = %, 8= % The continuity of g is obvious.
By hypothesis (H3), for any w,w € R, we have

(6 w(t), (g 2), SDE W) — gt W(8), W008), D (1) |

1 5
—4[2|w(t) w(t)’ + |g]D2w(t) D7 w(t)|].
Hence g satisfies hypothesis (Hy) with Lg N = 1 .Also hypothesis (Hy) holds with 8y (¢) =

“P 7” ,01(8) = 05(¢8) = ejj;” , where 6 (t) = &, 6 (t) 03(t) = &

12’
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Att = % the impulsive conditions are given as follows:
1 1
(1) - 2
3 26 + [w(3)|
. 1 1
(1)<
3 25 + [w(3)]
(1) 0
3 20 + [w(3)|
For any w, w € E, we have
1 1 3 3 1] (1 1
2((5)) -5 (G)) |- s~ e =3 G) G|
3 3 26+ |w(3)l 26+ [w(3)|| ~ 26 3 3
2((5) 20 6)) - et~ e <5 (3) ()
twl =1 )-Lilw| = = i~ — 1 <—=wl=)—-w|=
3 3 25+ [w(z)l 25+ |w(3)] 25 3 3

and

1 1
o) )]s ()
3 3 20+ [w(3)l 20+ |w(3)] 20 3

which satisfy (Hs3) with C; = 2—16, Cy = %, Cs = %. So we have

N
/N
W =
\-—/

|: Lg (3(n+ 1) 13n-3 151-8 > 13nCy +5(3n-2)Cy + 6(n — l)Cg]
+ + +
(1-Ny)\I'(c+1) 2I'(c) 2I'(c-1) 4
1771
=—F><1.
25,800/7

Therefore, by Theorem 1, problem (21) has a unique solution. By Theorem 3, problem
(21) is Hyers—Ulam stable. For any ¢ € [0, 1], we set ¢(¢) = £, ¢ = 1. Then

5 1 t 5_
01t7¢(t)=?%)l (t—s)2 Lsds

8
t.
157

=

We see assumption (Hs) holds with A4 = % Also since

|: L, ( 3(m+1) . 13n-3 s 157 -8 ) 13nC; +5(3n —2)Cy + 6(n — l)Cg]
(1-Ny))\T'(c+1) 2I'(¢) 2I'(c-1) 4
1771
" 2580007

Therefore, the numerical problem (21) is Hyers—Ulam—Rassias stable with respect to

(9, ).
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6 Conclusion

In this paper, using Schaefer’s fixed point theorem, we derived a result of at least one solu-
tion to system (2). By the application of Banach contraction theorem, we obtained condi-
tions for unique solution of problem (2). Further, by the applications of qualitative theory
and nonlinear functional analysis, we investigated Ulam—Hyers stability to the considered
system. We applied our obtained results to a numerical problem.
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