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1 Introduction
The fractional calculus has gained attention because of its application in engineering,
physics, and chemistry [1-5]. Fractional differential equations represent more complex
models, but mostly it is difficult to solve them analytically. Therefore different researchers
are looking for numerical methods, e.g., finite element method, spectral method, and fi-
nite difference method, to find the solution to these fractional differential equations [6—
22]. The finite difference method is relatively simple and easy; that is why it has been seen
more in the literature for the solution of fractional differential equations.

In this paper, we consider two dimensional (2D) Rayleigh—Stokes problem for a heated
generalized second-grade fluid with fractional derivative and a nonhomogeneous term of

the form:

3W(x,y; t) 1-y 82W(x’y; t) 32W(9€:y; t)
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with initial and boundary conditions

wix,y,t) =glx 1), (xy) €9, o)
w(x,,0) = h(x,y), (x,9) €,

where 0<y <1, Q2={(x)|0<x<L,0<y<L}.

The Rayleigh—Stokes problem has gained attention in recent years. This problem plays a
vital role to show the dynamic behavior of some non-Newtonian fluids, and the fractional
derivative in this model is used to capture the viscoelastic behavior of the flow [23, 24].

Several numerical methods are presented in the literature for the solution of frac-
tional Rayleigh—Stokes problem, for example, Chen et al. [25] have solved the problem
using explicit and implicit finite difference methods, they have also presented its stabil-
ity and convergence using Fourier analysis. The convergence order for both schemes is
O(t + Ax? + Ay?). Ramy et al. [26] solved Rayleigh—Stokes problem using Jacobi spectral
Galerkin method. The method they derived is efficient and easily generalizes to multi-
ple dimensions. The advantages of this method are reasonable accuracy and relatively
fewer degrees of freedom. Mohebbi et al. [27] used a higher-order implicit finite differ-
ence scheme for two-dimensional Rayleigh—Stokes problem and discussed its convergence
and stability by Fourier analysis. The convergence order of their scheme is shown to be
O(t + Ax* + Ay*).

High-order schemes produce more accurate results, but suffer from slow convergence
due to the increase of complexity in the algorithm. Since explicit group methods reduce
algorithm complexity [28—31], we propose the use of explicit group method for the solu-
tion of two-dimensional Rayleigh—Stokes problem for a heated generalized second-grade
fluid. The main purpose of this article is to solve two-dimensional Rayleigh—Stokes prob-
lem with the high-order explicit group method (HEGM).

The paper is arranged as follows; in Sect. 2, we give the formulation of the high-order
compact explicit group scheme, and its stability is discussed in Sect. 3. In Sect. 4, the
convergence of the proposed scheme is discussed. In Sect. 5, some numerical examples
are presented with discussion, and finally, the conclusion is presented in Sect. 6.

2 The group explicit scheme

First, let us define the following notations:

2k _ ok k k 2k _ ok k k
SeWij = W1 — 2Wi; + Wiy SyWij = Wijq —2W + Wiy,

+1 k
ke d wf] + W
wW. . =
L] 2
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, x=iAx,y;=jAy, {i,j=0,1,2,3,...,M},

where Ax = Ay=h= ]f—/l which represent the space step and At = ]% represents the time

step. The operators §2 and 8y2, which consist of the three-point stencil [32], satisfy
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and

53% o 32w [k
a1+ L 3 y Wi 9y?

1 9*wlk

6
,_%W i,j+O(h )- (4)

The relationship between the Grunwald-Letnikov and Riemann-Liouville fractional
derivatives is defined as [27, 33]

[£]

oD} Tf(2) = 11y Zw,i Tf(t - kt) + O(<*), (5)

where w,ify are the coeflicients of the generating function, that is, w(z, y) = Z;ﬁo w,’:zk . We
consider w(z,y) = (1 —z)" for p = 1, so the coefficients are »} = 1 and

wf = (-1 (y) AERATES K 'k'!(y —ierl)

2
(1 - Ty>w{_l, k>1. ®)

Letn; = a)llfy, then

1- 2—
no=1 and 771=(—1)l< ly)=(1—Ty)771—1: k>1.

From (5) we can obtain the following:

t
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oDy T =t TYZT + O(Tp), (7)
1=0
1-y 0%w(x,,1) 1 7] *w(x,y,t —It) »
Dt T:‘L’ ;nla—yz+o(f ) (8)
Using (3), (4), (7), (8), and (1), we have
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1 1 K+l
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After simplifying and rearranging, we get Crank—Nicoslon (C-N) high-order compact
scheme
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Applying (8) to the group of four points (as shown in Fig. 1) will result in the following

4 x 4 system:
ai —dy —d3 —dy Wij I’hSl‘,j
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- ’
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Figure 1 Groups of four points for HEGM 10
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The matrix (9) is inverted to get the high-order compact explicit group equation

wij $ P 3 P rhs;;
Wiy | 1| ¢ @1 2 s rhsi, (12)
- ’
Wijel | A @3 ¢ b1 ¢a | | rhsiin
Wije1 ¢ P3 P rhs;ji
where

¢1 = zz? - 2ala§ - 24%43 - ﬂltl%, ¢y = a%az + 2aya5a3 + azag,
$3 = 2a1a5 + ataz + 2aias — ag, d= (—46!% +(a; - 613)2)(6!1 +as)’.

Figure 1 shows grid points on the x—y plane with mesh size m = 10, where the groups of

four points are computed using (10) and the remaining points are computed using (8).
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3 Stability of the proposed method

First we recall the following lemma.

Lemma 1 ([34]) The coefficients n, satisfy the following relations:

(1) no=1, m=y-1, <0, [=1,2,...,

o0 n
2 > m=0, ¥neN, -) m<L
1=0 =1

The stability of the proposed method is analyzed using the matrix analysis method. Form

(9), we obtain

Miw! = Niw° + 7P, (F%), k=0,

k+1
lek” = lek + 81 Z)\.[Pl (W]Hl_l)
1=2
K 1
+851 ZA;PI (wk‘l) +1P; (F’”?), k>0,
I=1

Ry Rs 0 P, Ps
R2 R1 R3 P2 Pl
M = Ry R’y , Np = P,
R3
0 Ry, R 0
_Ql Q3 0] (G, G
Q Q1 Q3 Gy, G;
Pl = Q2 Ql s Rl = G2
Qs
| 0 Q Q] i
[Gs G, } (G, G
G3 G6 G4 GS G’7
Ry = Gs Ge , Ry = Gs
Gy
Gg G
(H, H; ] [He H,
H, H; H; Hg Hg
Py = H, H; , pa= Hg
Hj3
H, H;

P
P,

Gs3
G

Gy
G

Hg

P,

G

Gs

Hyg

G3
Gy

Gy

G

H,
Hg

(13)
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(2020) 2020:598

Hy } (L, L,
H; Hy L, L
Hs H; , Q= Ly
Hy
Hj H7_ i
Ly ) (L, Lo
L6 L4 L5 L7
Ly L , Qs = Ls
Ly
Ly Lg
—-a, —ds —dp 0 0
ay —ap; -—das G, = 0 0
—ay a) —a) ’ 0 0
—-asz —-a, da 0 0
0O 0 0 O 0 O
0 0 0 0 0 0
) G4=
-a, 0 O 0 0 0
—as 0 0 0 —as 0
0 0 0 0 -ay -as
0 0 -as G_l0 0 o
00 0] *“lo 0o o
0 O 0 0 —as —ap
0 0 0 0 0 -a3
0 0 -a c._00 0
00 -a|’ *“lo 0o o
0 0 0 0 0 0
0O 0 O
0O 0 O
0 0 0]
0O 0 O
as dg ds 0 0 dg ds
a, das dag - 0 0 as ag
as ay as|’ *“loo 0o o
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71 0 0 0 ag 0 0
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Page 8 of 22

L3
Ly Ly
Ly

Ly L,
—dy
—as

0 )

0



Khan et al. Advances in Difference Equations

(2020) 2020:598

000 0 0 as as O
000 0 0 0 O
H;s = ﬂ6,H6: ’
000 0 0 0 0 0
[0 00 0 0 ag as 0]
[0 0 0 O 0 0 as O} 0 0 00
00 00 00 0 000
]_17:a5 a6’H8: )H9: ’
6!600615 0O 0 0 O 616000
L0 0 0 O 00 0 0] 0 000
-10 2 3 2 00 3 2
112 -10 2 3 1{0 0 2 3
Ll:_l 2’L2:_ 2:
314 2 -10 2 310 0 0 0
L2 3 2 -10 000 0
[0 0 0 0 0 0 0 0]
0 000 00 00
L3=1 )L4— ’
3200 00 00
1 1
2 3 00 0 ¢+ 0 0]
0 0 0 0 0 2 1 0]
00 0 % 110 0 0 0
L5= ;L6—_ ’
0000 3|0 0 00
0 000 0 3 2 0]
0 000 0 0 ¢ O] 0 000
112 0 0 3 00 00 0 000
L7=2 1, 21 Lg= ) Lo=1,
32 0 0 2 0000 t 000
0 000 0 0 0 0] 0 000

Proposition 1 The high-order explicit group scheme (12) is unconditionally stable.

k . . .
Proof Let wfl and W, be the approximate and exact solutions, respectively, for (1), and

let elk] = Wlk] - wffj denote the error at time level k. Then from (11),

1
ME" =NE° + TP, (F%), k=0,
k k - k+1-1 . k11 ket & (14
MES™" = NE* 451 ) " 0Py (B ) 451 ) " WPy (EX) + 1Py (F*2), k>0,
1=2 I=1
where
[ pk+17] [ _k+1
El1< e}( L
E1+1 €2+1 ij
k+l K+l . k+l eﬁll,j .
£ = | EyT = : , €& = | in , i=1,2,...,m-1,
et
k+1 k+1 i+lj+l
EY m=2 E{{/‘ill
k+1 k+1 Y
Bz | €m-1

j=12,...,m-1.

Page 9 of 22
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From (11) we know
M1 = Gll + (G2 + Gg)E + G61 + (G4 + Gg)E + G71 + (G5 + GQ)E,

N1 = HI + (Hy + H3)E + Hgl + (Hy + Hg)E + H7I + (Hs + Hy)E, (15)

Pl = L1[ + (L2 + Lg)E + L6I + (L4 + Lg)E + L71 + (L5 + Lg)E,

where [ is the identity matrix and E is the matrix with unity values along each diagonal
immediately below and above the main diagonal. Let p1, p2, and ps represent the maximum
eigenvalues for M;, Ny, and P;, respectively, then

9
p1 = ay —as — 2ay, P2 = a4 — 2de + as, ps= 7 (16)
From (12), when k =0,
E'= M{'N{ E°,

Y] < [ain | B0 < 1oat 2+ o)

|ay — a3 — 2a;|

[12174% - 132(t + yT )|

1
“ ” ~I181(h% + 4(t + 7))|
||E1 || < HEO ” *.* denominator > numerator.
Supposing
IE°| < |E°|, s=2.3.....k (17)

we will prove it for s = k + 1. Indeed, from (12)

k+1
|EXY] = HM1 (NlEkJrleAlPlEk*l ‘+slzx,1>1£k 1) H

=2
k+1
< [MUNE] +51D aPy B i Py | B
1=2
k
+s1) | MytP | ECY
I=1

k+1 k
< M JE] +so7 (ZMHEM"H . ZMHEk"H)

=2 I=1

k+1 k
< <||M;1N1 | +si]|m5ie (ZA; + le» |E°| . using (17)

1=2 I=1

k+1
[ aa—2a6+as .
- (al —as—2a; ’ 2(a; — a3 —2a2 (Z)‘l + Z)‘l>> |£°]

a,—2a¢+a 9s kel
< 4 6% + ! ZM -1 ”Eo || "> using Lemma 1
a) —asz — 26!2 2(611 — a3z — 2!12) -
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k+1
_2 9
_ ag a6+a5+ S1 Z)»l—l—)»l ||E0||
ay —as — 2ﬂ2 2(611 — a3 — 2“2) =1
-2 9
<(Paz2a5tas 51 (-1-1-21) )|E°| - usingLemmal
a1 —as—2a, 2(a —as—2as)
_(81h% = 324(ytY + 1) - 455 (y + 1) 1]
- 79h2 + 348(t7 + 1)

~ (Slh2 — (324d, + 4.5d))

79K + 3484, ) | wheredo = (yz” +7) and dy = s1(y +1)

”E’”l H < ”Eo ||, "~ denominator > numerator, because dy,d; >0 and 4 € (0, 1).

So, using matrix analysis via mathematical induction, we proved that the proposed method

is unconditionally stable. O

4 Convergence of the proposed method

. . ked kel ked k+d
Let us denote the truncation errors for the group of four points w;; *, w;, % w171, W,
eh ok kd wh @ g gd gk gl el
by €ij 1€t €istir1r €ijil then let R*"2 = (R *, R , "“’R1,mT4’R2:1 Ry, ,...,RmT4ymT4}
k+l k+d kel kel k+l .. -1
where R;;? = {e;; %, ¢;, % €.,17,1,€,;,1) and i, = 1,2,..., "= Then from (8) we have
1
|R*2| <o(x +h*), k=0,1,2,....N-1, (18)
where ¢ is a constant.
Define the error as
[ pk+17] [ k+17]
E11< 1 E} 1 ekl
Ekr ks ij
G{le
EN = ’ E]1<+l = ’ 6[[<+1 = kl:ll,] , i=1,2,...,m-1,
et
k+1 k+1 i+1,j+1
El €m_2 Gtk]-:—ll
k+1 k+1 ”
LT €m-1
j=1,2...,m—1. (19)
By substituting (19) into (11) and using E° = 0, we get
1
ME'=R2, k=0,
k+1 k ) (20)
MES = Ny EX 451 ) " Py (B ) 51 ) " Py (EXY) + (R2), k> 0.

=2 =1

Proposition 2 Suppose EX*! (k =0,1,...,N) satisfy (20), then
[E < R4 .
Proof We will use mathematical induction. When & = 0,

M,E' = R3,

Page 11 of 22
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1 -1 L 1 1 1 1
I£'] < I 1R = IR = g IR
1 1 _ 1
[E5] = mollR2 . where o = ey
1
|E*] = [[==].
Assume that
|ES| < [R5, s=2,3,....k
thenfors=k+1,
k+1 k .
MES = NiEX 451 ) " Py (B ) 451 ) Py(E) + R 2,
=2 =1
k+1
|E<Y| = H (NlEk+slzklP1 (EF1=) Jrsllep1 (EF) +Rk+z>
=2 =1

k+1
B < [N 2] + 21 o (sz B Y Sn)

1=2 =1

R,

k+1
|E] < [ N [l E€ + 4y P sy (ZM JE“] + Z/\l |- SII)

1=2 =1

+ |y R,

k+1 k
[EM ) < [ N[ | RED2 | + a7 Py sy (Z i+ A’) R3]

=2 =1

+ g R4,

k+1 k
B = (I + g2y (le N le) e ||)Rk+z )

=2 =1

[E) < (a0 N | s |0 P 2 1) + vy ) @2 |

: LS
a) —as — 2612 (6{1 — a3z — 26l2) a) —as — 2612
ay—2a¢+as —9s1(2+Aq) + 2> HR]”% ”
2((11 as —2612)

(
<a4—2a6 +a5 9s1(~=2 — A1) 1

_ 81/h% — 324(yt? + 1) —4551(y + 1) + 2 ”R,ﬁ% ”
79h2 + 348(t + T) ’

1
[ = o R

_ 81M2-324(y 1Y +7)-4.551 (y+1)+
where ¢ = 79213807 1) 2 and ¢ € (0,1), so

|4 < R3]

(21)
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Theorem 1 The high-order explicit group scheme (10) is convergent with the order of con-
vergence O(t + h*).

Proof From (18), we have

e = R = (e 1),
|7, = ol ), k=012, N1

Hence, we proved that the high-order explicit group scheme (10) is convergent with the
order of convergence O(t + h*). O

5 Numerical experiments and discussion

In this section, three numerical experiments were simulated using Core i7 Duo 3.40 GHz,
4 GB RAM and Windows 7 using Mathematica software. The acceleration technique “Suc-
cessive over-relaxation (SOR)” is used with relaxation factor @ = 1.8 and convergence tol-
erance ¢ = 10~ for the maximum error (Ls,); C;- and C,-order of convergence are used
for space and time variables and calculated using [34]

||Loo(2r,h>||>
Cy-order = log, | ————— |, (22)
! gz( L@ 1)
||Loo(1er,2h)||>
Cy-order =log,[ ——— ), (23)
2 g2< Lo B

where /4, T and L., represent the space-step, the time-step, and the infinity norm, respec-
tively.
The following three numerical experiments are considered:

Example 1 ([27])

aw(x,y,t _(Pwlx,y,t)  Pw(x,y,t 32w(x, y, t
W(xy):0D1y< wlx,y,t) W(xy))+ w(x,y,t)

31 022 8y? 0x2
82 SVt re
+ Fwlx,y,t) re (14 ) - zﬁtzy _ogr ),
3y I(1+2y)

where 0 < x,y < 1, with initial and boundary conditions

W(xyyy 0) = Oy

w(0,y,t) = &', wix,0,t) = &7,

w(n,y, t) = e, wix, n, t) = el ™7

and with the exact solution
w(x,y,t) = 17,

Example 2 ([27])

3W(x,y, t) 1-y 32W(x:y: t) aZW(x»y» t) 82‘4’(%3’, t)
—_— = 0D1 + +
ot dx? 9y? dx?
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Table 1 Comparison between Crank-Nicolson (C-N) high-order finite difference method and HEGM
for Example 1T when y =0.75

h/T Iteration Time Maximum error Average error

HEGM C-N HEGM  C-N HEGM C-N HEGM C-N
h=t=1 46 53 1659 1923 39320 x107 39473 10 22799 x10° 2.2815 x10°?
h=t=% 49 52 20844 22002 24058 x107 24059 x107 12545 x107°  1.2567 x107
h=t=4% 48 57 51481 60356 20054 x107° 20087 x10°  1.0222 x10°  1.0258 x 1073
h=t=4 47 65 190232 257145 15041 x10° 15053 x10° 74966 x10™* 75067 x107*

w)
S

Table 2 Comparison between Crank-Nicolson (C-N) high-order finite difference method and HEGM
for Example 2 when y = 0.5

h/T [teration Time Maximum error Average error

HEGM C-N HEGM  C-N HEGM C-N HEGM C-N
h=t=1 46 50 1622 1837 75870107 75733 x10 43269 x10° 43301 x107
h=t=1% 48 52 20769 22426 43170 x107° 43041 x107° 22571 x10° 22547 x 1073
h=t=5 47 57 48315 59433 35419 x107° 35520 x10° 18133 x10° 1.8190 x1073
h=t=45 47 65 201826 272772 26249 x10° 26329 x10° 13123 x10° 13130 x10°3

N 0%w(x,y,t) N exp(— (x —0.5)? (- 0.5)2)(1 )
9y? v v
. ((r(z ) oy tw) (g 4x-057 40— o.5>2>,
r'(1+2y) v v2 V2

where 0 < x,y < 1, with initial and boundary conditions

w(x,y,0) =0,

w(0,y,1) = exp<—<%5 N 0"3'5)2)>t1+y’
win ) =exp(- (222 + @—§-5>2)>t1+y,
) =exp (00 02 Yo,

and with the exact solution

Wz, 3, ) = exp <_<(x —5).5)2 N (y— 0.5)2 ))tlw.

v

Example 3

ow(x,y,t) 1y (0*W(x,y,8)  *wlx,y,8)\  9*wlx,y,t)
Wyt _ ph + +

ot dx? 9y? dx?
37 Lsin(x + y)

0%w(x,y,t)
’ T

9y?
3e'T(y) - T'(y)sin(x +y)
+ 7
I'(y)

+e'sin(x +y) +
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Table 3 Comparison between Crank-Nicolson (C—=N) method and HEGM for Example 2 when

y =05
h/T [teration Time Maximum error Average error

HEGM C-N HEGM  C-N HEGM C-N HEGM C-N
h=t=1 42 38 1672 1572 179121072 17921 x102 53164 x10° 53176 x10°
h=t=1 34 44 16091  201.84 96466 x10° 96753 x107° 27624 x103 27719 x10°3
h=t=% 34 38 37719 41685 79298 x10° 79215 x10° 22387 x10° 22376 x 1073
h=t=% 33 37 144676 176620 58326 x107° 58344 x10° 16201 x10° 16210 x1073

Table 4 Comparison between C-N high-order finite difference method and HEGM for Example 2
when y =0.75

h/t Iteration Time Maximum error Average error

HEGM C-N HEGM  C-N HEGM C-N HEGM C-N
h=t=4 4 39 1739 1567 10025 x1072 10025 x1072 27431 x10° 27423 x10°3
h=t=% 36 45 16484 19607 54258 x107° 54142 x107° 15410 x107° 15363 x107°
h=t=5 36 4 38783 42171 44612 x107° 44652 x107 12528 x107  1.2530 x 107
h=t=4 37 37 160214 181040 33128 x10° 33150 x107° 91139 x10™* 91040 x 107

w)
S

Table 5 Comparison between C-N high-order finite difference method and HEGM for Example 3
when y =0.75

h/t Iteration Time Maximum error Average error

HEGM C-N HEGM C-N HEGM C-N HEGM C-N
h=t=4 44 48 4675 5344 1.1762x1072 1.1780 x107% 20762 x10°  2.0850 x 107
h=t=1 44 52 15245 18846 85326 x10° 87058 x10* 91589 x10°*  9.1579 x10°*
h=t=% 45 58 46244 55232 49486 x107° 49496 x10° 59148 x10* 59035 x107*
h=t=45 48 56 82846 115837 1.8846 x107° 18875 x107" 26648 x10* 26678 x107*

)
N

Table 6 Comparison between C-N high-order finite difference method and HEGM for Example 3
when y =0.1

h/t Iteration Time Maximum error Average error
HEGM C-N HEGM C-N HEGM C-N HEGM C-N

h=1=35 43 50 1471 2547 10779 x107" 13229 x107" 65071 x1072 67078 x 1072
h=t=2L 45 53 5687 9787 972047 x107% 96072 x107% 55989 x10% 58080 x 1072
h=t=4 46 56 15107 22153 91148 x1072 94512 x1072 50646 x1072 51572 x1072
h=t=5 44 57 34285 43562 874869 x1072 89345 x1072 474195 x1072 46185 x1072
Table 7 Errors and CPU time with T = % for Example 1
h y =01 y =05

Max error CPU time Max error CPU time
h= % 520503 x 107 0.56 397534 x 107" 0.56
h=13 426844 x 1072 534 3.75884 x 1072 568
h=1{ 827965 x 107 28.28 7.84629 x 1072 28.15
h=+L 432245 x1073 13354 3.89731 x10°3 137.01
Table 8 Errors and CPU time with T = 5 for Example 2
h y =01 y =05

Max error CPU time Max error CPU time
h= % 1.0305 0.60 1.0241 0.60
h=13 49756 x1072 523 5.1451 x 1072 5.29
h=1{ 91542 x1073 2581 1.07962 x 1072 2381
h=-1 7.1005 x 1073 111.87 8.7834 x 1073 113.76

o
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Table 9 Errors and relaxation factor (w) with T = 2i0 and y =0.1 for Example 2

h w=05 w=09 w=15 w=18
h=1 1.0305 1.0305 1.0241 1.0305
h=; 49842 x 1072 49812 x 1072 4.9844 x 1072 49756 x 1072
h=1% 94342 x107 992685 %1073 944614 x107? 9.1542 x 107
h=+ 74882 x107 836823 x 1073 85763 x107 71005 x 1073

o

Table 10 C;-order of convergence for Example 1 and different y's

y =04 y =05

h/t Max error Cy-order h/t Max error Cy-order
h=t=1 37570 x 1072 - h=t=1 42072 x 1072 -
h=11=5% 26621 x 1072 381 h=11=5% 23925 x 1073 4.13
h=t=1 1.9645 x 1072 - h=t=1 19308 x 107 -
h=%r=4 13235 x 107 389 h=1%r=4 12333 x 1073 3.96

y =06 y =07

h/t Max error Cy-order h/t Max error Cy-order
h=t=1 40658 x 1072 - h=t=1 33869 x 1072 -
h=11=5% 20573 x 1073 430 h=11=5% 16180 x 107 438
h=t=1 1.6658 x 1072 - h=t=1 12312 x 107 -
h=%r=4 1.0452 x 107 399 h=%r=4 83252 % 1073 388

Table 11 C;-order of convergence of HEGM for Example 2 and different y's

y =04 y =05
h/t Max error Cy-order h/t Max error Cy-order
h=t=1 11717 - h=t=1 1.1891 -
h=11=5% 6.8679 x 1072 4.09 h=11=1% 6.8093 x 1072 412
h=t=1 8.5608 x 1072 - h=t=1 87109 x 1072 -
h=%t=4 51955 x 1073 404 h=%r=4 48825 x 1073 415
y =06 y =07
h/t Max error Cy-order h/t Max error Cy-order
h=t=1 1.1802 - h=t=1 1.1474 -
h=11=5% 6.7241 x 1072 4.13 h=11=5% 66197 x 1072 4M
h=t=1 82701 x 1072 - h=t=1 7.3781 x 1072 -
h=%t=4 44968 x 107 420 h=%t=4 40021 x 107 420
Table 12 (;-order of convergence for Example 1, when h = %
T y =05 y =075

Loo C;-order Loo C;-order
T=% 7.5050 x 107 - 39019 x 1072 -

_ 1 -3 -3

T=x 3.8462 x 10 0.96 2.1660 x 10 0.86
T=4 19623 x 1072 097 1.1278 x1072 094
T=5 99769 x 107 098 58404 x 1074 095
Table 13 (;-order of convergence for Example 2, when h = %
T y =05 y =0.1

Loo Cy-order Loo Cy-order
T= 1.9223 x 1072 - 9.4036 x 1073 -

1

10
=% 97960 x 107 097 51542 x1073 0.86
T=4 51042 x1073 094 25442 x1073 1.01
= 25146 x 107 1.02 12420 x 1073 1.03
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Table 14 C;-order of convergence for Example 3, when h = §

T y =05 y =0.1

Loo Cy-order Loo Cy-order
T=% 156836 x 107" - 1.06481 x 107" -
T=5% 7.9683 x 1072 097 53363 x 1072 099
T=4 3.7875 x 107 1.07 26884 x 1072 098
T=g 200105 x 107 092 12946 x 1072 1.05

Table 15 Computational complexity for the HEGM and C-N high-order finite difference method

method
Methods Per iteration
Addition/subtraction Multiplication/division
C-N (35 +8(k - 1))m? (3 +4k-1))m?
HEGM (34 +8(k = 1))(m - 1)°+ 35+ 8k - 1))2m - 1) (10+4k - 1)m - 12+ (13 + 4k -1)2m-1)

Figure 2 Exact solution for Example 1

Figure 3 Approximate solution for Example T when T
h=1=4 o T

30 /

where 0 < x,y < 1, with initial and boundary conditions

w(x,y,0) = sin(x + ),
w(0,,t) = e’ sin(y), w(x, 0,¢) = e sin(x),

w(n,y, t) = €' sin(1 + ), w(x, n,t) = e’ sin(1 + x),
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Figure 4 Exact solution for Example 2

Figure 5 Approximate solution for Example 2 when

o1
h=t=5
Figure 6 Execution time (in s) for different mesh sizes 25004
when y =0.75 for Example 1
2000
©
g
F 1500-
g
g
i 10001
5001

14 16 18 20 22 24 26 28 30
Mesh size
——FEG SP

and with the exact solution
w(x,y,t) = e’ sin(x + y).

The execution time, error, and number of iteration are shown for the comparison be-
tween standard point and HEGM from Table 1 to Table 6. The execution time in HEGM
is reduced by (5-35)%, (7—35)%, (10-25)%, (8—18)%, (12.5-28.48)%, and (21.29-42.24)%
as compared to C—N point method in Tables 1 to 6, respectively, and it can also be seen
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Figure 7 Execution time (in s) for different mesh 1800+
sizes when y = 0.75 for Example 2

Execution Time

14 16 18 20 22 24 26 28 30
Mesh size
——FEG SP

x10%

Figure 8 Graphs of maximum errors using HEGM with y = 0.5, T =1/20and h = % (@), h= ;—O (b), for Test

problem 1

in Figs. 4 and 5. Table 7 and Table 8 show the maximum errors and CPU timing at differ-
ent values of y’s for Example 1 and Example 2 respectively. Table 9 shows the maximum
error at different values of the relaxation factor (’s). Tables 10 to 14 represent the space
and time variables’ order of convergence for the HEGM, which show that the theoretical
order of convergence is in agreement with the experimental order of convergence. Fig-
ures 2 to 5 represent 3D graphs for the exact and approximate solutions of Examples 1

Page 19 of 22
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Figure 9 Graphs of maximum errors using HEGM with y = 0.5, T = 1/20 and h = % (@), h= ;—O (b), for Test
problem 2

Table 16 The total computation effort for different mesh size for Example 1 when o = 0.75

k/m High-order finite difference method HEGM

No. of iter. Total operations No. of iter. Total operations
k=m=10 46 702,696 53 826,800
k=m=18 49 1,926,092 52 2,079,168
k=m=22 48 3,863,616 57 4,653,936
k=m=30 47 16,592,692 65 23,166,000

Table 17 The total computation effort for different mesh size for Example 2 when o = 0.5

k/m High-order finite difference method HEGM

No. of iter. Total operations No. of iter. Total operations
k=m=10 39 1,559,376 38 1,493,704
k=m=18 44 3,592,512 34 2,736,728
k=m=22 38 5,517,600 34 4,876,824
k=m=30 37 13,186,800 33 11,650,188

and 2, which show that the proposed method is effective and reliable. The comparison
of execution timing between FEG (HEGM) and SP (C-N) for Example 1 and Example 2
are shown in Figure 6 and Figure 7 respectively, which depicted that HEGM method re-
quired less execution time as compared to the C-N. Figures 8 and 9 show the graphs of the
maximum error using HEGM when y =0.5and t = % for Examples 1 and 2, respectively.
The computational effort is shown in Tables 16 and 17; it can be seen that the HEGM re-
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quires fewer operations as compared to the high-order Crank—Nicolson finite difference
method.

6 Conclusion

In this paper, we have solved two-dimensional fractional Rayleigh—Stokes problem for a
heated generalized second-grade fluid using the HEGM. The C,-order of convergence
shows that the theoretical order of convergence agrees with the experimental order of
convergence. The proposed method reduces execution time and computational complex-
ity as compared to the high-order compact Crank-Nicolson finite difference scheme. We
proved the unconditional stability using the matrix analysis method; moreover, the pro-

posed method is convergent.
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