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1 Introduction

Recently, it has been realized that fractional calculus (FC) has played a very important
role in different areas of research; see [26, 32] and the references cited therein. Conse-
quently, fractional differential equations (FDEs) have grasped the interest of many re-
searchers working in diverse applications [22, 39]. Most relevant results have been ob-
tained in terms of the classical fractional derivatives (FDs) of Riemann-Liouville (RL),
Caputo (Ca), Katugampola (Ka), Hadamard (Ha), Hilfer (Hi) FDs etc.

Generalized fractional derivatives (GFDs) with respect to another function « have been
considered in [32, 41] as a generalization of RL fractional operator (FO). The GFD is differ-
ent from the other classical FD because the kernel appears in terms of another function «.
Recently, Almeida in [13] presented a generalized version of Ca with some advantageous
properties. Many properties of the generalized FO can be found in [11, 32, 33, 41, 45]. The
advantage of studying the generalized FD lay in providing a general platform that includes
all particular derivatives. For some special cases of a function «, one can realize that «-
Ca FD can be reduced to the (Ca, when «(¢£) — ¢ see [32], Ca-Ha, when « () — logt [28],
Ca-Ka, when «(¢) — t”(p > 0) [30, 31]) FD.

On the other hand, the investigation of existence and uniqueness of solutions to several
types of fractional (impulsive, functional, evolution, etc.) differential equations is the main
topic of applied mathematics research. Many interesting results with regard the existence,
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uniqueness, and stability of solutions or positive solutions by using some fixed point (FP)
theorem have been discussed in Refs. [1, 12, 18, 19, 21, 23, 24, 27, 35, 37, 38, 44].

For the purpose of completeness, we refer thereafter to some relevant papers that deal
with the existence of positive solutions involving classical Ca and RL derivatives. More
precisely, the authors in [17] studied the existence and multiplicity of positive solutions
for the following problem:

RLDY @ () + g3, (3)) =0, 3 €(0,1),
w(0)=w(1)=0,

where 1 <1 <2,and R'Dj, is RL FO. Also, the problem

Dy, () + g3, () =0, 3x€(0,1),
@ (0) + w’'(0) =0, o (1) +w'(1) =0,

was discussed in [48], where 1 <1 <2, and ©D), is the CF operator.

For some recent findings on GFDs with respect to another function «, see [2, 3, 14, 15,
25, 34, 36, 42, 43, 46, 47].

In other direction, Karapinar and Samet introduced the notion of generalized -/ -
Geraghty contractive (o-1-GC) type mappings (see [29]). The generalized «--GC in
complete b-metric spaces (b-MS) and their applications in b-metric spaces b-MS was in-
troduced in [4-10, 16, 40].

To the best of our observation, the investigation of positive solutions to fractional BVP
has not been studied within «-Ca and «-RL FOs yet. Moreover, the FP technique based
on «--GC has never been applied to such problems.

Inspired by the above results and motivated by the recent evolutions in «-fractional
calculus, in this paper, we apply the FP technique of o-{-GC type mappings to investigate
the existence of positive solutions for the following fractional BVPs:

Dyfw () + g, (%) =0, »2€(0,1),
ow(0)=w(1)=0,

and

Dy (5) + g, (%) =0, »2€(0,1),
@ (0) + @w’(0) = 0, o(l)+w@'(1)=0.

2)

where 1 <1 <2, and °D{¥ is «-FD of order 1 in the sense the «-Ca operator, and g : f x
R — R* is a continuous function. Throughout the article F = [0,1] and R* = [0, c0).

We claim that our approach is new and the reported results are different form existing
ones in the literature.

The remaining parts of the paper are outlined as follows: Some preliminary facts needed
for the proofs of the main results are recalled in Sect. 2. In Sect. 3, we prove the existence
of positive solutions for problems (1) and (2) by the aid of the FP result of «-y/-GC type
mappings. Examples are given in Sect. 4 to check the applicability of the theoretical find-
ings. We end the paper by a conclusion.
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2 Preliminaries
Definition 2.1 ([32]) Let ¢ > 0 and « be an increasing function, having a continuous
derivative k' on (a, b). The left-sided «-RL fractional integral of a function / with respect

to k on [a, b] is defined by
1K 1 @ / -1
1Eho) = £ | <@k -x©] Hods, e>aiso

provided that I} exists. Note that when « (o) = 0, we obtain the known classical RL frac-
tional integral.

Definition 2.2 ([32, 41]) Let ¢ > 0, n be the smallest integer greater than or equal to ¢
and /1 € I?[a,b], p > 1 let k € C"[a,b] an increasing function such that «’(0) # 0, for all
0 € [a, b]. The left-sided «-RL FD of /1 of order ¢ is given by

D*h(o) = L d I"7"h(p), n—1<i<nneNlN.
¢ K'(e)do) *

Definition 2.3 ([13, 14]) Letn—1<t<n, h € C"[a,b], and let k € C"[a, b] an increasing
function such that «'(0) # 0, for all o € [a, b]. The left-sided x -Ca FD of / of order t is given
by

D h(e) = I D™ h(e),

where D* := (K,%Q) %)”, andn = [t] + 1.

Definition 2.4 ([20]) Let M be a nonempty set and r > 1. A mapping d: M x M — R* is
said to be a b-metric if for o, ¢, w € M;

(bM;) d(o,¢)=0ifand onlyif ¢ = o;

(bM>) d(o,s) =d(s,0);

(bMs3) d(o, @) <rld(o,c) +d(s,@)].

The pair (M, d) is called a b-MS with constant r.

Let ® be set of all increasing and continuous functions ¢ : R* — R* satisfying the prop-
erty: ¢(co) < cp(0) < co for ¢ > 1 and ¢(0) = 0. We denote by F the family of all nonde-
creasing functions A : R* — [0, %2) for some r > 1.

Definition 2.5 ([8]) Let (M, d) be ab-MS and T : M — M, we say that T is a generalized
a-¢-GC type mapping whenever there exists « : M x M — R* such that

a(0,5)p(r’d(To, T<)) < A(¢(d(o, 5)))#(d(e, 5)),
for o, ¢ € M, where A € F and ¢ € O.

Definition 2.6 ([40]) For M(#¥),letT: M — M and o : M x M — R* be given mappings.
We say that T is «-admissible if, for 0, ¢ € M, we have

a(0,6)>1 = a(To,Ts)>1 (3)
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Theorem 2.7 ([8]) Let (M, d) be a complete b-MS and T : M — M be a generalized a-¢p-
GC type mapping such that
(i) T is a-admissible;
(ii) there exists o9 € M such that a(og, Too) > 1;
(ili) if {on} € M with 0, — 0 and a(0u, 0ns1) > 1, then a(on, 0) > 1.
Then T has a FP.

Lemma 2.8 ([46]) Letg € C(F ) and 1 <t <2. Then the FBVP

i (4)

“Difw () + g, @ (32) =0, >x€(0,1),
@(0)=0, w@(1)=0,

is equivalent to

1
w(%):/o G(o, D) (9)g (9, @ (9)) do,
where

(ke (1) =k (2)) " = LD (1 () — (),
k) -k(O) ) 0=p=x=1,
90 0)= e —e O T (k(1) = k()1 ©)

0<x<v <1

Lemma 2.9 ([46]) For the function G defined by (5) we have;
(i) G(s1,0) >0, for all 52,9 € (0,1).
(i) For® €(0,1), there exists a positive function y such that

min G, ) > y () max G(s¢, ).
e[1/4,3/4] sef

Lemma 2.10 ([46]) Let g € Cla,b), and 1 <« <2, then the FBVP

(6)

CDyw () -g(»)=0, »2€(0,1),
@ (0) + w’'(0) =0, o(l)+w'(1) =0,

has a solution
1
() = / AGa 9 (9)g(9) D,
0

where

AG49) = (T = D[ (k1) = c(0)) + ('(1) = (0))])

(("(0) + Kk (0) =k G (K (1) =k (9)) > + F3 (ke (1) =k (9)) 7]
4 CQLOOLO) (o (1) e(9))-, 0<® <<, .
X
(('(0) + Kk (0) =k G (K (1) =k (9)) > + F3 (ke (1) = (9)) ],

0<x<v <1
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Lemma 2.11 ([46]) Let «(»¢) < k(0) + «/(0), then (7) satisfies A(3c,9) > 0, for all ¥, €
(0,1). Besides, there exists a positive function v € (0,1), such that

min  A(x, %) > v(@)M(®), ¢ €(0,1),
ce[1/4,3/4]

and
max A(3e,0) < M(D),
where
m(®) = ('(0) + < (0) —K(3/4))[(K(1) o) et _K(ﬁ))t-l],

M®) = (k(1) +«'(1)) |:(/<(1) —;c(z?))l_2 ¥ %((K(l) _K(ﬁ))l—l],

and
) - m®)  «'(0) +k(0) —k(3/4) (t—1)(k(1) = k(®)~2+ (k(1) — k()"
CTMO) T T @ aeQ) - D) - k@) 2+ 2(6(1) - k(@)
% €(0,1).

3 Main results
Let M = C(F,R*) and d: M x M — R* be given by

dw,w) = ||(w —w)? ||

Then, (M, d) is a complete b-MS with r = 2.

Theorem 3.1 Suppose that
(i) 3g:F x R* —» R* such that

g(®, @ @) - (2, w®))]

1 't+1)
< 573w —eioyV U@ =l )r@ ([ - w2 ] )

where ¢ € ® and ) € F;

(ii) 3wy e C(F) and u: R?> — R with u(wo(d fo (?)g(, @o()) dd¥) > 0,
Yerl;

(iii) for ® € F and w,w € C(F), u(w (), w(8)) > 0 implies

1 1
,u< | a0 g(o.m)an, [ g(mﬂ)x’(ﬁ)g(ﬁ,ww))dﬁ)zo,
0 0

(iv) If{w,} C C(F) with @, — @ and (@, Dpe1) = 0, then (w,, @) > 0.
Then the problem (4) has at least one solution.
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Proof By Lemma 2.8, w € C(f) is a solution of (6) if and only if & is a solution of the
integral equation @ (3¢) = fol G, ) (0)g(W, @ () d?, ¢ € F. Define, O: C(F) — C(F)
by Ow () = fol G, )k’ (0)g(¥, @ (¥)) dvr. We find a FP of O. Now, let @w,w € C(F) be
such that w(w (5¢), w(sr)) > 0. On one hand we have

0w (5) - Ow(s0))|*

2

1 1
:‘ / Goe, 0" (9)g (2, 7 (9)) d — / G0 9 (0)g (9, w(9)) d?
0 0

1 2
< [ / G20 (9)|g (9, (9)) —g(ﬁ,w(z?))|d0} .
0
By Lemma 2.8, for 0 < 5 < ¥ < 1 we have

(K(%) K(O))t : =1
(e (1) = (0)-1T() Jo (k(1) = k(®))
k) -k@) [_<K(1)—K<z>\>)1]1

(kc(1) = k(0))-1T(0) i

(k(1) = k(0))! t
= (k(1) = k(0))-1T( + 1) (K(l) —K(O))
-y
T+l

1
/ G(oe, 9 )i’ (9) do =
0

K (9) do

L

For 0 < ¥ < s < 1, the same estimates can be proved in analogous way to the previous one.
So we will omit it.

Using (i), we get

1
/0 G (o 0k’ (9)|g (0, @ (9)) - g(9, w(®)) | dv

_ k(1) ~ k()
C(t+1)

= 55Vl w2 Jre (o -] )

g(9, @ () - g(?, w(®))|

Thus,

10079~ oW = 29|~ | )2 (| @ ~wP]).

Puta:C(F) x C(F)— R* by

1 w@®),w(®)>0,9cF,

0 else.

a(w,w) =

So for w,w € C(F) with u(w (¢#), w(?)) > 0, we have

o(w,w)8d(Ow, Ow) < 8d(Ow,Ow) < A((ﬁ(d(m,W)))(b(d(w,w)), refl.
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So, we conclude that O is a a-¢-GC type mapping.
From (iii), we get

a(lm,w)>1 = ,u(w(z?),w(ﬂ)) >0 = /L(O(w), O(w)) >0
= a(O(w), O(w)) >1,
for w,w € C(F). Thus, O is a-admissible. From (ii), there exists wy € C(F) with
a(w@y, Owy) > 1. By (iv) and Theorem 2.7, we find @* with @* = Ow*, that is, a posi-

tive solution of (4). O

Theorem 3.2 Suppose that
(i) 3g:F x R* - R* such that

ig(0, () - g (9, w(®))|

<(F(L = D[e(1) =k (0) + (1) - lc/(O)])_1 K/(Ol)

S

-1
(K(l) - K(O))kl (1 + 1(/{(1) - K(O))) + F(t1+ D (K(l) —K(O))[)

2

X

% Jo (@ - w2 Jr@( @ - 2] ).

where ¢ € O and ) € F;

(ii) 3@y e C(F) and i : R?> — R with u(wo(z?),fol AQe, ) (9)g (0, wo(9)) dv) = 0,
Yer;

(ili) for v € F and w,w e C(F), u(w (), w(¥)) > 0 implies

1 1
,u(/ A(%,z?)/c/(ﬁ)g(z?,w(z?)) dz?,/ A(%,l?)/c/(ﬁ)g(z?,w(ﬂ)) dz?) >0;
0 0

(iv) if {w,} € C(F) with @, — @ and w(w,, @) > 0, then u(w,, @) > 0.
Then (6) has at least one solution.

Proof By Lemma 2.10, w € C(F) is a solution of (6) if and only if & is a solution of the in-
tegral equation @ () = fol AQGe, ) (9)g(0, @ (9)) d, 3 € F.Define O: C(F) — C(F )by
Ow () = fol A(e, 0)k'(9)g(0, @ (9)) do. Let w, w € C(F ) be such that (@ (5), w(s¢)) > 0.
On the one hand we have

|0 (5) — Ow(se)) |

2

1 1
/0A(%,ﬂ)x’(ﬁ)g(z?,w(z?))dﬂ—/o AGe, 9 (9)g (9, w(®)) do

1 2
< [/o A(%,z?)/c/(ﬁ)|g(l§‘,w(l9))—g(z?,w(z?))|dz9:| :

By Lemma 2.10, for 0 < ¥ < s¢ < 1 we have

1
/ AQe, )k (9) dY
0

Page 7 of 13
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<(T(- 1)[/<(1) —k(0) + k(1) - K/(O)])_l («'(0) + k(0) — k (50))

x /1 [(Ku) —(®) 7+ ——(k(1) - K(ﬁ))”]x/(ﬁ)dﬁ
0

1
+ %/0 (c(1) = ()" ' () dv

-1 K/(O)
t—1

x {-[Ku) — k@), + %[—(K(l) - K(l?))t](l)}

< (F-1)[k(1) = x(0) +«'(1) - £'(0)])

* el - k()]s

_147(0)
-1

x (k(1) = (0)) (1 + %(K(n - K(O))) +

<(T@- 1)[K(1) —k(0) +«/'(1) - K’(O)])

O (K(l) —/((0)) .

For 0 < 5r < ¥ < 1, we obtain the same estimates as analogous way to the previous one.

From (i), we get

1
/0 AGo9) (9)|g (9, () - g(9, w(®))| do

_1k'(0)
t—1

< [(F(t = D[x(1) = «(0) + £'(1) - '(0)])

x (k(1) = (0)' <1 + %(K(n - K(O))) + (k(1) - K(O))‘]

Cie+1)
X |g(19, w(z?)) —g(ﬁ,w(z?))|

< ol el (ol w2l )

Thus,
10579~ oW = (|~ | )2 (| @ ~wP].)-
Put,: C(F) x C(F) — R* by

1 wl@m@®),w(®)>0,9<cF,
o(w,w) =
0 else.

Hence, for @, w € C(F ) with u(@ (), w()) > 0, we have
o(w, w)8d(Ow, Ow) < 8d(Ow,Ow) < A(q&(d(w,w)))q)(d(w,w)), re F.
From (iii),

a@,w)>=1 = pu(@@)w®)=0 = u(O@)O0w)=0

Page 8 of 13
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= a(O(w), O(w)) >1,

for w,w € C(F). Thus, O is a-admissible. From (ii), there exists @y, € C(F) with
a(wo, Owy) > 1. By (iv) and Theorem 2.7, we find @* with @w* = Ow ¥, that is, a posi-

tive solution of the problem (6). O

Setting ¢(¢) = ¢ and A(¢) = %Zt in Theorems 3.1 and 3.2 we deduce the following corol-

laries.

Corollary 3.3 Suppose that
() 3g:F xR* — R* such that

lg(?, @ (9)) g (9, w(®))]

1 reen 1@ - w2 lcos’l@ - w2
= 232 )+ O 2 ’

(ii) 3@y e C(F) and u:R?> — R with u(wo(ﬁ),fol G, )k’ (9)g(9, wo(9))d) > 0,
Yer;
(ili) forv € F and w,w e C(F), u(w (), w(¥)) > 0 implies

1 1
,u< / s 90 (D)g (0, (9)) o, / g(z,z?)x/w)g(ﬁ,ww))dﬁ)zo;
0 0

(iv) if {w,) € C(F) with @, — @ and w(w,, @,.1) > 0, then u(w,, @) > 0.
Then (4) has at least one solution.

Corollary 3.4 Suppose that
(i) 3g:F xR* - R* such that

g(?, @ (@) - g(?, w(®))|

_1£'(0)
t—1

l ’ _ /
< z—ﬁ((r(t— D[x(1) - «(0) + £'(1) - «'(0)])

x (ic(1) -K(O))“1<1 + %(K(n —K(O))) + r(tl+ 5 (k) —K(O))‘>

-1

V@ = w2l cos” (e - w2
X »

2

where ¢ € ® and ) € F;

(ii) 3@y e C(F) and i :R?> — R with p.(wo(ﬁ),fo1 A(e, )k (9)g(0, wo(9)) dv) > 0,
Yefl;

(ili) for v € F and w,w e C(F), u(w (), w(¥)) > 0 implies

1 1
,u(/ A(%,l?)/c’(l?)g(z?,w(ﬁ)) dz?,/ A(%,l?)/c/(ﬁ)g(ﬁ,w(t?)) dﬁ) >0;
0 0

(iv) if {w,) € C(F) with @, — @ and w(w,, @) > 0, then u(w,, @) > 0.
Then (6) has at least one solution.
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4 Examples
Example 4.1 Consider the «-Ca fractional integral BVP

e

CDOLTW(%) :g(%y w(%))l FAS (O’ 1)1 ”w”OO < %’

w(0)=w(1)=0,

3
2

8)

where = %,K(%) =e¥ and g(>r, w(s)) = 125— (’”3 sin(2||@ ||eo). Let ¥ € F,and w,w €
e3 1)3

R, we have
lg(0, () - g (9, w(®))|

37 (19 +3)
T 128v2 1y

|$in 2| [l oo — sin 2[|wll oo |

37 (& +3)

= 12873 o )3\2sin(IIWI|oo—IIWIIOO)COS(IIZUIloo+IIWlloo)!
< 1?;;/} (ﬁ+3))3|2”w_W”oocos(”w”oo + [Wlloo)|
_ 3T (@+3)

2l — Wl cos (Il - wiioo)|

TI28V2 [ by

avE 1 @ - wRleos’ (@ - wPl
=82 1y 2

1 TG @ - WPl cos?l(@ - WPl
T 2V2(e3 —1)3 2

1 TG @ - WPl cos?l(@ - WPl
T 2V2(e5 —1)3 2

1 t+]. ) —
ENATE K«»M |@ - w2 )r@([@ -w2]).

where ¢(¢) =  and A(£) = <5 for t € f .

Hence, all assumptions of Corollary 3.3 hold. Therefore, (8) has a solution on F.

Example 4.2 Consider the «-Ca fractional integral BVP

3 3
DE 0 () =g (), 20,1, [ oo < %

)
@ (0) + w’'(0) =0, o(l)+w'(1) =0,

where = %, Kk (22) = €* such that for

gl ) = = (VAT e 1)) 2(e) 1)
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sin(2||zzr ||oo)~

vafese-12(9!)

Let ¥ € F,and w,w € R, we have

g(?, @ (@) - g(?, w®))|

< % ((ﬁ[eﬂ ve—1])2(e") (14 ¢")

f2(e" se- 1)%(619)3)_1
- (AL e 1) 2@

|sin 2/ [[oo — sin 2] w]lo]

[T

(L+e”)

|25in([|@ oo = [Wlloo) cOS(I [loo + 1Wlloo) |

<L <(ﬁ[e” rem1]) " 2(e") (14 ¢)

12l = wlloo cos ([l [loo + 1Wloo) |

PR <( e’ +e— 1])_12(319)%(1 +e’)

V@ = w2l o5’ (@ - WPl
2
_147(0)

t—1

c2(e +em 1)%(619)3)_1

1 / I
= 2—\/5 <(F(L - 1)[K(1) -k(0)+x'(1) -« (O)])

x (i (1) -K(O))“1<1 + %(K(n —K(O))) + r(tl+ 5 (k) —K(O))‘>

-1

x o (I 2] 2 (| - w7].)-
Hence, assumptions of Corollary 3.4 hold. So (9) has a solution on F .

Remark 4.3 One can easily see that Egs. (8) and (9) considered in the above examples
cannot be addressed via methods in the current literature. This in a certain sense confirms
the superiority of the results of this paper over previous approaches.

5 Conclusion

In recent years and with the explosive growth of studies of derivatives of fractional or-
der, there have appeared tremendous numbers of papers that reported their results by
using the classical FDs and FP theorems. Meanwhile, interested researchers have raised
the question of the possibility of introducing a different approach that covers all classical
cases.

In this paper, we provided an affirmative answer to this inquiry by investigating the no-
tion of existence of solutions for BVPs defined within «-generalized FD and with the help
of the FP technique based on a-¢-GC type mappings. The results reported in this paper
generalize existing results in the literature. Two examples are presented as particular cases
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for our proposed theorems. It is proved that the results obtained are consistent with our
theoretical findings.

We believe that the investigation of this problem in terms of a general approach will
provide an effective platform for the study of BVPs via generalized FOs.
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