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1 Introduction

The study of various summability means of double Fourier series have been done by several
authors, for example, Chow [2], Sharma [11], Lenski [6], and Ustina [15]. Dealing with the
first arithmetic means of double Fourier series, Hasegawa [4] obtained the following:

Theorem A If a continuous function f(x,y) of period 2r with respect to both x and y be-
longs to Lip(a, B), where 0 < <l and 0 < B < 1, then

|Omn(®,3) = f(x,9)| = O(m ™ + n7F)
uniformly in (x,y) as m and n independently tend to infinity.

If ¢ = B =1, then
|0m,n(x»3’) —f(x,y)| = O(m_1 logm +n~ ' log n)

uniformly in (x, y) as m and # independently tend to infinity.

Siddiqui and Mohammadzadeh [12] investigated the approximation by Cesaro and B
means of double Fourier series. Stepanets [13, 14] has established estimates of approxima-
tion for certain classes of periodic functions and differentiable periodic functions of two
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variables by linear methods of summation of their Fourier sums. Mdricz and Shi [8] proved
the following result for the approximation to continuous functions by Cesaro means of
double Fourier series.

Theorem B Iff e E(,B),0<a, B <1,v,8 >0, then

1 1
||U,Zf,(f,x,y) _f(x’yH ) O((m + 1)« ' (n+ 1)ﬁ> Jo<wp=1,
B 1 log(n +2) ) ~
- ((m+1)“ (n+1) ) fo<a<p=1,
B log(m +2) log(n +2) o
_O< m+1) | (n+1) > foa=p=1

The degree of approximation using Gauss—Weierstrass integrals was also investigated
by Khan and Ram [5]. Recently, error and bounds of certain bivariate functions by al-
most Euler means of double Fourier series for the functions of Lipschitz and Zygmund
classes was estimated by Rathor and Singh [9]. To find the approximation of functions
of two-dimensional torus, in this paper, we obtain a new estimate for trigonometric ap-
proximation of functions f(x, y) of generalized Lipschitz class by double Hausdorff matrix
summability method of double Fourier series. For other summability methods of approx-
imation, see [1] and [7].

2 Definitions and preliminaries
Let Y o o > &mn be double series with the sequence of (1, n)th partial sums

m n
S =D D8k
j=0 k=0

A double Hausdorff matrix has the entries

, m\ (n o
o= (7) (1) o5t

where {14} is any real or complex sequence, and

; w nk fm=j\ (n-k
AT_]Ag_k:u]}k:ZZ(_l)“k( w >< 2 >M/’+w,k+z~

w=0 z=0

ey, =" 10 h’;;i(,nsj,k —gasm— ooand n— oo, then ) 3" g, , is said to be
summable to the sum g by the double Hausdorff matrix summability method [15].

A necessary and sufficient condition for double Hausdorff matrix summability method
to be regular is there exists a function x (s, ¢) € BV[0,1] x [0, 1] such that

/01/01|dx(s,t)| <00

and

1 1
JT— f f s"t"dx (s, t),
0 0



Mishra et al. Advances in Difference Equations (2020) 2020:681

where x(s,0) = x(s,0") = x(0*,£) = x(0,£) = 0,0 <s,t < 1,and x(1,1) — x(1,0) — x(0,1) +
%(0,0) =1 [10].

It is easy to see that the absolute value of the measure dx(s,t) can me majorized by
KK, dsdt for some constants K; and K (see [16]).

The important particular cases of double Hausdorff matrix summability means are as
follows:

1 Almost Euler summability means ((E,q1,42) means) if (i, = W m.

2 (E,1,1) meansif q; =1 and g, = 1 in (E, ¢q1,¢>) means.

3 (C,y,8) means if w,,, = Iié, where y,8 > -1 and A}, = (y:nm), Al = (‘S;”).

4 (C,1,1) meansif y =6 =1in (C, y,8) means.

Let f(x,7) be a Lebesgue-integrable function of period 27 with respect to both variables
x and y and summable in the fundamental square Q : (—m, ) X (-7, ). The double Fourier

series of f(x,y) is given by

o0 o0
flx,y) = Z Z Ayl @m,n COS mx cos ny + by, , sin mx cos ny
m=0 n=0 (1)

+ Cyy,p COS MX SIN MY + dy, , SIN X COS MY

with (m, n)th partial sums s, ,(f; (x,y)), where

1/4 form=n=0,
Amn=131/2 form>0,n=0andm=0,n>0,

1 for m>0,n>0,

A = T2 (x,y) cos mx cos ny dx dy,
: Yy 'y Y
Q

and similar expressions for by, ,,, ¢, and d,,,, [3].
We define the L" norm by

Il = {ﬁ 027r 0271 lf(x’y)|rdxd)’}l/r: r>1,
€SS SUPg<y,y<on lf(x,y)l, r=00.

The degree of approximation of a function f : R — R by a trigonometric polynomial
(17]

m n

L (X, y) = E E Am,nlak COS mx cOS my + by sin mx cos ny
j=0 k=0

+ Cjk COS mx sin ny + dj i sin mx cos ny|

of order (m + n) is defined by

Epn (err) = 0 I;}J/igz” |22, _f”w

<
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A function f : R? — R of two variables x and y is said to belong to the class Lip(a, 8) [4]
if

[f(x+u,y+v) —f(x,y)| :O(|u|"‘ + |v|’3), 0<a<1,0<B8<1,

to the class Lip((«, B); r) if

1/r

1 2 2 P
{E/ [fx+u,y+v) = f(x,9)] dxdy} =0(jul” + VP), r>1,
o Jo

and to the class Lip((&1,&); r) if

1/r

2 2
{%/0 ; [f(x+u,y+1/)—f(x,y)|rdxdy} =0(&m) + &), r=1,

where &; and &, are moduli of continuity, that is, nonnegative nondecreasing continuous
functions such that £ (0) = £2(0) = 0, &1 (u1 + u2) < &1(u1) + &1(u2), and &3(v1 +v2) < &2(v1) +

&2(v2).
If £(u) = u* and &) =v#, 0 < < 1, 0 < B < 1, then the class Lip((&1,&);r) coin-
cides with Lip((«, B); 7). As r — oo, Lip((e, B); r) reduces to Lip(«, B). Clearly, Lip(o, B) <

Llp((a: ﬂ)’ r) g Llp((sl! %—2)) V)
We define the forward difference operator A as Apy = px — pie1; also, A"y =
A(A"ug), k > 0. We denote

o(u,v) = (1/4)[f(x+u,y+v) +fx+uy-v)+fx—uy+v)+flx—uy-v)
_4f(x»)’)]:

. . l
Mo () = o~ Al Z / <m>51(1 —fds—smgi;g)u,

Ky [Y (N k+ 3
[(f(v):_ZZ/ < )tk(l s kdw
27 = Jo K sin 5

2

~.

3 Result
The object of this paper is obtaining the degree of approximation of functions f(x,y) of
generalized Lipschitz class by double Hausdorff matrix summability means of its double

Fourier series:

Theorem 1 If f(x,y) is a 2r periodic function with respect to both variables x and 7y,
Lebesgue integrable in (—m,7) x (-7, ) and belonging to the class Lip((&1,&);r) (r > 1),
then the degree of approximation of f (x,y) by double Hausdor{f matrix summability means

ZZ / / ( )( )s’(l )" IEQ - )" K dy (s, 05

j=0 k=0
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of double Fourier series (1) satisfies

bt 1= (g [ 2 o [ 0 )

(m+1)J L u? (n+1)J 1 V2

form,n=0,1,2,....

4 Lemmas
For the proof of our theorems, we need the following lemmas.

Lemma 1 |MY ()| = O(m +1) for 0<u < -1, and |K}!(v)| = O(n + 1) for 0 <v <

Proof Since |sinmu| < mu for 0 <u < ﬁ and sin(«/2) > (u/m), we have

K <! , o sin(+ 2)u
_12/ ("?)51(1_5)m—1ds({4bt2)
2 o \J sin 5
K 2’”:/1

2 =0 0

M ()| =

e 1

j |sin %

1
m>s1'( 5)” —/ds(]—;—ul)u

1\ (1 (m) i
=I(171<m+§>/0 ;}:(j)s’(l—s) T ds

1
f (s+1-s)"ds
0

Similarly, forO<v < —= 1 )

|KH(V)| =0(n+1).

Lemma 2 [M!(u)| = O( 5D uz)for s <u<m,and |K}(v) = O((k+1 Vz)for

Proof Since sin(m + 1)u < 1 for ﬁ <u < and sin(u/2) > (u/w), we get

( )s’(l—s)”’ T+ | =

_ / zu/ZZ< )Sl(l _S)m ]el]M ds

1
=/ ei”/2(1—3+sei”)mds
0

) O( 1 )( zu/Z(eL'm+l 1))
(m+1) el —1

Equating the imaginary parts of both sides, we get

Yim\ i 1 1
A (j)s 1-9) /sm(k+§>ds :O(i(nfml)u)'

Page 5 of 10

— n+1

<V,



Mishra et al. Advances in Difference Equations (2020) 2020:681 Page 6 of 10

Therefore

M ()|
2

L v s
)

o 1
Similarly, for S <V,

Ki o SING + D)u
B e

Kl
- 2u

Hoal - of — L O
|KZ(v)| = o((n+ 1)v2)'

Lemma 3 Iff(x,y) € Lip((§1,€2);7) (r = 1), then [|¢p(u, V)| = O(§1 (1) + &2(v)).

Proof Clearly,

¢, v)| = i{f(xm,yw) Ff+wy—v) +f(x -y +v)+flx—uy—v) - 4f (x,9)|
< 2wy e ) —fwn)|+ [+ wy =1 )

+f -y +v) —f@y)| + [fe—uy—v)—fx9)|],

6], < 26 s iy s —faenl, + Ifee s wy-n-feeyl,

+fe—wy+v) - fap|, + [fx-wy-v)-fe)],]
= O(&1(w) + &()). O

5 Proof of Theorem 1

The (m, n)th partial sum of the double Fourier series (1) is given by

%)u sin(#z + %)

in%sin %
SII1251I12

sin(m + v
dudv.

1 T e
s (59)) o) = /0 /0 $(,v)

Denoting the double Hausdorff matrix sums of s, by ¢

. We have

mn(x’y) f(x’y)_zz mn S]k(f x’y)) f(x’y)}

j=0 k=0

sm(j + %)u sin(k + %)v
/ / ¢u,v)ZZ sin 4 sin 5 dudy

j=0 k=0

= / ’ / ) & (u, VM2 () K (v) dudv, 3)
0 0
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len-rl= [ s

m+1 m+1 n+1
|| ¢ (u,v) || rMZ(u)Kf(V) dudy

=hL+L+L+1, say. (5)

Using Lemmas 1 and 3, we obtain

_1 1
MJ:/MH/WHHMmVWJﬁXMKfWdeV
0 0

=0 (m+1)(n+1)<

1
o5

= O(/0 /(; (&1() + &) (m + 1) (n + l)dudv)

= O((m+ 1)(n+ 1)/m /m(él(u)+§2(v)) dudv)

=0 (m+1(n+1 (/ / u)dudv+/ / &(v)dudv>i|
~ w1 £ (u) T 52(@)
—O_(;/1f1+1)(n+1)(/0 n+1du+/o ﬁdv>:|

51(@) 52((,,—11))
(m+1)(n+1) * (m+1)(n+ 1)>:|

1>+&(n11>)

Again by Lemmas 1-3, we have

| =

Similarly,

13| =

fmuf Sl(u)+52(v) )lv)z dudv]

B[] g o 2]

_ [m+1) 1 1 &)
=0 n+1< (m+1)(m+l<(n+1)_n)+(m+l) L v2 dV)]

1

_ 1 52(1/)
_O(El<m+1>+(n+1) L V2 > (©)

+1

[/ / sl<u>+sz(v))(( +)) du d]

m+1

(n+1) 51 T
O|:(m+1)( n du/ dv+/m / V)dV)]
1 51(”) 1
O((m+1) gl 52(n+1>>' @
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Also, using Lemmas 2 and 3, we get

1
|14l = [/ /L él(M)+$2(V))( +1)u2 (n+1)v? dudy }

m+1

1 & 1
|:(m+1)(n+1)(ml+ﬁ ”/LV_”I /m - H_d>]

1 +1

o)

- 1L (7 & L (" &0,
_O((m+1) gl i+ (m+1) )1 v2 ) 8)
Next,
1 §1(n) 1 1
(m+1) )1 u? = (m l)gl(m+1)/m1+l_dt
__ 1 1 1"
REVAR )
_ 1 1 1
_El(”’Hl) _(m+1)7r}
_iél<m+1>’
1 — 1 T &1(u)
or €1<m+1>_o((m+1) - i dt). ©)
Similarly,
1 _ 1 T &)
52((1’1+1))_O((n+1) 1 v dt)' (10)

Combining equations (5)—(10), we have

Hrﬁ,n—fu,:o< AT D U szw)dv)

(m+1) L u? (n+1) L V2

This completes the proof of Theorem 1.

6 Corollaries
From the main theorem we derive the following corollaries.

Corollary 1 If f(x,y) is a 27 periodic function with respect to both variables x and v,
Lebesgue integrable in (—m,m) x (-, ) and belonging to the class Lip((«, B);r) (r > 1),
then the degree of approximation of f (x,y) by means tl. , of double Fourier series (1) satisfies

O(m+1)*+m+1)#), 0<a<l,0<B<1,
Oo(m+1) 1"”("”)” ), O<a<l,B8=1,

|| f” 19k n+ I ) = 1; ]'
tm,n r ‘)(]ogm+ +( ) /3); o= 0<:3< 4
log m+ log(n+1)71 — =
O( (ﬂﬁ'l) (” 1) ), « ﬁ 1’

form,n=0,1,2,....
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Corollary 2 If f(x,y) is a 2m periodic function with respect to both variables x and v,
Lebesgue integrable in (-, ) x (-, ) and belonging to the class Lip(«, B), then the degree

of approximation of f (x,y) by double Hausdor{f matrix summability means L}, of double
Fourier series (1) satisfies

O(m+1)*+m+1)#), 0<a<1,0<B<1,

— 1 1
O((m + 1)y« + 2Ty 0cg<1,=1,

olem D 4 (1 1)), «=1,0<B<1,

(m+1)

log(m+1)m log(n+1)m
O( (m+1) (n+1) )’

e =l =

o= /3 = l’
form,n=0,1,2,....
Corollary 3 If f(x,y) is a 2m periodic function with respect to both variables x and v,

Lebesgue integrable in (-, ) X (-7, 7w) and belonging to the class Lip((1,&2); 1), then the
degree of approximation of f (x,y) by almost Euler summability means

B 1 1 " (m)\ (n mej nk,
trEn,n - (1+q1)m (1+q2)n ZZ(]><k)ql qZ S],k

j=0 k=0

of double Fourier series (1) satisfies

=1 = 0( iy [, 5w s [ 2P )

(m+1) u? +(;f1+1) 1 2

_1
m+1 n+l

form,n=0,1,2,....

Corollary 4 Fory,8 > -1, the Cesaro means 0,1,/,_“2, of order y and §, that is, (C,y,8) means
of double Fourier series, are given by

n

yi0 _ ii - AYLp8-1
Um,n_Ay A m—j n—kS],k’
m j=0 k=0

x>

where A, = (V") and A% = (*").
If f(x,y) is a 2 periodic function with respect to both variables x and y, Lebesgue in-
tegrable in (—m,7) X (-7, ) and belonging to the class Lip((&1,2);7), then the degree of

approximation of f (x,) by (C,y,8) means of double Fourier series (1), satisfies

ozt =0( iy [ S aus s [ )

m+1) u? (n+1) v2

_1 1
m+1 n+l

form,n=0,1,2,....

7 Conclusion

We established the degree of approximation of a function f(x, y) belonging to the general-
ized Lipschitz class by double Hausdorftf matrix summability means of its double Fourier



Mishra et al. Advances in Difference Equations (2020) 2020:681 Page 10 of 10

series in the form of equation (2). If £; = u® and &, = v#, then Theorem 1 reduces to Corol-
lary 1, and as r — oo, Corollary 1 reduces to Corollary 2. Independent proofs of Corol-
laries 1-4 can be developed along the same lines as that of Theorem 1. Results similar
to Corollaries 3 and 4 can be derived for (E,1,1) means and (C,1,1) means of its dou-
ble Fourier series. In this way, we can obtain some more different results by changing
&1, &, and u,,, under given conditions. For functions f(x,y) belonging to the Zygmund
classes Zyg(w, B) and Zyg(«, B; p) discussed in [9], the degree of approximation using dou-
ble Hausdorff matrix summability means and hence almost Euler means of its double
Fourier series can be obtained similarly to Theorem 1.
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