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Abstract

In this paper an SIR deterministic mathematical model for co-infection of dengue and
leptospirosis is proposed. We use a compartment model by using ordinary differential
equations. The positivity of future solution of the model, the invariant region, and the
stability of disease-free equilibrium point as well as endemic equilibrium point are
studied. To study the stability of the equilibria, a basic reproduction number is
obtained by using the next generation matrix. The robustness of the model is also
investigated. To identify the effect of each parameter on the expansion or control of
the diseases, sensitivity analysis is performed. The effects of treating dengue infected
only, leptospirosis infected only, and co-infected individuals have been identified by
using the numerical simulation. Therefore, increasing the rate of recovery and
decreasing the contact rate of dengue, leptospirosis, and their co-infection have a
great influence in fighting dengue, leptospirosis, and their co-infection in the
community.

Keywords: Confection; Dengue fever; Leptospirosis; Stability analysis; Numerical
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1 Introduction

Dengue is the world’s fastest spreading mosquito transmitted infectious disease. An es-
timated 50 million dengue infections occur annually, and nearly 2.5 billion people live in
regions with potential risk of dengue transmission [1-3]. Roughly half of the world’s pop-
ulation probably lives in regions ecologically suitable for dengue transmission [3]. Dengue
is transmitted to humans by mosquitoes of Aedes species, which thrive around the globe
in tropical and subtropical urban centers [1, 2]. The virus is transmitted by the infected fe-
male mosquito called Aedes aegypti [3]. There are four serotypes, DENV1-DENV4 [2, 3].
On the other hand, a zoonotic bacterial disease leptospirosis is one of the most significant
neglected tropical bacterial diseases and one of the leading zoonotic causes of morbidity in
the world [1, 4]. The most important reservoirs are small mammals, with large herbivores
as additional important sources of infection. Pathogenic species of Leptospira were iso-
lated from hundreds of mammalian species including bats and pinnipeds [5]. Leptospiro-
sis is a global occurrence particularly in tropical and subtropical countries [5, 6]. It mainly
affects vulnerable populations, with an estimated global annual incidence of 1.03 million
people and 58.900 deaths [4, 6]. It is transmitted by contact with infected animal prod-
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ucts and with water, wet surfaces contaminated with animal urine [6]. Leptospirosis and
dengue co-infections (LDCI) have been reported in many countries [7—10]. Co-infections
occur due to simultaneous transmission of both these infections during the rainy season,
and both of these infections are characterized by fever with myalgia.

Mathematical modeling has a great role in describing the dynamics of infectious dis-
eases in a community. Several scholars have developed different models for dengue, lep-
tospirosis, and their co-infection with other diseases to study their dynamics. For example,
many mathematical models have been developed to understand dengue [11-16] and lep-
tospirosis [17-20]. Also some co-infection models for dengue and chikungunya [21, 22]
and for dengue—Zika [23, 24] have been proposed and analyzed. However, to the best of
our knowledge, no one has investigated co-infection of dengue and leptospirosis. There-
fore, in this paper we are interested in filling this gap.

The paper is organized as follows: Sect. 2 is devoted to the description and formulation
of the model. In Sect. 3, the analysis of dengue only model, leptospirosis only model, and
the co-infection model is performed. In Sect. 4 numerical simulations to give a better
interpretation of the analytical results are reported. Our discussion and conclusion are
presented in Sect. 5.

2 Model description and formulation

In this paper, we consider a deterministic mathematical model for co-infection of dengue
and leptospirosis in a human population. The total population is divided into seven sub-
classes, which are susceptible population (S), dengue infectious (I;), leptospirosis infec-
tious ([;), dengue and leptospirosis co-infectious (I), dengue recovered (R;), leptospirosis
recovered (R;), and dengue leptospirosis co-infectious recovered (R;). Each vector popu-
lation of both diseases is also divided into two susceptible vectors of dengue (S,,), infected
vector of dengue (1,4), susceptible vector of leptospirosis (S,;), and infected vector of lep-
tospirosis (1,;).

Susceptible are recruited with the rate of IT through birth or immigration, and their
number increases from individuals that come from sub-classes of dengue recovered, lep-
tospirosis recovered, and co-infectious recovered by losing their temporary immunity at
a rate of 0y, 0y, and o3, respectively.

The entire susceptible population join I; compartment, when individuals can get dengue
with contact rate of B; from a dengue only infected vectors. In a similar way, individuals
can get leptospirosis by the contact rate of «; from a leptospirosis only infected or co-
infected person with force of infection of leptospirosis a1 (I; + Iz;) or by the contact rate o,
from the infected vector of leptospirosis (/,;) and join /; compartment.

Dengue only infected individuals also get an additional leptospirosis infection by the
contact rate «; from a leptospirosis only infected and co-infected person with force of
infection of leptospirosis a1 (f; + I;;) or by the contact rate «, from the infected vector of
leptospirosis (I,;) and join co-infected compartment (/). On the other hand, leptospirosis
only infected individuals get an additional dengue infection by the contact rate §; from
the infected vector of dengue (f,7) and join co-infected compartment (I;).

Dengue only infected individuals recover with the rate of y; and join dengue only re-
covered compartment (R;). In a similar way, leptospirosis only infected individuals also
recover with the rate of y, and join leptospirosis only recovered compartment (R;). The
co-infected compartment also recovers with ¢ rate, but those individuals either recover
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Table 1 Description of parameters of co-infection model (1)

Parameter  Description

I1 Human recruitment rate

Q Dengue vector recruitment rate

A Leptospirosis vector recruitment rate

B Rate of transmissibility of leptospirosis b/n dengue infected human and leptospirosis vector contact
o Transmission rate from leptospirosis only infected to the susceptible human population

o Transmission rate from leptospirosis vector to susceptible human population

& Disease induced death rate of human due to leptospirosis only

8 Disease induced death rate of animal due to leptospirosis only

o Dengue disease waning immunity

o5} Leptospirosis disease waning immunity

03 Dengue-leptospirosis disease waning immunity

n Natural death rate of human population

Mvd Natural death rate of dengue vector

Wyl Natural death rate of leptospirosis vector

01 Transmission rate from dengue only infected human to susceptible dengue vector population

02 Transmission rate from leptospirosis only infected human to susceptible leptospirosis vector population
1% Rate of recovery from dengue disease

V2 Rate of recovery from dengue disease

€ Rate of recovery from dengue-leptospirosis co-infection diseases

Mortality rate related to leptospirosis vector due to the disease

only from dengue disease and join dengue only recovered compartment with probability
of en, or recover only from leptospirosis only disease and join leptospirosis only recov-
ered compartment with probability of k(1 — 1), or recover from both diseases and join
co-infected recover compartment with probability of g = (1 — k)(1 — n). In all compart-
ments u is a natural death rate of human population. Moreover, §; is a dengue only caused
death rate, and 8, is a leptospirosis caused death rate. 2 and A are the recruitment rates for
vector population of dengue and leptospirosis, respectively. The leptospirosis and dengue
vector populations have the natural death rate 1,y and p,4, respectively. The description
of parameters of the model are found in Table 1.

With regards to the above considerations, we have the compartmental flow diagram
shown in Fig. 1. From the flow chart, the model will be governed by the following system

of differential equations:

% =1I1 + 01R; + 09R; + 03Ry — (cPrlya + a1 (L) + Iy) + arlyy + 1)S,
D — 11,48 — (ar (I + Lar) + ctaly + 11+ 81 + y1)la,

U (or (I + Lar) + 02 dn)S — (cBulva + 11+ 82 + yo)i,

Dt (y(I + L) + oLy + cPilualy — (& + i+ 81+ )L,

ﬁe—f =yly+enly — (1 +01)Ry,

B = yoly + k(1 - ) — (1 + 02)Ry, (1)
. = gl — (1 + 03)Ra

Bud = Q — cpi1aSa — WvaSvas

dlvtd = cp1luSva — valvas

Bt = A~ paliSut — Sy

Lo = poli Syt — putly
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Figure 1 Flow chart for the transmission dynamics of the co-infection of dengue and leptospirosis

with the initial condition S(0) = Sy > 0, 1;(0) = 10 >0, 1,(0) = Iip >0, 1;4(0) = Ly >0,
R4(0) = Rgp > 0, Ri(0) = Rjp > 0, Ru(0) = Raro > 0, S$,4(0) = Svao = 0, 1,4(0) = Lap > 0,
Svl(o) = Svl,O > O, Ivl(o) = Ivl,O > 0.

3 Qualitative analysis

In this section, for simplification of the work, we split the full model into sub-models,
which are dengue and leptospirosis only models. The qualitative behavior of the sub-
model is studied first and the full model follows.

3.1 Dengue fever only model
To get this model from equation (1), weset [; =1;; =R, =Ry =0,00=03=0,1; +I; =0,
and then we get

B~ +01Rg - cP1lyaS — 1S,

Yd = ¢fy1,aS — (1 + 81 + y1)la,

B = yiy ~ (1 +01)Ra, )
Bod = Q — ¢p114Sva ~ tvaSvas

dj,:"’ =cplaSva — tvalya.

3.1.1 Invariant region
To get an invariant region, which shows as the solution is bounded, the total human pop-

ulation of the model is Nj, = S + I; + R;. Differentiating N, both sides and substituting

ds dly

. . dRy .
respective expressions of 22, —¢, and —£ from equation (2), we get

@ =T1 - uNy, - 611;. (3)
dt

Page 4 of 23
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If we are not considering death from dengue fever, then equation (3) becomes
—— <II-puN. 4
T H (4)
Solving equation (4), we get

I1
Dh={(S,Id,Rd)ERitohoip}. (5)

Similarly, for the vector population N,; = S,; + I,;, we have

Q
Dy = {(Svd,lvd) ER?:0<Ny < }
Mvd
Therefore, all the solution set of (2) is bounded in D = D;; x D,,.

3.1.2 Positivity of solutions
Theorem 3.1 If the initial value Sy > 0, Ijo > 0, Izjo > 0, Rzo > 0, Syg0 > 0, Lz0 > 0, then
the solutions of the dengue only infected model are nonnegative.

Proof From the first equation of the system in equation (2)

das
i I+ 01Ry — cB1l,4S — 1S,

which can be taken as

ds

— > _us, 6
M (6)

after evaluating equation (6), we obtain
S > S5(0)e .

Similarly, we obtain

I; > 1;(0)e+or+nt. Ry > Ry(0)e ot
Sva = Sua(0)e™’, Ly > Iy(0)e™"vd".
Therefore, all the solution sets are nonnegative for ¢ > 0. 0

3.1.3 Disease-free equilibrium (DFEP)
By equating equation (2) to zero and substituting I; = R; = I,; = 0, we obtain DFEP Ey,; =
(1,0,0,%,0).

3.1.4 Basic reproduction number
The basic reproduction number is an average number of secondary cases of infection when
a single infectious individual is introduced into the total susceptible population. To obtain
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(Roaq), the next generation matrix method that was formulated by [25] is used, and it is

given by

c? Qe
Rod = # (7)
Wity (e + 81+ y1)

3.1.5 Local stability of DFEP
Theorem 3.2 DFEP is locally asymptotically stable if Rog < 1 and unstable if Ro; > 1.

Proof The Jacobian matrix of the dengue only model at DFEP is given by

- 0 o] 0 —cﬂl;tn
cpIl
0 -41-n1-n 0 0 =
J=10 71 -o1-p 0 o | 8)
Q
0 _% —Mvd 0
0 ym 0 0~

The eigenvalues of the matrix in (8), —u, —(o7 + 1) and —t,,4 are clearly negative. The other

two eigenvalues can be obtained from the quadratic equation given by
PO) =% + Y1k + 4, ©)

where

Y1 =81+ Y1+ U+ g >0,

= ~p1 QBT+ 2 pa® + 81 pva® 1+ Vikva® I
, =
My

a1+ 1+ w)(1-REy).

Here, it follows from Routh—Hurwitz criteria v, > 0 and v, > 0. Thus, all the eigenvalues
of the matrix in equation (9) have negative real parts if Ro; < 1. Hence DFEP is locally

asymptotically stable. O

3.1.6 Existence of endemic equilibrium point (EEP)
The endemic equilibrium point is denoted by E* = (S*,1}, R}, S ,,I7,) and it occurs when

the disease persists in the community.

Lemma 3.3 For Ry, > 1 a unique EEP E* exists and no EEP otherwise.
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Proof To obtain it, we equate all the model equations in equation (2) to zero. Then we

obtain
§* = PuGrnen
162
. (R
47 up2,Greyi+n)pren’
. R
47k Grev+wprey’
* 92
vd ~ Be1’
« _ (olep)(RE,-1)
vd = pp (S1+y1+w)er’

where

o1 =Tp1(n + 01) + Py + 81 + y1 + 01) + 8101 1hva),

(10)

@2 = QB18101 + QuBL (i + 81 + 1 +01) + W ua(in + 81 + 1+ 01) + (idyaor (81 +11). O

3.1.7 Existence of backward bifurcation of dengue only model

We investigated the nature of the bifurcation by using the method introduced in [26],
which is based on center manifold theory [26]. In order to apply theory, the following
rearrangement and modification of variables are done on the submodel in equation (2).

We let S = z1, I; = z3, Ry = 23, Syq = z4, and 1,4 = z5. In addition, using vector notation z =

(21, 22,23, 24,25) T, formulated as % = F(z), with F = (i, f2.f3.f1.f5)T given in the following,

we chose f; as a bifurcation parameter and solve Ry, = 1, which leads to

le
— =fi =1 + 0123 — cPi1z521 — 21,
d22
— =fo = cPizsz1 — (L + 81 + 1) 20,
d23
— =fy=y120 — (U + 01)z3,
dt
dZ4
o =fa=Q - cp12224 — UydZa,
dZs
i J5 = cprzaza — Hvazs,
where
fo = pr < it D)
1=P; 2 IR
The Jacobian matrix evaluated at DFEP is given by (z; = %,22 =0;23=0,2z4 =
- 0 o1 0 _Cﬁgn
0 —(u+di+y) 0 0o T
J=| o " ~(u+o) 00
0 _% 0 —Mvd 0
0 Lty 0 0 —Hvd

Hyd

(11)
M—izd,25 = 0):
(12)

Page 7 of 23
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The right eigenvector u = (u1, uy, u3, us, us)” associated with the simple zero eigenvalue

can be obtained as follows:

B (u+o)(u+ 81+ 1)
1 =

2

w(p +o1)
Uy = Uy >0,
Y1
us = us,
n+o
cp1R2
Uy =——— U,
/“Lvd
cp192
Us = 5 Us.
Hoa

Similarly, we obtain the left eigenvector v = (v, Vs, V3, v4,v5) associated with the simple

zero eigenvalue and given by

Mva(i + 81 + y1)
Vg = ——— V.
¢, 2

Since the first, third, and fourth components of v are zero, we do not need the derivatives
of fi, f3, and f3. From the derivatives of f, and fs, the only ones that are nonzero are the

following:

Pho_ Ph _ . Pk _ 0%k Ph .

= = 5 = = =CZ
8Z1 825 825 8Z1 1 822 824 324 822 8Z5 3,31 1

and all the other partial derivatives are zero. The direction of the bifurcation at Rg,; = 1 is
determined by the signs of the bifurcation coefficients a and b, obtained from the above

partial derivatives, given respectively by

92 92
l + 2V5Uy Uy J5
9z 025 02402

a=2vyUils

n+ 061 +
= —2M2<71y1)> [(i+00)(1 + 81 + y1) + prTT(w + 01) — 01 Y1 v |

/’Lvdn(lL + 01
and
02 o BQ
b= vg@i* = VoUs5cZ] = % > 0. (13)
0z5 0B 2900

By the fact that coefficient b is positive, it shows that the sign of coefficient a determines
the local dynamics around DFEP for g;. It is clearly seen that system (11) undergoes back-

ward bifurcation, and therefore we propose the following theorem.

Theorem 3.4 The model in system (1) exhibits backward bifurcation at Ry, = 1 and the
disease-free equilibrium may not be globally stable.

Page 8 of 23



Alemneh Advances in Difference Equations (2020) 2020:664 Page 9 of 23

3.2 Leptospirosis only model
To get this model from equation (1), we set [; = I;; = R; = Ry = 0, 01 = 03 = 0, and then we

get
LB =1+ 0o, — (on] + oy + 11)S,
D = (ol + oaly)S — (1t + 83 + o),
% =yol — (U + 02)Ry, (14)
B = A= paliSut — 1iSu,
% = 2018y — il

3.2.1 Invariant region
To get an invariant region, the total population of the model is Nj; = S + I; + R;. Then the
derivative of Nj; with respect to time gives

dN;
7’” = 1 — N — 1. (15)

If we are not considering death from leptospirosis, then equation (15) becomes

—— <TII - uNy. 16
= 1Ny (16)

After solving equation (16), we get
3 I
Dy= (S I,R)eR;:0<Ny < —1. (17)
"w
Similarly, for the vector population Ny; = Sy; + I,;, we have

A
Dy = {(Svh]vl) eR?:0<N, < —}
Mvi

Therefore, all the solution set of the model in equation (14) is bounded in D, = D; x D,;.

3.2.2 Positivity of solutions
Theorem 3.5 Ifthe initial value Sy > 0, Iy > 0, Rjg > 0, Sy > 0, I);0 > 0 and the solutions
of the leptospirosis only infected model are nonnegative.

Proof To show solutions of the model are positive, first we take % from equation (14):

ds
pria IT + 0o Ry — (a1d; + aody + 11)S,

which can be rewritten as

— > _uS. 18
s (18)

Solving equation (18), we get

S > S(0)e™M,
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Similarly, we obtain

I > [(0)e™ 002t Ry > Ry(0)e o2,

Svl = Svl(0)67MVltv Ivl = Ivl(0)67MVlt-
Therefore, all the solution sets are positive for ¢ > 0. O

3.2.3 Disease-free equilibrium (DFEP)
Equating equation (14) to zero and substituting [; = 0, R; = 0, I,; = 0, we obtain the DFEP
Eo = (3;,0,0,:2-,0).

3.2.4 Basic reproduction number
The basic reproduction number (Ry;) is obtained using the next generation matrix method
that was formulated by [25], and it is given by

OllH/,Lgl + OlzszA

RO[ _ 5 = Roh[ + R()vl; (19)
I (1 + 82 + )
_ oIl = —0elA
where Ry = at02472) and Rou = i (u+dy+ya)”

3.2.5 Local stability of DFEP
Theorem 3.6 DFEP is locally asymptotically stable if Ro; < 1 and unstable if Ro; > 1.

Proof The Jacobian matrix at DFEP is given by

0 Ul —(u+8+7) 0 o o«

J=| o V2 ~(oa+pm) 0 0 (20)
0 — 0 ~pw 0
0 £t 0 0 —pu

Hvl

The eigenvalues —p, —(03 + 1) and —u,; are clearly negative. The other two eigenvalues
can be obtained from the quadratic equation given by

pO) =A%+ Yk + Y,

where
wiz—mﬂ+u?+®u+nu+umL
%
wy:mAwH+Haw@—M%@—M&Mﬁ—MnM@

Myt

We applied Routh—Hurwitz criteria, and by the principle, the quadratic equation has a
strictly negative real root iff y; > 0, ¥ > 0, and Y19, > 0.

1227

oI+ p2 + Sy + Yot + it
(e + 82 + y2)

n

12

:(,U«+52+)/2)[1+ —Rohz] >0,
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p2 A TT + Mo 2y — 2 ) — 8oy — ya ity
123%

Yo =

= (e + 82 + y2)(1 = Roy) > 0.

Hence DFEP is locally asymptotically stable if ¢ < 1. O

3.2.6 Global stability of DFEP
Theorem 3.7 The equilibrium point Ey = (X*,0) of system (14) is globally asymptotically
stable if Ry < 1 and conditions (i) and (ii) from the theorem in [26] are satisfied.

Proof To investigate the global stability of DFEP, we use the technique implemented by
Castillo-Chavez and Song [26]. From equation (14), we can get F(X, Z) and G(X, Z), where
X =(S,R;,S,;) € R? denotes uninfected populations and Z = (I;,,;) € R? denotes infected
populations:

I + 09 R; — (a1 Ly + aaly + )S
F(X,Z) = ol — (1 + 02)R;
A — p2L;Syp — yiSur

and
GX.2Z) = (andy + aa,))S — (1 + 83 + o)1 '
0201Sy1 — il

Now consider the reduced system % = F(X,0):

dX |49 =T-us, o1
dt % = A= puSu.

X* = (%, 0, MAI) is a globally asymptotically stable equilibrium point for the reduced system
‘2—)5 = F(X,0). This can be verified. From the solution of the first equation in equation (21)
we obtain S(¢) = % +(S(0) - %)e‘“t, which approaches % as t — o0; and from the second
equation of equation (21) we get S,; = qu +(S,(0) — #Al)e"‘vlt, which approaches % and
qu as t — 0o. We note that this asymptomatic dynamics is independent of the initial
conditions in €2, therefore the convergence of the solutions of the reduced system (21) is

global in ©2. Now we compute

M_ 8 + + @
DZG(X*,O) — ( w (82 +y2 + 1) " )
p2A
ot —Mvi

Then G(X, Z) can be written as
G(X,Z) = DzG(X*,0)Z - G(X, 2),
and we want to show G(X; Z) > 0, which is obtained as follows:

) (m% - S)i+ ar(D —5)1‘/1)‘ (22)

GX,Z2) =
IOZ(HAVI - Svl)ll
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Here, % > S and MAVI > S,;. Hence it is clear that equation G(X,Z) > 0 for all (X,Z) € Q.
Therefore, this proves that DFEP is globally asymptotically stable when f¢; < 1. Hence the
endemic equilibrium point does not coexist with the disease-free equilibrium point when
Roi < 1. This implies that the model exhibits forward bifurcation at R¢; = 1. From this we
can say that the disease can be eliminated from the population irrespective of the initial

infectious population. d

3.2.7 Endemic equilibrium (EEP)
The endemic equilibrium is denoted by E, = (81, R}, S5, I%), and it occurs when the

disease persists in the community.

Lemma 3.8 A unique endemic equilibrium exists if one of the following holds true:
(i) fC<0<= Ru>1;
(ii) if B<0and C=0or B2 -4AC =0.

Proof To obtain it, we equate all the model equations (14) to zero. Then we obtain

v Hui(u+da+y2)(o20) +14y)
a2 A+ar fhy (21 +14y1)’

w _ velf
l - )
pron (23)
S* = A
v poIf ey’
pa AIf

*
VL™ (o2l +iey)

When we substitute S* in the first equation of the model in (14), we get
AI* +BIf + C =0, (24)
where

A=a1p[(i + 82+ 2) (02 + 1) — 0272,
B = (03 + ) (i + 82 + va) o1 fhur + aapa A + ppo] = [(0 + e Tpy + 027201 02,

C = ppyog + ) (1 + 82 + y2)[1 — Rorl.

It is important to note that the coefficient A is positive with B and C having different signs.
There is unique EE whenever condition (i) or (i) holds true. Also the other condition we
did not mention is that there are two endemic equilibria if C > 0, B < 0, and B? — 4AC > 0.
However, this does not happen because we proved that DEFP of leptospirosis only model
is globally asymptotically stable, which means that there is no way that the endemic equi-

librium point co-exists with DFEP when R, < 1. O

3.3 Dengue-leptospirosis co-infection model

The model in equation (1) is dengue and leptospirosis co-infection equation with S(0) =
S0, 14(0) = Lao, 11(0) = Lo, Lu(0) = Luio, Ra(0) = Rao, Ri(0) = Rio, Rar(0) = Raso, Sva(0) = Svao,
1,4(0) = Iygo, Sy(0) = Sy, 1,4(0) = I,jp being nonnegative initial values.
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3.3.1 Invariant region

In this section, we obtain a region in which the solution of (1) is bounded. For this model
the total human population is N = S+ I; + I; + Iy + Rg + R; + Ry. Then, after differentiating
N with respect to time and substituting each equation from equation (1) to the respective
place, we get

dN
T IT— N = 81(Lg + L) + S2(I; + 1p). (25)

If we do not consider death from leptospirosis, dengue, and the co-infection, then equation

(25) becomes

N <TI-uN. (26)
dt

After solving equation (26) and evaluating it as time tends to infinity, we get
7 IT
Dh = (Srldrld’ldl)Rd:Rderl) €R":0 <N=<—.
7

Similarly, for vector population of dengue, if there is no discharge of virus from the infec-
tious, then

dN, vd
dt

= Q — wyaNya, (27)

Q
Dyq = {(Svdylvd) € R} :Nwalt) < }
Uyd

Also, for vector population of leptospirosis, if there is no discharge of bacteria from the
infectious, then

dN, vl
dt

=TT = Ny, (28)

A
Dy = {(sz,lvz) €R2:N,(t) < e }

Therefore, the feasible solution set for the dengue—leptospirosis co-infection model is

given by
D =Dy X Dya x Dy = {(S,4a, 11, Lty Ra, Ry, R, Svas Lvas Sy 1) € RY). (29)
Therefore, all the solution set of equation (1) is bounded in D = Dy, x D,; x D,;.

3.3.2 Positivity of solutions

Theorem 3.9 If Sy >0, Ijo >0, Ijo > 0, Iy0 > 0, Ryo > 0, Rig > 0, Ryio > 0, Syu0 > 0, Lygo >
0, Suo > 0, Ljp > 0, then the future time solutions of the dengue—leptospirosis co-infection
population are positive.

Proof We let T =sup{t > 0:So(t1) > 0, Lio(t1) > 0,110(t1) > 0, Luo(£1) > 0, Rygo(t1) > 0, Rio(21) >
0, Rgio(£1) > 0, Syao(t1) > 0, Lo (t1) > 0, Syio(£1) > 0, Lo(t1) > O for all ¢; € [0, £]}. Since Sp > 0,
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Iy0> 0,110 >0, Iyip > 0, Rgo > 0, Rig > 0, Raggo > 0, Syao > 0, Lgo > 0, Syio > 0, and I > O,
hence 7 > 0. If T < 00, then So(£), Lo(t), Lio(£), Lato(£), Rao(t), Rio(£); Ra(t), Svao(t), Luao(t),
Suio(t), Lio(t) are zero at £1. To show that solution of the model is positive, first we take %

from Eq. (1).
as
prie IT+01R; + 09R; + 03Ry; — (cﬁllvd +ay (I + L) + arly + M)S. (30)

Using the variation of constants formula, the solution of equation (30) at 7 is given by
S(r) = 5(0) eXP[—f ((cBrlva + (I + L) + o,y + M)S(ds)]
0
+ / (IT+ 01R; + 02 Ry, + 03R41)
0

X exp [—/ ((cBilva + oIy + Iyp) + oy + M)(tl)dt1:|.
s

Moreover, since all the variables are positive in [0, t], then S(t) > 0.
It can be shown in a similar way that I,(t) > 0, [;(t) > 0, Iz(t) > 0, Rs(7) > 0, Ri(7) > O,
Ry(t) >0, S,4(t) >0, Iy(t) >0, S,(t) >0, and I,,(t) > 0, which is a contradiction. Hence

T = 0Q. O

3.3.3 Disease-free equilibrium (DFEP)
Equating equation (1) to zero and substituting I; =0, ; =0, I;; =0, R; =0, R; =0, Rz = 0,
I,z =0, 1, =0, we obtain the DFEP E, = (g,o, 0,0,0,0,0, %,0, MAI,O).

3.3.4 Basic reproduction number
To obtain (Ry), we use the next generation matrix method [25]. Let us consider the infec-
tive compartments of the model

Ga = By 1,aS — (e (I + Lap) + oy + o+ 81 + 1),

D~ (o Iy + Lar) + 02 L)S — (cBulya + 11+ 82 + o),

D — (o1 (I + L) + o L)lg + cPrlyaly — (& + o+ 81 + 82) L, (31)
d,fftd = cp11aSva — valva,

% = p2L1Svi = pevil-

Then, by the principle of next-generation matrix, we obtain F and V, and evaluating the
Jacobians at DFEP, we get

o 0 o @i o cc 0 0 0 0
o «ai al o @l 0 ¢ 0 0 0
F=| o o 0 0 and V=0 0 ¢ 0 0 |,(32
f—lj 0 0 0 0 0 0 waw O
% 0 0 0O 0 0 0 jpuy

where

S1=01+y1+ U, G2=8+y2t i, G3=€+01 +8 + L4,
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Gy =M +01, §5 =+ 0, G6 =M +03.

Then the basic reproduction number from the product matrix FV" is the maximum of
the eigenvalues listed as follows:

c2p1 81T
g = | —
wp (i + 81 + 1)

o1 T2, + a0 TIA
I (L + 82+ 2)

Aga ==

A5 =0.
Therefore, the basic reproduction number of the co-infection is given by

Ro = max{Rous Roi}- (33)

3.3.5 Local stability of DFEP
Theorem 3.10 DFEP is locally asymptotically stable if Ry < 1 and unstable if Ry > 1.

Proof The Jacobian matrix of the model at DFEP is obtained as follows:

—u —“}—P —% o, o0y 03 0 —Cﬁﬁn 0 —%
0 - 0 0 0o 0 0 0 Al o 0
0 0 % -c % 0 0 0 0 0 0 %
0 0 0 —c3 0 0 0 0 0 0 0
0 " 0 €en —c4 0 0 0 0 0 0
0 0 V2 ek(l-n) 0 -¢5 O 0 0 0 0
0 0 0 g 0 0 -¢ O 0 0 0
0 —% 0 0 0 0 0 -wa O 0 0
0 %f 0 0 0 0 0 0 - O 0
0 0 —% 0 0 0 0 0 0 -py O
0 0 % 0 0 0 0 0 0 0  —uu

(34)

From equation (34), we can get the following characteristic polynomial:

p(A) = [A* + (o + S)A + ia(1 - Roa)] (kz + 5‘2[1 + :—:_l - Roka
2

+ 1 62(1 = Ro) (A + 6a)(A + 65) (A + 66) (A + 1) (A + pva) (A + ) (A + 63).
Therefore, DFEP is locally asymptotically stable iff Ry = max{Ro4, Roi} < 1. (|
3.3.6 Global stability of DFE
Theorem 3.11 The equilibrium point Ey = (X*,0) of system (1) is globally asymptotically

stable if Ry < 1 and conditions (i) and (ii) in the theorem [26] are satisfied.

Proof We use the technique implemented by Castillo-Chavez and Song [26]. From equa-
tion (1), we can get F(X,Z) and G(X, Z), where X = (S, Ry, R;, Ry, Sy, Su) € R® denotes

Page 15 of 23
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uninfected populations and Z = (I, I}, 1, 1,4,1,;) € R® denotes infected populations.

I+ 01Ry + 02Ry, + 3Ry — [cPilya + ar (I + Lap) + ol + ]S
Yila + ecly — (1 + 01)Ry
voly + ek(1 = )y — (10 + 02)R;
&la— (1 +03)Ry
Q —cp114Sva = vaSva
A = P2} Sy = S

F(X,Z) =

and

cBilyaS — [ar(Iy + Lg) + azly + w + 81 + 1y
loa (I; + Lar) + ol y]S = [cBrlva + o + 82 + y2l1
GX,2Z) = | lon(ly + Lar) + aaly)ly + Prlyal; — (& + o + 81 + 82) 1y
cp1lgSva — tvalva
P201Sur = il

Now consider the reduced system "% = F(X,0):

das
d a = H—/J.S,
X _asu_q_, s (35)
dr ar = e~ Mvdovds

ds
WVI = A~ puySy.

X* = (%, M—Szd, MAVI) is a globally asymptotically stable equilibrium point for the reduced sys-

tem ‘% = F(X,0). This can be verified. From the solution of the first equation in equa-
tion (35) we obtain S(¢) = % +(S(0) - %)e"“, which approaches % as t — o0; and from
the second and third equation of equation (35) we get S,; = u%z +(S,4(0) — %)e‘“wﬂ and
Sy = usz +(S,,(0) — ﬁ)e‘“vlt, which approaches M—Szd and MAVI as t —> 00. We note that this
asymptomatic dynamics is independent of the initial conditions in €2, therefore the con-

vergence of the solutions of the reduced system (35) is global in €. Now we compute

=S 0 0 Cﬂ%n 0
all _ all oIl
0 w T2 T 0 1
D;G(X*,0)=| 0 0 -s3 0 0
B0 0 e O
0 L2 0 0 —puy

Then G(X, Z) can be written as

G(X,Z) = DzG(X*,0)Z - G(X, 2),

Page 16 of 23
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and we want to show G(X; Z) > 0, which is obtained as follows:

Gi1(X,Z) Cﬂ1(% = Syq + [y + 1gp) + a2 ly)lg

Gy (X,Z) a1 (5 =i+ a1 (5 = )l + (G = Sl + Pilali
GX,2)= | Gs(x,2) | = —(on Iy + La)g + ca Ll y + Brlyaly) . (36)

Gu(X,Z) (L = Sula

Gs(X,2) pa (A =S
In equation (36), G3(X,Z) < 0, which leads to G(X,Z) < 0 for all (X,Z) € Q. Therefore,
this proves that DFEP may not be globally asymptotically stable when R < 1. Hence the
endemic equilibrium point coexists with DFEP when R < 1. This implies that the model
exhibits backward bifurcation at R = 1. O

3.4 Sensitivity analysis
Sensitivity is performed to identify the most dominant parameters for the spreading out as
well as control of infection in the community. To go through sensitivity analysis, we follow
the technique described in [27]. The sensitivity index of Ry with respect to a parameter,
say y, is given by

ARo _ MRo

y 8)/ Xﬁo.

Since Ry = max{Ro4, Ro}, we obtain the sensitivity analysis of Ro; and R, separately in

the following way:

g oNn QI 1
A;;Od:—()dxiz : 2'01 Py,
B Noa 2Moua?Gr+ i+ Ro 2
oNn QI 1
Aifl‘)d:—odx&: 2'3 Pz,
01 Nog  2Noua*(G1+ Y1+ Mo 2
oNn c
Atod 2 2200 Z 50,
dc NRoa
toa _ Mod o 81 _ 5 o
M98 T M 26+t
AMoa — % X ?/1 - _n <0,
n oy MNog 2061+ + )
A}HodzamOd N Si+yi+2u <0,
" o Rog 2001+ +w)
Nod _ 0MNoa % Mvd - _1<0,
Hd By Rog
g oo el
“1 8a1 5)101 0[2,021_[1\ + QIH/L‘%I
Ao _ Moy oo ATlpyan S0,
“ 8062 5)“101 (12,021_[1\ + Olll_[/,L%l
Ao _ R o P2 ATlpra 50,
2 9p T Ra onpaIIA +oq T
ot _ 0N o 8 8 <0

2798 Ra S tyatu
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Table 2 Sensitivity indices table

(2020) 2020:664

Parameter symbol

Sensitivity indices

Rod Basic reproduction number of dengue
B +ve
P1 +ve
c +ve
81 -ve
Y -ve
% -ve
Mvd -ve
Ro/ Basic reproduction number of leptospirosis
o +ve
o) +ve
P2 +ve
8 -ve
Y2 -ve
% -ve
1% -ve
0oy 12

N L S}
2 3y, Ny Ht+ytu

Ny 21+ 682 + Vo
- = Tc

A?jOl = X w - O,
ou Ry SHtyatu
RN agROZ Mvd 20{2102 ITA
= X —=-——"—7">"—"—x<0.
v Ro aapelTA + iy

The above computation of sensitivity analysis is summarized in Table 2.

From Table 2, we understand that the parameters with positive sensitivity indices, par-
ticularly 81, p1, ¢, 1, @2, and po, have great potential in expanding dengue, leptospirosis,
and their co-infection in the community. However, the parameters with negative indices,
particularly 81, y1, 82, Y2, i, va, and 1y, have a great contribution in controlling the ex-
pansion of dengue, leptospirosis, and their co-infection in the community if their values
are increased. From this policy makers and stakeholders are expected to act accordingly

in combating dengue,leptospirosis, and their co-infection in the community.

4 Numerical simulations

Analytical results cannot be complete without numerical result verification. In this sec-
tion, the full dengue—leptospirosis co-infection model numerical simulation is performed
using Maple 18. The simulation is used for checking the effect of some parameters in the
expansion as well as the control of dengue only, leptospirosis only, and co-infection of

dengue and leptospirosis. For simulation purpose the parameter values in Table 3 are used.

4.1 Effect of recovery rate (y;) on dengue infectious population

In Fig. 2, we experimented with the effect of y; in reducing dengue-only infectious popula-
tion by maintaining the contact rate (8;) constant. The figure reflects that when the values
of y; increase, the number of dengue only infectious population is going down. From this
we should concentrate on improving recovery rates either by treating infected populations
or by raising individuals’ immunity levels to dengue disease in the population. It should

be viewed by policy makers as a mitigation strategy.

Page 18 of 23
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Table 3 Parameter values for the dengue leptospirosis co-infection model

Parameter symbol Value day™! Source
I1 20 Assumed
B 075 [11,12]
o 0.04 [19,28
o) 0.04 [19, 28]
8 0.0015 [12]
8 0.003 [19, 28]
o 0.0027 Assumed
[op} 0.00285 [19, 28]
03 0.002 Assumed
P1 0.75 [11,12]
P2 0.04 [19, 28]
Vi 0.1428 2]
V2 0.0027 [19,28]
0.0000128 [11,12]
A 23 Assumed
Q 25 Assumed
Mvd 0.071 [11,12]
vl 0.0018 [19, 28]
c 0.5 (12]
Figure 2 Effect of recovery rate on dengue 1000
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800

7007“
600*“
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400—“
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SOO*H
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100*‘

T
0 2 4 6 8 10

Time (Months)
_—= 0.1428, Blz 0.75 e M= 0.3428, [31: 0.75
_—= 0.5428, [3]= 0.75 v, = 0.7428, Bl: 0.75

4.2 Effect of recovery rate (y,) on leptospirosis infectious population

In Fig. 3, it is shown that y, plays a significant role in bringing down the leptospirosis
infection. When the value of y, increased from 0.017 to 0.087, the amount of infectious
population due to leptospirosis decreased, where the contact rate is kept constant, which
is o1 = ap. It can also be used by policy makers as a tool for mitigation.

4.3 Effect of dengue contact rate (1) on co-infectious population

As it is shown in Fig. 4, the contact rate of leptospirosis («; = o3) and the recovery rate
of co-infectious population (¢) are kept constant. The figure reflects that as the value of
contact rate of dengue increased, the co-infectious population increased, which means
increased expansion of co-infection. From this we can see that decreasing of the dengue
contact rate is significant in the controlling of co-infection transmission. Therefore, stake-
holders are expected to work on decreasing the contact rate of susceptible humans and
dengue vector by using either bednet or chemical or using an appropriate method of pre-
vention mechanism to bring down the expansion of co-infection in the community.
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Figure 3 Effect of recovery rate on leptospirosis
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4.4 Effect of leptospirosis contact rate (oz; and ;) on co-infectious population
Similarly, we investigated the effect of leptospirosis contact rate («; = ) in the expansion
of dengue—leptospirosis co-infection while keeping the recovery rate of co-infection (¢)
constant. Figure 5 shows that co-infectious population decreases as the leptospirosis con-
tact rate is decreasing, by keeping dengue contact rate (8;) and (&) constant. This implies
that, in order to mitigate the co-infection, it is advisable to reduce the rate of contact with
infectious humans, and that the host vector of leptospirosis is crucial.

4.5 Effect of recovery rate of dengue-leptospirosis (&) on co-infectious
population

Here, we experimented on the effect of recovery rate of dengue and leptospirosis (¢) on
the co-infectious population. As we explained in the model description, due to treatment
or other mechanisms, co-infectious population either recover from dengue only or from
leptospirosis only or from both diseases with their own probability and join their respec-
tive recovered compartment. Therefore, Fig. 6 shows that increasing the rate of recovery
of the co-infectious population has a great advantage in reducing both diseases in the pop-
ulation.
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Figure 5 Effect of leptospirosis contact rate on 1800
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5 Conclusions

The deterministic co-infection model for dengue-leptospirosis disease was developed us-
ing ordinary differential equations, and the population is subdivided into eleven compart-
ments. The qualitative analysis of the model was done by splitting the full model into two,
which are dengue only and leptospirosis only models. The analysis of the model shows that
there exists a region where the model is mathematically and epidemiologically well posed.
Basic reproduction numbers, disease-free equilibrium, endemic equilibria, stability anal-
ysis of equilibrium points, and sensitivity analysis of basic reproduction of dengue only,
leptospirosis only, and the full model were analyzed in their respective order. Numerically,
we experimented on the effect of basic parameters in the expansion or control of dengue
only, leptospirosis only, and co-infectious diseases. From the result, we conclude that an
increase in the rate of dengue recovery contributes greatly to reducing dengue infection
in the community. Similarly, increasing the recovery rate for leptospirosis also contributes
to the reduction of leptospirosis. The rate of recovery for co-infection also has an effect
on reducing co-infectious population if its value has been increased. The other finding
obtained in this section is that decreasing either dengue or leptospirosis contact rate has a

great influence on controlling co-infection of dengue and leptospirosis in the population.
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