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1 Introduction
Special polynomials and numbers have significant roles in various branches of mathemat-
ics, theoretical physics, and engineering. The problems arising in mathematical physics
and engineering are framed in terms of differential equations. Most of these equations
can only be treated by using various families of special polynomials which provide new
means of mathematical analysis. They are widely used in computational models of scien-
tific and engineering problems. In addition, these special polynomials allow the derivation
of different useful identities in a fairly straightforward way and help in introducing new
families of special polynomials. Throughout this article, we use the following notations
and definitions:

Let N={1,2,3,...} and Ny = N U {0}, Z denotes the set of integer numbers, R denotes
the set of real numbers and C denotes the set of complex numbers.

The Fubini-type polynomials appear in combinatorial mathematics and play an impor-
tant role in the theory and applications of mathematics, thus many number theory and
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combinatorics experts have extensively studied their properties and obtained series of in-
teresting results [7, 12, 14].

Kilar and Simsek [12] introduced the Fubini-type polynomials F,(,U)(x) of order v, which
are defined by the generating function

2Y - t"
me’“ = E F;SU)(X); (U (S] N(); |t| < log 2). (1.1)
n=0 '

For x = 0, Eq. (1.1) becomes

2Y NN
oo > E )E (v € No; [¢] <log2), (1.2)
n=0

where F{” denotes the Fubini-type numbers of order v.

The Fubini-type numbers are related to Apostol-Bernoulli numbers and proven to be
an effective tool in different topics in combinatorics and analysis.

For x,y € R, the Taylor-Maclaurin expansions of the two functions € cos(yt) and
e sin(yt) are given, respectively, by (see [20])

o0 t"
e cos(yt) = »  Cylx, - (1.3)
n=0 :
and
o0 tn
e sin(yt) = an(x,w;, (1.4)
n=0 :

where the functions C,(x,y) and S,(x,y) are defined as

(2]

n
Cal@y) =Y (-1)* (2K)x"-2w2k (1.5)
k=0
and
[251] "
Sn(x,y) _ Z(_I)K( )xVIZKlyZKle‘ (16)
P 2k +1

Recently, Srivastava and Kizilates [22] introduced two parametric kinds of the Fubini-
type polynomials which are defined by the generating functions

21) . [o¢] ( ‘U) tn
e e cos(yt) = 2(; FV)(x, y); (v € No; |t] <log2) (1.7)
and
2v i o
e = (s;v) .
oo e” sin(yt) = ZOF"S (x,y)a (v € N; [£] <log2). (1.8)
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The Apostol-type polynomials and their numerous properties have been investigated in

the literature extensively and widely [3, 5, 6, 13, 15-19].
The Apostol-Bernoulli polynomials %S’)(x;)n) [18] of order v are defined by

¢\ o () "
Xt _ %U .
(xef—1> ¢ _ZO g (x’k)n!
p

(|t| <27 when A =1and |f| < |logh| when L #1;A € (C),

where %LU)(O;A) = %ff)()») denotes the Apostol-Bernoulli numbers of order v.

The Apostol-Euler polynomials Ef,u)(x; A) [16] of order v are defined by

2\ N et
Xt _ v . -
<,\et+1) et =D & A
n=0
(|t| < whenA=1and || < |10g(—k)| when A #1;1 € (C),

where Ey(,u)(O; A) = EW (1) denotes the Apostol—Euler numbers of order v.
The Apostol-Genocchi polynomials g,i“)(x; A) [17] of order v are defined by

2t \ e o B

= Y (x; \) —

(Ae‘+1) ¢ ;g" G )n!
(|t| < when A =1and |f] < |log(—k)| when A #1;A € (C),

where g,i”(o;,\) = ﬁ,u)()») denotes the Apostol-Genocchi numbers of order v.

(1.10)

(1.11)

In [23], Srivastava et al. introduced two parameter kinds of each of the Apostol-

Bernoulli polynomials 9B,(x; ), Apostol-Euler polynomials &,(x;1) and Apostol-Ge-

nocchi polynomials G,(x;A). Recently, the parametric kinds of each of the Apostol-

Bernoulli polynomials %fq“)(x;)») of order v, the Apostol-Euler polynomials SV(,“)(x;)») of

order v and the Apostol-Genocchi polynomials G (x; 1) of order v were introduced by

Srivastava and Kizilates [22] as

t v oo ( ) t"
Xt _ (1% .
(Ae‘ — 1) e cos(yt) = EO B (%, 95 A) o
P

and

t v o0 ( ) t"
Xt 3 _ S,v . .
(Ae‘ — 1) e sin(yt) = EO By (x,y,k)—n!,
P

>
c?\
+

—

2\ > t"
( ) e* cos(yt) = ZE;C’”)(x,y;)\)E

n=0

and

2 v , o0 ( ) t”
XL 3 _ Y . .
(Ae‘+1) e* sin(yt) = EOEH (x,y,A)n!,
.

1.12)

(1.13)

(1.14)

(1.15)
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2t 0 Xt - (cv) . tn
(m) (4 COS(yt) = HZ(; gn (x,y, )\.)E (1.16)
and
2t Uext sin(yt) = ig(s,u)(x y'k)ﬁ (1.17)
ret +1 e '

In recent years, active research on multivariable and generalized forms of special func-
tions of mathematical physics has been witnessed. Most of the multivariable and general-
ized special functions of mathematical physics arises in various branches of mathematics
ranging from the theory of partial differential equations to the abstract group theory. We
recall the following two variable form of special polynomials.

The 2-variable general polynomials (2VGP) G,,(x,y) [8] are defined by

o)=Y Galin) o, Golw) =1, (1.18)
n=0 :
where
e, t) = Z%(y)%, @o(y) #0. (1.19)
n=0 :

Over the last few years, many authors have used the operational methods combined with
the monomiality principle [1] to introduce and study new families of special polynomials
[9, 21, 24-27]. Operational techniques are applicable to solve problems both in classical
and quantum mechanics.

The 2VGP G, (x, y) are quasi-monomial [8] with respect to the following multiplicative

and derivative operators:

Mg=x+ Z/g:g:)) (Dx = ;—x;(p’(y, t):= %(p(y, t)) (1.20)
and

bPg =Dy, (1.21)
respectively.

In view of the monomiality principle, the 2VGP G, (x, y) satisfy the following relations:

Me{Gu(x,9)} = G (x,9), (1.22)
Po{Gu(®9)} = nGy1 (%), (1.23)
McPe{G,(x,9)} = nG,(x,), (1.24)
xp(HcO(1} = Y Galw) = (I < o0). (125)

n=0
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Table 1 Certain members of 2VGP family G, (x,y)

S. no. [0} Generating functions Polynomials

l. P et = > Hf?(x,y)% The Gould-Hopper polynomials H,({)(x,y) 4]

II. Colyt) Colyt) =02, Ln(y,x)% The 2-variable Laguerre polynomials Ly (y, x) [1]

Il ﬁ ]fyrg et=3"", e?x,y) % The 2-variable truncated exponential of order s e (x,y) [2]
VI, ADET A = % yAdky),  The Hermite-Appell polynomials 3,4, (x,y) [10]

The 2VGP family G,(x, y) contains a number of significant 2-variable special polynomi-
als. Based on suitable selection for the function ¢(y, £), different members belonging to the
family of 2-variable general polynomials G,(x,y) can be obtained. These members along
with their notations, names and generating functions are mentioned in Table 1.

The article is organized as follows: In Sect. 2, two parametric types of the generalized
Fubini-type polynomials are introduced via monomiality principle. The generating func-
tions, multiplicative and derivative operators and differential equations for these families
of polynomials are established. In Sect. 3, series definitions and certain other important
relations for the generalized Fubini-type polynomials are derived. In Sect. 4, some partial
derivative equations including these polynomials are obtained. In Sect. 5, certain members

related to the generalized Fubini-type polynomials are considered as special cases.

2 Generalized Fubini-type polynomials via monomiality principle

In this section, with the help of the monomiality principle, two parametric types of the
generalized Fubini-type polynomials are introduced by means of the generating functions.
Further, quasi-monomial properties and differential equations satisfied by these polyno-

mials are established.

Theorem 1 The generating functions for the generalized Fubini-type polynomials
GF (x,9,2) and cFS (x,y,2) are given as follows:

2¢ xt - (c,v) " .
me @(y,t) cos(zt) = Zo«;,Fn (x,y,z)a (U € Ng; |t] < 10g2) (2.1)
n=|
and
2v xt : - (s,0) t" . 1
me (y,t) sin(zt) = X(;@Fn (x,y,z)a (v € No; |t| < log 2), (2.2)
n=
respectively.

Proof InEq.(1.7), replacing x and y by the multiplicative operator Mg of the 2VGP G, (x, y)

and z, respectively, gives

v

2 N - SN
Gy PMat) cos(e) = DB (Mes2)— (2.3)

n=0
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which, upon using Eq. (1.25) in the left hand side and Eq. (1.20) in the right hand side,
gives
2v > t" > ¢'(,D:) \ ¢t
- - _ (c,v)
Goe (X(; Gulx,y) m) cos(zt) = X(;F (x D) z) (2.4)
Finally, using Eq. (1.18) in the left hand side and denoting the resultant generalized Fubini-

type polynomials in the right hand side by GF (x, ¥,z), that is,

(c,v) _ plev) ¢/(yr Dx)
GFn (x’ ’Z) _Fn (x"' — 2 ) (2.5)
g @(, Dx)
we get the assertion in Eq. (2.1). Similarly, we can prove the assertion in Eq. (2.2). d

In order to derive the quasi-monomial properties of Fubini-type polynomials

F,(,C'U)(x, y,z) and @F,(f’“)(x, ,z), we prove the following results.

CU)(

Theorem 2 The generalized Fubini-type polynomials oF,"" (x,v,2) and GF,(f'U)(x, y,2) are

quasi-monomial with respect to the following multiplicative and derivative operators:

Mere =x + Z/((:g:)) + 223?:: — ztan(zDy) (2.6)
and

Pgre = Dy (2.7)

Merps =x + Z/&’g:)) + ;ie:;; +zcot(zD,) (2.8)
and

Pgrs = Dy, (2.9)
respectively.

Proof Differentiating Eq. (2.1) partially with respect to ¢ gives

’ ,t 2 2
(x o' (y,t) ve

2 XL
" oy, t) NS —Ztan(zt)> (m)e @(y, t) cos(zt)

,U t”
ZGF};l x, 9 z); (2.10)
which, in view of Eq. (2.1), becomes
oo
o'y, ) 2vet v v t"
Z( o i — —ztan(zt) )1 cFy )(x,y,z)— Zgle)(x,y,z)E. (2.11)

n=0

Page 6 of 25
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Now, applying the identity

Dy(e"p(y,1)) = t(e“p(y, 1)) (2.12)

in Eq. (2.11) and equating the coefficients of like powers of ¢ in both sides of the resultant
equation, we get

(x+ ©'(y,D,) 2vePx

00,0y " 2o o~ Ftan@D ")){ x,y,2)} = cFy (%,9,2), (2.13)

which in view of the monomiality principle given in Eq. (1.22) (for g F, ev)(

x,9,2)) yields the
assertion in Eq. (2.6).

Next, differentiating Eq. (2.1) partially with respect to x gives

oo
t” (AY Vl
Dx{ZGF}f'“’(x,y,z);} ZGF< )x,y,z) 5 (2.14)

which, upon equating the coefficients of like powers of ¢ together with the use of mono-
miality principle given in Eq. (1.23) (for GFﬁf’“)(x, ¥,2)), vields the assertion in Eq. (2.7).
Furthermore, using similar arguments as in the proof of Egs. (2.6) and (2.7), we can prove
the assertions in Egs. (2.8) and (2.9). a

Theorem 3 The generalized Fubini-type polynomials GF,(,C'U)(x, y,2) and @F,(f'v)(x, ¥,2) sat-
isfy the following differential equations:

©'(y, Dy) 2uePs cv)
Dy D, D, — ztan(zD,)D,, — FoY(x,y,z) =0 2.15
(x + o0,y +2_er ztan(zD,) n|cF " (%,,2) ( )

and

'(9, Dy 2vel
<xDx A% )D + 22 5D + zcot(zDx)Ds )GP;W(x,y,z):o, (2.16)

e,Dy) " 2-e

respectively.

Proof Using operators (2.6) and (2.7) and in view of the monomiality principle in
Eq. (1.24), we get the assertion in Eq. (2.15). Similarly, we can prove the assertion in
Eq. (2.16). O

The properties established in this section show that the operational technique provides
a mechanism to obtain results for these polynomials as well as their generalizations and

demonstrate the usefulness of method in problems of both physics and mathematics.

3 Identities and relations
In this section, by using generating functions (2.1) and (2.2), we establish various novel

identities and relations including the generalized Fubini-type polynomials.
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Theorem 4 The generalized Fubini-type polynomials GE (%, y,z) and GFE(x, y,2) are

defined by the following series representations:

F(x,,2) = Xn: (:)F,i”_”;’(Z)GK (*,) (3.1)
=0
and
SES (30 =y (:)F (2)G (x,7) (3.2)
=0
respectively.

Proof Utilizing generating relations (1.7) and (1.18) in generating relation (2.1) and mak-

ing use of the Cauchy product rule in the resultant equation, we get

=9}
> cEy,2) ZZ( ) Ef)( (x,y);—n,. (3.3)
n=0 nl n=0 k=0 '

Comparing the coefficients of the analogous powers of ¢ in both sides of the above equa-

tion, we get the assertion in Eq. (3.1). Similarly, we can get the assertion in Eq. (3.2). [

Theorem 5 The following summation formulae for the generalized Fubini-type polynomi-

als gFV) (x, y,2) and Y (x, ,2) hold true:

£ = 3 ([ )or 002 34
k=0

Fr(ls,U)(x,y, 2) = Z ( )@K (y)F,,S v) (x,2). (3.5)
k=0

Proof Utilizing generating relations (1.7) and (1.19) in generating relation (2.1) and mak-

ing use of the Cauchy product rule in the resultant equation, we get
oo tn
> eF (x%,9,2) Z Z ( )gok (FV (x,2) — (3.6)

n=0 nl n=0 k=0

Comparing the coefficients of the analogous powers of ¢ in both sides of the above equa-

tion, we get the assertion in Eq. (3.4). Similarly, we can get the assertion in Eq. (3.5). [

Theorem 6 The following implicit summation formula for the generalized Fubini-type

polynomials GEY) (x, ,2) holds true:

GF;ElCYU)(x + u,y, Z) = Z <n>GF;(1c,z)(x’y’ Z)MK' (37)
K
k=0
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Proof In Eq. (2.1), replacing x by x + u then making use of Eq. (2.1) together with the series

expansion of ¢ in the resultant equation, we get

S () " o0 ) £

U _ U K
E cE (x+u,y, z)a = E E cF," (%9, 2)u et (3.8)
n=0 n=0 x=0

which, upon replacing # by n — k in the right hand side and then comparing the coeffi-
cients of the like powers of ¢ in both sides of the resultant equation yields the assertion in
Eq. (3.7). O

Corollary 1 For u =x in Eq. (3.7), we have
GF;SCYU)(QJC)JI) Z) = Z <n>GF;5C,l/;)(x’y’Z)xK' (3'9)
K

k=0

Corollary 2 Foru =1 in Eq. (3.7), we have

n
n
cF(x+1,5,2) = ) (K)GF,EC_’Z)(%% 2). (3.10)
k=0

Theorem 7 The following implicit summation formula for the generalized Fubini-type
. (s,v)
polynomials cF,""’ (x,9,z) holds true:

n

S,U n S,U
GFSI, )(x + uryrz) = Z (K)F’S—K)(x’Z)GK(u’y)' (311)

k=0

Proof In Eq. (2.1), replacing x by x + u then making use of Egs. (1.8) and (1.18) in the

resultant equation, we get

> " o > Al
Yo ey =3 Y @ a6 wy) o, (3.12)
n=0 n=0 k=0

which, upon simplification, gives the desired result. O

Theorem 8 The following implicit summation formula for the generalized Fubini-type

polynomials GFY (%, y,2) holds true:

n K n K -
FSl (w2 =) > ( 1) <m> (@—x)""GF (x,y,2). (3.13)

1=0 m=0

Proof Consider the following identity [11]:

! s
s,r=0

" glm) G ;y) =3 gls+ r)x!i/!. (3.14)
m=0
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Replacing ¢ by £ + s in the generating function (2.1) and making use of the identity (3.14),
we have

2U K

t"s
-
@ 2Ug0(y t+s)cos(z(t+5)) =€ +s) E cF)(x,y,2)

— (3.15)
=0 n.K.:

Replacing x by w in Eq. (3.15), equating the resultant equation to Eq. (3.15) and then
expanding the exponential function, we get

oo [o.¢]
t"s© ((w - x) (t +5)) t"s©
Y ey )= =) Z GF)(x,y,2)——. (3.16)
By nlk! o By nlk!

Now, making use of identity (3.14) in the right hand side of the above equation then
replacing n by n — [ and k by « — m in the right hand side of the resultant equation gives

S (cv)
(0 -x)"gF (%9, 2)"s"
Z Flev) , etk —l— ) 3.17
k= OG " w e : ;Ol;) l'l’l’l' l)‘(K B M)' ( )

Finally, comparing the coefficients of the like powers of ¢ and s in both sides of Eq. (3.17)
yields the assertion in Eq. (3.13). O

Corollary 3 Taking z = 0 and replacing w by o + x Eq. (3.13), we get

GFY) (0 +x,9) = ZZ( )( ) b FO L (x,). (3.18)

1=0 m=0

Theorem 9 Let v,o € Ny, then the following identities hold true:

n
n
Fov ) (,y,2) = ) ( )FEU)GFQ”_’?(x,y, 2) (3.19)
k=0 ke
and
" n
GF(s U+O‘)(x’y’ ) _ <K>F,EU)GF;SSL?("'J" z). (3.20)
k=0

Proof Rewriting generating relation (2.1) in the following form:

v+o

oo

2
Y eFE ),y z) W@“Qp@, t) cos(zt)
n=0

2V 20
e gt YD cosia), (3:21)

which, upon using Egs. (1.2) and (2.1) and then after simplification yields the assertion in
Eq. (3.19). The assertion in Eq. (3.20) can be proved similarly. d

Theorem 10 Let n € Ny and i = /-1 € C, then

cFV (@ +iz,y) = 6F (%,9,2) + i FY) (%,9,2). (3.22)



Srivastava et al. Advances in Difference Equations (2021) 2021:36

Proof Taking z = 0 and replacing x by x + iz in Eq. (2.1), it follows that

o0 tn 2U 4
Z GF;v)(x + iz, y)a = m e(xﬂz)t(p )
n=0
2v v .
- mext(p(% t) cos(zt) + imext(p(y, Hsin(zt), (3.23)

which, upon using Egs. (2.1) and (2.2) in the right hand side and then comparing the co-
efficients of the like powers of ¢ in both sides of the resultant equation yields the assertion
in Eq. (3.22). a

Theorem 11 For v € Ny, the following identities hold true:

2 n
x"@(y,t) cos(zt) = Z 2:(—1)‘3 (2;) <:)2“‘55”‘K(;F,§C'“)(x,y, z) (3.24)
§=0 k=0
and
20 n 2w n
2"o(y, t)sin(zt) = Y Y (-1)° ( S ) (K>zv-55"-KGF§w)(x, 7,2). (3.25)
=0 xk=0

Proof Rewriting generating relation (2.1) in the following form:

vy t"
2°¢p(y, t)cos(at) = (2- €)Y cE ya) ) (3.26)
n=0 '

which can be written as

2u [e'e)

v X 2U U— C,U tn

2Ve* p(y, t) cos(zt) = E (—1)‘3( 5 )22 3 bt E cF© )(x,y,z)a. (3.27)
5=0

n=0

Finally, expanding the exponentials in both sides of the above equation and then after
simplification, gives the assertion in Eq. (3.24). Similarly, the assertion in Eq. (3.25) can be
proved. O

Theorem 12 For n € Ny, the following identity holds true:

n n
n n
> (K)F;EL WeFS ) (x,9,22) =2y (K>F£S'v>(x, 2)FeD (%, 2). (3.28)
k=0 k=0

Proof In view of Egs. (1.1) and (2.2), we have

)l N o) t"
> E (x)EZGan (x,9,22)—
n=0

n=0 n!
2" ¢ 2 t .
S asam® goap’ eODsinC2)
2v -

= 2me" sin(zt)mex @(y,t) cos(zt), (3.29)
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which, upon using Egs. (1.8) and (2.1) and then after simplification and comparing the co-
efficients of the like powers of ¢ in both sides of the resultant equation yields the assertion
in Eq. (3.28). a

4 Partial derivative equations

In this section, we establish various partial derivative equations including the general-
ized Fubini-type polynomials ¢F\""(x,y,z) and cEy" (x,y,z) by applying partial deriva-
tive operator to generating relations (2.1) and (2.2). To achieve this, the following results

are proved.

Theorem 13 Let m,n € N with n = m. Then the following partial derivative formulas for
the generalized Fubini-type polynomials gGF<" (x,y,2) and F>") (x,y,z) hold true:

am v 35 1 n n—K 1 (cu 5
ax—m{GF,i’ J(x,y,2)} =272 Zml@( o )SK(‘S)(—E)GPW V2 (%,9,2) (4.1)

k=0
and

sttt SR () P G)ertbena, o

respectively.

Proof Applying the derivative operator -+ to the generating relation (2.1) gives

2U
We’“(p (y,t) cos(zt) }
s

m -3 2 ’ 2v—2 Xt
=¢"1272 T —e" o(y,t)cos(zt) t, (4.3)
—5e+1/) (2-et)2v-3)

which, in view of Egs. (1.10) and (2.1) and after simplification, becomes

[o¢] am n
ZW{GF(CU)(x’y’Z)}_'
n=0
3 e n\(n-« ( t"
P - Cu__
=273 ZZm’(J( o, )gk(zs)( Z)GFn Yo ®3,2) (4.4)
n=0 k=0 n!

Finally, comparing the coefficients of - on both sides of the above equation, we are led

at the assertion in Eq. (4.1). The assert1on (4.2) can be proved in a similar way. O
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Theorem 14 Let m,n € N with n = m. Then

am
Fye= {GF,gs’”)(x +U,Y,Z+ w)}
x

Zm'< )( ) GF(SU)(?C, Y,z ) ni’{(u’w)+GF;56_’I;2(xyy)Z)Sn—K(M,a))}.

Proof Replacmg x by ¥ + u and z by z + w in Eq. (2.2) and then applying the derivative
operator - to the resultant equation, it follows that

(4.5)

o]

am t"
ZO ax—m{@,F,(f'”)(x +U,Y,Z+ a))}m

{ o et)Zv e (y, t) sin((z + w)t) }
{ et)2v =" (y, 1) sin(zt)e" cos(wt)
+ me’“w(y, t) COS(Zt)eut sin(wt) } . (4.6)

Next, in view of Egs. (1.3), (1.4), (2.1) and (2.2), Eq. (4.6) becomes

am ( ) tVl
s,v v
E o {cF} (x+u,y,z+w)}n!

tVl
Z Z m'< )GF,S“Z (%,9,2) Cric (1, @)

! — 1
e k!(n—x)!

+ZZM‘( )GFC”(x,y,Z)Sn_K(u,w) i

_—, (4.7)
e K!(n—«)!

which, upon simplification, yields the desired result (4.5)

Theorem 15 Let v,0 € Ny and m,n € N with n = m. Then

am
Fpr {GF,(,C’““’)(x + 1,5, z)}

n! 2y n+2v\ ([« @v) 1 (o)
ST > mz< p )(m) B <x 5)@,1—“” o (1,9,2) (4.8)
" k=0

and

m
W_M{GFSU-HT (x+u y’ )}

! n+2v

2 1 S,0
" (1 +20)! 2 M!(n +/< U) (fn> ggv")“( 2) P13, “9)
k=0
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Proof Replacing x by x + u and v by v + o in Eq. (2.1) and then applying the derivative
operator -+ to the resultant equation, it follows that

2U+(T

=" m x+u 90()/ t Ccos Zt)}

— tm 2U Xt 26 ut (y t) ( t)
= (2_et)2ve (2—et)2”e @\y,L)Ccos(z

£\ 20
A VR et ————e"(y,t)cos(zt) §, 4.10
(%et_l) g o0 ) cos(e (4.10)
which, in view of Egs. (1.9) and (2.1), becomes

n

Za_ CU+o‘(x+uy,Z)};

5 @ NS o) ¢
27V % UM x, FNu,y,z)— ¢ . 4.11
Z <x 2)1/1.”0 " (uyz)n! (*11)

n=0

Finally, simplifying and then equating the coefficients of the like powers of ¢ in the re-
sultant equation yields the assertion in Eq. (4.8). Similarly, we can prove the desired result
(4.9). O

Theorem 16 For n € N, we have

a{ (x,y,z) 7% Z n-— K)( ) (——)GF;Z (i(x,y,z) (4.12)

and

0 n K K' 28 1 -8)
a{G,zw (x,y,2)} = e Z 7 25! ( >g§+2>5<_5)@,p;l; x,9,2). (4.13)

Proof Differentiating generating relation (2.1) with respect to x, gives

o0
0 t"
e F(C’U) .Y, .
ot
n=0
1 2 \?¥ v
:t{—( - ) ( — )e’“go(y,t)cos(zt)}, (4.14)
2%\ —Jef+1 (2 - e)Hv-d)

which, upon using Egs. (1.10) and (2.1) then simplifying and equating the coefficients of
the like powers of ¢ in the resultant equation yields the assertion in Eq. (4.12). The result
(4.13) can be derived similarly. O
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Remark 1 For n € N and in view of Egs. (2.1) and (2.2), the following results can be ob-

tained:
d (cv) (c,v)
p {cFEV (%, 3,2)} = neF,2Y (%,9,2), (4.15)
I L) ()
a {GFn ’ (x>y; Z)} = nGFn_l (x’y’ Z)’ (4"16)
d (cv) (s,v)
9 {cEEV (%, 9,2)} = —ngF, Y (%,9,2), (4.17)
and
) (cv)
&{GF;«[’ (?C;y,Z)} = nGanl (xryrz)' (4"18)

Furthermore, we have

;—x{gF,(f'“)(x,y, z)} = %{GF,(IS'“)(x,y, z)}. (4.19)

The theory of hybrid special polynomials has been one of the most emerging research
topic in mathematical analysis and extensively studied to find useful properties and iden-
tities. Applications of various properties of multivariable hybrid special polynomials arise
in problems of number theory, combinatorics, theoretical physics and other areas of pure
and applied mathematics provide motivation for introducing a new class of generalized
Fubini-type polynomials and explore its properties.

The properties and applications of these polynomials lie within the root polynomials.
To explore the applications of the hybrid class of generalized Fubini-type polynomials, we
have:

1. The hybrid polynomials comprising Fubini type polynomials occurs in many
application not only in combinatorial analysis, but also other branches of
mathematics, engineering and related areas.

2. The reason of interest for the hybrid polynomials related with truncated
exponential polynomials originates from the fact that they appear in the theory of
flattened Beam which assumes a role of foremost significance in optics and
particularly in super-Gaussian optical resonators and plays an important role to
evaluate integrals including products of special functions.

3. The motivation for the hybrid polynomials related with Laguerre polynomials is
because of their intrinsic scientific significance and to the way that these
polynomials are demonstrated to be natural solutions of a particular set of partial
differential equations which often appear in the treatment of radiation physics
problems such as the electromagnetic wave propagation and quantum beam
life-time in storage rings.

4. The hybrid polynomials involving Hermite polynomials occur in probability as the
Edgeworth series; in combinatorics, they arise in the umbral calculus as an example
of an Appell sequence (play an important role in various problems connected with
functional equations, interpolation problems, approximation theory, summation
methods); in numerical analysis, they play a role in Gaussian quadrature; and in
physics, they appear in quantum mechanical and optical beam transport problems.

Page 15 of 25
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In the next section, certain special cases of the generalized Fubini-type polynomials
FV (x, y,z) and GESY (x, y,z) are considered.

5 Special cases

We note that corresponding to each member belonging to the 2VGP G,,(x, y), there exists
a new special hybrid polynomial belonging to the generalized Fubini-type polynomials of
parametric kind gF+" (x, 7, z) and gFS™ (%, 7, 2). The results related to these special hybrid
polynomials can be obtained from the results established in the previous sections.

5.1 Gould-Hopper-Fubini-type polynomials

Since, for ¢(y,t) = &', the 2VGP G, (x,y) reduce to the Gould—Hopper polynomials
D (x, y) (Table 1(I)), for the same choices of ¢(y,t), the generalized Fubini-type poly-

nomials F°" (x,,z) and ¢ES"” (x,7,2) reduce to the Gould—Hopper—Fubini-type poly-

nomials (GHFTP) H(r)l-",(,c’u)(x, ¥,z) and H(V)F,(,S’U)(x, ¥,2). Thus, by taking ¢(y,t) = & in the

results established in Sects. 2—4, we can obtain the corresponding results for the GHFTP

H(,)F,(f’v) (*,9,2) and 4,0 E¥Y(x,7,2), these results are listed in Tables 2 and 3.

Table 2 Results for 5, F F (x,y,2)
Generating function Qe—ex”ﬂ cos(zt) =Y "n0 40 F(CU Xy, )n,
Multiplicative and Moree =x+ D" + ZUEDX - ztan(zDy), Perre = Dy
derivative operators
Differential Dy + ryDl, + 2uegx Dy = ztan@Dx)Dy =)y, ) Flev) x,v,2=0
equation
Identities and ,)Fff 0,2 = Yo (DFR @M xy)
relations H()F(CU) x+uy=Y0,(" ) (n V) (x,y, 2)uk
/)Fﬁ+lcwyr ZIOZm 0()()61) X ’)Frmc -mX.2)
H(I)F(CUH’)X% Z){ O( )F(U F/(’7K(Xyr 2)
x"e" cos(zt) = 35 Yool )5(5)(,)2” B67 K P y,2)
Partial derivatives ;fX—Tﬂ{H(,) F,y,2)} = 2’% S Om'(")( - )8,((5)( T)H(f) F;(’l,f%)(x ¥.2)
equations ;—mm{H()F(CU+G)(X+U,)/, )= m T%)U m(( ) ;)%gum( '2)H’ Fr(wigv L(Uy,2)
B 0P .2 = 5 S =)D ERY )0 P y.2)
Table 3 Results for 5, F FSV(x,y,2)

Generating function o e[ e sin(zt) = 3% 2030 Sy, z )ﬁ

veDx
Multiplicative and Maprs =x +ryDl 1 + 2 Ve + zcot(zDy), Poties = Dy
derivative operators
Differential XDy + ryD;, + ZUE - Dx +2cot@Da)Dy = Ny F(ns'”)(x,y,z) =0
equation
\dentities and 0PV 00y,2) = Yong (D) FR )HK x.y)
relations HUF( )x+uy, =30, (”) ) xz)?{ (u,y)

’H(’)’E(SUHT X)/, ZK 0 (n) @ ’H’ Fscr)(x v,z )
X sin(zt) = T3 Yeoo1° (3) (2) 20287 0 FEV 3, 2)

5
. N - (sv
Partial derivatives ()xm {0 F 5“ xy,2}=2" 2 e /’i’g (”)(”m’()%ffls(%)ﬂ )F,, e (xyz)

(00
equations 5U+0) n! n+2v N+2v\ (K 1 (s,0)
q Wn {w>F (X+uy, 2} = m e M) ()G =Dy Dy Wy 2)

— ! 28 (1 (s,
8X{H(’ Xy’ } 236 ZK 0 Z+K2<§() ( )gx+26(7§)’)~t(’ Fnl/}c (X x4 2)




Srivastava et al. Advances in Difference Equations (2021) 2021:36

Furthermore, in view of Egs. (3.22), (3.28) and (4.5), we have

1 EP(x +iz,) = 350 EV(%,9,2) + gy F&V) (%, 2), (5.1)
> ( )F“” ()3 FE7 (x,9,22)
K
k=0
- ZZ ( ) ES(x,2) 5,0 F9% (%, 9,2) (5.2)
and
i )
pym {H<r)Fn’ (x+u,y,z+ a))}

n
n K
-y m!(K) (m) (30 EO) 05,9, 2) o 16,0) + 4 FO)1,9, S e 0)). (5.3)

5.2 Laguerre-Fubini-type polynomials
Since, for ¢(y,t) = Co(yt), the 2VGP G, (x,y) reduce to the Laguerre polynomials L,(y, x)
(Table 1(II)). Therefore, for the same choice of ¢(y,t), the generalized Fubini-type poly-
nomials GF,(,C'U)()/, x,7z) and GF,(,S’U)()/, x,z) reduce to Laguerre—Fubini-type polynomials

F,(,C'U)(y, x,z) and LF,(,S‘“)()/, x,z). Thus, by taking ¢(y, £) = Cy(y¢) in the results established in
Sects. 2—4, we can obtain the corresponding results for Laguerre—Fubini-type polynomi-
als LF,(,C’”)(y, x,z) and LF,ES’U)()/, x,7), these results are listed in Tables 4 and 5.

Furthermore, in view of Egs. (3.22), (3.28) and (4.5), we have

FV(y,x + iz) = LF“Y) (y,%,2) + iLF,(f’“)(y, %,2), (5.4)

k=0

Table 4 Results for . F“V(y, x,2)

Generating function 2 eyt coszt) = 0 LAy x, 2) &

(2 er
D
Multiplicative and Mype=x- D'+ 2”:DX - ztan(zDy), Purc =D,
derivative operators
Differential XDy -D; D+ 21_’6 Dy - ztan(zDy)Dy — )y, FV (v, x,2) = 0
equation
Identities and Fsyx,2) = S0y (DY @i ,%)
relations LFCU)yx+uZ b o( ) F(Cv(yxz)
L/:nﬂ((wxz Z Zmo()()w X)+m F,(f:; mi%2)
LRy x,2) = Yo (D) FY L FeD v, x, 2)
X'Colyt) coszt) = Y52 Y0 _o(<1) (25“) (;)2”’55””‘LF¥'U)()/,X,Z)
5
Partial derivatives o D WYy X2y =2 ¥ S mi() (% )5(5)<_%)LF§:Z % v, x.2)
i m
equations z;)uim{LFgww bx+u2)}= 2U(nn+'2u)! QZ)U ml(wxzv) (,';)%ECZU%(X, %)LFLCS)U« (u,x.2)

LA X2 = 5 oo -0 (QEP I 2)

Page 17 of 25
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Table 5 Results for 1,F$(y, x, 2)

Generating function —Z——eXCoyt)sin(zt) = Y02 OLFSU)(y,x 2L -

(- ef
Multiplicative and Mg =x - D) +2“6DX +zcot(zDy), Pugs =Dy
derivative operators
Differential XDy — D Dy + lee Dy + zcot@D)Dy - M FEV(y,x,2) = 0
equation
Identities and L% 2) = Yo (D)FS: )LK( )
relations Py x+u,2) =0 (2 ) S0 (6, 2)Le [y, U)

LFSV Oy, x,2) = Y0, (n) FO LRSS y,x,2)
nCO yf sin Zt ZS 0 K= O )5(8 )(K)zv 88”7KLF’(<5’U)0/’X’Z)

8
. R (sv-5)
Partial derivatives gxr,y;{ vy, 2} =2" § > o ()Tl’g' e K)%fﬁé(%) F”,l,i,,zn (v, x,2)
i ; 2 2 2
equations M A F Flv+o) W, x+u2)} = ZSU(:LM)V ZTOU ml(”* v) (K) l((l;)q( X, 2)LF§7S+GZU L,0,2)

d ) k! (29) (sv-8)
e Su(y'XZ 235 ZK =0 Zfzg ( )gx+25(77>LFﬂsv (y’XZ)

Table 6 Results for .o F") (x,y,2)

. . v

Generating function ((2 ir)zv)(fxyrs)cos 7t) =3 oe(s)F(( Yx,y, )n‘
D

Multiplicative and Mrere = x+ yDyXDs + Zzlj:DX ~ztan(zDy), Prec = D
derivative operators ‘
Differential XDy + S,yDDXs zzusDXX Dy~ ztan@Dy)Dy ~ n) 5 FSY (., 2) =
equation :
Identities and Py, 2) = Yo (A @ed ()
relations P 0+uy,2) = 0o (2) o P (x,y, 20U

R0 = T T o (V)@ 9Pt m®,2)
(S)F(CU+U x.y.2) ZK 0( ) K e(S)Fnci xy.z )
=205 Yo CVP () ()27 287 o FEV 0,y 2)

m _38 _ ((,v—é)
(;”Xm{ Ay, 2} =27 Yoo om‘(”)(” VED D oot 0,y,2)

e

(+

Partial derivatives
equations

um{ (CU+J)(X+U,)/, 2)}= m T%v m'( +2U )( )%5(21;%( X, 2)5(5 F,(chu K(U,YVZ)
P 00,2} = A5 Yoo () EP ) 0 FY 0y, 2)
and
am
pyr {LFfls'“)(y,x +U,z+ a))}

Zm'( )( ){ FSV (y,2,2) Coese (1, ) + LF V)5, 2,2) Sie (1, ) }. (5.6)

5.3 Truncated exponentiaI—Fubini-type polynomials

Since, for ¢(y, ) the 2VGP G,,(«, y) reduce to the truncated exponential polynomi-

=15 yts ?
alsof orders en (x, y) (Table 1(III)). Therefore, for the same choice of ¢(y, t), the generalized
Fubini-type polynomials GF (x, y,z) and GFE(x, y,z) reduce to truncated exponential—
Fubini-type polynomials E(S)F,SC’U)(x, 9,z) and e(x)Fff’U)(x, ¥,2). Thus, by taking ¢(y,£) = == yts
in the results established in Sects. 2—4, we can obtain the corresponding results for the
truncated exponential-Fubini-type polynomials e(S)F,(,C’U)(x, y,2z) and e(x)F,(,s'U)(x, ¥,2), these

results are listed in Tables 6 and 7.
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Table 7 Results for o Fs(x,y,2)

Generating function #( wexyﬁ sin(zt) = Zn Oe(j x Y, z)
Multiplicative and Mrees =x + y[;XDg + e - ~ -+ zCot(zDy), Prers = Dy
derivative operators
Differential (xDy + SyD[; + 2“: Dy + 2 cot(zDy)Dy = n) s) Fff'u)(x,y,z) =0
equation
Identities and P02 = Y0y (D)FR@ed (,y)
relations e()F(w) X+ U,Y,2) ZK o( )F(sv x, Z)eK wy)
ESF“”” X,y,2) = ZKO() ES)F;,C(XyZ)
(e yrs Jsin(z0) = 35% Ye-o-1° (3) (£)277267* 9 i .,
B - sv-9)
Part\a\lderlvat\ves axm{ FSV(x,y,2)} =2 § S ;ﬂ'({s‘) (”)(”mk)%ffia(%)e(s)&i,% x.y,2)
equations aum{ F‘“’*”)(Hu yz)} osg nso. M) ()G -1 Py ey, 2)
s 8)
%{ (s) xyz } = 235 ZK 0 Zfzé();( )gl((2+%6(7%) Fglfé ](x,y,z)
Furthermore, in view of Egs. (3.22), (3.28) and (4.5), we have
o FV (x + iz,y) = V(x,y,2) + iy F) (x,9, 2), (5.7)
" /n " /n
> <K)F£’1’K () FE7(,9,22) =2 (K)Fés'”(m 2 FE (1,9,2) (5.8)
k=0 k=0
and
8m
xm {0 FE (x + 17,2+ w))

- n K
=y m!<K> <m> e EE) (%9, 2) Cumse (14, ©) + o0 FEUN(%,9,2) S (1, ) }. (5.9)
k=0

5.4 Hermite-Appell-Fubini-type polynomials

Since, for ¢(y,t) = A(t)e’”, the 2VGP G, (x, y) reduce to the Hermite—Appell polynomials
1Au(x,y) (Table 1(IV)). Therefore, for the same choice of ¢(y,£), the generalized Fubini-
type polynomials g F*” (x,y,z) and ¢ES (x, 7, z) reduce to Hermite—Appell-Fubini-type
polynomials , AF,(,C’U)(x, ¥,2) and AF,(f’”)(x, ,2). Thus, by taking ¢(y,£) = & in the re-
sults established in Sects. 2—4, we can obtain the corresponding results for the Hermite—
Appell-Fubini-type polynomials ,, AFSY) (x,9,2) and 2 4FSY) (x,y,2), these results are listed
in Tables 8 and 9.

Furthermore, in view of Egs. (3.22), (3.28) and (4.5), we have

'HAF},U) (x + izfy) = HAF,(,C’U)(%% Z) + i'HAF;ES,U)(xtyt Z)) (510)
n
n
> (K) E2 (), aF0) (3,9, 22) = 2 Z ( )F 2,2, aF 7 (1,9,2) (5.11)
k=0 k=0
and
9™ (s,v)
ax—m{HAFn’ (x+ 1,7,z +w)}

= Zmz<:) <;>{HAF,§S'1;,Z(x, 9,2)Co 4, @) + 3 aAF0) (%,9,2) S (@) ). (5.12)
k=0
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Table 8 Results for HAFff’U)(X,y,Z)

) ) 2
Generating function (;Zf e cos(zt) =302, HAFCU x,y, )n,
D

Multiplicative and Minee = x + 2yDy + A(DX)) + 22:% — ztan(zDy), Prc = Dy
derivative operators

D
Differential (xDy +2yD2 + 4 A DX 2U€DXX Dy - ztan(zDy)Dy — n)HAFff'“) x,y,2)=0
equation
Identities and HAFE 0,2 =00 ()Fn Flev) )'HA,((X y)
relations HAF(c +uy)=Y0 (0 )HAFn )y, )

PR @y,2) = Y Y o ()~ O AP m00Y.2)
AF(EU+G)XyZ ZK 0( ) @ 'HAFnCz y,2 )
XA cos(zt) = Y50 Yo () (D)2008m  aFE Y (,y,2)

(cu- g)

Partial derivatives 3;; {HAF(‘U Xy2}=2"72 ZK Oml( (" )8(5)( ‘) AFn e (6,Y,2)

equations ot F“”“”(xw 1= s S ) R D
BP0y, 2) = S5 Yol k(¢ )SQ‘W Daaf2wy.2)

Table 9 Results for HAFﬁf'U)(x,y,z)

Generating function (fzggv ex”yI2 sin(z) =302 HAF(S’U)(X v,z )[:,

Multiplicative and Miars = X + 2yDy + A X)) + 22“5 D +2COtzDy), Prprs = Dy

derivative operators

Differential XDy + 2yD? + A(DX D+ Zi’e Dr Dy + zcot(zDy)Dy — n)HAF(”S'“) xy,2)=0

equation

Identities and F(“’ Cy2=Yr (”) )'HAK(X y)

relations AF(“’ X+ uy,2) ZK . (n) (57 K 224 ,Y)

APV 00y, 2) = 30 (] ) & a e ,y,2)
XA sin(zt) = PR DB )‘3(5)(K)2U’55”’KHAF,(<S'U)(X,%Z>

5
) - m )
Partial derivatives gxm {pafs oy, 2y =27 iyn, e (1) () B (1), a2 (00,2
equations 5v+o) | n+2v n+2v\ (K ~2V) (s,0)
a {H (x+uy, 2)} = —23u£+2u) 5 (") ()G = 3) g AP G- 0y, 2)

_ ! (25 1 (5,u-8)
ﬁ{’HAF” ky.2)} = 23_5 ZK:O Zfzé( ( )gk+2<3( )’HAFn“/i 1 (y.2)

6 Conclusions

In our present work, two-hybrid classes of the generalized Fubini-type polynomials of a
parametric kind are introduced, and their properties are investigated with the help of op-
erational methods. Several important identities and relations are established for these hy-
brid type polynomials. Partial derivative formulas including the generalized Fubini-type
polynomials are also derived. The Gould—Hopper—Fubini-type polynomials, Laguerre—
Fubini-type polynomials, truncated exponential-Fubini-type polynomials, and Hermite—
Appell-Fubini-type polynomials are introduced as special cases of the generalized Fubini-
type polynomials of a parametric kind. The numerical computations of zeros and graphs
related to these special cases can also be done. Furthermore, the symmetry identities, dif-
ferential and integral equations associated with the generalized Fubini-type polynomials
can be established. These aspects may be considered in further investigation.

Appendix
The 3D surface plots are more informative and better for analysis. It helps to visualize the
response surface and hence to provide a clearer concept.
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In this section, we give some interesting graphical representations for GHFTP
H(r)F,(f’U) (x,9,2) for suitable values of the parameters and indices. The first few GHFTP
H(r>F,(f’U)(x,y, z) for r =2 and v =4 are

H(@F(()C’U)(x,y, z) = 16,

20 F (x,,2) = 128 + 16x,

2 FSY (%,y,2) = 1280 + 256x + 16x> + 32y — 1627,

2 S (x,9,2) = 15,104 + 3840x + 384x + 165> + 768y + 96xy — 3842> — 48x2°,
L F (x,9,2) = 204,032 + 60,4161 + 7680x> + 512x° + 164" + 15,360y + 3072xy

+192x%y + 192y* — 76802% — 1536x2> — 96x°2> — 192y2> + 162*.

The shapes of the GHFTP H<,>F,§°“>(x,y, z)forr=2,v=4,y=3,z=5and -100 < x < 100
forn=1,2,3,...,10 are displayed in Fig. 1.

The surface plots of the GHFTP H(r>F,(f’“)(x,y, z) forr=2,v=4,y=3and n =20 are
displayed in Fig. 2.

Numerical results for number of real and complex zeros of the GHETP 4, F,(f’v) (%,9,2)
forr=2,s=4,y=3and z =5 are listed in Table 10.

Approximate solutions satisfying the GHFP H(r>F,(,C’V)(x, y,2)=0forr=2,v=4,y=3and
z =4 are given in Table 11.

The zeros of the GHFP H(,)F,(,C'V)(x,y, z)=0forr=2,y=3,z=5,n=20and x € C are
plotted in Fig. 3.

In Fig. 3, we choose v = 10 (top-left), v = 20 (top-right), v = 30 (bottom-left) and v = 40
(bottom-right).

For b,d € R and x € C, GHFP H(r)F,(f’V} (%, b,d) has Im(x) = 0 reflection symmetry which
is shown graphically in Fig. 4.
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Figure 1 Curve of GHFTP , () F{™(x,1,2)
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Figure 2 Surface plot of GHFTP , () F{™(x,y,2)

Table 10 Numbers of real and complex zeros of F,(f'v)(x,y,z) =0

Degree n Number of real zeros Number of complex zeros
1 1 0
2 2 0
3 1 2
4 2 2
5 3 2
6 2 4
7 3 4

Table 11 Approximate solutions of 4, FV(x,y,2)

Degree n Real roots Complex roots

1 -8.0 -

2 -9.7321,-6.2679 -

3 -12.4486 -5.7757 - 24171, -5.7757 +24171i

4 —15.7331,-3.2498 —6.5085 — 5.0405/, —6.5085 + 5.0405/

5 -18.8334,-8.0471,-0.4824 —6.3186 - 7.73086/, —6.3186 + 7.73086/

6 —21.9822,2.4281 -84121-3.3098/, -84121 +3.3098;/,
-5.8108 - 10.0564/, -5.81082 + 10.0564i

7 —25.1389, -9.3486, 5.3876 -8.2941-59519j, -8.2941 +5.9519j,
—-5.1559 - 12.1304/, -5.1559 + 12.1304i

Real zeros of the GHFP H(,)Fy(f'v)(x,y,z) =0forr=2,s=4,y=3,z=-5,x€Rand 1<
n < 20 are plotted in Fig. 5.
Stacks of zeros of GHFP H(,)F,(,C'V) (x,9,2) =0forr=2,v=4,y=3,z=5and 1 <n <20

form a 3-D structure and are presented in Fig. 6.



Srivastava et al. Advances in Difference Equations

(2021)

2021:36

150 ‘ ‘ 150 ‘ ‘
100} ] 100F ]
..
50t — 50F o ]
.. ...
= f 2 $
g O . =z 0 . o
E \ £ i
[ ]
.. ...
=501 4 —50F . i
[ ]
—100f — —100F —
-150 : : -150 : :
~150 -100 -50 0 50 ~150 -100 -50 0 50
Re (x) Re (x)
150 ; ; 150 ‘ ‘
100} ] 100F . ]
[ ] [ ]
[ ] L]
50t o 1 s0F N 1
[ [
S °
S ~ °
2 A | 2 o
g 0 M § e O s
— [ —_ °
% °
L)
° “
-50F ° ] -50} A ]
[ ] [ ]
[ ] [ ]
~100} 1 ~100} ° 1
-150 : : ~150 : :
~150 -100 -50 0 50 ~150 -100 -50 50
Re (x) Re (x)
Figure 3 Zeros of GHFTP () FV(x,y,2)
T T T
40 . R
[ ]
r [ ]
[ ]
[ ]
L [ ]
[ ]
20 ] i
B [ ]
[ ]
—~ [ ]
¥ 0 N
E le
= °
L ]
L L ]
-20+ ° E
L °
L ]
L ]
L ]
L L ]
L ]
—40+ ° B
L L L L L L L L L L L L
-20 -10 0 10 20
Re (x)
Figure4 Fgco’v)(x, b,¢) has Im(x) = 0 reflection symmetry

Mathematical problems can be investigated more effectively and more thoroughly using
computers. The ability to make the figures on the computer screen empowers us to en-

vision and produce numerous problems, analyze the properties of figures and search for

new patterns.
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Figure 6 Stacks of zeros of GHFP , Fis"

xy,2)=0
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