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1 Introduction

Consider the first-order linear delay differential equation
&)+ p)x(c() =0, t>1t, (1)

where p, T € C([£o, 00), [0, 0)), T(£) < ¢, such that lim,_, o, 7(£) = co.

By a solution of Eq. (1) we mean a continuous function x(t) on [t,, t], £ = infy, 7(2),
continuously differentiable on [£, 00), which satisfies Eq. (1) for all ¢ € (¢, 00). As is cus-
tomary, any solution x(¢) of Eq. (1) is called oscillatory if it has arbitrarily large zeros; oth-
erwise it is called non-oscillatory. Equation (1) is said to be oscillatory if all its solutions
are oscillatory; otherwise it is called non-oscillatory.

Throughout this work, we assume that the function §(¢) is non-decreasing, continuous,
and such that 7(¢) < §(¢) < ¢t for all t > #; and some t; > £y, and 8”(¢) stands for the n-fold
composition of §(¢). Let

() =supt(s), t= 1o ®
s<t
and
1-v—+/1-2v—12 1
c(v) = , 0<v<-

2 e
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Also, the notation A(£) refers to the smaller real root of the transcendental equation
) = e*. Finally, let

t

k* = liminf / p(s)ds.
t—00 o)

The work of Myshkis [27] can be considered as the first systematic study for the oscil-
lation character of the class of the delay differential equations. Recently, these equations
have attracted the interest of several researchers, see [1-31]. A huge number of sufficient
conditions for the oscillation of Eq. (1) have been obtained. For example, the criteria

t
L:=1lim sup/ p(u)du>1, where 7(¢) is non-decreasing, (3)
t—00 7(t)
t 1
k:=lim inf/ plu)du > —, (4)
t—00 ) e

were derived respectively in [26] and [23]. In fact, the threshold % is of great importance
for the oscillation problem of Eq. (1). Since, according to [23], if

¢ 1
/ p(u)du < —,
7(t) €

then there exists a non-oscillatory solution of Eq. (1). Indeed, the oscillation problem of
Eq. (1) is completely solved when the coefficient and the delay functions are constants p
and 7, respectively. In this case all solutions are oscillatory if and only if pt > % ; but in
the non-autonomous case, the situation is totally different. There is a gap between é and
1, when the limit lim;_, o, f;(t) p(u) du does not exist. Many works have been done to fill
this gap in the case of nondecreasing delays, L <1 and 0 < k < %, see [22, 28] and the
references therein. The assumption that the delay is nondecreasing plays a major role in
these works. Koplatadze and Kvinikadze [24] showed that many oscillatory criteria can be
generalized to equations with non-monotone delay, using a nondecreasing function ¥ (¢)
that is defined as in (2). Since then, several mathematicians have developed and introduced
many techniques to study the oscillatory behaviour of these equations. In the following,
we show some of these results:

Koplatadze and Kvinikadze [24] improved condition (3) and introduced the sufficient

condition
¢ o)
lim sup/ p(s)ef\//(s) puenlwdu go g _ c(k), (5)
t—00 v(t)
where
t
D1(H)=0,  D,(t) = lr@POP10d 93 fort > t,.

Braverman and Karpuz [4] improved (5) with n = 2, and obtained

¢ v (o)
lim sup/ p(s)eff(s) pudu g o 1. (6)

t—00 v(t)
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Stavroulakis [29] improved the preceding condition and established

ft p(S)ef%s()t)p(")d”ds>l— 1-k- 1_2k_k2.

7
w(e) 2 &

lim sup

t—>00

Infante et al. [21] improved (5) with # = 3, and (6), and proved that Eq. (1) is oscillatory

if
t 5(t) Sy P dv
lim sup/ p(s)efr(s) plwe Wass1, (8)
t—>00 8(¢)
or
¢ 5(1)
lim sup <lim sup/ p(s)e(”k)‘e)ff(s) pl)du ds) > 1. 9)
e—0t t—00 8(¢)

El-Morshedy and Attia [17] showed that Eq. (1) is oscillatory, if for some n € N,

t —
lim sup (/ B,.(s)ds + c(k*)efg(t) Py Bi(S)ds) S 1, (10)
s

t—00 (t)

where
t
Bo®)=p(t),  Bu(t) = Bo(t) / Bo(s)ero Bowas g
7(t)

and
t

B,(t) = B,_1(¢) / B,y (s)elie Bt go o3
8(t)

In a series of papers, Chatzarakis et al. obtained many oscillatory results for Eq. (1), see
[5-15]. For example, Chatzarakis [5] improved (5) with # = 3, and (6), and obtained the
oscillatory condition

t h(t)
lim sup/ p(s)efr(s) PuMali)d oo 1 e(k), (11)
h

t—>00 ()

where

t

M,(t) =p(t)[1 * f pls)elis Ma1ede ds]’ Mo(t) = p().
7(t)

Bereketoglu et al. [3] improved (11), and proved that Eq. (1) oscillates if there exists
n € N such that

t 8(t) 1 or
lim sup / p(s)ef ol Pl g (12)
t—>o0 Ji(t) 1 - c(k*),

where

Po(t) = p(t)
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Pn(t):p(t)|:1+/5 p(s)elre P d“ds:|, n=12,....

Very recently, Attia, El-Morshedy and Stavroulakis [2] improved (9) and (12), and intro-
duced the following criterion:

lim sup/ p(s)e WRmn)du go 9 _ (k*), (13)
8(2)

t—00

for some n,m € N, where

t t
Rm,n(t) =1+ / p(s)ejr(s)p(u)l)m_l'n(u) du dS:
7(t)

,,(t)—e PO 19 m-1,j=1,2,...,n,

and

3(0)
Doo(t) = (L (k*) —€) (1 + (A (k) - e)/ p(s) ds), € € (0,A(k*)),
T(t)
Do, (t) = efrt(t)P(S)DO,r—l(S) 12 m,
Dio(t) =Ri,(t), i=1,2,....m—1.

2 Results
Let x(¢) be an eventually positive solution of Eq. (1). Then

&) +pt)x(5() <0, t>t. (14)
Therefore the following lemmas are applicable to x(t).
Lemma 2.1 ([19, Lemma 2.1.2]) Let0<k < % Then

#0@) A(KY). (15)

1 f
B ()

Lemma 2.2 ([31]) Letk < 1. Then

liminf

13 *
oo %(58(2)) = ¢(k7). (16)

In the sequel, we define the sequences {Q,(#)}52, and {B,(¢)}52; as follows:

1, k* =0,
AMk*)—€, k*>0,e €(0,A(k)),

Qo(?) =

¢ vV, v 1
Bi(t) - /8 plsy)el o POQW 4o Q0=

52(8)

t 50 ® v)dv
Bolt) = / pls)ds, +Q1(5(0)) / pls1) / plsy)eln POQOL o g
8(t) 8(t) 7(s1)
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1

Qu(2) = 1_7132(’:),

and

t t 8(t)
Bu(t) = /S(t)zo(sl)dsl+Qn_1(5(t))/(S )p(sl)/ ps2)dsydsy +---

( 7(s1)

n—

1 4 t 0 §"2(f)
[T )) /5 ) / P / D5 1)dsy s - dsy

=2 7(sp—-2)

n

+] [(Qu-1 (871 ®))

=

t 8(t) §"1(p) 10
X/ P(Sl)/ p(sz).../ P(Sn)ef”s”)p(V)Q"_l(V)dvds,,~~~d51,
$ T

®) (s1) T(sn-1)

Qn(t): n=3,4,....

1
1- ﬂn (t) '
The following lemma is essential in order to obtain the main results.

Lemma 2.3 Letne€{0,1,2,...} and k < % Then B, < 1, and

x(z(2))
x(t)

> Qu(t) forall sufficiently large t,

where x(t) is a positive solution of Eq. (1).

Proof Since x(¢) is a positive solution of Eq. (1), then x(¢) is eventually non-increasing for
all sufficiently large ¢. Therefore

& (t) + pt)x(5(2)) < 0.

If k* > 0, then Lemma 2.1 implies, for sufficiently small € > 0, that

x(z (1)) - x(8(1))

w0 ag 2K -e

This inequality and the non-increasing nature of x(¢) lead to

x(5(2))
x(£)

> Qo(®). (17)

On the other hand, dividing Eq. (1) by x(¢), integrating from s to ¢, s < £, we get

t x(7(u))
x(s) = x(t)efS P (18)

Integrating Eq. (1) from 4(¢) to ¢, we obtain

t

x(¢) —x(rS(t)) + /

( )p(sl)x(f(sl)) ds; = 0. (19)
S(t
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Since 7(s1) < 8(¢) for s; <t, (18) and (19) give

4 5(8) x(t(w)
x(t) — x((S(t)) + x(8(t)) /( )p(sl)efr(sl)p(u) o) ds; = 0. (20)
st

This equation and (17) lead to
! )
x(t) - x(8(8)) +%(5(2)) / plsy)elnP @@ go o
®

Consequently,

(@) _26@) 1
W0 w0 1-Fil0)

= Qi (). (21)

Again, integrating Eq. (1) form t(s1) to 8(¢), s1 < ¢, we obtain
5(t)
x(r(sl)) = x(8(t)) + / p(sz)x(r(sz)) ds,.
T(s1)
Substituting into (19), we have

t

3(0)
x(t) - x(8(2)) +x(8(t))/ )p(sl)dsl +/ Sl)/ p(s2)x(t(s2)) dsy dsy =

8(¢

From this and (18), we obtain
x(t) —x(rS(t)) +x(8(t)) / pls1)ds;
()

¢ @) 82() #(x(v)
+x(82(t))/ P(Sl)/ P(Sz)ef’(sz)p(v) ) dvdszdsl =0.
8(t)

(¢ t(s1)

Therefore, it follows from (21) that
t

x(t) — x(8(2)) +x(3(2)) /( plsy)ds,

+x(8(t))Q1(8(t) /(; p(sl)/ plsy)e ’(52 PMQLl ds ds; <0.

Therefore

x(8 (t)) 1
0 1=

= Qa(1).

By simple induction, we get

t

x(8(2)) = %) +x(3(2)) /

8(t)

8(t)
pls) ds, +x(5%(0) / p(s1) / pls)dsy dsy + -

)

s(t) 8"2(t)
(6" (1) / o) [ pss)... / Plsnr) sy - dsy (22)

(s1) T(sp-2)
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t 8(t) 81 710 0 (r(v)dv
w6 @) [ pton) [ pls [ ploneld S s =
8(¢) T

(¢ T(s1) (Sn-1)

for n =3,4,.... Since

() - 20O 2°0)

@) o OOy =B

we get
x(8'(8)) = x(5(2)) HQ,, (&7@®), i=34,...n
j=2
Substituting into (22), we obtain

x(8(t)) - 1
x(t) T 1-Bu()

Theorem 2.1 Letne{0,1,2,...}.If;>1,i=1,2,...,n, 0r

=Qu(t), n=3,4,.... O

lim sup/ p(s)e WQudu g _ c(k*), (23)
s

t—>00

then Eq. (1) is oscillatory.

Proof Assume that Eq. (1) has a non-oscillatory solution x(t). Without loss of generality,
let x(¢) be an eventually positive solution. By using (20), we obtain

¢ () g

x(t) - x(5(8)) +(5(2)) / plp)elenP @l @ g, o,

3(¢)

Using Lemma 2.2, it follows that

¢ 3(6) )du x(t)
(S ) f, Sl)p( u)Qn(u ds <1- )
/M” e P=0T60)

From this and Lemma 2.2, we obtain
t—00

£ 5(¢)
lim sup/ p(sl)ef,(sl)P(u)Qn(u)du ds; <1- C(k*)
8(¢)

This contradicts (23). O

Theorem 2.2 Assume that n € {0,1,2,...} and §(¢) is a strictly increasing for t > t;. If
Bi>1,i=1,2,...,n,0r

p(s1 (s p(sz) dsy ds ¢ 3(0)
limsup<ft f (1 = / Dlsy)elrion Pt du dsl) 51, (24)
t— 00 1- f 51 dsl 8()

then Eq. (1) is oscillatory.

Page 7 of 12
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Proof Assume that there exists a positive solution x(£) of Eq. (1). From the proof of The-
orem 2.1, we see that

x(t)
x(5(2))

t
+/ plsy)e ’<51 P)Qn(u) du ds; < 1. (25)
st

Integrating Eq. (1) from ¢ to §71(¢), we have

b ()
x(é‘l(t)) —x(t) + / p(sl)x(r(sl)) ds; =0. (26)

Since t > t(s1) for §71(t) > s;, one has
x(t(sl)) =x(t) + / p(sz)x(t(sz)) ds,.

T(s1)

From this, (26) and the non-increasing nature of x(£), we have

571 R 0)) t
x(871(8)) — x() + x(t)/ p(s1)dsy + x(rS(t))/ pls1) /( )p(sZ)dsz ds; <0,

which in turn leads to

x(t) >ﬁ 7 plsy) f,(sl)p(SQ)dSstl
X(S(t) - 1— f[ S1 ds1

By substituting into (25), we have

ds <1.

571(t) t
I p(sl)ff(sl)p s)dsds /t S0 p)Qutu
8

plsi)e
1- f S1 dSl (6

Taking the upper limits of both sides as ¢ goes to 0o, we obtain a contradiction with (24). O
Theorem 2.3 Letn€{0,1,2,...}.If ;i >1,i=1,2,...,n,0r

J2EL) ) Q)

t
lim sup/ plsie ds;>1-— c(k*). (27)
—> u)Qy(u) du
too Ja) | _ fsn S)e, 1 () Q) ds,

then Eq. (1) is oscillatory.

Proof As before, let x(£) be a positive solution of Eq. (1). Then

t

x(t) - x((S(t)) + f p(s1)x(t(s1)) dsy = 0. (28)

5(t)
By using (17), from the proof of Theorem 2.3, we have
t 1)

x(6) ~x(5(0)) + / ple(B(s0)e e 7 4 g5, o, (29)

8(t)
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Integrating Eq. (1) form 8(s1) to §(2), s; < ¢, we get
()
x(é(t)) —x(S(sl)) + /( )p(sz)x(t(sz)dsz =0. (30)
S(s1

Since t(sy) < 8(s1) for sy < sy, it follows from (17) and (30) that

() (51) u x(f(
x(é(t)) —x(S(sl)) +x(5(s1))/ plsa)e Jetoy) PO dsz =
8(s1)
that is,
x(5(2))
x(8(51)) = 50 fs(sl)p(u)x(r(u)) du
1 3 plsp)el e P g
From this, (29) and Lemma 2.3, we have
JE81) pu0) Qu)
./t plsy)e’ren P ds; < x(t)
1= - .
u)Qy(u)du x(8(¢
01 [30 )fszmQ() s, (6(2)

This, together with Lemma 2.2, implies that

S0 plu) Qu0)

t
lim sup/ plsie D ds; <1- c(k*).
t—oo Jo(e) 1 _ f;(i?)p(”)efr(sz) P()Qu(u) du ds,

This is a contradiction. 0

The proof of the following result is the same as those of Theorems 2.1 and 2.2, and hence
it will be omitted.

Theorem 2.4 Let n € {0,1,2,...} and §(t) be strictly increasing for t > ;. If B; > 1, i =
1,2,...,n,0r

(u)Qn(u) du

. f;s_ © 1)f p(s2) dsads; t p(s1 )e ”1
lim sup + “1) ds;
t=o0 1- ft ? pls1) ds, 86 1 _ fa P (sp)e/clon) PO 5
> 1. (31)

then Eq. (1) is oscillatory.

Remark 2.1
« The criterion (23) improves conditions (5) with n = 2, (6), (7), and (9) when k = 0.
+ Lemma 2.3 can be used to improve and generalize the oscillation results of [30
Lemma 2.1], [16, Theorem 2.6] and [18, Lemma 2.5].

Example 2.1 Consider the first order delay differential equation

& (@) +p(Ox(() =0, £>2, (32)
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where
o v (2t +1)
t(t)=t—-1-1¢cos — ) v = 10,000, ¢ = 0.0001,
and
0) t € [sthu/l]
y(t =), telm,p+1],
p(t):=
)Z) tG[M +1nu/l'+9]:
T8l pe [+ 9,8,

where i, u; €N, y =0.4195, & >0, u; > 1 + &, and &;,1 > u; + 9 such that lim;_, & = 00
Since
i

t i
0< liminf/ p(s)ds < lim p(s)ds = lim / pls)ds =0,
t—00 z(t) i—00 T(Hi) i—00 wi-1

one has k = k* = 0, and it follows that conditions (4), (9) and (13) fail to apply. Let 6(¢) =t -1
and

-1
fta (t)P(Sl)f:( P p(s2)dsy dsy /t
)

I(t) = +
1- ft p(sl ds;

Since
wi+8 ) .
I(ui+8) > m+8 p( 1) 5191 p(s2) dsy dsy N /Mﬁsp(sl)efs;;l171’(”)Q2(”)d” s,
1- :l:s P(Sl) ds; wi+7
Then
1
Q2(”):m, Mi+6=<u=pu+7,
- P2

and

u u u-1 -2
Ba(u) > / p(sy)dsy + Qi(u— l)f P(Sl)/ p(Sz)efSZ’lp(v)Ql(v)dV dsy ds1,
u—1 u-1 s1—1
where pu; + 3 <v < pu; +5,also
1
W)=
A=

and
v v—1 d
pr(v) > / P(S1)ej31*1p(r)Q°(V) "ds;, wit+l<r<p;+4.
v—1

Then

mwz/ ye = -1 and Q)25
v-1



Attia Advances in Difference Equations (2021) 2021:41 Page 11 of 12

also

QW) > —a A=t

TA-erdyl’ 2—er’

Therefore I(i; + 8) > 1.0002. As a consequence, limsup,_, ., I(¢) > 1, and hence Theo-
rem 2.2 implies that Eq. (32) is oscillatory. However, if we assume that §(¢) = ¥ (¢) (which
is defined as in (2)), then

t-1-c<t(t)<é(t)<t-1.

Consequently, ff(t) p(s)ds < (1 +¢)y. Then, ®g(¢) < 3.363136, and it follows that

¢ (1) ¢ t-1
lim sup/ p(s)efr(s) Pu®stdu go i, sup/ yelsicy®swde go .
s t-1-¢

t—o00 (t) t—o00

Therefore, none of conditions (5) with 7 = 8 or (6)—(8) hold. Also, since

t t
lim sup (/ By (s)ds + c(k*)efﬁt(t) Z}-OB’(SMS) <lim sup/ By(s)ds <0.18315 < 1,
8 t-1-¢

t—00 (t) t—00

condition (10) with # = 2 fails to apply. Finally,

¢ s(t) t -1
lim sup / p(s)el PO gg Nimsup / yel Lo v 4o 0817 < 1,
8 t-1-¢

t—00 () t—00

hence, condition (12) with 7 = 3 is not satisfied.

3 Conclusion

In this work, we obtained new oscillatory criteria for Eq. (1), using improved lower bounds
for the quantity %, where x(¢) is any positive solution of Eq. (1). Some of the obtained
results improve many previous works. Finally, we introduced an example to demonstrate

the simplicity and efficiency of some of our results, especially when k = 0.
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