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1 Introduction and preliminaries

The idea of Shannon entropy is the central job of information speculation, now and again
implied as a measure of uncertainty. The entropy of a random variable is described with
respect to a probability distribution, and it can be shown that it is a decent measure of
random. The assignment of Shannon entropy is to assess the typical least number of bits
expected to encode a progression of pictures subject to the letters, including the size and
the repetition of the symbols.

Divergences between probability distributions can be interpreted as measures of dis-
tance between them. An assortment of sorts of divergences exist, for example the f-
divergences (especially, Kullback—Leibler divergences, Hellinger distance, and total varia-
tion distance), Rényi divergences, Jensen—Shannon divergences, etc. (see [1, 2]). There are
a lot of papers dealing with the subject of inequalities and entropies, see, e.g., [3—7] and
the references therein. Jensen’s inequality deals with one kind of data points, Levinson’s

inequality deals with two types of data points.

1.1 Csiszar divergence

In [8, 9] Csiszdr gave the following definition:
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Definition 1 Let f be a convex function from R* to R*. Let f,k € R” be such that

> hatp=land 377 k, = 1. Then f-divergence functional is defined by

_— Z r
I (F, k) := Zk,,f(k—”).
Z 2
p=1
By defining the following:

£(0) := lim f(x); 0f(g> :=0; Of(g) := lim xf(g), a>0,

x—0* x—0*

he stated that nonnegative probability distributions can also be used.
Using the definition of f-divergence functional, Horvath et al. [10] gave the following

functional:

Definition 2 Let I be an interval contained in R and f : T — R be a function. Also let
f=(r1,....,rn) €ER"and k = (ky, ..., k,) € (0,00)" be such that

Z—‘; el, p=1,...,n
Then
A o - 7
I (¥ k) := Zw(k—"). M
=1 e

The theory of convex functions has encountered a fast advancement. This can be at-
tributed to a few causes: firstly, applications of convex functions are directly involved in
modern analysis; secondly, many important inequalities are results of applications of con-
vex functions, and convex functions are closely related to inequalities (see [11]).

Divided differences are found to be very helpful when we are dealing with functions
having different degrees of smoothness. The following definition of divided difference is
given in [11, p. 14].

Levinson generalized Ky Fan’s inequality for 3-convex in [12] (see also [13, p. 32, Theo-

rem 1]) as follows:

Theorem 1 Letf :1=(0,21) — R be such thatf is 3-convex. Alsolet0 <x, < Aandp, >0,
then

1 « 1 <& 1 &
B, 2 baf ) =f (,7 prxp) < 5 2 Paf 2 -%)
" p=1 " op=1 np=1

-/ (,)i >_po2 —xp>). @)
n =1



Adeel et al. Advances in Difference Equations (2020) 2020:27 Page 3 of 15

Inequality (2) gives us the following functional:
1 n
]1 prf 21 —x,) - ( ZPP 21 —x, ) “p prf(xp)
n,01
1 n
+f(17 prxp) > 0. (3)
n p=1

In [14], Popoviciu noticed that Levinson’s inequality (2) is substantial on (0,2A) for 3-
convex functions, while in [15] (see additionally [13, p. 32, Theorem 2]) Bullen gave dis-
tinctive confirmation of Popoviciu’s result and furthermore the converse of (2).
Theorem 2

(a) Letf :1=1[1,82] = R be a 3-convex function and x,,y, € [(1, 5] for p=1,2,...,n
be such that

max{xy - - &} Smin{yy---yuh, X +y1=-c =X+ Yn (4)

and p, > 0, then

Pi prf(xp) _f<Pi ZPP’%) = pi prf(y,o) _f<Pi pryp)- (5)
" p=1 " p=1 " p=1 " p=1

b) Ifp, >0, inequality (5) is valid for all x,, y, satisfying condition (4), and function f is

continuous, then f is 3-convex.

The following functional arises from inequality (5):
1 o 1 o
]2(f( ) prf(yp) f( pryp) P prf(xp)
n n o-1 n o-1
1 n
S P, ;prp > 0. (6)

Remark 1 In the above results, if the function f is 3-convex, then Ji(f(-)) > 0 for k = 1,2
and Ji(f(-)) = 0 for f(x) = x or f(x) = x? or a constant function f.

In the following result, Pecari¢ [16] (see also [13, p. 32, Theorem 4]) proved inequality
(5) by weakening condition (4).

Theorem 3 Let f : 1 = [{1,8] — R be such that f3(t) > 0, p, > 0. Also let x,,y, € [¢1, 2]
be such that x, +y, =2 for p=1,...,1, X + Xp_py1 < 2¢ and '%W < ¢. Then

inequality (5) holds.

In [17], Mercer proved that inequality (5) still holds after replacing the symmetry con-

dition with symmetric variances of points. His result is given in the following theorem.
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Theorem 4 Let f : [ = [¢1,5] — R be such that f3(t) > 0, p, are positive such that
ZZ:M’/J = 1. Also, let x,, y,, satisfy max{x; - --x,} <min{y, ---y,} and

n n 2 n n 2
pr <xp - Zpﬂxﬂ> = pr (yp - pryﬂ) ’ 7)
p=1 p=1 p=1 p=1
then (5) holds.

Lidstone polynomials are useful in literature to generalize a number of novel inequali-
ties including Jensen, Ostrowski, Chebysev, and Hermite—Hadamard type inequalities. In
the literature, several extensions and generalizations of the said inequalities are found via
Lidstone interpolation. However, all these results involve only one type of data points and
are for the class of convex functions along with generalization for (2p)-convex functions.

The following result was proved by Wider in [18]:

Lemma 1.1 Iff € C*[0,1], then

p-1 1
10 = L6 -0+/2000] + [ 6650,
1=0 0

where Oy is a polynomial of degree (21 + 1) defined by the relations
@O(t) =t @I/g/(t) = @pfl(t)t @p(o) = @p(l) =0, b= 1,

and
Gi(t,s) = Glt, ) = ( =5 )

2

. B , . X d .
is homogeneous Green’s function of the differential operator - on [0, 1], and with the suc-

cessive iterates of G(t, s)

1
Gp(t,s) :/ Gi(t, k)Gpo1(k,s)dk, p=>2. 9)
0

The Lidstone polynomial can be expressed in terms of G,(Z, s) as

1
O,(t) = / G,(t,s)sds. (10
0
The Lidstone series representation of f € C%[¢1, ] is given in [19] as follows:

p-1 p-1
- oA e [ 2% N2 () x—é“l)
f) g(@ Wi (cl)o,(gz_Q) +ZO(;2 0)2f (gz)@l(ﬁ_g1

I=

g x=4 -4 )j
_ 2p-1 G , - (Zp) t dt, 11
+He-8) /;1 p(Cz—Cl -0 ® (1)




Adeel et al. Advances in Difference Equations (2020) 2020:27 Page 5 of 15

The error function ex(f) can be represented in terms of Green’s function Gr,(t, s) of the
boundary value problem

Z"(t) =0,
2)=0, 0<i<p,

) =0, p+l<i<n-1,

%)
erlt) - / Genlt,)f () ds, £ € [0, 00,
s

1

where

1 o ()=t (gr - ), a<s<t
m=DE -yl ()= 6)i (G -8, t<s<o

Geu(t,s) = (12)

In [20] Aras Gazi¢ et al. proved the following result:

Theorem 5 Letf € C"[¢1,¢2] and Pr be its ‘two-point right focal’ interpolating polynomial.
Then, for{y <ar<a, < and0<p<n-2,

f(£) = Pe(t) + er(t)

)4

(t - al)if(i)(dl)

i!

n-p-2 [/ j i .
(E= )" "len - aa) (p+1+))
+ (; (p+1+0)1G-0) )f Nay)

+ f ” GEu(t,5)f " (s) ds, (13)

ai

where Gg,,(t,s) is the Green’s function defined by (12).

We have the following two cases from (13).
(Case-1) Forn=3andp=0

2
FO) = flar) + (¢ - an)fD(a) + (¢ - ar)ar - an)f®(as) + =2 f0(g,)
+ / ” Gi(t,s)f®(s)ds, (14)
where
_<)2 .
Gilts) = (a1 —5s)%, a1 <s<t 15)

—(t-a)(a1-9)+3(t-a)? t<s=<a.

(Case-2) Forn=3andp=1

_ 2 ap
F&) =f(ar) + (t - a1)f V(az) + ( ;1) f(z)(az)+/ Ga(t,5)f ¥ (s) ds, (16)

1
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where
l(ﬂ _q)2 _ _ .
1=8)"+(t—ai)(a1-s), a1<s=<¢g
Go(t,s) =17 (17)

-3t -a), I <s=ay.

In [21], Pecaric et al. gave a probabilistic version of inequality (2) under condition (7). In
[22] an operator version of probabilistic Levinson’s inequality was discussed. In [20], Gazi¢
et al. considered the class of 2p-convex functions and generalized Jensen’s inequality and
converses of Jensen’s inequality by using Lidstone’s interpolating polynomials. All gener-
alizations that exist in literature refer only to one type of data points. But in this paper,
motivated by the above discussion, Levinson type inequalities are generalized for (2p + 1)-
convex function via Lidstone interpolating polynomial involving two types of data points

for higher order convex functions.

2 Main results
Motivated by functional (6), we generalize the following new results with the help of Lid-

stone interpolating polynomial given by (11).

2.1 Generalization of Bullen type inequalities for (2p + 1)-convex functions
First we define the following functional:
F: Letf:1j = [¢1,¢4] — R be a function, «1,...,%, and y1,..., ¥, € I; be such that

max{xy - - Xy} Smin{yy -y}, X1 +HY1=00 =X+ Yo (18)

Also let (p1,...,pn) € R" and (q1,...,qm) € R™ be such that ZZ:IP/J =1 Z;”Zl go=1
and %, Yo, Doy PoXps D_po1 doYe € 11 Then

j(f()) = quf(yg) _f<zqay9> - prf(xp) +f<2ppxp>' (19)

o=1

Theorem 6 Assume F with f € C**1[{1,8,], and let ©(t) be the same as defined in
Lemma 1.1. Then

5 p-2 v —
J(f() = Z(Cz —a)? I:f(21+3)(§1) ](Gk(',S))@l( -8 ) ds
1=0 S| CZ - {1

9}
(21+3) T(Gi(-5)) 6 3_§1)d:|
- FO9(5) /g (Gl s>)oz(§2_ SE

s
TRl R
51

2, s—=& V—§1) )
G ) G ) d d, 20
X(/ﬁ J(Gil19)) ”(zz—gl o-a)®) (20)

Page 6 of 15
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where

Gk( 5)) = quGk(yg:S) Gk(Z‘I@(ﬁ’Q:S))

o=1 e=1
= psGilxy,s) + Gk <prxp,S) (21)
p=1 p=1

and G (-,s) (k = 1,2) are defined in (15) and (17) respectively.

Proof Applying (19) to identities (14) and (16) respectively along with there defined new
Green’s functions, by means of simple calculations and following the properties of J(f(-)),

we get

. &,
7)) = f 7(Gi(9)fOs) ds. (22)

&

Using Lidstone series representation (11) on the function f®(s), we have

£96) = 56 - 0@, )@( Cl) Z(Cz )2 )

1=0

{1 2m—1 /CZ ( s — ;1 V- gl )/(2 +3)
O - P G , —— P dv.
) 1(52—§1>+(§2 f) a \o-4 -4 W)y

Replacing p by p — 1, we get

) = Z(Cz -a) (f“’“ (£)6, ( — > +f26)0, ( 5 f;))

5 [ s—& 4'1)/
_ 2p-3 G 2p+1) d 23
rame [ (5 e e may (23)

Now, using (23) in (22) yields

J(r) = /g 7(Ge(-9) [Z“z‘ Mol 3)

+f23)(5,) 0, < 20 )) + (o -0)¥

H-0

9] S—;l V_gl)/(2 1
G ,——— @) dy | ds. 24,
X/g ’”(cz—;l &G W)y | ds 24)

After rearranging the terms in (24), we have

) — 8
d.
1=0 & ( ((9))0 (fZ_gl) )
+f(2z+3)(;2)‘/glzf(GkC,s))@z(;__{;ll) ds:|

p2

[ (21+3) (C )
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9

(6= ) / 7(Gi(9))

1
£ S_Cl V_Cl >/(2 1) >
G , ———— P dv | ds. 25
X(/{l p(§2—§1 -0 W)dv ) ds (@5)

Executing Fubini’s theorem in the last term of (25) yields (20). a

As an application we obtain Bullen type inequality for (2p + 1)-convex functions.

Theorem 7 Assume that all the conditions of Theorem 6 hold, and let f be a (2p +1)-convex
function. Then, for k = 1,2, we have the following result:

If

2, s—& V—§1>
Gi(-,9))G , ds >0, 26
/;1 ]( 8 S)) p(§2—§1 -0 = (26)

then

p-2 ¢}
" _ Y2 pe1e3) J (G- Lot
/(f( )) > ;(fz 1) |:f (é“l)/g1 ](Gk( ’S))@l<§2—§1)ds

(21+3) 2. s—0
+f () /(Gk(ws))(”)z( ) dSi|. (27)
st (2 - ;1

Proof Since the function f is (2p + 1)-convex and is (2p + 1) times differentiable, we have
x>0 vrel,,
therefore, by using (26) in (27), we get the required results respectively. O

Remark 2
(i) In Theorem 7, inequality (26) holds in reverse direction if the inequality in (27) is
reversed.
(ii) Inequality in (27) is also reversed if f is (2p + 1)-concave.

If we put m = n, p, = q, and use positive weights in (19), then J(-) converts to the func-
tional /,(-) defined in (6), also in this case (20), (21), (26), and (27) become

p-2

9] _
R(F() = D (e =)™ [f<2“3>(;1> ]2(Gk(~,s))(~),< o5 )ds
=0 a -4

(21+3) @ s—41
+f7(82) ]Z(Gk(';s))@l( )dsi|
& 5 -4

s
(G- f " periy)
&1

&2 s=& V—§1> )
G ) G y d d, 28
X(/Q 12(Gil19)) ”(zz—zl n-oa)®)" (28)

Page 8 of 15
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J2(Gi(+,9)) ZPka()’p,S) Gk(ZPp(Ypyﬂ)
- prGk(xp’S) + G (Zl’pst)r (29)

p=1 p=1
& &ov-4 )
Gi(-,9))G 0, 30
/{1 A p<§2_§1 T )as= (30)
and
p-2 93 _
51)21[ ZHS)(Q)/ ]z(Gk(~,s))@1< 278 )ds
s o H-4
+ () /z(Gk( s))ol( —4 )ds] (31)
st 42 - ;1

Theorem 8 Let f:1; = [£1,82] — R be a (2p + 1)-convex function. Also let (ps,...,p,) be
positive real numbers such that Zzzlpp = 1. Then, for the functional J,(-) defined in (6),
and using O,(t) defined in Lemma 1.1, we have the following:

(i) Fork=1,2, inequality (31) holds provided that p is odd.

(i) For fixed k = 1,2, let inequality (31) be satisfied and

@i3) (g, [ £278 (21+3) s—& )}
Z(@ Plreoee 228 ) oo S8 )[z0 e

Then

L(f(-) = 0. (33)

Proof Itis clear that Green’s functions G (-, s) defined in (15) and (17) are 3-convex and the

weights are assumed to be positive. Therefore, applying Theorem 2 and using Remark 1,
we have /5(Gi(+,5)) > 0 for fixed k =1, 2.

(i) Gp(;z_fél , é_"z__{{ll) > 0 for odd p, therefore (30) holds. As f is (2p + 1)-convex, hence, by
following Theorem 7, we get (31).

(i) Using (32) in (31), we get (33) for fixed k = 1,2. O

In the next result we give a generalization of the Levinson type inequality given in [16]
(see also [13]).

Theorem9 Letf € C#* [z, 5], (p1s....p0) €R™, (q1,...,qm) € R™ be such that ZZ:IPP =

1, ZQ=1 qo =1 and Zg=1 qoYo and szlppxp ely. Also let xy,...,x, and y1,...,ym €1 be
P PpXp+Pn—p+1¥n—p+1
such that x, +y, = 2¢ and x, + %,_p1 < 2¢, W < ¢. Moreover, let ©,(t) be the

same as defined in Lemma 1.1, then (20) holds.
Proof Proof is similar to Theorem 6 by assuming conditions given in the statement. [

As an application, we obtain generalizations of Levinson type functional for (2p + 1)-
convex functions (p > 1).

Page 9 of 15
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Theorem 10 Let f € C¥*[¢1,5] (p > 1), (p1,....p0) € RY, (q1,...,qm) € R™ be such
that 3o 1 ppy=1,3 0 140 =1 and 3 )", qoy, and 3 ppx, € 1. Also let xy,...,x, and
V1r--os¥m € 11 besuch thatx, +y, = 2¢ and x, + x,_p1 < 26, '%’W < ¢. Moreover,

let ©,(t) be the same as defined in Lemma 1.1. If (26) is valid, then (27) is also valid.
Proof Proof is similar to Theorem 7. g

Theorem 11 Let f € C#*'[¢1, 8] (p > 1), (p1,...,p,) be positive real numbers such that
22:119,0 =1.Also let x1,...,%, and y1,...,y, € Iy be such that x,, + y, = 2¢ and x, + X,_p+1,
'%’m < ¢. Moreover, let ©,(t) be the same as defined in Lemma 1.1. Then

(i) Fork=1,2, inequality (31) holds provided that p is odd.
(i) For fixed k = 1,2, let inequality (31) be satisfied, then (33) holds.

Proof Proof is similar to Theorem 10. g

In the next result, a Levinson type inequality is given (for positive weights) under Mer-

cer’s condition (7).

Corollary 1 Let f :I; = [{1,82] = R be a (2p + 1)-convex function, x,, y, satisfy (7) and
max{x; - - -x,} <min{y; - - - y,,}. Also let p,, be such that ZZ:le = 1. Moreover, let ©,(t) be
the same as defined in Lemma 1.1. Then (28) holds.

Proof We get (28) after using the conditions given in the statement and following similar
steps as in the proof of Theorem 6. d

2.2 Generalization of Levinson type inequality for (2p + 1)-convex functions
Motivated by functional (3), we generalize the following new results with the help of Lid-
stone interpolating polynomial given by (11).
First we defined the following functional:
H: Letf :Ip = [0,2a] — R beafunction, x1,...,x, € (0,a), (p1,...,P4) € R", (q1,....qm) €
R are real numbers such that 7 _; p, = 1and } ), g, = 1. Alsoletx,, 3 %, go(2a -
xp) and Y77, pp €T. Then

7(f(-))=anf(2a—xg)—f(Z (2a- x) Zp,of(xp
+ f(z ppxp). (34)

Theorem 12 Assume H with f € C**1[0,2a], and let O,(t) be the same as defined in
Lemma 1.1. Then, for 0 < £ < { < 2a, we have

(21+3) .5)@ 52_5)61
2 [ (&) ; ( G(5)) l({z—h s

9]
(2043) e ne (S8 )d:|
+f (;2)-/;1 ](Gk(’S))Ol(Ez—gﬁ s

p2

Page 10 of 15
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&
(G- )
&

2., s=& V—Cl) )
G ) G ] d d; 35
. </41 (Gi() p(fz—él H-4 5 ) (35)

where

m
](Gk ZqQGk (24 — x4, )—Gk<2q (2a —x,,s ) prkap,

o=1 o=1

+ Gy (prxp,s> (36)
p=1

and Gi(-,s) (k = 1,2) are defined in (15) and (17) respectively.

Proof Replace I; with I, and y, with 2a — x, in Theorem 6, we get the required re-
sult. O

In the following theorem we obtain generalizations of Levinson’s inequality (for real

weights) for (2p + 1)-convex functions.

Theorem 13 Assume that all the conditions of Theorem 12 hold, and let f be a (2p + 1)-

convex function. Then, for k = 1,2 and 0 < ¢; < {, < 2a, we have the following inequali-

ties:
If
& b ov-4 )
J(G a )
/;1 ( «-9)G (52—51 H—0 $20 &7
then
- p2 {—s
J(F0) = Z(Cz o) [f“’*?’ (¢1) (Gk(~,s))@1< 422_ Cl) ds
(20+3) & -0
29 [ TG en( s )as) 68)
o H-40
Proof Similar to Theorem 7. O

Remark 3 In Theorem 13, inequality in (38) holds in reverse direction if the inequality in

(37) is reversed.

If we put m = n, p, = q, and use positive weights in (34), then J(-) converts to the
functional Ji(-) defined in (2), also in this case (35), (36), (37), and (38) become, for

Page 11 of 15
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0=<?%1<4 <2a,

p2 3 _
L(f() = E (¢ - 51)21|:f(21+3)(§1) ]1(Gk(':s))@l< -8 )dS
1=0 st §2 - é‘l

+£P(29) ]1(G1<( S))()l( — 4 )ds}
S| § - ;1

Is
(G- f " pery)
&1

£ s—& V—§1> )
G %y G ) d d )
8 (/;1 ]1( 8 S)) p(?z—h H-0 5)er

J(Gi(+9) = D ppGr(2a - x,,5) - Gi (pr(Za - xm)) =Y PoGilx,,9)
p=1

p=1 p=1

+ Gy (prxp,s>,

p=1

& s=4 V—§1)
G % G ) d 01
./;1 ]1( 3 S)) p(fz—éﬁ H-0 =

and
p2 9} _
—q )21|: ) (Cl)/ ]l(Gk(';S))@l< -8 )ds
1=0 IS §2 - ;l
+ () h(Gk( s))ol( —4 )ds]
st 42 - Cl

Theorem 14 Let f : 15 = [0,2a] — R be a (2p + 1)-convex function. Also let (py, ...

Page 12 of 15

(39)

(40)

(41)

(42)

,Pn) be

positive real numbers such that Zzzlpp = 1. Then, for the functional J,(-) defined in (3),

and using ©,(t) defined in Lemma 1.1, we have the following:
(i) Fork=1,2, inequality (42) holds provided that p is odd.
(i) For fixed k = 1,2, let inequality (42) be satisfied and

p-2

IS ar e 252 ) e L5 |20

Then

L(f() =o0.

Proof By using Theorem 13 and Remark 1.

(43)

(44)

O

Remark 4 Cebysev, Griiss, and Ostrowski type new bounds related to the obtained gen-

eralizations can also be discussed. Moreover, we can also give related mean value the-

orems by using non-negative functionals (20) and (35) to construct the new families of

n-exponentially convex functions and Cauchy means related to these functionals as given

in Sect. 4 of [23].
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3 Estimation of f-divergence and Shannon entropy
In this section we obtain applications of information theory. We apply Theorem 7 for
(2p + 1)-convex functions to ﬁf(f, K).

Theorem 15 Lett = (rq,...,r,) € R, w=(wq,...,w,) € R”, k= (k1,...,k,) € (0,00)", and
t=(t,...,ty) € (0,00)" be such that

v

P
- el =1,...,n,
k, P

and
w,
—Lel, o=1,...,m
to

Also let f € C**[¢1, &) be such that f is (2p + 1)-convex (for odd p) function, then

p-2

Jis(f() = Z(Cz o) [f 3 () (ch,s))@l( ;22__ ; ) ds
+fP () /{ lQ](Gk("S))@l< ;__‘; ) ds} (45)
fork=1,2
(Gl 9)) = i L 6i(70s) -G (i S5 ) Z zp (i)
' Ge (Zl Z’ilkps> (a6)

Proof Ttis clear that Green’s functions G (-, s) defined in (15) and (17) are 3-convex, there-

fore J(Gi(-,s)) > Ofor fixed k = 1,2. Also G (;2 ?1 {"2 {{11) > 0 for odd p, therefore (26) holds.

kp .
Hence, using p, = m, X, = E’ qo = Zgil 0 Yo = t@ in Theorem 7, (27) becomes (45),

where I;(¥, k) is defined in (1) and

Ip(w,8) = Z th( ) (47)

o=1 (]
3.1 Shannon entropy

Definition 3 (see [10]) The Shannon entropy of positive probability distribution k =
(k1,...,k,) is defined by

- Z k,log(k,). (48)

Corollary 2 Let k= (ki,...,k,) and t = (t1,...,t,) be positive probability distributions.
Also lett = (ry,...,1,) € (0,00)" and w = (wy,...,w,,) € (0,00)™.
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If base of log is greater than 1 and p = odd (p > 2), then

p-2 _1)204+2 I _
L(-)zZ(Q—Q)”[M/ J(Gk(-,s))(~);(§2 S)ds
¢

1=0 ()23 1 -4
; % /{ jzf(Gk(us))@l( — ) ds], (49)
where
Ji() = f:tg log(w,) + S — log Zm:wg -y k,log(r,) + S
po P P
+log Xn:rp , (50)
=i

and for fixed k = 1,2, J(Gk(-,5)) is the same as defined in (46).

Proof The function f : x — log(x) is (2p + 1)-convex for odd p (p > 1) and base of log is
greater than 1. Therefore we use f = log(x) in (45) to get (49), where S is defined in (48)
and

S=- Z £, log(z,).
o=1
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