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1 Introduction

Beginning in 1988, a seminal paper by Stefan Hilger [1] initiated a theory capable of con-
taining both continuous and discrete analysis in a consistent way. Since then, the theory
has attracted wide attention. As one of the most fundamental objects, dynamic equations
on time scales has been extensively investigated in recent years, we refer the reader to the
books [2, 3] and to the papers [4—24] and the references therein.

As we all known, inequalities are a powerful tool in the study of qualitative properties
of solutions of differential, integral, and difference equations, and so on. During the last
few years, a lot of dynamic inequalities have been extended by many authors. See [25-37].
For example, Anderson [28] considered the following nonlinear integral inequality in two

independent variables on time scale pairs:
X oo ~
uf(x,y) < alx,y) + b(x,y)/ / [c(s, Hul(s,t) + d(s, t)u’ (s, £) + e(s, t)]VtAs.
%o Jy

Ferreira and Torres [36] studied the following nonlinear integral inequality in two inde-

pendent variables on time scale pairs:

x pry
u(x,y) < alx,y) + b(x,y) / / c(x, 9,8, ) ul(s, t) AtAs.
x0 /0
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Volterra—Fredholm-type integral inequality is an important integral inequality, which
contains a definite integral of the unknown function, and has been given much attention
by many authors, see [38—46] and the references therein. For example, Feng et al. [38]
studied the following Volterra—Fredholm-type finite difference inequality:

u? (m, n) < a(m, n)

m-1 n-1
+ Z[c(s,t m, m)ul(s,t) + Z Zd@ n,m,n)u’ (€, T)):|

s=mq t=ng &=mq n=ng

M-1 N-1
) Z[f(s,t m, m)u (s, ) + Z Zg(s n,m, mut (€, n)]

s=mq t=ng &=mq n=ng

Meng and Gu [46] considered the following nonlinear Volterra—Fredholm-type dynamic
integral inequality on time scales:

u(x) <k+/ Si(s)w(u(s)) As+/ fz(s)/fg(r)w u(t))ATAs

/ﬁs)w As+/f2 f_fg ArAs

But to our knowledge, Volterra—Fredholm-type dynamic integral inequalities in two
independent variables on time scale pairs have been paid little attention in the lit-
erature so far. Motivated by the work done in [36, 38, 46], in this paper, we estab-
lish some generalized Volterra—Fredholm-type dynamic integral inequalities in two
independent variables on time scale pairs, which not only extend some existing re-
sults in the literature, unify some known continuous and discrete inequalities, but also
may be applied to the analysis of certain classes of partial dynamic equations on time
scales.

2 Preliminaries

In what follows, we assume that T; and T, are two time scales with at least two points,
%0, € T1, 30, B € Ta, @ > x0, B > Yo, T, = [%0,00) N Ty, Ty = [0,00) N Ty, I = [xo, @] N'T,
I, = [y0,B]NTy, D ={(x,9,s,¢) € Tix Ty x Ty xTyixo <s <xy, <t<yL E={(xy,s1t)€
Ty x Ty x I x L}. R denotes the set of all regressive and rd-continuous functions, R* =
{PeR,1+ u(t)P(t) >0,t € T}. R denotes the set of real numbers, R, = [0, c0), while Z
denotes the set of integers.

Lemma 2.1 ([33]) Letm>0,n>0,p>0,a>0and B >0 be given, then for each x > 0,

ma® — nxf <

m(p - a) ( (B-p)n )W”W) xp
B-pr \(a-pm

holds for the cases when 0 <p<a <Bor0<f<a<p.

Lemma 2.2 ([47]) Assume thatx>0,p>q >0, and p #0, then for any K > 0,

q

Ixa-pivy, £ L palp,

xq/p S p q
p
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Lemma 2.3 ([2, Theorem 6.1]) Suppose y and f are rd-continuous functions and p € R*.
Then

Y2 () <p)y(t) +f(t), forallteT

implies

t

¥(t) < y(to)ey(t, to) + / ep(t,o(0))f(r)AT, forallteT.

to

Lemma 2.4 ([36]) Let u,a,f € C(Ty x Ty, R,), with a and f nondecreasing in each of the
variables and g € C(D,R,) be nondecreasing in x and y. If

X y ~ ~
u(x,y) < alx) +£(x,y) / /g(x,y,s,wu(s,t)mm, (6,3) € Ty x T,
X0 Y)0
then

u(x,y) < alx,9)epty,) (%),  (x,y) € Ty x T,

where p(x,y,s) = yyo flx,y)gx, s, t)At.

Lemma 2.5 Let u,c,d € C("T'l X Tz, R,) and k > 0 be a constant. If

u(x,y) <k+ /x /y|:c(s, t)u(s,o(t)) +d(s, t)u(s, t)i|AtAs, (x,9) € T‘l X T‘z, (1)
x0 70
then
u(x,y) < kepp(,%0),  (x,9) € Ty x Ty, 2)
where
y
plx,y) = / hx,t)At, and (3)
0
h(x,y) = c(x,y) + d(x, ). 4)

Proof For an arbitrary ¢ > 0, denote

X py
zZ(x,y) =k +e+ / / |:c(s, Du(s, o (2)) + d(s, t)uls, t):| AtAs. (5)
X0 Y )0

From the assumptions, we have z is positive and nondecreasing in each of the variables.
By (1) and (5), we have that

M(x;y) = Z(x,y), (x,y) S :f'l X :f'z.
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Delta differentiating with respect to the first variable and then with respect to the second,

we obtain

) ( az(x,y)

A—ZJ’ Arx ) = clx,y)u(x,0(9)) + dlx, y)ulx,y)

< cxy)z(x,0(9) +dxy)zlx,y),  (x,y) € T, x Ts. (6)

From (6), we get

Az(x,y)
(x’y)Azy( Alx )

z(x,y) }
z(x,0(y))

< et sy 222
< [c(x,y) +d(x,y)]

= h(x,y),

where /(x, y) is defined as in (4). Hence,

9z(x,y) dz(x,y) 9z(x,y)
2(%,) 7= ( )
Ay Arx Ax  Agy h(x,y) (7)

2%, 9)z(x,0(y) 2z y)z(x0@) ~

ie.,
9z(x,y)

il Ax
A_zy(zw)) <),

Delta integrating with respect to the second variable from y, to y and noting that

3‘2(’:3) lxyo) = 0, we have
9z(x,y) y
L / hx, t)At,
z(x,y) ~ Jy,
that is,
d0z(x, Y
9207« swp) [ o iae ®)
Arx Y0

By (3) and (8) we get

9z(x,y)

< 5Y).
Arx <pxy)z(x,y)

From Lemma 2.3 and z(xy,y) = k + &, we obtain
z(x,y) < (k + &)ep(.y (%, %0). )

Noting that u(x,y) < z(x,y) and ¢ is arbitrary, it follows (2). This completes the proof. [J

Page 4 of 20
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Lemma 2.6 Let u,c,d € C(T‘l X T‘g, R,) and k > 0 be a constant. If
X y ~ ~
u(x,y) <k+ / / |:c(s, t)u(cr(s), t) +d(s, t)u(s, t):|AtAs, (x,9) € T; x Ty,
%0 J0

then
u(%,9) < kepsy 030), (59) € Ty x T,
where
px,y) = /x h(s,y)As, and
x0
h(x,y) = c(x,y) + d(x,y).
The proof of the Lemma is similar to the proof in Lemma 2.5, and therefore is omitted.

3 Main results
Theorem 3.1 Let u,a,b,h € C(T1 x T2, R,), with b and h nondecreasing in each variable,

¢,d e C(D,R,) and let f,g € C(E,R,) be nondecreasing in x and y. Assume p, q, r, m and n
are nonnegative constants withp > q, p >r, p > m, p > n, p 7 0. Suppose that u satisfies

the following inequality:

uf (x,y) < a(x,y)

+Db(x,y) /x /yl:c(x,y,s, Hul(s, t) + /s/td(x,y,r,n)u’(t,r/)AnAt]AtAs

x0 Y Y0 X0 YY0

a rB
+h(x,y)/ / [f(x,y,s,t)um(s,t)
x0 70
s t
+//g(x,y,r,n)u”(r,n)AnAr]AtAs,
X0 Y0

(x,y) € Tl X Tz. (10)
If there exist positive constants K, and K, such that
o B m
-,
P / / [—K{’" PIPE (o, B, 8, £)erisin) (5, %0)
x0 Jyo LP

s t
+ / / EKén_p)/‘yg(ot, B, 7, n)eR(,,n,.)(t,xo)AnAr} AtAs

*0 Y Yo
1
< , (11)
h(a, B)
then for arbitrary positive constants K3 and Ky,
Ala, lp ~ o~
u(x,y) < [a(x,y) + %eﬂx,y,,)(x,xo)] , ) €Ty x Ty, (12)

Page 5 of 20
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where
7 q P—q
A(x,y) = b(x,y) f f {c(x,y,s,t)[—[(éq_p )l a(s,t) + Kq/p ]
x0 70 p p
s t _
+/ / d(x,y,t,n)|:£1<ir_p)/pa(r,n)+u1<£/p]AnAr}AtAs
x0 50 V4
x,y)/ /{ f(x, 9,8t [ K _p/pa(s,t)+ Klm/p]
Y0 V4
+/ / gxy,7,1m) [ K(” PPy(e, n)+ K;/p]AnAr}AtAs, (13)
x0 Y0 V4
y
R(x,y,s) = b(x,y)F(x,y,s,t)At, and (14)
0
s t
F(x,y,s,t) = Zl(éq_p)/pc(x,y,s, 3 +/ KKir_p)/pd(x,y,f,n)AnAf. (15)
p %0 790
Proof Denote
(%, y)
X y s t
:b(x,y)/ / [c(x,y,s,t)uq(s,t)+/ / d(x,y,r,n)u’(r,n)AnAt]AtAs
X0 Y0
x,y)/ / [ Sy, t)u™(s,t / f glx,y, T, mu"(z, n)AnAr]AtAs,
(x,y) S T1 X Tz. (16)

Then z is nondecreasing in each variable on T; x T,. From (10) and (16), we get
uxy) < [aty) + 2], (xy) eTix T, (17)

By (16) and (17), we obtain
x ry
(®,y) < b(x,y) {<,,,r) (s,£) + 2(s,£)] ™"
z(x,y xy/xo‘/yo cx,y,8 [as +z(s ]

s t
+/ / d(x,y,t,n)[a(t,n)+z(t,n)]r/pAnAr}AtAs
X0 Y Y0

a rB
+h(x,y) / / {f(x,y, s, t) [a(s, t) + z(s, t)]m/p
X0 Y Y0

s t
+/ /g(x,y,r,ﬁ)[u(r,n)+z(r,n)]"/pAnAr}AtAs,
X0 )0

(x,y) € Tl X Tz. (18)

Then for Kj, K satisfying (11) and arbitrary K3, Ky > 0, it follows from Lemma 2.2 that

, ) _
[a(x,y) + z(x,0)]"" < g[(s(q PPl a(x,y) +2(x,y)] + qu/p, (19)

Page 6 of 20
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7/, o 7
[ﬂ(x,y) + Z(x,y)] [7 p[( p)/p [d(x,y) + Z(x,y)] » [(4/17;

[a(x,y) + z(x,y)]wp < %Kl(m_p)/p [a(x,y) + z(x,y)] + ul(f/p,

[a(x,y) + z(x,y)]"/p pK(" p)/p[a(x,y) + z(x,y)] . Kzr/p.
According to (18)—(22), we have

z(x,y)

<b(x,y)/ / {c(x,y,s,t)[ K(q p/p[a(s,t)+z(s,t)] p- qKq/p]
p p
/ d(x,y, T, n)|: KV p/p[a(t n + z(t, r))] I(Z/p}AnAT}AtAS
x0 Y30 p
a B _
h(x,y)/ / {f(x,y,s, t)[ﬂlg(m_p)/p[a(s, £) +2(s,1)] +u1<1m/p}
x0 Jyo p p
s pt _
+/ / g(x,y,r,n)[ﬁKén_”)/’”[a(r,n) +2(t,m)] +uK;/p]AnAr}AtAs
x0 90 p V4
< b(x,y) / / {c(x,y,s t)[ LK a(s, ) + K‘f"’}
%0 Jy0 p
/ / d(x,y,T, n)[ TR a0, y) + 2 K’/"]Anm}Ams
X0 Y0
x,y)/ / { f(x,y,s,¢ [ Kmp/pa(s,t)+ KW’/”]
Y0 p
/ / glx,y, 7, n)|: ((n P/pa(t r/)+
%0 Jy0
b(x, ) / f [iKéq—p)/pC(x, 3.5,626.0
xo Jyo LP

s t
+/ / le_p)/pd(x,y,r,n)z(t,n)AnAt:|AtAs
x0

J’()
h(x,y) / / [ "PIPE (x,,5, £)2(s, £)
Yo

o e
+/ / —Ké" p)/pg(x,y,t,n)z(t,n)AnAr]AtAs
X0 Y Y0

K"/"’]AnAt}AtAs

x oy
=A(x,y) + B(x,y) + b(x,y) f / [zl(éqp)/pc(x,y,s, )z(s, t)
0
s t
+/ f KKAErp)/pd(x,y,r,n)z(t,n)AnAt:|AtAs
%0 40
x oy
§A(x,y)+B(x,y)+b(x,y)/ f [gKl(q_p)/pc(x,y,s,t)z(s, )
xo Jyo LP

s t
z(s,t)/ / £Kzir_p)/pd(x,y,r,17)A17Ar]AtAs
X0 )0

(20)

(21)

(22)

Page 7 of 20
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x ry
=A(x,y) + Blx,y) + b(x,y)/ / F(x,y,s,t)z(s, t) At As,
X0 Y )0
(x,9) € T1 x Ty, (23)

where A(x,y) is defined in (13), and
«[PTm (m-p)Ip
B(x,y) = h(x,y) —K7 T (8, )z(s, 1)
x Jyo LP
i L
+ -k, glx,y,T,mz(t,n) AnAt |AtAs.
x0 Jyo P
From (23) and Lemma 2.4, we have

2(%,9) < (A®,9) + B, ))erwy,) @ x0), (%) € Ty x Ta, (24)

where R(x,y) is defined in (14). By (24) and since A, B are nondecreasing in each variable

on T; x Ty, we obtain

z(%,y) < (A(x,p) + B(%,))eriy,) (%, %0)
< (A(Ol, ﬁ) + B(O[, ﬂ))eR(x,y,~)(x: xO)
= C(Ot, ,B)eR(x,y,~)(x:x0)7 (25)

where C(x,y) = A(x,y) + B(x, ). From the definitions of B, C, A and (25), we obtain

C(“?,B) = A(Ol, IB) +B(Ol, ﬂ)
= Ao, B) + h(w, B) /‘a/ [%K{mﬁ)/pf(a,ﬁ,s, t)z(s, t)

B
50
S t
+/ / E1(2(”1")/1”g(oz,,1‘3,r,n)z(t,n)AnAtj|AtAs
x0 Jyo P
“ (PIm (m—p)Ip
<t )+ haf) [ [P s OCE Blens o)
x0 Jyo LP
s t
+f / EI(Z("_P)/pg(oz,,B,r,n)C(oz,/S)eR(,,n,.)(r,xo)AnAr]AL‘AS
x0 Jyo P
CPTm npip
- Aaf)+ Cla i) [ [ DK, 5 e 5.20)
X0 Yo

s t
+/ / EI(Z(HIg)/IIJg(oz,,B,r,r;)eR(r,,,,.)(I,aco)AnAt} AtAs
x0 Jyo P
= A(a, B) + AC(a, B)h(a, B).

So we get

Cles ) < Ala, B)

~ 1-Mh(o, B) (26)

Noting (17), (25), and (26), we get the desired inequality (12). This completes the proof. [

Page 8 of 20
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Remark 3.1 If we take T = N, b(x,y) = h(x,y) = 1, then Theorem 3.1 reduces to [38,
Theorem 5]. If we take T = N, b(x,y) = h(x,y) = 1, c(x,9,s,t) = c(s,£), f(%,3,8,t) = c(s, £),
d(x,y,s,t) =g(x,y,s,t) =0, then Theorem 3.1 reduces to [39, Theorem 2.1].

Theorem 3.2 Assumel € C("f‘l X Tz, R,)andb e C(Tl X 'f‘z, (0, 00)) are nondecreasing in
each variable, v € C(D, (0, 00)) is nondecreasing in x and y, w € C(D, (0, 00)) is nonincreas-
ing in x and y. Assume u, a, ¢, d, f, g, h, p, q, r, m and n are defined as in Theorem 3.1;
while k and 6 are nonnegative constants with 0 <p <k <0 or 0 <0 < k < p. Suppose that u
satisfies the following inequality:

u?(x,9)
<alx,y)
X py s pt
+b(x,y)/ / [c(x,y,s,t)uq(s,t)+/ / d(x,y,r,n)u’(t,n)AnAt]AtAs
x0 Y Y0 X0 Y )0

x oy
+(x,y) / / [v(x,y, s, 8)u (s, £) — w(x, 9, s, £ul (s, t)]AtAs
X0 Y )0
o B s t
+h(x,y)/ f [f(x,y,s, Hu’ (s, t) +/ / g(x,y,r,n)u”(t,n)AnAr] AtAs,
x0 Y0 *0 Y Yo
(x,y) € :fl X Tz. (27)

If there exist positive constants K, and K, such that

~ “ (PIm (m-p)lp
A= _I(l f(Ol, ﬂr S, t)eﬁ(s,t,-)(s’ xO)
X0 Y0 p

s t n 5
+/ / —Ké" p)/pg(a,ﬂ,r, n)eﬁ(r,n,A)(t,xo)AnAr}AtAs

X0 Y Y0
1
e B)’ (28)

<

then for arbitrary positive constants K3 and Ky,

Ala, B)

1/p - -
——e5 X, X , (x,y)eT; x Ty, 29
1k, p) Ry, ) ( 0)] (%) €Ty x T, (29)

umwspmw+
where
- x py _
Ax,y) = b(x,y)/ / {c(x,y,s, t)|:zl<§qp)/pa(s, £) + u1<34/17:|
%0 /0 p p
s ot _
+/ / d(x,y,t,n)|:£1<f—p)/pa(t,n)+u1<£/p]AnAr}AtAs
%0 Y30 p p
x py
#t) [ [ otmnsdas naes
X0 Y)o

o B _
+ h(x,y)/ / {f(x,y,s, t)[ZK{m_p)/pa(s, )+ u[{f"/p]
%0 750 p V4
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s t —
+/’/ gmngm[fK¥ﬂW%uun)+3—2K$W]AnAz}A¢A& (30)
x0 Y50 4 p
- y -
R(x,y,s):/ b(x,y)F(x,y,s,t)At, (31)
Yo
F(x,5,5,8) = LKA e(x,y,5,1) + x,7) @(x,,5,t)
p b(x,y)
s t r ( )/
+/ / —Ky P"Pd(x,y,T,n)AnAt, and (32)
x0 Jyo P
(%, 9,8, 6)(O — k) { (0 = p)w(x, y,s,£) FP/ED
06, 9,5,8) = 2 it : (33)
0-p (k - p)v(x,y,s,t)

Proof From Lemma 2.1 and (27), we have

u? (x,)

<af(x,y)

x py s pt
+b(x,y)/ / [c(x,y,s,t)uq(s,t)+f / d(x,y,r,n)z/(t,n)AnAt]AtAs
%0 Vo y

X0 0
X y
l(6,y) / / 06305, 0P (s, ) AL As
X0 Y)o

o B s pt
+h(x,y)/ f [f(x,y,s,t)um(s,t)+/ / g(x,y,r,n)u”(r,n)AnAr]AtAs,
x0 Yy0 *0 Y Yo

(x,y) € :fl X Tz. (34‘)
Denote

z(x,y)

=b(x,y) /x fy[c(x,y,s,t)uq(s,t)+fsf d(x,y,r,n)ur(r,n)AnAt]AtAs
X0 Y )0

*0 Y )0

x py
+l(x,y)/ f o, y, 8, t)uf (s, £) AtAs
x0 Y Y0

o B s t
+h(x,y)/ / [f(x,y,s,t)u”’(s,t)+/ / g(x,y,t,n)u"(r,n)AnAr]AtAs,
x0 Yy0 X0

Yo

(x,9) € T, x T,. (35)

From the assumptions on v and w, we have that ¢ is nondecreasing in x and y, then z is

nondecreasing in each variable on T, x T,. From (34) and (35), we get

u(xy) < [a@y) + 2@ )], @) eTix T (36)

Page 10 of 20
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By (35) and (36), we obtain
x ry
z(x,y) < b(x,y) {c(x, y,8,t)|als, t) + z(s, t) 9/
[ ] et otz
+ /S d(x,y,t,n)[a(r,n) +z(r,n)]r/pAnAT}AtAs

0 Y )0

+1(x,y) fx fyw(x,y,s, t)[a(s, t) + z(s, t)]AtAs
x0 Y )0
a rp
+ h(x,y)/ / {f(x,y,s, t)[a(s, t) + z(s, t)]m/p
X0 Y0

s t
+/ /g(x,y,f,ﬂ)[ﬂ(‘f,n)+Z(‘L',77)]n/pAI7A‘L'}AtAS,
X0 Y )0
(x,y) € Ty x Ty. (37)

For K3, K; satisfying (28) and arbitrary K3, Ky > 0, it follows from Lemma 2.2 that

[“(x:y) + Z(x,y)]q/P < ‘%Kéq—l’)/p[

ax,y) +z(x9)] + ’%Kg/f’, (38)

[a(x,y) + z(x,y)]r/p < ;I(g_p)/p [oz(x,y) + z(x,y)] + %I(Z/p, (39)
[a(x,y) + z(, y)]wp < %Kl(m_" "Pla(x,y) + 2(x, y)] 5 K{Z/p , (40)
[a(x,y) + z(x,y)]" < pK(" > /p[a(x, ) + z(x,y)] » Kzr/p. (41)

According to (37)—(41), we have

z(x,y)

< b(x,y)/ / {c(x,y,s, t) [pl(éq p/p[a(s, t) + z(s, t)] Pp qKq/p]
/ dx,y,t, n)|: KV P/p[a(f n) + z(t, n)] » Kr/pj|AnAt}AtAs
X0 Y Y0
+l(x,y)/ / go(x,y,s,t)[a(s,t)+z(s,t)]AtAs
X0 Y )0

m-p)lp mlp
x,y)/ /y‘O{ (%95, t)[ K [a(s, )+z(s,t)] » ( :|

+/ / g(x,y,r,n)[ﬁKén_p)/”[a(nn) +2(t,m)] +u1<;/p]AnAr}AtAs
%0 7 y0 p V4

<b(x,y)/ / {c(x,y,s t)[ K(‘“’/p( )+ 5 Kq/p}
X0 Y )o

+/ / d(x,y, t,n)[ll(f_p)/pa(r,n) + EI(Z/p]AnAr}AtAs
%0 90 p p

x ry
l(x,y)/ / ox, 3,8, t)als, t) AtAs
X0 Y)o
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o B —
+h(x,y)/ / {f(x,y,s,t)[ﬂl(l(mp)/pa(s,t)+ul(1m/p]
x0 Yo p p
s t
+f/g(x,y,r,n)[fKénp)/pa(r,n)+ul(;/p]AnAt}AtAs
x0 Jy0 p p
X y q
+b(x,y)/ / I:—K?Eq_p)/pc(x,y,s,t)z(s,t)
xo Jyo LP
s t r ( Y
+/ / -K,? pd(x,y,r,n)z(t,n)AnAt:|AtAs
x0 Jyo P
x py
+l(x,y)/ / o(x,9,8,8)z(s, t) AtAs
%0 J0
CPTm
e [ [ [—KI P f (3,305, 0205, )
xo Jyo LP
i Y
+/ / -K, gx, 9, T, mz(t, n) AnAt |AtAs
x0 Jyo P
it 14 g
:A(x,y)+B(x,y)+b(x,y)/ / =K, c(x,9,8,t)z(s, t)
x0 Jyo LP
s t
+/ / inp)/pd(x,y,t,n)z(t,n)AnAT:|AtAs
x0 Jyo P
x pry
+l(x,y)/ / o(x,9,8,t)z(s, t) AtAs
X0 Y )0

~ X ry
~ A(xy) + Bx,y) + b(x,) f / [i’K;WPc(x, 35, 02(5,0)
x0 Jyo LP

s t r 3
+/ / —Kf p)/pd(x,y,t,n)z(t,n)AnAt:|AtAs
x0 Jyo P

7 Uxy)
+bx,) / 0(5,9,5,0)2(s, ) AL As
x0 Jyo DX Y)
5 N Ay I, y)
<A(x,9) + B(x,y) + b(x,y) / / =K3 c(x,,8,t) + @(x,9,5,t)
x0 Jyo LP b(x,y)

s t r B
+/ / —Kf p)/pd(x,y,r,n)AnAr:|z(s,t)AtAs
x0 Jyo P

~ L e
=A(x,y) + Blx,y) + b(x,y)/ / F(x,y,s,t)z(s, t) At As,
X0 Y )0
(x;y) [S ”fl X TZ;
where A and T are defined in (30) and (32),

“ PTm (m-p)Ip
Bx,y) = hix,y) / f PP s )20, 1)
x Jyo LP

s t
+/ f E1(2("_}’)/pg(x,y,r,n)z(r,n)Ar;Ar]AtAs.
x Jyo P

The rest of the argument is similar to that of Theorem 3.1, and therefore is omitted. This
completes the proof. d
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Theorem 3.3 Assume that u,a € C(T, x Ta,R,), while b, c, d,f,g h,p,q,r,mandnare
defined as in Theorem 3.1. Suppose that u satisfies the following inequality:
uf(x,y) < alx,y)

x ry
+ b(x,y)/ / [c(x,y,s, t)uq(s,o(t)) +d(x,y,s,t)u’ (s, t)]AtAs

0 YJ0

a rp
+ h(x,y) / / [f(x,y,s,t)u”’(s,t)
X0 Yo
s t
+//g(x,y,r,n)u”(r,n)AnAt]AtAs,
X0 Y Y0

(x,9) € T, x Ts. (42)

If there exist positive constants Ky and K, such that

a B
§1=/ / [%I({m_p)/pf(a,,B,S,t)eQ(.,t)(s,xo)

X0 Y0

N t
+/ / E1(2("_1’7)/pg(()z,ﬁ,t,r])(aQ(4,,7)(t,xo)AnAr:|AtAs
x0

0 0

1
< (43)
h(a, B)
then for arbitrary positive constants Ks and Ka,
A, B) 1 ~
,Y) < 2 ——eq(.» s ,y) € Ty x Ty, 44
o) < |ats) + 2 eqn| L ) eTux T )
where
- x pry _
Ay -ty [ | {c(x,y, s t)[ngEq_p)/pa(s,o(t)) , ”—qu‘,’”’}
%0 Y0 p p
+d(x,y,5) [Q(i""”"a(s, £) + ul@[”’] } AtAs
p p
o B _
+ h(x,y)f / {f(x,y,s, t)[ﬂKfm_p)/pa(s, )+ uKlm/p]
x0 Jyo p p
r n o n-p)ip
+ g(x’%ﬁﬂ) _1<2 a(r, fl)
x0 Y0 p
" uK;/”} AnAt } AtAs, (45)
p
y
Q(x)y) = h(Ol, ﬁxx, t)Aty and (46)
0

e, B,5,8) = LKIPPb(ar, B)c(ar, Brs, £) + — KPP b(a, B)d(t, B 5,2). (47)
p P
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Proof Denote

z(x,)

=b(x,7) /x /y[c(x,y, s, t)uq(s,o(t)) +d(x,y,s t)u’ (s, t)]AtAs
X0 Y )0

« B
+ h(x, ) / / [f (x, 9,5, t)u’" (s, t)
X0 Y0

s t
+/ / g(x,y,r,n)u”(t,n)AnAr]AtAs. (48)
*0 Y Y0
Then z is nondecreasing in each variable on T, x T,. From (42) and (48), we get
ux,y) < [ay) + 2], (@) €T x T (49)
By (48) and (49), we obtain

x oy
z(x,y) < b(x,y)/ f {ctx. 3,5 0)[a(s,0(2) + z(s,o(t))]q/p
x0 Y Y0

+dx,y,s, t)[a(s, t) + z(s, t)]r/pAnAr}AtAs

a rp
+ h(x,y) / / {f(x, y.5t)|als,t) +z(s, t)]mw
x Iy

s t
+/ /g(x,y,r,n)[a(r,n)+z(r,n)]n/pAnAr}AtAs,
X0 Y Yo

(x,y) € :fl X Tz. (50)

For Kj, K; satisfying (43) and arbitrary K3, Ky > 0, it follows from Lemma 2.2 that

[a(x,0()) +2(x,0())]™ < 1551(;‘1‘1’“" [a(x,0 () + 2(x,0())] + "%Kgﬂp, (51)
[a(x,) + 2(6,)] " < IgKi""”” [ax,5) + 2(x,9)] + ’%KZ", (52)
[aw,y) + 22 9)] ™" < %K{’""’W [ax,9) + 2(x,9)] + 2= K, (53)
[a(x,) + 2(x, )] < EKQ"*W [a(x,y) + 2(x,9)] + ‘”P%”K;/P. (54)

According to (50)—(54), we have

z(x,y)
x ry
<b(x,y) /xo /yo {c(x,y,s, 1)) [gl(éq_p)/p[a(s,o(t)) +2(s,0(2))]

Y i | qK;’/”]
p
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+dx,y,s,t) [tl(g_p)/”[a(s, 0 +z(s,8)] + EI(Z”’} } AtAs
4 V4

+ h(x,y) /a/ {f(x,y, s, t)[%Kl('"—p)/P[a(s, t) + z(s, t)] + I%I(r/p}

B
¥0
s t —
+/ / g(x,y,t,n)[ﬁKén_p)/p[a(r,n) +2(t,m)] +u1(§/p]AnAt}AtAs
x0 /50 p p
x py _
Sb(x,y)/ / {c(x,y,s,t)[zKéqp)/pa(s,a(t))_,_u[(g/p}
x0 Jy0 p p

+d(x,9,5,t) |:1Kfp)/pa(s, )+ EKZM} } AtAs
p V4

+ h(x,) / / {f(x,y,s,t)[@K{'”””pa(s,t)+u1<{”“’]
o P p

B
Yo

St n (np)l PNy
+/ / g(x,y,r,r;)|:—K2 PP a(t,n) + K, p]AnAt}AtAs
x0 J 0 p p
+b(x,y)/ f [—Kéq_p)/pc(x,y,s, 1)z(s, 0 (t))
xo Jyo LP
+ LD g
4 , 9,8, 6)z(s, t) | AtAs
p
CPTm nepy
+h(x,y)/ f [—Kl PIPE(x,y,s,1)z(s, t)
x Jyo LP
s t n (n-p)!
+/ / —K,)" pg(x,y,r,n)z(t,n)AnAr]AtAs
%0 Jyo P
- x 1y
= A(x,9) + B(x,9) + b(x,) / / [Zlé‘”’)/"c(x,y,s, t)z(s,0 (1))
%o Jyo LP
I Ar-p)lp
+ =K, dx,y,s,t)z(s,t) [ AtAs
p
~ X ry q
<A(a,B) + B(a, B) + b((x,,B)/ / [—](éq—P)/Pc(a,ﬂ,S’ t)Z(S,O'(t))
%0 Jyo LP
+ ng{‘”)’”d(a, B,s,0)z(s, t):| AtAs
~ x oy q
:C(a,,3)+b(a,,3)/ / [—Ks(q_p)/pc(a,ﬁ,s,t)z(s,o(t))
xo Jyo LP
" Ar-p)lp
+ =K, d(a, B8,s,t)z(s, t) | AtAs,
p

(x,9) € 'f’l X ”T'z,

where E(x,y) = Z(x,y) + B(x,y), A is defined in (45), and

o

B(x.) = h(x,) /

x0

B
f [ZKY”"”)”’J’ (53.52)2(5,)
v LP

s t
+/ / EI(Z("_p)/pg(x,y,r,n)z(r,n)AnAr]AL‘As.
x Jyo P

Page 15 of 20
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From Lemma 2.5, we have
Z(xry) = E(Ol: ﬂ)eQ(~,y)(x)x0)t (x’y) € Tl X T2r

where Q is defined in (46). The rest of the proof is similar to that of Theorem 3.1, and

therefore is omitted. This completes the proof. d

Theorem 3.4 Assume u,a € C(T‘l X TQ,R+), while b, ¢, d, f, g, h, p, q, r, m and n are
defined as in Theorem 3.1. Suppose that u satisfies the following inequality:

uf (x,y) < a(x,y)

+b(x,) ’ /y[c(x,y, s, )ul (o (s),t) + d(x,y,5,t)u’ (s, 1) | At As

X0 Y0

a rp
+h(x,y)/ / [f(x,y,s,t)u'”(s,t)
x0 Jy0
s t
+//g(x,y,r,n)u”(r,n)AnAt]AtAs,
x0 /50

(x,9) € T1 X Tz-

If there exist positive constants K, and K, such that

a rB
52=/ / [%K{mp)/pf(oc,ﬁ,s,t)ea(sf)(t,yo)

X0 Y Y0

s t n .
+/ / _[(2(” p)/pg(ayﬁx T, U)ea(z,)(ﬂ,yo)AﬂAT]AtAS

X0 Y0
1
< TV
h(e, B)

then for arbitrary positive constants Ks and Ka,

E(a, B)

1/p " -
T, .60 ) ) ) T T )
1—sh(a,ﬁ)eQ(’“‘>w°)} )€ T

u(x,y) < |:a(x, y) +

where

~ X ry _
Fan) =ty [ | {c(x,y,s, t)[@xgq-%(a (o)1) + qu/P}
x0 p p

0 0

+d(x,,5,1) [fKi"P)/Pa(s, 6+ 2Tkl ] }AtAs
P 2

o B _
+ () / / {f(x, 1,5, t)[TK{'”‘”)’”a(s, £) + uK{”’”}
o p p

0 0

St n_ _(n-p)/ p—n_y
+f / g(x,, t,n)|:—1(2 PPa(t,n) + —K, p]AnAr}AtAs,
x0 750 p p
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and

Qx,y) = / h(a, B,s,y)As.

0

The proof of the theorem is similar to that of Theorem 3.3, and therefore is omitted.

4 Application
In this section, we will present an application for our results.

Example 1 Consider the following partial dynamic equation with positive and negative

coeflicients:

9 au(x,y))
Ay Arx

= clx, y)ul(x,y) + vi(x,y) uk(x, )
—wix, y)u’ (x,) + f;; yj(') d(t,n)u’ (t,n)AnAt (55)
+g(x,9) fx'z y’zf(s, Du"(s,t)AtAs, (x,9) € T1 x T,
u(x, y0) = ¢(x), u(xo,y) = ¥ (), u(xo,Yo) = o,

where u,¢,d,f,g € C(T‘l X Tz,R+), V,WeE C(Tl x Ty, (0,00)), g, r and m are nonnegative
constants with 1 > ¢, 1 > r, 1 > m. Assume 6 is a quotient of an even integer over odd
integer, k is a nonnegative constant withO<1<k<for0<6 <k<1.

If there exists a positive constant K; such that

~ o rp
A::/ / [ml(l”’_lf(s,t)eﬁ(wt)(s,xo)]AtAs

X0 Yo
1
< (56)
h(a, B)
then for arbitrary positive constants K3 and Ky,
A, B) o
u(x,y) < a(x,y) + meﬁ(.,y)(x;xo), (x,9) € T1 x Ty, (57)
where
a(x,y) = |¢@)| + | O)| + luol, (58)
~ X ry
Alx,y) = / / {c(s, t)[ql(g_la(s, 1) +(1-q)Ki]
x0 Y )0
s t
+ / / d(t, n)[rKfla(r, n)+(1- r)](i]AnAr}AtAS
X0 Y0
x oy
+ / / (s, t)a(s, ) AtAs
%0 0
a rB
+ h(x,y) / f(s,0) [mKlm’la(s, H+(1- m)[({”]AtAs, (59)
x0 Jyo

h(x,y) = /x /yg(s, ) AtAs, (60)
x0 Y Yo
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~ Y~
R - [ Fwmoar, (61)
0
- x ry
F(x,y):ql(g_lc(x,y)+¢(x,y)+/ / rKfld(t,n)AnAt, and (62)
X0 Y)o

@(x,y)

_ (0 -kvix,y) <(9 - I)W("’y)>(k_l)/(k_9). (63)

-1 (k — 1)v(x,y)

Proof Let u(x,y) be a solution of (55). Then, it satisfies the following dynamical integral
equation:

u(x,y) = ¢p(x) + ¥ (y) —uo

+/x: /y:[c(s,t)uq(s,t)+/x: /y:d(r,n)u'(r,n)AnAr]AtAs

x ry
+ / / [V(s, Huk (s, t) — wis, t)u’ (s, t)]AtAs
%0 0
x py a rp
+ / / g(s, t)AtAs/ f(s, e)u (s, t) AtAs. (64)
X0 Y Y0 x0 Y%0
Then from (58), (60), and (63), we have

|u(x,9)| < alx,y)

X y p s ¢ ) :|
+/;0/y [c(s,t)’u(s,t)| +/x0 /yod(r,n)|u(f,n)| AnAt |AtAs

X y k ,
+/x0/y [v(s,t)|u(s,t)| —W(S,t){u(s,t)| ]AtAs

0

a rp
+ h(x,y) f fs,t)|uts,t)|"Atas,  (xy) €T x Ta. (65)
X Yo

0

An application of Theorem 3.2 with p = 1, b(x,y) = l(x,y) = 1, clx,y,s,t) = c(s,t),
dx,y,s,t) = d(s,t), vx,yst) = vis,t), wxyst) = wst), flx,yst) = f(s,t) and
g(x,y,s,t) =0 yields (57). O

5 Conclusions

We have established several generalized Volterra—Fredholm-type dynamical integral in-
equalities in two independent variables on time scale pairs using an inequality introduced
in [33]. As one can see, Theorems 3.1-3.4 generalize many known results in the litera-
ture. Theorem 3.2 can be applied to deal with the bounds of solutions of certain partial
dynamic equation with positive and negative coefficients. Moreover, unlike some existing
results in the literature (e.g., [28, 36, 37]), the integral inequalities considered in this paper
involve the forward jump operator o (x) on a time scale, which results in difficulties in the

estimation on the explicit bounds of the unknown function u(x, ).
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