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1 Preliminaries

We know that many researchers are working on fractional differential equarions from dif-
ferent point of view (see, for example, ([1-12] and [13]). In 2015, a new fractional derivative
introduced entitled Caputo—Fabrizio and some researchers tried to obtain new techniques
for studying of distinct integro-differential equations via the new derivation (see, for ex-
ample, [14—19]) and new fractional models and optimal controls of different phenomena
with the non-singular derivative operator (see, for example, [20—24] and [25]). Also, there
has been published a lot of work about physical studies on fractional calculus and new
aspects of fractional different models with Mittag-Leffler law (see, for example, [26—29]
and [30]).

Most researchers like to obtain numerical solutions of fractional differential equations
specially singular ones (see foe example, [24, 25] and [31]). It is natural that most softwares
are not able to calculate solutions of most singular differential equations now while nowa-
days we can prove that most complicate problems such pointwise defined multi-singular
fractional differential equations under some integral boundary conditions have solutions.
But finding numerical solutions is not possible yet and this weakliness relates to the struc-
tures of the software.

In 2015, Liu and Wong investigated the fractional problem “D%x(t) = f(t,x(t), D x(¢))
with boundary conditions x(0) + x'(0) = y(x), fol x(t)dt = m and x”(0) = x®(0) = --- =
x2"D(0) = 0, where 0 < £ < 1, m is a real number, n > 2, « € (n — 1,n), 0 < B <1, D* and
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D# are the Caputo fractional derivatives, y € Cr([0,1]) and £ : (0,1] x R x R — R is con-
tinuous with f(¢,x,y) may be singular at £ = 0 [32]. In 2016, Shabibi et al. introduced a
new type of fractional differential equations entitled pointwise defined integro-differential
problems [33]. Recall that D*x(¢) + f(£) = 0 is a pointwise defined equation on [0, 1] if there
exists a set E C [0, 1] such that the measure of E° is zero and the equation holds on E [33].
In 2018, Baleanu et al. reviewed the existence of solutions for the pointwise defined three

steps crisis integro-differential equation

Dx(t) +f(t,x(t>,x'<r),Dﬂx(t>, /0 h(s)x(s>ds,¢(x<t>)) -0

with boundary conditions x(1) = x(0) = x”(0) = #"(0) = 0, where @ > 2, A, u, 8 € (0,1), ¢ :
X — X is a mapping such that ||¢(x) —d )|l < Ollx—y| +61]1x"—y || for some non-negative
real numbers 6y and 6; € [0,00) and all x,y € X, D* is the Caputo fractional derivative
of order o, f(t,x1(¢),...,x5(t)) = fi(t,x1(2),...,x5(2)) for all £ € [0,A), f(t,x1(2),...,x5(t)) =
fo(t,x1(8), ..., x5(2)) for all ¢ € [A, ] and f(&,x1(E),...,x5(2)) = f(&,x1(E),...,x5(2)) for all
te(u,1], A1t -+ ) and f3(t, -, -, -, -) are continuous on [0, 1) and (i, 1] and fo(¢,-,-,-,) is
multi-singular [34]. In 2019, Chergui et al. reviewed the existence and uniqueness of so-
lution for the nonlinear fractional boundary value problem D7x(¢t) = f (¢, x(¢), D"x(¢)) with
non-separated type integral boundary conditions x(0) — A;x(7T) = u; fOT g(s,x(s)) ds and
x'(0) = XX’ (T) = s fOTh(s,x(s))ds, wheret € [0,T],1<g<2,0<r <1, D7is the Caputo
fractional derivative of order ¢, f € Cr([0, 7] x R x R), g,/ :[0,T] x R — R are given
continuous functions and A1, Ay, 1, 2 € R with A1 #1 and A, #1 [35].

Motivated by the work, we investigate the existence of solutions for the nonlinear frac-

tional differential pointwise defined problem
t
Dfx(¢) =f(t,x(t),x/(t),Dﬂx(t),/. g(é)x(é)d§>, 1)
0

with boundary conditions x(u) = fol 2(2)x(z) dz and x(0) = x(0) = 0, for 2 <j <m -1,
wherea > 2,n=[a]+1, 4,8 €(0,1),g,h:[0,1] - Rare two maps such that g, € L'[0,1]
and f € L! is singular at some points [0, 1]. Here, || - ||; denotes the norm of L[0,1]. We
consider the sup norm | - || for Y = C[0,1] and ||%|, = max{|x||,||x'||} for C1[0,1]. The
Riemann-Liouville integral of order p with the lower limita > 0 for a functionf : (a, 00) —
R is defined by I2,f(¢) = %@) f;(t — s)?"1f(s) ds provided that the right-hand side is point-
wise defined on (a4, 00). we denote /7f(¢) for 1{; f(t) [36]. The Caputo fractional derivative
of order > 0 of a function f : (@,00) — R is defined by ‘D*f(t) = =~ fot SO g,

I (n-a) (t-s)a+l-n

where 7 = [«] + 1 [36]. We need the following results.

Lemma 1 ([37]) Let 0<n—1<a <n and x € C(0,1). Then there exist real constants
C0r -+ Cp1 SUCh that Dx(t) = x(£) + Y1y cit'.

Lemma 2 ([38]) Let X be a Banach space, C a closed and convex of X, §2 a relatively open
subset of C with 0 € 2 and F : §2 — C a continuous and compact map. Then either F has
a fixed point in 2 or there exist y € 352 and ) € (0,1) such that y = AFy.
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2 Main results

Lemma3 Leta>2,n=[a]+1,u,B€(0,1),f,h:[0,1] — R such that f,h € L'[0,1] and
n# fol zh(2) dz. A map x is a solution for the pointwise defined equation D*x(¢) = f(t) with
boundary conditions x(j1) = fol h(2)x(z) dz and x(0) = x9(0) = 0 (2 < j < n) if and only if
x(t) = /01 G(t,5)f (s) ds, where

(t;"s()Z)_l + t[(u;s:‘;—(ga(sn , 0<s<t<l,u=>s
(=271 tHy(s

(t,s) = t[&(fj)a_;?s‘;]r(;), pEnEsEst
T(a)w, 0<t=<s=uc=<l,
_% 0<t<s<lu<s

ft ) h(z)dz and A, = fol(zh(z) —u)dz.
Proof By following the related proof in [34], we concluded that Lemma 1 is valid on
L'[0,1]. Now let x(t) be a solution for the problem. By using Lemma 1 and x?(0) = 0

for j = 2 we get x(£) = 73 fo (¢ = $)*7'f(s)ds + ¢o + ert. Since x(0) = 0, ¢ = 0 and so
x(8) = fo $)*"1f(s)ds + c1t. Hence,

W= —— [ -9 d @)
x,u—m/o w=8) " f(s)ds+cip

and h(z)x(z) = ﬁa)h(z) f(f(z —8)*7Yf(s)ds + c1zh(z) for all z € [0, 1]. Thus,

1 1 1 pz e 1
/Oh(z)x(z)dZ— F(a),/o /O(z s) h(z)f(s)dsdz+01/(; zh(z) dz

and so fol h(z)x(z) dz = ﬁ [01 fsl (z=9)*h(2)f (s)dzds + o /01 zh(z) dz. Put

1
Ha(t):/ (z -0 h(z) dz.

Then we have fol h(2)x(z) dz = ﬁ fol Hy(s)f(s)ds+c1 fol zh(z) dz. By using the assumption
= fol zh(z) dz and (2), we obtain

1

7 1
—f/ (w—s)*"Yf(s)ds +crju = / Hy( ds+c1f zh(z) dz
() Jo 0

Hence, cl(fo1 zh(z)dz — ) = r%a) Jow =87 (s)ds — 7 f Hy(s)f (s) ds and so

# a-1 1 !
/ (=90 s s /0 Ha(5)f(s) ds,

I'(a) Jo

where A, = fol (zh(z) — n) dz. Thus,

_L ! _ a1 t " _ a1
0= 1 /0 (€= s+ s /0 (1= 9 f(5)ds
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¢ 1
_Aiuf(a)/o H,(s)f (s) ds.

If u <t, then

_L . ‘ _ -l ¢ . _ el
"(”‘r(a>(/o +fﬂ)(t 9 f(s)dHA,LF(a)/O (1 — £ (5) ds

B A,t;(a) (fou ¥ /H * /t 1)hfa(s)f(s) ds,

and for ¢t < i we have

_L ! _ el t ! : _ el
0= /0 (L= f(s)ds + Tr(a)< /0 . / )(u 941 (s) dis

‘m(f():/ﬂ/;)mum)d&

Hence x(¢) is given by x(¢) = fol G(t,5)f (s) ds, where

(=) tl(pu=9)*~Ha(s)]

(@) AT 0 0ssst=lu=s
oa—1
Glt,s) = Zi@); /gﬁif)» O<pu<s<t<l,
T Ag@ 0<t<s<p<l,
‘/fl,f?((fi)' 0<t<s<lpu<s

The converse part could be obtained easily by some straightforward calculations.

Note that

(=92 (u=5)"~Hy(s)
Ia-1) AT O<s<t<l,u=>s,
(t,S)Ot—Z Hy(s)

E(ts): Fa-1) ~ Aul(a)’ 0<u<s<t<l,

' (1=s)" a5
" T AT @) 0<t<s<p<l,
Hy(s)

TArE O<t<s<lpu<s

Page 4 of 16

and so G and %G are continuous with respect to t. Assume that f € L1([0,1] x R x R x
R x R) is a map such that f is singular at some points of [0, 1]. Define the map F: X — X

by
1 S
Fi(t) = /0 G(t, S)f(S,x(s),x’(s),Dﬂx(s),‘/O g(é‘)x(é)dg) ds
= ﬁ /Ot(t —s)“1f<s,x(s),x’(s),Df‘x(s),Asg(é)x(é)dé) ds

L / “ —s)“-lf’(s #(),(5), DPx(s) / S (s>x<s)ds) ds
AT @) Jo ARl A

t 1 ; s
A ') H, ,%(s), ' (s), ,
A, T(e) /0 (S)f(s x(s),%(s), D" x(s) /0 g(é)x(é)dé) ds
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for all ¢ € [0,1], where g : [0,1] — R belongs to L'[0,1]. Note that, |Dfx| < % and
| [5 &&)x(&) d&| < ml|x|, where m = fo |g(&)| d&. Let £ € [0,1]. Then we have

1 s
El(f) = /0 %(t,sy(s,x(s),x%s),Dﬁx(s), /O g(é)x(é)dé> ds

1

- ' Q)2 / B N
F(O,_l) f (t-s) f(sw(s);x(sw x(s), [0 g@)x(s)ds) ds

A,LF(oc) / w—s)*" 1f<s,x(s) % (s), DPx(s), / g(g)x(g)dg) ds

/ H, (s)f(sxs) x'(s), DPx(s), / (&)x(&) dS) ds.

AMF AT (@)

Note that xy € X is a solution for the singular pointwise defined equation (1) if and only if
%y is a fixed point of F.

Theorem 4 Let o > 2, n=[a] +1, u, B €(0,1), g,k :[0,1] = R are mappings such that
g h e LY0,1] with u #fol zh(z)dz, A := max{1,m, 1"(2;_/3)} and m := ||g||;. Assume that f
[0,1] x X* — R is a mapping such that f is singular on some point of [0,1] and for all
X1yeeer X2, Y15, Ya € X and for almost all t € [0,1] we have

4
[f (&1, %2, %0) = f (Y1 Y205 9a)| < Zﬂi(t)Ai(|xi - yil)s

i=1

where a; : [0,1] — R*, d; € L'[0,1], di(s) = (1 - 5)*2a,(s), A;: R* — R* is a nondecreasing
mapping with respect to all their components such that lim,_, g+ ‘— = q, for some q; > 0.
Supposethat g, ...,gs: R — R are some functions such th&lt]lmz4,0+ gi(z)=0for1 <i<4.
Also, assume that for almost all t € (0,1] and x1,...,x4 € X we have

ko
|f(t’x1,x2; v 1x4)| = Zei(t)Mi(xl» coe ,?C4) + N(xl; .. ':x4);

i=1

where ky € N, 6;: [0,1] — R*, éi e L'0,1], M;,N : R* — [0,00) are nondecreasing map-

pings with respect to all their components, lim,_, o W =m; € (0,00) and lim,_, ., N(z,
. 2) < oo.If(F( |141x;|||f‘ul )Zl LM 116; l01] € (0, %), then the problem (1) has a solution.

Proof We show that the map F is continuous. For x,y € X and £ € [0, 1], we have

|E.() - Ey (1)

1 s
/ G(t,s)f(s,x(S),x/(S),Dﬁx(S); / g(S)x(s)d«S> ds
0 0

1 s
- /0 G(t,S)f(S,y(S),y’(S),Dﬂ ¥(s), /0 g(é)y(é)dé) ds

=

t

L el , 8 § )
=T@h 7Y P(s*"(s)fx(s)’l) #(9), /O g©)x(¢) di

ds

-f (S,y(s),y’(s),Dﬁy(s), /0 g(s)y(s)dé)

Page 5 of 16
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-1 B
y IF(a)/ =) P(s’x“)x (5), D7x(5), / g(é)x(é)ds)

-f (s,y(s),y’(s),D’sy(s), /0 g(é)y(%‘)dé‘) ds

1 S
+ m /0 |Ha(5)|L/(S,x(S),x/(s),Dﬁx(s), /0 g(g)x(g)dg)

-f (S,y(S),y’(S),D’g ¥(s), _/0 g(E)y(S)dE) ds

IA

ﬁ /0 (=g [al(s)Al(}x(s) —y(5)]) + a2() A (| (8) - 9)])

/0 E)(x(8) - (8)) dsm ds

L " a-1 / /
+m/0 (1 —>s) [al(S)Al(Ix(S)—y(S)I)+az(S)Az(|x(S)—y(S)|)

/0 ' gE)(x(8) - (8)) ds')] ds

1
- mfo IHa(S)I[m(S)Al(Ix(S)—y(S)I) +ax(s) A (|%'(s) = ¥/ (s)])

+ ﬂg(S)Ag(‘Dﬁx(S) - DPy(s) ’) + a4(s)A4(

+ ag(s)A3(|Dﬁx(s) —-DPy(s) ’) + a4(s)A4(

+ ﬂg(S)Ag(‘Dﬁx(S) - Dﬁy(s)D + a4(s)A4(

/ g(é)(x(é)—y(f))dSD]ds

ﬁ/o (t—S)Ol—l|:a1(S)A1(||x—y||) +“2(3)Az(||x/—)/||)

IA

; ﬂs(S)As(JLx(Z__y ﬂ”)) +a4(s)A4(m||x—y||))] ds

+¥/M( —S)O‘_1|:a ()A (||x— ||)+a (A (Hx/— /||)
|AM|F(05) A M 1 1 y 2 2 y

; 613(5)/\3( i ﬁ”)) ; a4(s)A4(mnx—y||)} ds

m/ |He (s)|[a1(s)A (I = y1l) + as(s) As ([ = /|))

rasoms( o) a0 sl 1) | as

IA

%/0 (t -9 Har() A1 (Allx = yll) + ax(s) Az (A" = y/||)
+as(s)As(Al|x' = ||) + aa(s) Aa(Allx - yll)] ds
a-1
m/ (n—s) [611(5)/11(A||x 1) +¢z2(s)A2(A||x —y ||)
+az(s)As(A|x" = y||) + aals) As(Allx - yll) ] ds

1
+ m /0 |Ha (5)|[a2(5) A1 (Allx — 31) + a2(s) A (A2~ y'])

+az(s)As(A|a" =y ||) + aals) As(Allx - yll) ] ds
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where A := max{1, m, 1_(2;_}3)}. Hence,
’FX(t)_Fy(t”
< L/t(t—s)“—l[(l (A (A||x— I )+g (s)A (A||x— I )
- F(a) 0 1 1 Vil 2 2 Yl
+az(s) Az(Allx = yll+) + aals) Aa(Allx = yll.) ] ds
m/ (1 =9 Har() A1 (Allx = yll.) + ax(s) Az (Allx - ylls)
+ 613(S)A3(A||x—y||*) + ﬂ4(S)A4(AIIx—yII*)]ds
1
+ m/o |Ho(s)|[ar1(9) Ar(Allx = yll.) + az(s) Az (Allx - ll.)

+a3(s) Az (Allx - yll.) + aa(s) Ag(Allx - yll.) ] ds. (4)

Since lim,_, ¢+ g;(2) = 0, for € > 0 there exists §, > 0 such that 0 < z < §, indicates that |g;(z)| <

€,forall 1 <i < 4. On the other hand by using lim,_, ¢+ A—(Z) = g;, for each € > 0 there exists

&(z
80>Osuchthat A(Z) <gi+eforO<z<8pand1l <i<4. Thus,

Ai(2) < (qi + €)gi(2)
for 0 <z < 8. Put 8§ = min{4y, 84, €}. Then we have

Ai2) < (qi + €)e (5)
forO<z<dand1<i=<4. Let|x-y|.< %. By using (5) we have

Ai(Allx = ylls) < (g; + €)e, (6)
for all 1 < i < 4. Thus by using (4), for ||x — y||, < % we get

|Fu(£) - Fy ()|

1 ' -1
< @ /0 (t -9 ar(s)(qr + €)€ + - - + aa(s) Aa(qa + €)€] ds

+ m /OM(“ — ) ar(s)(q + €)€ + - -+ + au(s) Ag(qa + €)€] ds

1
' m /0 |Ho )] [a1(5)(q1 + €)€ + - + aa() Aa(ga + €)€] ds

o—1
B F(a)/ (1 S) Zd S)(q;+6
€t 1(1 )ail 4 o y
+m/0 - ;m gi +€)ds

Y, |r(a)/ [He (5)(gs + €)ds.
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This implies that
1 1
|Ha(s)| 5/ (z—s)“’1|h(z)|dz§/ (1—s)""1|h(z)fdz
1
(-9 [ 0@ dz= (L-9 T hll < (1= 52l
0

for all s € [0, 1]. Now for each ¢ € [0,1] and %,y € X with |lx — y||. < A, we have

|F.(t) - F,(t)|

< )Z<q,+e>[ / (1-9 Zat(s)ds}

€t + 1 s
i S| [ - ana]

€t 4 ( : 1(1 ey
+m;‘]i+€|:\/o —s ai(s S]

: . 1 t ¢kl
= (Z(% + 6)”ai"[O,I]) (F(C() + |AM|F(C() + |AM|F(C()>E'

i=1

Thus,

125 = (Y (7t s )e
x = i i11[0,1 VRN
S PHINr@ " 14, @)

for [lx — yll. < %. Also for each ¢ € [0,1] and x,y € X, we have

|FL(t) - Fy(t)]

; ' _ a2 7 B s )
= F(a—l)/o (t—s) P(s,x(s),x(s),D x(s),/o g(&)x(&) de

-f (S,y(S),y'(S),Dﬂ (s), /0 g(é)y(é)dé‘) ds

— 1 . a-1 / B §
' |Aﬂ|r(a)/0 (e =3) P(sw(s)’x(sw *s), fo g(E)x(S)d$>

-f (S,y(S),y’(S),D’g (s), / g(é‘)y(é)dé) ds

1
i |, W(S H0 6D, [ g(é)x(é)dé)
"

-f (S,y(S)ry’(S),Dﬁ (s)s /0 g(é)y(é)d€> ds

1 t . / /
< F(a—l)/o (t-3s) 2[5{1(8)/\1(‘96(5)—3/(8)’)+a2(s)A2(’x () -y )])

+ ag(s)A3(|Dﬂx(s) - Dﬁy(s)|) + a4(s)A4<

/ g(E)(x(S)—y(é))dSD]ds

Page 8 of 16
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/(M S)‘“[al(s A1 ([x(s) = y(9)]) + aa(s) Ax(|#'(s) = ¥ (5)])

/ g(E)(x(S)—y(%‘))dS')]ds

f|H (S)|[ﬂ1(S)A1(|x(S) y(8)]) + aa(s) A (|2 (s) - ¥/ (5)])

IA |F(a)

+ a5(9) Aa (| DPa(s) = DPy(s)) + a4(S)A4(

T, IF(

+ ag(s)A3(|Dﬂx(s) - Dﬁy(s)|) + a4(s)A4<

[ g(E)(x(S)—y(E))dSD]ds

1 t / /
m/o (t—s)az[al(S)Al(llx—y||) + ax(s) Ao (| - y/]))

IA

raso)s (o) aso sl |

1 M( 2 ay(s) A ()4 o
+m/0 p=s |:“1S (Il = y11) + az(s) Az ([« = ¥|])

raso) s ) a9 as(onts 1) | s

1
. m /0 |Ha<s>|[a1(s)A1(||x—yn) s ax(s) s -y ])

+ as(S)As(IlLiz__y;D + ay(s) Ag(m|x —yll)} ds

IA

ﬁ /O (69 [ An(Allx—31) + ax(s) Aa(Bl— 1)
+as(s) Ag(Allx - y11.) + aa(®) Aa(A 1% - y1l.) ] ds
! m [ =9 @A (Alle=51) + a6 42 8551
+a3(S)A3(AIIx—yII ) +aa(s) As(Allx - yll.)] ds

W f |Ho(5)| [@1(5) Ar (Allx = yll.) + @a(s) Aa (Al = yll.)

+as(s) As(Allx = ylls) + aa(s) As(Allx - yll.) ] ds
Thus, by using (5), we get

|FL(8) - Fy ()]

€ 1 4
= Ta-1) /0 (1-s)*2 ;di(s)(qi +e)ds
€ 1 4
+ AIr@ /0 (1-s)! Zai(s)(ql. +€)ds

Y, |r(a)/ [He )i + €)ds

Page 9of 16
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€ 4 1
: )92,
<y Lo [ a-oraas]

4

b S (gi+ e)[ f (1= 9 2as) ds]
A, T (o) 2T ; :

i=1

€ 4 1 5
+ m;(‘]i+€)|:/o (1-9) ﬂi(S)dS]
4 i 1 1 I14lly
) (Z(% H)"aill[o'l]) (F(a> RON |Au|r(a))€

i=1

LAy

4 N
whenever [lx—yll. < . Hence, [IF; ~ F}l| < (X, (g + ©)lldillion) (i + bt

)e when-
8
ever |lx — y[lx < ¥ and so

IF: = Byll. = max{||Fx - Ky, | F; - F |}

1+ ||l
(Z(ql +)llailloa )( ra-1 " |A,L|F(oz)>E

whenever |x — ||, < %. Since € > 0 was arbitrary, ||F; — F, ||« — 0 whenever |x — y||. — 0.

MilAzu82) _ 4y for all 1 < i < ko, for each

This implies that F is continuous. Since lim,_,

Z,..,AZ)

€ > 0 there exists r(¢) > 0 such that | ia v — m;| < € whenever z € [r(€), 00). Thus,

Mi(Az,...,Az) < (m; + €)Az 7)
for all z € [r(e), 00). Since lim,_, o, N(Az,..., Az) < 00, lim,_, o, N(Azi;m) = 0. Hence, there
exists ’(¢) > 0 such that W <€ and

N(Az,...,Az) < Aze, (8)
for all z € [r/(€),00). Since ( Ijzllllh"”i)) Z, L M |0-||[0 11 € (0, l) there exists €y > 0
such that (r(a_ lj”‘llli‘“ )Z (m; +€)|16; lfo,17 + (r @t %)eo € (0, ). Now, put

1o := max{r(eo), r'(€o)}. By using (7) and (8) for z = ry, we get M;(Ary, ..., Arg) < (m; +€9) Arg
and N(Ary, ..., Arg) < Argeg. Define 2 = {x € X : |||« < ro}. Let xg € 062 and A € (0, 1) be
such that xy = AF,,. Then ||« = r. Now for each ¢ € [0, 1], we have

1 s
wi =i [ G(t,sy(s,x(s»x’(s),Dﬂx(s), / g@)x@)ds) ds
0 0
and so

|x0(t)|

1 s
= ‘A/ G(t,s)f(s,xo(S),xg(S),D“xo(S),/ g(é)xo(é)dé) ds
0 0

¢ ko s
sk[% /O (t—s)“-lgei(swi(xo<s>,xg(s>,Df‘xo(s>, /O g(%‘)xo(é)d$> ds

Page 10 of 16



Talaee et al. Advances in Difference Equations (2020) 2020:41 Page 11 0of 16

T (la) /ot(t_s)a_lN <x0(s)rx6(s),Dﬂxo(S), /0 sg(é)xo(é)d$> ds

' m /OM(“ - ,kZD@i(S)M" (’CO“)"‘%“):W %o(s), /0 Sg(s)xo(ads) ds
iy IF(a)/ (=8N ("0(5) %(8), D xo(s), / o) xo(sms) ds

+ m /0 lHa(S)i:Qi(S)Mi (xo(S),xE)(S),Df’xo(s), /0 ' g(g)xo(g)dg> ds

T / Hal s)Z@(s (5003509 D85009, [ gtermate e ds}

1 & .
<A [W ) [ - s)“-le,(s)Mi(nxon*, ol o, Wl||x0||*) ds

”xO”*
%0 |l 5 [|%0 || 55 ,m||x ds
(II ol lIxoll r2-p) lloll «

ko
! : = %ol
- Y 0;(s)M; % s , d
rmrEmpD IR <||xo|| ol 755 m||x0||*> s
t " - %ol
b | (-9 1N(nx s %011 i ||*) ds
lAMIF(OO/o N Tre—-p

¢ ”xO”*
o Ha(s)exs)Mi(nx [ o ) ds
|AM|F(a);/<) e - g

C ey Il
+ m /0‘ Ha(s) ;GL(S)N<”7COH*! ”xO”*; F(2 _ ﬁ),m||x0||*) ds:|

ko 1
1
<X [m ;M,(Aro, Arg, Ary, A"0)/0 (1-5)*"%0,(s) ds

t
+ —N(AVQ,AVO,AVO,AVO)/ (t-s)*"ds
I'(x) 0
t Lo ! 2
— N " Mi(Arg, Arg, Arg, A 1-5)*70,(s)d.
+ |AM|F(C(); ( 1o, Arg, Arg 7'0)/(; ( S) (S) S
L N(Aro, Arg, Arg, A )/M( ) d
+ ro, Arg, AT, AT -s §
|AH|1"(05) 0 0 0 0 A n
ko 1
— |k Mi(Arg, Arg, Arg, A 1-5)"20,(s)d
+ |AM|F(06)” ||1§ (Aro, Arg, Arg Vo)f()( $)*70i(s) ds
1
—_||h]iN(Aro, Arg, Arg, A 1-5)""d
Ay PN (B Ao, 7o rO)./(;( s

ko
1 R e
<A — S A 6, A
< [F(a) ; (m; + €0)roll:llo1) + T
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t fo A e
+———— ) A(m; +€)rolltilljo1) + T, Aroco
A, T (@ 21: : AN T M+ 1)
ko
tlihal A tlhl
+ A(m; + € 0; + ——————— Arge
AT Z (m; + €0)rollO;llo,1) A
12 i=1 1%

for all £ € [0, 1]. Hence,

ko
1 1+l .
* @) i 91'
llocoll < [(F(a) + |AM|F((¥)> ;(m +€0)10;110,1)
p + llhlh oAy
Ia+1) |AM|F(0£+1) 0 0
ko
1+ [l .
i 9,‘
|:<F -1) |AM|I_'(a) Z(m +€0)116:llo,1)

i=1

u + Al e | Ay
Fa+1) A T (+1)) 07"

Also for each ¢ € [0, 1], we have

[%()]

1 G s
=‘x /0 aa—t(t,S)f<S,xo(S),xé(S),Dﬂxo(S)» /0 g(f)xo@)d-§> ds

ko
1 ! _ )92 . . ’ B §
= )L|:1"(oz Y /0 (t-ys) ZQZ(S)MZ <xo(5),x0(s),D xo(s),/o g(g)xo(g)dég) ds

o N (0049, 0830, [ eermter e ) s

n ko \
+ m /0‘ (—9)" ;@(S)Mi (xo(s),xg(s),Dﬁxo(s),/o g(S)xo(‘f)d§> ds

Fir 9N (50025908500, [ termater e ) s
AT (@) o o(5),%(5), Dxols), | £(6)o
1 ko s
IR / Ha(S);Gi(S)Mi(xo(s),xg(s),Dﬁxo(s), | g@)xo(s)ds> ds
1 ! Lo - s
+ m/é Hot(S);Qi(S)N<xO(S),x0(S)1D x()(S),/O g(s)xo(g)dg) dS:|

ko ¢
1 ey (rr %ol
sx[mzlfo (t-s) 9;(S)Mz<||xo||*,||x0||*, F(z_ﬂ),mnxon*) ds

! L a2 xoll
+ m/o (t—s) N<||x0||*, B[ F(z_ﬂ),mllxoll*) ds
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NS [ s)“-lel(sw-(nx I PR LY )ds
|A'u|["(a) pr o i i 0 ll*» (IEY] F(2—ﬂ), 0] %

b ] " —S)alN(llon*, %ol m,m||xo||*> ds
AT @) o r2-p)

ko 1
1 ol
+ Ha(s)gi SMi( X0 (155 X0 |50 =700 M||X *) ds
|Au|r(a);/o OM; {150l ol 5= 5 mloll

”xO”*

ko
1
gx[m ZM(ArO,ArO,Aro,ArO)/ (1 —5)*"20,(s) ds

N(Al’o,Aro,Aro,Aro)/ (t_s)ot—st
0

" D
1 ko
+ m ZM (Arg, Arg, Arg, Aro)/ (1 - 5)°20,(s) ds
1 n
+ mN(Aro,Aro,Aro,Aro)/o (=)' ds
ko
+ m 721 ZM (Arg, Ary, Aro,Aro)/ (1— 5)%-26,(s) ds
1
* T V1IN (Aro, Ao, Aro, Aro) /0 (15! ds}
! fa1
< |:1"(oz 1) 4 Z A(m; + €0)ro |6 llo,17 + @ — Argeg
1 ko -
W Z A(m; + €0)roll0illjo,n) + mA’bfo
+ |A|||h]|ll( ) 4 Z A(m; + €0)rol1Billo,1) + W’J”;I%Aroeo}‘

I k A A
Thus, [|xp < \;HI‘F'}I)) > (mi+ €0)l16; o1 + (m + %)GO]A% <rpand

so ||xol« = max{llxoll IIxOII} < ro. Now by using Lemma 2, F has a fixed point in §2 and so

the problem (1) has a solution. |

Example 1 Consider the problem
Dix(t)+e(t)M(x(t),x/(t),D%x(r), /0 sx(g)dg) +N<x(t),x'(t),oix(t), /0 a:(g)dg)
=0

with boundary conditions x(%) = fol zx(z) dz and x(0) = x”(0) = 0, where M(x1,...,%4) =
ZEIxil, N, ... x4) = 24_ Wl o) = m and p(#) = 0 whenever ¢t € [0,1] N Q

=1 T+]ag]”
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and p(t) =1 as t € [0,1] N Q°. Put f(¢t, (x1,...,%4) = O(E)M(x1,...,%4) + N(x1,...,%4), ko =

1, Mi(x1,. .. %4) := M(x1,...,%4), O1(2) := 0(2), ﬂl(t) = =ay(t) :=1+6(t), Az =---

A2)=2,81(2) = =guz2)=gt) =h(t)=t, o = 2, B = % = % and p = % Then we have

f (& %1, %0, %0) = f (6,71, Y2+, 34|

Z ;| = Lyl

4
(X + [yl = (1 + [y
Z (1 + (A + [yil)

i=1
4

4
oe; — il
=00 2=+ D e

i=1

4 4
0 lxi—yil+ ) lwi— il
i1 i1

4

4
= (0@ +1) D lwi—yil =Y @) As(lxi - yil).

i=1 i=1

One can see that d;(t) = (1 — 5)*2a;(t) € L'[0,1], A; : R* — R* is nondecreasing,
lim,_, g+ f— =1:=¢q; € [0,00) and lim,_,¢+ g;(z) = 0 for 1 <i < 4. Also, M and N are non-

decreasing with respect to all their components, lim,_, M =4 :=m; € (0,00) and

lim,—. o N(z,...,2) = 4 < 0o. Note that, g,h e L'[0,1], folzh(z)dz =1 m=|glh=1
A, = fol(zh(z) -u)dz = fo z2? - —)dz = , A = max{1, m, 1.(2;_/3)} = % and (|61 [ljo,1] = %.
Finally, we have

ko
1 1+ k|1 N
ill6;
(r(a— D " T4 ) 0o
( 1 1+l) . 1
= —_— t X X —
re) ire 50

(o))

Thus by using Theorem 4, this problem has a solution.

[~}

3 Conclusion

It is important that we increase our ability for studying of complicate fractional integro-
differential equation. One of such equations are pointwise defined multi-singular frac-
tional differential equations. Solving of such equations prepares us for modeling of most
phenomena without removing most parameters which play a role in the phenomena. It
is natural that most software is not able to calculate solutions of most singular differen-
tial equations now, while this weakliness relates to the structures of the softwares. In this
work, we study the existence of solutions for a pointwise defined multi-singular fractional

differential equation under some integral boundary conditions.
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