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1 Introduction
In this paper, we consider the existence and uniqueness of the solution of the following
fractional boundary value problem:

D2 u(t) +f(t,u(t), u(t)) + g(t, u(t),u(t) —b=0, te(0,1),
u(0) =/ (0) = - -- = u"2(0) = 0, (1.1)
Du(l) = Y2 EDE u(n) + 2,

where b > 0, Dj, and Dg+ are the Riemann—Liouville fractional derivatives withn -1 < o <
mn-2<B<n-1,n>2meN),a-p-1>0,0<&,n7,<1,i=1,2,3,.... m-2,m>3,
ZZ;Z Em?_’s_l <1.f,g:(0,1) x (—00, +00) x (—00, +00) — (—00, +00) are continuous, and
f, g may be singular at £ = 0,1, X is a parameter.

The problem (1.1) with A = 0 has been investigated by many authors [1-8]. Li et al. [1]
considered the following fractional three-point boundary value problem:

Dy u(t) +f(t,u(t)) =0, 0<t<l,

(1.2)
u(0)=0,  Dhu(1)=aDf.u(§),

where 1 <o <2,0<8<1,0<a<1andé¢ €(0,1). The authors firstly derived the cor-
responding Green’s function of the problem (1.2). Based on the above result, the problem
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(1.2) is reduced to an equivalent integral equation. By using the Banach contraction map-
ping principle and a nonlinear alternative of Leray—Schauder type, the authors obtained
the existence and multiplicity theorems of positive solutions for the problem (1.2). Sub-
sequently, Peng and Zhou [2] studied the existence of positive solutions for the problem
(1.2), the main tools adopted in [2] are topological degree theory and bifurcation tech-
niques. In fact, in [3], Kaufmann and Mboumi have considered the fractional two-point
boundary value problem (1.2) when a = 0 and g = 1. Furthermore, Lv [4] considered the
positive solutions of the following m-point boundary value problem:

D%ut) +f(t,u®) =0, te[0,1],

(1.3)
u(0) =0, Dfu(1) = Y0 6D u(ny),

where 1<a<2,0<8<1l,a-8-1>0,0<&,n,<1,i=1,2,3,...,m—2, m> 3, and
Zlmzzz Smf‘_ﬁ ! < 1. Lv studied the existence of minimal and maximal positive solutions
for the problem (1.3). Moreover, Lv [5] used the fixed point theorem to study m-point
fractional problem with the p-Laplacian operator.

In [9], Sang and Ren studied the following fractional boundary value problem:

=D u(t) = f(t,u®), u(t)) + g(t, u(t),u(t)) - b, te(0,1), n-1l<a=<n,
u?0)=0, i=0,...,n-2, (1.4)
Dyu(l)=0, 1<B<n-2,

where n > 3, b > 0 is a constant, f,g : [0,1] x (00, +00) X (00, +00) —> (—00, +00) are
continuous functions. The problem (1.4) includes the well-known elastic beam equation
and fractional problems considered in [10-16].

Very recently, Wang et al. [17] discussed the following higher-order three-point frac-
tional problem:

=D u(t) =f(t, u(t), u(t)) + gt u(t)), te(0,1), n-1l<a=<n,
u?0)=0, i=0,...,n-2, (1.5)
Dyiu(l) =bDg,u(t), n-2<v<n-1,

whereneN,n>2,0<b<1,and 0 <& < 1. f(t,u,v) may be singular at £ = 0,1 and v =0,
g(t,u) may be singular at ¢ = 0, 1. By the properties of the Green function and two fixed
point theorems for sum-type operator, the authors derived sufficient conditions for the
existence and uniqueness of positive solutions to the problem (1.5).

On the other hand, fractional boundary value problems with parameters have received
considerable attention [18—27]. Tan, Tan and Zhou [18] considered the existence of posi-
tive solutions for fractional differential equations with a parameter as follows:

—-Dg. x(t) = fi (£, x(2), x(2)) + fo(t, x(2)), £ €(0,1),
20)=x/(0)=---=xR00)=0, 0<k<n-2, (1.6)
x(1) =Y P aw(E) +2, m=3,

wheren—-1<a <m,n>2,f :[0,1] x [0,00) x [0, 00) — [0,00), f2 : [0, 1] x [0, 00) — [0, o0)
are continuous, 0 < & <& <--- <&, 0 <1, ZZ]Z aiéia*ﬂ*l <1, and X is a parameter. In



Sang and He Advances in Difference Equations (2020) 2020:51 Page 3 of 17

[19, 20], the authors studied nonlinear boundary value problem with boundary condi-
tions u(0) — Y, au(t;) = A and u(1) — Y ) biu(t;) = 1. In addition, Graef and Kong
[21] considered the boundary value problem with fractional g-derivatives, and studied
the existence of positive solutions according to different ranges of parameter. Moreover,
Li et al. [22] considered infinite point boundary value problem for fractional differential
equations with perturbed parameter. In [24], Lee and Park considered non-local problems
with the boundary value condition #(1) — fol g(s)u(s)ds = b. In [25], Wang and Guo stud-
ied fractional differential equations with boundary condition x(1) = fol k(s)g(x(s)) ds + .
Jia and Liu [26] discussed the effect of the mixed boundary condition m,u(1) + nyu/(1) =
fol g(s)u(s)ds + a.

In this paper, we first consider the Green function of the m-point boundary value prob-
lem (1.1) with a parameter. Then we define a new set, which is not a subset of a cone. So
we extend the results of the cone mapping established in [17, 18] to the non-cone cases.
Finally, we will consider the singularity of f, ¢ and provide some sufficient conditions to
guarantee that the problem (1.1) has a unique solution and construct two iterative se-
quences of solutions.

The rest of this paper is structured as follows. In Sect. 2, we will give some definitions
and related lemmas to prove the main result. In Sect. 3, the existence and uniqueness of

the solution to the problem (1.1) is proved, and an example supporting conclusion is given.

2 Preliminaries and related lemmas
In this section, we will provide some necessary basic definitions and lemmas to prove our
main theorem, which can be found in [28-32].

Throughout our article, we define its base space as a Banach space. Let E be a Banach
space, and 6 be the zero element of E. If there are (1) x e P,A>0=Ax e Pand (2) x € P,
—x € P = x =0, then we call that a nonempty closed convex set P C E is a cone. Define
an ordered relation in E: x < y if and only if y — x € P. If there exists a positive constant N
such that, forall x,y € E, 6 <x <y = ||| < N]|y|, then P is called a normal cone. Given
h > 6, we denote Py, by

P, = {x € E| there exist A >0, u >0 such that Az < x < uh}.
Let e € P with & < e <k, denote

Py.={xecElx+eec Py}
Definition 2.1 ([28, 29]) If B(x,y) is increasing in x, and decreasing in y, then B : Py, x
Py . — E is a mixed monotone operator. i.e., for every u;,v; € Py, (i = 1,2), with u; > vy,

Uy < vy, implies B(uy, up) > B(vy, v2).

Definition 2.2 ([31, 32]) The Riemann-Liouville fractional derivative of order @ > 0 of a
function & € CJ[0, 1] is defined by

w0 = —2 (AN [ e — syt
D0+h(t)—F(n_a)< dt) /0 H(s)(¢ — 5" d,
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where 7 = [«] + 1. The Riemann-Liouville fractional integral of order « > 0 is given by

1

I§h(t) = m

/t(t —8)* L h(s) ds.
0

Definition 2.3 ([32]) Let 8> -1, a >0and ¢t > 0. Then

rpg+1)

B—a
r-—a+1)

Dy if =
Lemma 2.1 ([7]) Let u € C[0,1]NL'[0,1], a > 0, then
IS D& u(t) = u(t) + 1t et 4+ - 4 "7,

wherec; € R,i=1,2,...,nand n = [a] + 1.

Lemma 2.2 Let h(t) € C(0,1)NLY(0, 1), then the following fractional boundary value prob-
lem:

Dg.u(t) + h(t)=0, 0<t<l,
uw(0) =/ (0) =--- = u"2(0) =0, (2.1)
Dhou(1) = Y &D5 u(n:) + A,

has a unique solution

! o—-1
() = / Glt, )hs)ds + x%
0

’

where n—1<a<mn-2<p<n-1,n>2,m=>3,

G(t,s) = G1(t,s) + Gy(t, s),

in which
1 (1 =) Pl (=), 0<s<t<l,
Gl(t,S) = TSN (
(o) | -1(1 = g)2-p-1, 0<t<s<l,
and
ta71 ZO<5< ~$i[n?_ﬁ_l(1 - S)d7ﬂ71 - (Th‘ - S)aiﬂil]’ 0 f t;S f 17
GZ(t) S) = == a-p-1
Al (@) |t ngss1 &in; (1 -s)*, <ts<l,
with

m-2
A=1-) g
i=1
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Proof Using Lemma 2.1, we get

u(t) = —Ig h(t) + Vet o

From condition #(0) = #/(0) = - - - = 42 (0) = 0, we obtain ¢, = ¢,_1 = - - -

u(t) = —I&h(t) + et .
By Definition 2.3, we deduce that

Db u(t) = —I57P h(e) + D, 127!

_ B I'(a)er a—p-1
=—I;;"h(t) + T@—p)
L(t—$)*Ph(s) C@e o g,
S+
-B) I'(a-p)

=¢y =0. Thus

From the boundary value condition Dg+ u(l) = ZZ;Z E,Df; u(n;) + A, we have

5 ~ (1-5)*P"h(s) I'(a)a
DorulD) = / Fa-p) “ Ta-p)

m-2

= &Df u(n) + 2,
i=1
which yields
_g)-B
o= P (S enfatny i [ 1570 ).
Thus

u(t) = —IgJ’l(t) + (F( ) (Z E;Dg+ (i) + A) !

aﬁl 0(1
F(a)/ h(s)t* " ds

_ a 1 F(Ol = B £ 1
= F(a)/ —8)* " h(s ( ) (Z“g‘lDo+u 77;)+)»)

aﬁl 0(1
F(a)/ h(s)t“ " ds.

Moreover, we have

Z&Dmu 771) = Zgz g+ ﬂh 771) +D0+ 77, )

2

=-> &

i=1

o Ta-p

S [N s ) “”Z O F(a)n“ .

Page 5 of 17
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. (" =9 k()
Y [ e
= Jo I'a-p)
— ) p- 1h s e
) P h(s) ds) 1

+ZS;(ZS;DO+L¢ n; +k+/ (=97 hGs) Tas

It follows that
m-2 ni ( a-p-1
ni—s) h(S) )\ a—p-1
E &m;

m—2 1
iDﬂJr i)= — i
> 0futn) A;sfo )
1 [P =s) P h(s) Y2 et
7/0 I(a-p) s,

where

A=1- Zan“’“.

Therefore, the boundary value problem (2.1) has the unique solution

/ (1 —9)* A1 () ds

a-1
/(t—s) h(s)ds+r( )

u(t) =—
() )
m=2 ni
- X C_ e—p-la-1 d
AT L | oot as
ZYZIZ mq_ﬂ_l /1 —p-1,a-1 I« —,B)ta_l)L
== o 1-8)*P "t h(s)d
Yt ) 479 ©ds+ — @)
1 1 I = p)t*
—/0 Gl(t,s)h(s)ds+‘/0 Ga(t,8)h(s)ds + AT @)
1 o — B)t* 1
= G(t,s)h(s)ds + .
| etome Ve
The proof is complete. O
Lemma 2.3 Let
Zf;aﬂl(l )aﬂl ; aﬁl Z&naﬁl aﬁl
0<s<n, s

and
(1+Za -7 )
Then the function G(t,s) defined in Lemma 2.2 satisfies

C(s)t* ! < I'(a)G(t,s) < De*7L,

where t,s € [0, 1].
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Lemma 2.4 ([9]) Let P C E be a normal cone, and let M,N : Py, x P, —> E be two mixed
monotone operators. Suppose that
(L1) forallte[0,1] and x,y € Py, there exists ¥ (t) € (¢,1) such that

M(tx +(t-Det 'y + (t’l - 1)e) > Y (M, y) + (lﬁ(t) - l)e;
(L2) forallte€[0,1] and x,y € Py,
N(tx+(E-Det 'y + (£ —1)e) = tN(x,) + (¢ - De;

(L3) M(h,h) € Py and N(h,h) € Py
(L4) forall x,y € Py, there exists a constant § > 0 such that

M(x,y) > SN (x,y) + (§ — 1)e.

Then the operator equation M(x,x) + N (x,x) + e = x has a unique solution x* in Py,., for any
initial values xo, 0 € Pje, we can get the following iterative sequences:

X = M%y-1,Yn-1) + N(xp_1,¥0-1) + 6

Yy =M1, %,-1) + NOp_1,%,-1) +e, n=12,...,
we have x, — x* and y, — x* in E as n — o0o.

3 Main result
In this section, we will consider the existence and uniqueness of the solution to the bound-
ary value problem (1.1).

For convenience in the proof, we work in a Banach space E = C[0, 1]. Let P C E be defined
by P ={u € E|lu(t) > 0,¢ € [0,1]}, it is clear that P is a normal cone. Let
b1 pre-1 bta—l(ZmIZ g_-m?f*ﬁ}*l _ Zlﬂi;2 m?*ﬁ)

i= i

“@-pr@ ol@ Ala - B) (@)

e(t)

Theorem 3.1 Assume that

(C1) f,2:(0,1) x [—€*,+00) x [—€*, +00) — (—00, +00) are continuous and f, g may be
singular at t = 0,1, where e* = max{e(t) : ¢t € [0,1]}. For t € [0,1], g(t,0,H) > 0 with
g(t,0,H) #£ 0 where H > m;

(C2) forfixed t € [0,1] and y € [—€*, +00), f(t,%,¥), g(t,x,y) are increasing in
x € [—€*,+00); for fixed t € [0,1] and x € [-e*,+00), f(t,x,), g(t, x,y) are
decreasing in'y € [—e*, +00);

(C3) for ue(0,1) and t € [0, 1], there exists (i) € (u, 1) such that
@ fltux+ (-1, uty+ ™ =1)p) = v (w)f(txy),
(b) g(t, px + (= Dp, ™y + (17! = 1)p) = ug(t, x,9),
where x,y € [—e*, +00), p € [0,€*];

(C4) forallte[0,1], x,y € [—e*,+00), there exists § > 0 such that

8T (o~ ).

f(t,x,y) = 8g(t,%,y) + CoA

Page 7 of 17
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(C5) folf(s, H,0)ds < oo and fol g(s,H,0) ds < 0o. Then, for every A € (0, 8], the problem

(1.1) has a unique nontrivial solution u* in Pj,,, where h(t) = Ht*™, for all t € [0,1].

We can construct two iterative sequences:

1
wu(t) = / G(t,$)(f (s, 0n-1(5), Tu=1(5)) + (8, Wu_1(5), Tuo1(5))) ds — e(t)
0

(- )= a

, n=12,...,
ATl («)

1
Tu(t) = fo G(,5)(f (5, T-1(5), 0-1(5)) + (5, Tu-1(5), 01(5)) ) ds — e(?)

I - B)t*a

, =12,...,
Al () "

for any initial values wo, Ty € Py, the sequences {w,(t)}, {t.(t)} approximate u*,

that is, w, — u* and t, — u* as n — 0.

Proof By Lemma 2.2, we obtain

1 1 1
/OG(t,s)ds:/0 Gl(t,s)ds+/ Go(t,s)ds

0
e e e - )
C(@-p)l(@) al(x) Ala - B)I ()
Forall ¢t € [0,1],
b bt b (o T = S b
0 = —
<= @ el Ao~ P @)
- b1 bt 12[ : Et’?a p-1
- (a—ﬂ)l"(a) Al = B)I" ()
~ bt 1 wl
" Ao T =1 O
where H > W Hence, 0 < e(t) < h(t) and Py, = {u € E|u + e € Py}. By Lemma 2.3,

the solution to problem (1.1) has the following expression:

o — B>

u(t) = f GUe,3) (5,109, 145) + 85,05 49)) = B) s + s

1 1
= / G(t,s)f(s, u(s), u(s)) ds + / G(t, s)g(s, u(s), u(s)) ds
0 0
! o= Bt
—b/o G(t,S)dS-'—T(a)
N )
ATl («)

B B S i 1
(=B () al(a) Ao — B)I (er)

1 1
= / G(t,s)f(s, u(s), u(s)) ds + / G(t, s)g(s, u(s), u(s)) ds +
0 0

Page 8 of 17
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o — )t~ 1a ~

AT@ W

= fl G(t,s)f (s, u(s), u(s)) ds + /1 G(t,9)g (s, uls), u(s)) ds +
0 0

1

1
= / G(t,s)f(s, u(s), u(s)) ds —e(t) + / G(t, S)g(s, u(s), u(s)) ds —e(t)
0 0

T — B>

AT (@) + e(t).

For every t € [0,1], u,v € Py, we define the following operators:

M(u,v)(t) = /01 G(t, 9)f (s, u(s), v(s)) ds — e(2),

1 a-1
N, v) () = /0 G(t,5)g (s, uls), v(s)) ds — e(t) + %

Clearly, u(t) is the solution to problem (1.1), if and only if u(¢) is the fixed point of the

operator M(u,v)(t) + N(u,v)(t) + e(t). Therefore, if it can be proved that the operators M,

N satisty all the conditions of the Lemma 2.4, then the conclusion of Theorem 3.1 holds.
(1) By (C3),fort € [0,1], u € (0,1), %,y € Py, and p € [0, €*], we have

fleona+ (' =1)p,uy + (m-1)p) < ¥ () f(6x9),

gt x+ (W =1)p,uy+ (u-1)p) < n7'gt,x,).

For all u,v € Py, there exists 0 < m < 1 such that mh —e <u,v < %h — e, where
h(t) = Ht*1. From h(t) > e(t), we get

(m—l)efmh—efu,vs%h—es%h+($—1)e.Thus

F(tu®), v(0) < f(t, %h(t) " (% - l)e, (m— l)e) < (m) (8, h(2),0)
= Y (m) " f (6 HE",0) < ¥ (m) "' (£, H,0),
1 1 1
g(t, u(®), v(t)) §g(t, ;h(t) + (; - l)e, (m - 1)e> < ;g(t,h(t),())

= ig(t,Ht"‘l,o) < ig(t,H, 0).
m m

In view of (C5), we get

/1 G(t,s)f(s, u(s), v(s)) ds < /1 G(t,s)y(m)f(s,H,0)ds
0 0

o— - 1
< %/{) f(s, H,0) ds < o,

1 1 1
/ G(t,s)g(s, u(s), v(s)) ds < / G(t,s)—g(s,H,0)ds
0 0 m

Dtot—l 1
mlI (@) Jo

=

g(s,H,0)ds < oo.
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Therefore

1
M(u,v)(t) = / G(t,s)f(s, u(s), v(s)) ds — e(t) < o0,
0

(- p)ea

1
N, v)(£) = /0 Glt,s)g (s, u(s), v(s)) ds —e(t) + —— o

that is, M, N are well-defined.

(2) From (C2), for every u;,v; € Py, (i = 1,2) with uy > uy, vi < v, we have

1
M(uy,vi)(t) = /0 G(t,s)f(s, u1(s), vl(s)) ds — e(t)

1
> / Glt,5)f (5,142(5), va(s)) ds — e(t) = M, v:)(0),
0
I -B)—1a
ATl (a)

o — Bt
ATl (o)

1
N(u1, 1)) = /0 G(t,9)g (s, u1(s), v1(s)) ds — e(t) +

1
> / Glt, 5)g (5, 142(5), va(s)) ds — elt) +
0

= N(uz, v2) ().

Hence, M and N are two mixed monotone operators.
(3) By (C3), for 1 € (0,1), t € [0, 1], there exists ¥(1t) € (i, 1) such that

M(Mu +(n-Deu v+ (,uf1 - 1)e)(t)

= /1 G(t,$)f (s, uua(s) + (0 = De, ™' v(s) + (u™" = 1)e) ds — e(?)
0
1
> I/f(,u)/o G(t,s)f (s, u(s), v(s)) ds — e(t)

1
= lﬂ(u)fo G(t,s)f (s, u(s), v(s)) ds — e(t) + ¥ (w)e(t) - Y (w)e(?)
= Y ()M, v)(t) + (¥ (1) - 1)e(t)

and

N(,u,u +(n-Deu v+ (,u‘l - l)e)(t)

= /1 G(t,s)g(s,uu(s) + (-1, w ™ v(s) + (/fl - l)e) ds
0

N )
—e(t) + 7AF(O{)

wl (o — )t

AT @) + ee(t) — pe(t)

1
> /L/O G(t, s)g(s, u(s), v(s)) ds —e(t) +

= uN(u, v)(£) + (1 — D)e(?).
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(4) Forall ¢ € [0,1], combining with (C1) and (C2), we have

1
M(h,h)(t)+e(t):/0 G(t,5)f (s, h(s), h(s)) ds
1
:/ G(t,s)f(s,Hs"‘_l,Hs“_l) ds
0

1 Dta—l
5/0 mf(S,H,O)dS

b s
= F(a)/of(s,H,O)ds t

D
HI ()

1
/ f(s,H,0)ds - h(t)
0
and

1
M(h, h)(2) + e(t) = / G(t,5)f (s, h(s), h(s)) ds

0

1
:/ G(t,s)f(s,Hs""l,Hso"l) ds
0

L C(s)t*?
> / S0 H) ds

1
" HI (@)

/1 C(s)f (s,0,H) ds - h(¢).
0

From (C1), (C2) and (C4), for s € [0, 1], we derive that

(o — B)8?2 -
AC(s) —

f(s,H,0) > f(s,0,H) > 6g(s,H,0) + 0.

Ihus
\/l.f‘(S ) = /lf(s : 1 ) - /1( ( ) (C( ﬁ) 2> =
0 ’ ' 0 ,, 0 ’ ’ AC(S) '

Let
D 1
l = T ,H,O d;
= g [, o0

1 1
12 = m‘/(; C(S)f(s, O,H) ds.

Therefore Lh(t) < M(h, h)(t) + e(t) < l1h(t), that is, M(h, h) € Py,.. Similarly, we

obtain

Nk 1) + e(t) = fo Gt s)g(s hls), ) s + ng—ﬁ(ij‘”\

) Ia-B)e*ta
~ a-1 pra-1 _
- /0 G(t,s)g(s Hs" ™', Hs" ") ds + AT (a)
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o — Bt
/ (S H O)ds + T(a)

1—‘(05_,3))L a-1
( (S,H 0)ds + AT @) >t

I'(a-pB)r
( g(s,H,0)ds + HAT (@) )h(t)

and

I - B)t* A

ATl («)

o — B)t*a
ATl ()

N, h)(t) +e(t) = /01 G(t, s)g(s,h(s),h(s)) ds +

1
:/ G(t,9)g(s, Hs* ", Hs* ") ds +
0

1 C(S)tuz—l
z/(; @) g(s,0,H)ds

_L ! a-1
" T )/ C(s)g(s,0,H)ds - t

g(s,0,H) ds - h(¢).
a)

Let

1 1
I3 = / C(s)g(s,0,H) ds,

HI'(er) Jo
~ 1 I(o = B)A
l4—m/0 g(S,H,O)dS+ HAF(O{) .

Thus I34(t) < N(h, h)(t) + e(t) < I4h(¢), that is, N(h, h) € Py..
(5) Forall u,ve Py, t €[0,1] and 1 € (0,6], by (C4), we have

1
M(u,v)(t) = /0 G(t,s)f (s, u(s), v(s)) ds — e(t)
1
> /o G(t,s) ((Sg(t, u(s), V(s)) + %) ds — e(t)

. 1
=8/0 G(t,s)g(t,u(s),v(s)) ds+/0 G(t,s)%
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ds —e(t)

1 1 o—

> 5/(; G(t,5)g(& uls), v(s)) ds + 8/0 Cﬁf)();) 1 . 6FC(Z):4/3) ds —e(2)
1 o—

>4 /0 G(t,5)g(& uls), v(s)) ds + 81"((1—1—'—/3(1:1)& —e(t) + Se(t) — Se(t)

=8N (u,v)(£) + (8 — 1)e(?).

Thus M(u, v)(t) = SN(u,v)(t) + (§ — 1)e(t). Consequently, all the conditions of

Lemma 2.4 are satisfied, and the conclusion of Theorem 3.1 holds.

Next, we will use an example to illustrate our main result.
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Example 3.1 Consider the following boundary value problem:

; 5
Dg. u(t) + %2 +(ult) + g + 13 + (u(t) + i Db 4 00
+ (u(t) + 1 5 t) + 11— 10 0,
(u() 25r T +(”() 251"3 +1)° (3.1)
u(0) =0,

1 1
DZu(1) = 1D2 u(3)+ 5 Dg+u( ) + 15Dg u(3) + 1,
where A € (0, %] is a positive parameter. Then the problem (3.1) has a unique solution.

Proof The problem (3.1) can be viewed as the problem (1.1) when n =2, @ = %, B =
b=10,n = i,?’]ZZ %,TB: %,51:52:“;‘3: %.Thenwehave

T

A~0.7521>0

and

z

gl

and

Let

’

1
T3 40002
+1> + 3(4)

1 6 2 6
Hewn)= = (u(t) Tasrd) 1) ' (V(t) " 251 ()

() =~ (00 57 1)é (+0+ 51 1)_1
gt u,v)= 1—t2+ u +25F(%)+ + (v +25F(%)+ .

It is easy to check that f,g: (0,1) x [— 2sr X +00) X [—

_6 _ -
25F(%),+oo) — (—00, +00) are con

tinuous, f(t, u,v), g(t, u,v) are increasing 1n u and decreasing in v, and f, g are singular at

Page 13 of 17
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t=1.Forte[0,1],g(t,0,H) = ¢11_7 + (251§(%) +1)3 + (H + 251§(%) +1)~1 > 0. Thus, (C1) and
(C2) are satisfied.

For u €(0,1), u,v € Py, p € [0, ﬁm], there exists ¥ (i) € (i, 1) such that
3

fepu+(u-Dp,n v+ (" =1)p)

e
= tlpu+(w-1)p+ —+
ol G ATy aTEN

1
6 54003
+ (/le +(nt=1)p 1) + @)

A

+——a +
25I°(3) 3
1
_ 1 ( (-1 6 6 1)2
> + | pu+ (- + +
J1-¢2 25I°(3)  25I°(3)
1
6 6 “5 4002
+<u_lv+(/fl—1) 3+ 3 +1> + @
25I(3)  25I°(3) 3

6 3
= + (uu+u—3+1) +(u‘1v+,u,‘1 —~+
V1-t2 251'(3) 251'(3)
1
Iuj

y %< 6 1>% é< 6 )% 403 I (3)

> +pilut ——t — ) +pslvt—— ) +—

Vi-g 25I°(3) 25I°(3) 3

. i %< 6 1)2 %< 6 1>-% 40u3 I (3)
+ U+ ——a + + Vb ———— + —

“vime M\ s T asr) 3

=Y (wftuv),
where ¥ (u) = ,u,%. Moreover, we deduce that

gtpu+ (w-1)p,u v+ (' -1)p)

1
3

1 6
:m+(uu+(u—l)p+m+l)

6 a1
+ (;1, Wi (w Tt -1)p 1)

+ =+
25I°(3)
> ! ( (n-1) 6 6 1)21)
+ | pu+ (= + +
“vice  \MUTTUhsre) Tasr(d)

6 6 !
-1 -1
+ v+ -1 + +1
H (i )251“(%) 25I°(3) )

= + u+ +— ) +ulve —=+
e ! 25I(3)  n " 25I°(3) a
N

6 g 6 -
> tulu+ ——+1) +p|lvt ——5+1
= ie ”“< 251 () ) “< 251 () )

= ug(t,u,v).
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Thus, (C3) is satisfied. Furthermore, for u, v € Py, letting § = 5, we have

1
2

1 6 3 6 -1
ft,u,v) = 1_t2+<u(t)+25r(%)+1> +(v(t)+m+1> +

> ! +<u(t)+L+1)é+(v(t)+L+1)_l+
T Vi-g 251°(5) 251 (3)

40I°(2)

3

40I°(2)
3

>1|: 1 +(u(t)+L+1>%+<v(t)+ 6 +1>_1
“2lV/1- 25I°(3) 25I°(3)

1 160r(g)]

L

2 3

1 1 4['()

(g(t”’v“i 3c<)>
re)

=8g(t,u,v) + 82 3CE) "

Therefore, (C4) holds. In addition, we get

1
/ f(s,H,0)ds
0

[ ety (i) 258
= —+ + =+ | ==+ +
0 1-s2 25I°(3) 25I°(3) 3

[ e (i) (g o0) 25
. 5F(§)+ ’ 25r(§)+ T3

similarly,

. 1o 6 3 6 -1
Ag(s,H,O)ds:A( 1_52+(H+25F(%)+1> +(25F(%)+1) )ds

e () ()
= ds+ | H+ +1) + +1
0 V1-¢2 25I°(3) 25I°(3)

7 6 5 6 !
=+ |H+ —5-+1) + o~ +1 < 00,
2 25I'(3) 251°(3)

Thus, (C5) is satisfied. Therefore, the application of Theorem 3.1 ensures that the problem
(3.1) has a unique solution u* for A € (0, ] and we can construct the following iterative

-1
6 5
+ 1)

1 1 6 3
wy,(t) =/0 G(t’S)(ﬁ + (wn—1(5) + F(%) + 1) + (t"_l(s) * 25F(%)

40 (2) ! 1 6 :
+ T4> ds +/(; G(t,S)<ﬁ + (a)n_l(s) + ZST(%) + 1)

sequences:
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6 -1
+ <Tn_1(S) + %T(%) + 1) )dS

1
6 , 3r(®)ea

o

~257(3) ¥ ar()

, n=12,...,

-1

,(t)zflg(”)<;+<r <s>+L+1)%+<w <s)+L+1)5
" o I\ VT2 \N T 53 T 5T (3)

6 -1
+ (a),,_l(s) + %T(%) + 1) >dS

1
6 ., 3C(3)tzx

o

“»r@) TTarg)

, n=12,...,

for any initial values wy, Ty € Py, we have w, — u* and 1, — u* as n — oo. O

Remark 3.1 For problem (3.1), we can take some negative values in nonlinear term f +
g — 10. However, the authors of [18] required that the nonlinear term is non-negative.
Therefore, Theorem 3.1 in [18] cannot be applied to dealing with the problem (3.1).

4 Conclusions

In this paper, we establish the existence and uniqueness theorem of the solution for frac-
tional m-point boundary value problem. Our tool is mixed monotone fixed point theorem
involving non-cone mapping. Furthermore, two iterative sequences to approximate the

unique solution are also given.
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