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1 Introduction

This paper is a generalization of [26] and [5]. In [26], a class of inverse problems of Sturm—
Liouville problems with eigenparameter-dependent boundary conditions has been con-
sidered by the authors. And in [5], the authors studied the inverse fourth-order bound-
ary value problems with finite spectrum under separated boundary conditions. Since the
higher-order boundary value problems with eigenparameter-dependent boundary con-
ditions have their own theoretical and application background, we will investigate an in-
verse spectral problem of the fourth-order boundary value problems with eigenparameter-
dependent boundary conditions. The reader may find the historical and research back-
ground on boundary value problems with eigenparameter-dependent boundary condi-
tions in [20, 26] and the references therein.

It is well known that the inverse spectral problems play an important role in many sci-
entific fields which is motivated by recovering operators from their spectral data. Such
problems have been widely studied by mathematicians, physicists, and engineers. Espe-
cially the inverse matrix eigenvalue problems and inverse Sturm—Liouville problems have
been deeply studied in the last several decades [7, 8, 10, 11, 13, 22-25]. Such problems
are always connected with the problems such as the vibrating systems [12], the classical
moment problems [19], and quantum mechanics [18].
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In recent years, boundary value problems (BVPs) of Atkinson type which have a finite
spectrum have been considered by some scholars [1-4, 6, 14, 15, 17]. These problems are
connected with some physical problems such as frequencies of vibrating strings and diffu-
sion operators [21]. Besides the finite spectrum results and matrix representations of these
problems, the corresponding inverse spectral problems of such a type of problems have
also been investigated most recently [5, 9, 16, 26, 27]. In 2012, Kong and Zettl considered
the inverse Sturm-Liouville problems with finite spectrum of Atkinson type by using the
so-called matrix representations of these problems [16]. In 2018, Cai and Zheng [9] gener-
ated the results in [16] and investigated a class of inverse Sturm—Liouville problems with
discontinuous boundary conditions. The inverse spectral problems of Sturm-Liouville
problems with eigenparameter- dependent boundary conditions and fourth-order bound-
ary value problems were studied by Zhang and Ao in [26, 27] and [5], respectively. Since
the fourth-order boundary value problems and the eigenparameter-dependent boundary
value problems have their own significant background, we will discuss an inverse spectral
problem on it.

Let us consider the fourth-order boundary value problem generated by the equation
(") +qy=2wy, onl=labl,~co<a<b<+oo, (1.1)
where the coefficients satisfy the condition
r=1/p,q,w € L(,R),

here L(I, R) denotes the real valued functions which are Lebesgue integrable on /, and the

eigenparameter-dependent boundary conditions (BCs)

A,Y(a) +B,Y(b) =0, Y=[.y.py ()] (1.2)

where

[hof +o1 Aah+an Aah+as Ao+ oy
A = Mr+B1 ABy+Br ABy+ Bz ABy+ P
* 0 0 0 o |
0 0 0 0
) 0 0 0
0 0 0 0
B)" = I ’ / ’
Mi+y1t Ayt ya Ayz+ys Ayt ya
| A8 +81 A8y +682 AS5+83 Ay +6a
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with o, ), Bi, B/, vir v/5 81,8, € R,i = 1,2,3,4, and satisfying

ap oy o3 oy B B Bz Ba
rank , | | L =2 rank , , ; L 1=2
Oll 052 a3 a4 /31 ﬁZ ﬂf’) 4

89 83 &
rank 1/1/ )/2, }/3, y% =2, rank , ? ? % =2,
Vi Y2 V3 Va 8 8 &5 4y 13)
i 7 7 7
rank ar e a3 o) 2, rank a} (x% (x? oziL _o
Br B2 B3 Pa B By Bs By
! ’ / !
ank (722 V8 V)L 2, rank V{l V/z V;c; J/j; —9.
81 8y 83 84 8 6y 85 &,

Here A is the spectral parameter.
The fourth-order eigenparameter-dependent BVPs (1.1), (1.2) are of Atkinson type if for
some positive integer n > 1, there exists a partition of the interval [a, D]
a=ag<bg<ai<bi<---<a,<b,=b, (1.4)

such that

1 “
r(t)=——=0 onla;,b,),i=0,1,...,n, / r(t)dt #0,

p(t) bi_
. . ' (1.5)
/ r(t)tdt #0, / rO)de 40, i=1,2,...,1
bi-1 bi-1
Q(t) =0 on [bi—lrai))i: 1)21“';”; (1.6)
and
b;
w(t)=0 on[bi_1,a;),i=1,2,...,n, / w(t)dt >0,
“ (1.7)

b; b;
/ w(t)tdt > 0, f wt)trdt>0, i=0,1,...,n,
aj aj

and BC (1.2) satisfies the conditions (1.3).
To present our discussions in this paper we need to introduce the following notations.
Let

a; aj; aj
7= / r(t) dt, 7= / r(t)tdt, 7= / r@®edt, i=1,2,...,n
bi1

bi1 bi1

b; b; b;
gi= f a0d, G- f qOrdt, o= f dOPd, i=01,..m  (18)
a; a; aj

bi bi bi
w,:/ w(t) dt, ﬁz,:/ w(t)t dt, ﬁ/,:/ w)trds, i=0,1,...,n,
a, a a

i i i

and assume that

0 =72 -1 #0, i=1,2,...,n.
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For a given equation (1.1) with coefficients satisfying (1.5)—(1.7), let us set

-

o= (aly o, 03, (X4), &/ = (ai,aé,(xé,af}), E: (,Blr /32: 1337 /34):
B = (ﬁ{’ﬂé’ﬂé’ﬁé)’ J7 = (Y1, Y2, V3 Va)s y'= (Vll’ Vzly ]/3:: V4/)’
§=(51,8,,85,80), & =(5,8,8,8), 0=(0,0,0,0).

Then we let o (@, 07/, B, B/, 7, )7/, S, 5’) be the spectrum of the fourth-order eigenparameter-
dependent BVPs (1.1), (1.2).

Assume k € N* such that k > 2, and let My, be the set of 2k x 2k matrices over the
reals. For any Y € My, we denote by o(Y) the set of eigenvalues of Y. Furthermore, let
Y1 be the principal submatrix obtained from Y by removing its first row and column, and
Y! its submatrix obtained from Y by removing the last row and column. Let Y7, be the
principal submatrix obtained from Y by removing its first two rows and first two columns,
and Y12 its submatrix obtained from Y by removing the last two rows and the last two
columns. For any 2 x 2 matrix F, we denote by Y7,[F] the matrix of Y;, plus F in the
(1,1),(1,2),(2,1),(2,2) entries. We denote by Y'2[F] the matrix of Y2 plus F in the (2k —
3,2k — 3), (2k — 3,2k — 2), (2k — 2,2k — 3), (2k — 2,2k — 2) entries.

For any Y,Z € My, we say that A* is an eigenvalue of the matrix-pair (Y, Z) if there
exists a nontrivial vector u € R? such that (Y — A*Z)u = 0. We denote by o (Y, Z) the set
of eigenvalues of (Y, Z). Clearly, .* € o(Y) if and only if A* € o (Y, Io«), where I is the
identity matrix in Mly.

2 Equivalent matrix representations of fourth-order
eigenparameter-dependent BVPs

To illustrate our main result on inverse fourth-order eigenparameter-dependent BVPs, we

will show the following lemmas, which have been given in [1].

Lemma 2.1 ([1]) Let x1,x, € R and x; # x5. Then, for any no,n1,n2 € R, there exists a
unique polynomial function P(t) = 1ot> + 11t + To, such that

/xz P(t) dt = no, /x2 P)tdt =m, /m POt dt = ns. (2.1)

*1 X1 x1

Denote the polynomial constructed in Lemma 2.1 by x (x1,%2, 10, 71, 72) and define the
piecewise polynomial functions r(£) = ﬁ,é(t) and w(¢) on [a, b] by

(t) 1 X(bi—l)di)ri»?iy;'i)’ te [bi—lrai)’i: 1)2;“',71;
14 = —=
p@) o, telayb),i=0,1,...,m
_ X(“Dbi’qhéi’éi)’ te [ai:bi)7i=0¢1)“'¢n;
q(t) =
0, tE[bi_l,ﬂj),i=1,2,...,n;
— X(ﬂi’bi’ Wi, ﬁ/i) 1)i/i)’ te [ai,bi),i:O,l,...,n;
w(t) =

0, telbi1,a:),i=12,...,n.

Then we can state the following lemma.
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Lemma 2.2 ([1]) Assume r(t),q(t), w(t) € L(I, R) satisfy (1.5)—(1.7). Then the fourth-order
eigenparameter-dependent BVPs (1.1), (1.2) have exactly the same eigenvalues as the
fourth-order eigenparameter-dependent BVPs consisting of the equation with piecewise

polynomial functions
(ﬁy")” +qy=iwy, onl=Ia,b], (2.2)
and the same BC (1.2).

It can be inferred from Lemma 2.2, for a fixed BC (1.2) and a given partition of
the interval [a, b], there is a family of fourth-order eigenparameter-dependent BVPs of
Atkinson type which has exactly the same eigenvalues as fourth-order eigenparameter-
dependent BVP (2.2), (1.2). Such a family is called the equivalent family of the fourth-
order eigenparameter-dependent BVPs (2.2), (1.2). It is clear that, for an equivalent family
of the fourth-order eigenparameter-dependent BVPs (2.2), (1.2), the parameters r;, 7;, 7;
and g;, i, 4i, wi, Wi, w; defined by (1.8) are all the same.

Lemma 2.3 ([1]) Consider the BC (1.2) with a;, e}, Bi, B/, vi» v{»8i,8; € R,i = 1,2,3,4, satis-
[fying the conditions (1.3). Define an (n + 3) x (n + 3) block tridiagonal matrix

B, B,
E, -P P
Py -P-P, D
P-= s (2.3)
Pn—l —Ln-17— Pn Pn
p, -P, -E
Bs By
a block diagonal matrix
Q= dlag(o’ Qo0,Q1,--+,Qns O)’ (24')

and an almost’ block diagonal matrix

[-B, -B,
Wo

W,
W = ... , (2.5)

-B; -B, |

where E5, O, Pj,j=1,...,nand Q;, W;,j =0,1,...,n, are 2 X 2 matrices with the rule

0 -1 0 0
E2: , O: , I)j:
1 0 0 0

, j=123,...,nm,

DD
DD
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g 9 Wi Wi

and B;, B},i =1,2,3,4, are 2 X 2 matrices with the rule

Bl _ o3 aos + Ol4i| ) 32 _ |:051 ao + 0[2i| ) B3 _ |:)/3 b)/g + ]/4i| )

| B3 aPs+pa B api+ B 83 bé3+64
B, - yi b+ , B - a% aa’? + a% , B~ a/} aai + a% ,
| &1 bd; + 8, By aps+ By B1 aPfi+ B

, |vs brstvs ;A bty
BS - ’ ’ |2 B4 - ’ ’ AN
8 boy+ 5, 5, b8 +38,

Then we have the same eigenvalues of the fourth-order eigenparameter-dependent BVPs
(1.1), (1.2) and the matrix-pair (P + Q, W), i.e.

Lemma 2.4 Consider the BC (1.2) with o}, B}, Vi, v{,8i,8; € R,i = 1,2,3,4, satisfying the
conditions (1.3). Define an (n + 2) x (n + 2) block tridiagonal matrix

Pus[-Ex(B;) ' B)]

[-P; —E5(B))'B, P,

P, —P,-P, P,
) . .. . 1 2.6)
Pn—l —n—l_Pn Pn
P, -P, -E
L Bs B |
a block diagonal matrix
Qi2 = diag(Qo, Q1, ..., Qy, 0), (27)
and an almost’ block diagonal matrix
"W, -
Wi
Wiy = - : (2.8)
Wn—l
Wi
-B; —B, |

where E5,O,P;,j = 1,...,n, Q, W;,j=0,1,...,n, and B;,i = 3,4,B},i = 1,2,3,4 are 2 x 2
matrices as given in Lemma 2.3.
Then 0(6’ 07/) 67 B/r J_/" )7/7 S; g/) = U(PIZ + QIZJ W12)~

Proof The proof is similar to the proof of Lemma 2.3, hence it is omitted here. O
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Lemma 2.5 Counsider the BC (1.2) with a;, o}, 8;, B, v{,8; € R,i = 1,2,3,4, satisfying the

conditions (1.3). Define an (n + 2) x (n + 2) block tridiagonal matrix
P*[E,(B,) 'By]

B, B,
E, -P; Py
P, -P-P, P

= , (2.9)
Pn—l -1 Pn Pn
L P, -P,+Ey (Bﬁ})‘lBg_

a block diagonal matrix

le = dlag(or Qo, Ql’“an)r (210)
and an almost’ block diagonal matrix
"B B -
Wo
W

w2 = ! , (2.11)

Wn -1
W

where E5,0,P;,j = 1,...,n, Q, W;,j=0,1,...,n, and B;,i = 1,2;B},i = 1,2,3,4 are 2 x 2

matrices as given in Lemma 2.3.

qqqqqqq

Proof The proof is similar to the proof of Lemma 2.3, hence it is omitted here. d

Remark 2.1 In Lemmas 2.3, 2.4, 2.5, it is easy to conclude that

P+Q12=P12+Qu, (P+Q)"”=P?+Q"

3 Related inverse matrix eigenvalue problems
We first introduce the following matrices in My:

Cl Dl
DI ¢, D,
, 3.1)
DF, Ci1 Dra

where C;,i=1,...,kand D;,i=1,...,k — 1 are 2 x 2 matrices, T denotes the transpose.

Definition 3.1 ([22]) A matrix J, € My in the form of (3.1) is called a two-banded matrix
ifCi=[¢ ) tnéoc #0,i=1, kD= [ 9 ] dididi #0,i= 1, k=~ 1.

0
Ci Ci i d;
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Lemma 3.1 ([22]) Let {A;:i= 2k {wii= H2k—1Yand {&:i=1,...,2k -2} be
three sets of real numbers satzsfyzng the mterlacmg property

A< <Ay Sy < - < Agke1 < Mok-1 < Aok

(3.2)
M1 <& <y <& <--- < o2 < o < Mokt
Then there exists a two-banded matrix J, € My such that
o0p) = hii=1,2K), o (1) = {wiii=1,., 2k 1},
o (Jp)2) ={&:i=1,...,2k-2}.
Next, we consider the block matrices in My of the form
Ci D
D, C D,
) (3.3)

Di, G Djy
D1 Gk

which is block symmetric except for the Dy, D}, Dx_1,D;_; entries.

Definition 3.2 A matrix M € My in the form of (3.3) is called a2 x 2 block pseudo-Jacobi

matrix if C; = [ “f] CiCinCi #0,i=2,..,k=-1; D,~=[ ] diydiyd; 0,0 =2,...,k -2,
1 1) (1) (1) " (k 1) (k 1) (k-1)" j(k-1)
] ¢ di{ d dy{ d d dy d d
andCl—[lll 12]D_[11 12]D/:[11 12]Dk71:[11 ]D/ :[11 12 ]
) (1) @) 171 )P (k-1) (k 1) k-1 k-1 (k-1) 1’
dyy dyy d(zll) d(212) dy " dyy d(21 Y d(22 Y
(k) (k)
c . . .
Ce=["8 ‘2] with each D;,i = 1,...,k - 1, and Cy, Cy, D}, D;_, are 2 x 2 nonsingular ma-
€21 €22
trices.

From Lemma 3.1, we can deduce the following theorem which includes the key tech-
nique to solve our main result.

Theorem 3.1 Let{A;:i=1,...,2k},{u;:i=1,...,2k—-1}and {&:i=1,...,2k -2} be three
sets of real numbers satlsfymg the interlacing property (3.2).
If
——B’l 5, -
Wo
w1
W =
Wi-a
Wi-3
i By =By

@) 0
is an almost’ block diagonal matrix with W; = [W’ W’] j=0,1,...,k-3, B, = [h” blz] i=

50 50 1
. . A ~ . _ wiW; l—ﬁ/‘w- 1 _ d 2 2
1,2,3,4 satisfying w;, w;,w; > 0,det(W;) >0, i =0,1,...,k - 3, W = ii:z’ i=

.,k —4, where ﬂi+2, 215+2,i =0,1,...,k —4 are entries of ), as mentioned in Lemma 3.1,

Page 8 of 14
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and det(B)) #0,i = 1,2, 3,4. Then there exists a block pseudo-Jacobi matrix M € My such
that

(M, W) ={A;:i=1,...,2k},

» (3.4)
o (Mi[-Ex(B)) B,], Wip) = {&:i=1,...,2k-2}.

Proof Since {X;:i=1,...,2k}, {u;:i=1,...,2k—1} and {§;: i =1,...,2k — 2} are three sets
of real numbers satisfying the interlacing property (3.2), hence by Lemma 3.1, there exists
a two-banded matrix J, € My, such that

o(p)={hizi=1,..,k},  o(Uph) ={mizi=1...,k-1},
o(Jp2) ={&i=1,...,k-2}

Now for each A = A;,i = 1,..., 2k, there exists a nontrivial # € R* such that

(Jo — AMyi)u = 0. (3.5)
Set
I —(B’l)_lB’2
I
H - ,

I
~(B)'B, I

then one has WH = LU, with L = diag(L1,RI,RT,...,R] ,,L,), U = diag(Uy,Ro, Ry, ...,
Ry3, U3), where U, = (Rg)‘l(Df)‘lEz,Uz = (RL )M (Dre1) M=Er), Ly = -B{(Uy) ™}, Ly =

Wi

i g
-Bj(U) L, R; = [ m],i= 0,1,....,k=3, DI, Di1 €.
0 iwi—W;
/W,

Let u = UH'# and left multiplying Eq. (3.5) by L we obtain
(L), UH' —ALUH ))#z=0, ie, (M-AW)iz=0,

where M = LJ,UH™!. Clearly, A € 0(M, W) and M € My is a block pseudo-Jacobi matrix.
The same argument applies to each £ = §;,i = 1,...,2k — 2, then we obtain the conclusion
that Myo[—E»(B}) ' B}] = L12(Jp)12U12(H )12, Wiz = LioUpp(H )15 and § € o(Mip, Wio).
Thus,

o(Jy) CoMW) and o ((Jp)12) C o (Mio[-Ea(B)) ' B,], Whs).
Similarly by reversing the steps above we can get

o) Do (MW) and o ((Jp)12) Do (Mio[-Ea(B)) ' B,], Wha).
Consequently,

o) =M W) and o ((Jps) = 0 (Mis[-Es(B)) ' By], Wha).

This completes the proof. d

Page 9 of 14
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Corollary 3.1 When Myy[-E»(By)'B,] and W1, are replaced by M'?[E,(B,)™'B,] and
W12, respectively, then the similar conclusion of Theorem 3.1 still holds.

Corollary 3.2 When w;, w;, w; > 0 are replaced by w;, w;,w; <0 for i = 1,...,k, then the

similar conclusion of Theorem 3.1 still holds.

4 Main result
We now state our main result on the inverse spectral problem of the fourth-order
eigenparameter-dependent BVPs (1.1), (1.2).

Theorem 4.1 Let{A;:i= 2k} g ci= 2k—1}and {& :i= .,2k —2} be three
sets of real numbers Satzsfymg the mterlacmg property (3.2). Let n = k — 3. Then, for any
—00 < a < b < +00, any partition (1.4), any w € L(I,R) satisfying (1.7), any real numbers
0Bl 128 = 1,2,3,4 satisfying o} By — o5 0, o4 — iyl 70, 7185 - yi81 0, vish -
Y485 # 0, we have the following:

(a) There exist r,q € L(I,R) satisfying (1.5) and (1.6), the values of eigenparameter-
dependent BCs «;, B, vi,8i,i = 1,2,3,4, such that the associated equivalent family of the
fourth-order eigenparameter-dependent BVPs (1.1), (1.2) has the spectrum

0(
(b) There exist r,q € L(I,R) satisfying (1.5) and (1.6), the values of eigenparameter-

dependent BCs a;, B, vi»8ii = 1,2,3,4, such that the associated equivalent family of the
fourth-order eigenparameter-dependent BVPs (1.1), (1.2) has the spectrum

VB BT Y 8,8) = = 1,...,2K),

Ql
Ql

-

! ,5/,77,77 5,8)=1{&1i=1,...,2k-2).

ol
Sy
ol

)

G(&;&,’E,B,r);»l;/;g,a/) = {)\.i:i: 1,...,2](},

o(aa,B,B,0,¢,0,8) ={§:i=1,...,2k - 2}.

Proof (a) For any —0co < a < b < +00 and a given partition (1.4) of [a,b], define w; =
[wie)dt, iv; = [ wie)tdt,w, :f;:l' WO dt,i=0,1,...,mW; =2 Wl] i=0,1,...,n, satis-

fying the conditions % = Zﬁ—:z, i=0,1,...,n—1.Forany real numbers o}, B/, v/, 8.,
i=1,2,3,4, satisfying a1 8, — s8] # 0, a8, — ayBs #0, 185 — 381 #0, v36, — 485 # 0,

define B] = [Oté Wém‘l], B, = [mi aallmlz],Bg = [yé byéw‘i],Bfl = [yl bym/z] Then define

B, apl+B, B, aB|+B) 8 bs+8, 8 bs,

- , _
-B) -B,
Wo

w1
W =
Wn—l
W,
/ /
-By -B, |

By (1.7), w; > 0,w; > 0,w; > 0,i = 0,1,...,n, and det(B}) #0,i = 1,2,3,4. Since k = n + 3,
by Theorem 3.1, there exists a block pseudo-Jacobi matrix M € M,,,¢ in the form of (3.3)
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satisfying D} = —D;_, = E; such that
o(M,W) = {i;:i=1,...,2n+6),
o (Mia[-Ex(B)) ' By], W) = (& :i=1,...,2n + 4).

Let

1
d*—d;d;

i

r; = 0;d;, 7; = 0id;, ri=6d;, i=1,...,n

gi=c +2+ri+l Gi= & +ﬁ+;"i+1
i i+2 6[ 6”1 ) i i+2 9i 9i+1 )
vy Fi  Ti ,
i =Ciyp + — + , i=1...,n-1,
qi i+2 91‘ 9i+1
r . . VI 01
=c+—, =Cc+—, =Cc+—,
qo 2 ) 90 2 o, 9o 2 o,
1% N N ?n v v ;'n
=Cup2 + —, =Cppo + —, =Cupo + —;
qn n+2 9;4 qn n+2 en qn n+2 9n
1 1 1 1 1 1
a = d§1)’ oy = dgz) —ax d§1)’ Pr= d(21)’ B = dgz) —ax d§1)’
1 1 1 1 1 1
o3 = 0(11)’ Qg = C(12) —ax C(u)t Bs = C(Zl)’ Ba= C(zz) —ax 6(21)’
k-1 k-1 k-1 k-1 k-1 k-1
n=d® oy =dSV _pad® P, 5 =dlY, 8, =dNV —bxdlY,
k k k k k k
V3 = C(u)’ Va= C(IZ) —bx C(u)’ 83 = 6(21)’ 84 = 0(22) —bx 6(21)»

and define P,Q,P13[-E»(B;)"'B,] and Qiz by (2.3), (2.4), (2.6) and (2.7), respectively.
Clearly, r;,7;,7: #0,i = 1,...,n. It is easy to see that M = P + Q and My2[-E»(B))™'B,] =
P15[-E>(B}) ™' B,] + Qi2. With the notation in (2.5) and (2.8), we also have (W)1, = Wis.
Therefore,

oP+QW)={A:i=1,...,2n+6},

G(PIZ[_EZ(B&)_IBE] +Qu2, W) ={&:i=1,...,2n +4}.

By Lemmas 2.3 and 2.4 we see that for the fourth-order eigenparameter-dependent BVPs
(1.1), (1.2)

We observe that the choice of r;, 7;, 71,i = 1,...,nand q;,q;, ;,i = 0, ..., nand all r,qg € L(I,R)
by this choice form an equivalent family of the fourth-order eigenparameter-dependent
BVPs. This completes the proof.

(b) The proof is similar using Corollary 3.1, and Lemmas 2.3, 2.5, hence the details are
omitted here. O

To illustrate our main result we show the following algorithm and example.
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Algorithm 1
Step 1. Inputthree sets of real numbers A1, Ay, ..., Aok, 1, 2, - - - hok—1 ANA E1,E2, ..., Eok.
Step 2. Construct the matrix J, by the proof of Problem 2.6 in [22].
Step 3. Set a, b and the partition of [a, b]. Input w(t) and o}, B, v/{,8; € R,i=1,2,3,4. Set
W and H to obtain L and U. Compute M = L], UHL.
Step 4. Obtain a;, Bi, vi,8: € R,i=1,2,3,4, and r;,#;,F;,i=1,...,1, 4:,4i,41»i = 0,...,n by
Theorem 4.1.

Example 1 Given three sets of real numbers satisfying the interlacing property (3.2): A; =
-3.8397,Ay = -3.0377,A3 = —0.0540, A4 = 2.5830, A5 = 5.5791,A¢ = 7.0055, 17 = 11.3818,
Ag = 15.3820; 141 = —3.0842, s = —1.9058, 113 = 2.3327, ;s = 3.2462, 1u5 = 6.2319, g =
9.4212, uy = 13.7579;&; = —2.7411, & = —1.3502, & = 3.1316,&, = 5.7604, &5 = 8.0532, £ =
13.1461. Let o] = —10,0 = ~12,4 = =5, = —14, B} = —4, B} = —2, B, = ~2, B, = -7, | =
9,95 =-33,¥3 =-3,y, =7,8] = 3,8, = -15,8; = 1,8, = 1,n = 1. Given an interval ] =
[-2,3] and a partition of it: =2 < 0 < 1 < 3. Define the piecewise polynomial function w
on [ by

0.7624¢> — 0.1236t — 0.1401, ¢ € [-2,0),
w(t) = {0, tel0,1),
—3.2811£% + 12.3742t — 9.0306, t € [1,3].

Then we can obtain the fourth-order eigenparameter-dependent boundary value prob-
lem:

®Y")" +qy=rwy, onl=[-2,3],
(—102 + 483.2857)y(—2) + (=121 + 1587.3571)y'(-2)

+ (=51 + 36.1429)(py')(=2) + (~14A + 104.1429) (py") (=2) = 0,
(—42 +29.7143)y(~=2) + (=2 + 81.1429)y/(-2)

+(=2X + 6.8571)(py')(=2) + (=7 + 22.8571)(py")'(-2) = 0,
(91 — 522.0000)y(3) + (-331 + 1380.9000)y’(3)

+ (=31 + 76.5000)(py")(3) + (71 — 96.4500)(py")'(3) = 0,
(3) — 14.0000)y(3) + (—15A + 74.9667)y (3)

+ (=X + 5.5000)(py")(3) + (A — 6.1500)(py")' (3) = 0,

where the piecewise polynomial functions 7 = 1% and g on I = [-2, 3] are as follows:

0, t e [-2,0),
7(t) = § 211.2683t> — 201.4703¢ + 30.9248, t € [0,1),
0, tel1,3].
8.5514¢% — 9.2826¢ — 12.0102, t e [-2,0),
q() =10, te[o,1),
—80.7883¢t> + 325.0663t — 291.8755, t € [1,3].

Page 12 of 14
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Hence the spectrum of the reconstructed fourth-order eigenparameter-dependent BVPs
(1.1), (1.2) is

o(@a',p.B.7,78,5)

= {~3.8397,-3.0377,-0.0540, 2.5830, 5.5791,7.0055, 11.3818, 15.3820},
a(0,a,0,6,7,7',8,8)

= {~2.7411,-1.3502, 3.1316, 5.7604, 8.0532, 13.1461}.
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