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1 Introduction

The dynamic behavior of a complex financial system is unpredictable and unstable. Delay
is determined by the nature of delayed feedback in financial markets. Delay makes the dy-
namic behavior of a chaotic financial system more unpredictable. To avoid the economic
crisis and financial risks, the government’s macroeconomic control makes it necessary to
study the stability of the financial system. Impulse control is one of the effective means
for macroeconomic regulation and control of financial market. So we may firstly intro-
duce a complex financial system. Establishing and testing a financial model consisting of
production sub-blocks, currency sub-blocks, securities sub-blocks, and labor sub-blocks
by using system dynamics method, people find that some long-term behaviors given by
the model are irregular and extremely sensitive to the parameter changes of initial state

values. The above-mentioned financial system is presented as follows:

x=z+(@y-ax,
y=1-by—x2, (1.1)
zZ=-x-cz
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which has been investigated in many existing literature works [1-8], where x represents
the interest rate, y represents the investment demand, z represents the price index, a repre-
sents savings, b represents the unit investment cost, and ¢ represents the elasticity of com-
modity demand. Since people’s behavior is rational, they have normal delayed response
when facing market changes. So the delayed feedback system was introduced as follows
[5, 6, 8]:

x=z+ @y —a)x+k(x—x(t-11(2)),
y=1=by—x2+ky(y -yt - 12(2))), (1.2)

z=—x—cz+k3(z - z(t — 13(2))),

where k; (i = 1,2, 3) is the feedback gain coefficient.
In system (1.1), if ¢ — b — abc < 0, financial system (1.1) has the unique equilibrium
point Qo (0, %,O); if c — b — abc > 0, financial system (1.1) owns three equilibrium points

Qo(0, %,O), Q1 (V0,1 _09), Q2(—/6, %, @), where 6 = %. Chaos appears in fi-

c

nancial system (1.1) if c—b—abc>0and ¢+ a - % < 0. For example, let 2 = 0.9, b = 0.2,
¢ = 1.2, then there is a chaos phenomenon in financial system (1.1) (see, e.g., [8, Fig. 1]).
Moreover, time delays make the dynamic behavior of the financial system even more
complex and unpredictable (see, e.g., [8, Fig. 2]). In fact, time delay brings essential diffi-
culties to impulse control of a delayed feedback financial system. Existing stability criteria
of the equilibrium point Q;(+/8, %, ‘—“c/g) derived solely by impulse control in some liter-
ature are probably erroneous. For example, such literature is always involved in citing the
erroneous conclusions of [9]. In fact, Yinping Zhang and Qing-Guo Wang in [10] pointed
out the errors of [9, Lemma 3] and [9, Theorem 1]. So the author of [8] had to employ
simultaneously impulse control and regional control on the delayed feedback system (see
[8, Theorem 1]). Of course, impulse control is effective for the financial system without
any time delays (see [8, Theorem 2]). In [11-20], global asymptotic stability of dynamics
of a nonlinear dynamical system was discussed. Motivated by some methods of the related
literature [8, 11-26], we shall discuss the global asymptotic stability of chaotic economy
systems and employ solely impulse control on the financial system with small time de-
lays. Besides, robust stability is very important to the nonlinear dynamic system [27], and
hence we may consider the robust stability for the financial system with parameter un-
certainties. By employing some mathematical analysis techniques and Lyapunov function
methods, we shall give the globally exponential stability criteria for the closed economy

system and the open economy system.

Remark 1 In the previous related literature, only the closed economy system was involved
[8, 21-26, 28]. But in this paper, both the closed economy system and the open economy

system are simultaneously investigated under impulse control.

2 Preparation

Firstly, we introduce the financial mathematical model investigated in this paper.
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Let
Xl =X — 9,
Xy =y - L, (2.1)
Xz3=z+ @;

then the delayed feedback financial system (1.2) is translated into the following system:

Xl = %Xl + QXZ +X3 +X1X2 + kl(Xl —Xl(t— Tl(t))),
Xz = —29X1 - sz —X% + /(2(X2 —Xz(t - Tz(t))), (22)
X3 = X1 — cX3 + k3(X3 — X3(t - 73(2))),

or

X)) =-AX(®) +f(X(®) + K(X - X (¢t - (1)), (2.3)

where the equilibrium point Q; (+/8, 2%, i5) of the delayed feedback system (1.2) corre-

c 4

sponds to the null solution of system (2.2) or (2.3), and A, K, and f are defined as follows:

-6 -1 XiX, kk 0 0
A=120 b 0], fX)=1-xt1, K=|10 k O0]. (2.4)
1 0 ¢ 0 0 0 ks

The so-called impulse control system is proposed as follows:

X)) =-AXO) +fX@) + KX -X(E-1(0), t>to=0,tFti,keZ",
X)) =X(t) = BiX(t;), t=tr,keZ £(1,2,..}, (2.5)
X(s)=&(s),

s € [-1,0]
or

x=z+(y-ax+ki(x—x(t-1(£)), t=>=0,tFt,k=12,...,
J=1-by-x>+ky(y-yt-1(®)), t>0,t#tr,k=1,2,...,
z=-x—-cz+k3(z—z(t - 13(8), t>0,t#tr,k=1,2,...,
((6) = VO, 9(8) - 2222, 2(8) + )T

c

= Bi(x(ty) - VO, ¥(6) - 1%, 2(60) + )T, t=t,k e L,

c

(x(5) = VB, 9(s) — 12, 2(5) + L2)T = £(s), s € [-7,0],

c

(2.6)

where time delays 7,(¢) € [-7,0] (i = 1,2,3) with the scalar 7 being positive. X(¢ — t(¢)) =
X1(t — 11(0), Xo (£ — To(8)), X3(t — 13(2)))T. Impulsive time #; (k € Z*) is a positive number,
satisfying £ <ty < -+ <ty <tgy1 < -+ with limg_, o £ = +00.

As pointed out in [8], k; (i = 1,2, 3) represents the feedback profit coefficient, which is
also stochastic in a dynamic economic market. The randomness has the Markov property,
for the feedback coefficient for the next moment is only related to that of the current
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moment. Therefore, in this paper, the authors consider the Markovian jumping delayed
impulsive financial system as follows:

X(t) = —AX() + f(X (@) + K(r()) (X - X(¢ - T(2))),
t>ty=0,t £ty ke Z*,

(2.7)
X)) =Xt) = BiX(t5), t=tr,keZ £(1,2,..},
X(s)=£&(s), se[-1,0]
or
k=z+ @y -a)x+k(r@)(x—x(t-1.(), t=0,tFtr,k=12,...,
J=1-by—22 +k(r@®)y -yt -1@®)), t>0,t#t,k=1,2,...,
z=-x—cz+k3(r(t))(z—z(t - 13(8)), t>0,tFtr,k=1,2,...,
(2.8)
((t]) — VO, 9(87) - 1222, 2(t7) + X2)T
= Be(x(tr) = V0,5(8) = 1%, 2(7) + T, =tk € Z7,
(x(5) = VB, 9(s) — 15, 2(5) + L2)T = £(s), s € [-7,0],
where A and f are defined in (2.4), and
ki(r(2)) 0 0
K(r(1) = 0 ka(r(t)) 0 . (2.9)
0 0 k3 (r(z))

(2, F,P) is a complete probability space with a natural filtration {F;};>0. Let S ={1,2,...,
no} and the random form process {r(¢) : [0,+00) — S} be a homogeneous, finite-state
Markovian process with right continuous trajectories with generator IT = (V;j)yyxn, and

transition probability from mode i at time ¢ to mode j at time ¢ + §,4,j € S,

)/l18 + 0(8), ]#l,

IF’(r(t+8)=j|r(t)=i)= Lt b +old), i
vib +0(8), j=i,

where y;; > 0 is the transition probability rate from i to j (j # i) and y; = - Z]":Ol] 4 Viip 6> 0
and lims_,q0(8)/8 = 0.

3 Main results
Before giving the main results of this paper, we need to present some assumptions and
notations.

For simplicity, in this section, denote the norm || - || as follows:

IY1?=YTY, whereY eR%.

Suppose that time delays 7;(t) € [0,7], i = 1,2,3. Assume that there are two positive
scalars M, M, such that

0<M < |X©)|* <M, Vse[-7,+00). (3.1)
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In this paper, we assume that X () is uniformly bounded on [-t, +00), which implies that
|X(£)||? is uniformly bounded on [-T, +00), too. Thus, for any given ¢, > 0, there exists the
corresponding &, > 0 such that

’ ||X(t) ||2 - HX(L‘ - r(t)) ||2| <c; whenever v <. (3.2)
So, in this paper, we assume that
T <. (3.3)

Remark 2 In the real financial market, some financial indicators, such as the interest rate,
the investment demand, and the price index, are all percentages, and hence, the bound-
edness assumptions on these financial indicators are very natural, in line with the actual

situation.

Theorem 3.1 Assume that sup, g+ (¢ — tk-1) < +00. Assume, in addition, that there exist

positive scalars €, ¢, A such that

Amax B By < e W=t e 7%, (3.4)

Amax(—A—AT+2K+e‘1K2 +5<1 + %)1) <c-a (3.5)
1

where I represents the unit matrix with suitable dimension.
Then the following two conclusions hold simultaneously:

(a) The null solution of system (2.5) is globally exponentially stable with convergence rate
A,
X

(b) The equilibrium point Q, with positive interest rate </ for system (2.6) is globally
exponentially stable with convergence rate %

Proof Firstly, combining (3.1)—(3.3) results in

2
@I - (e vo)[*] < 0 56)
which means
X(e—t@)|* <1+ )|Ix0|? ve>o. (3.7)
M,

Next, it follows from (3.4) that there exists a positive number g, such that
)"maxB/{Bk =gk < e_(§+)‘)(lk+l_tk); kelZ*.

Let X be a solution of impulsive system (2.5), and consider the following Lyapunov func-
tion:

V() =XTX.
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Next, we claim that there exists a positive scalar

M > sup S G—tr-1) 5 1
keZ*

such that
V() < MIE12e*),  te b, t) ke,
We may firstly prove that
V(e) < MIEN7e™ ), te to,t).
To prove (3.10), we only need
V(e) < Mg ¢, te [to,00).
Obviously, (3.11) holds in £ = £y because the definition of M deduces that
M > elshti-to) S Alti-to)  —  prerti-fo) o 1,
and hence

I

Vito) = | X(to) |~ < 1€ 117 < M| || 2e7 01710,

(3.8)

(3.10)

(3.11)

(3.12)

Next, we assume (3.11) does not hold for ¢ € [£,t;). Then there is € (¢,¢;) such that

V(2) > M||E || 2e 1710,

It is not difficult to obtain

V(&) > M||g | 2e 170 > |[£]12e5G70) 5 |I£12 > V(ty +5) = V(s), se[-T,0],

which implies that there exists * € (¢, £) such that

V(£") = MIg N7, and V(e) < MIgIIRe M), g€ [h,07].
Besides,

V(£) = Mg |2e 070 5 1§12 = | X (ko) |* = V (ko).
Thus, there is £** € [fy, t*) such that

V(™) = gl

Let D* be upper right derivative (Dini derivative) such that

D'V (#) < Amax <—A AT 42K + 7 TK? + s<1 + %)1) V() <(c-ANV(@©),

1

te [t ¢*] C [to, ).

(3.13)

(3.14)

(3.15)

(3.16)

Page 6 of 18
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Then the definition of M yields

V(t*) < V(t**)e(g—k)(t*—t**) < V(t**)eg(t*—t**)

= 1125 < Mg ||2e M) = v (£).

This is an obvious contradiction. And then both (3.11) and (3.10) are proved.
Suppose that (3.17) holds for k =1,2,...,m. That is,

V(t) < M|EN2e ), te e, ), k=1,2,...,m
Below, we shall prove
V(t) < MIENZe0, £ € [ty turr)-
Similarly, we only need to prove
V(t) < MIElI7e 170, L€ [t tinan).
At first, we claim
V(tm) < M|§||7elm1=0),
In fact,

Vltm) < AmanBLBw | X(55) |
< GuM|E||2e im0

<e —(¢+A) (L1 —tm) M”SHZ —A(tm—to)

< Mg |[ze a7,
Thus, if (3.20) does not hold, we know that there is € (£, t,+1) such that
V(D) > Mg |[ze b7,

Then there must exist £, € (¢, tu.1) such that

V(t,) = M|§||2e7*tm1=0) - and - V(¢) < M|E||2e " m170), Vi € [t,,,L.].

It follows from (3.22) that
V(tm) < quM|E|2e*En10 < Mg |7 e7Hmm~10),
which implies that there must be £, € [t,,, £.) such that

V(i) = guM|E || 2e im0,

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

Page 7 of 18
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Similarly,

DYV (E) < Amax (—A AT 12K+ e K 4 s(l + ;7)1) V(o) < (c = MV(8),
1

te [t**, t*] C [tm: tm+1)’
we have

V(ty) < V(t)els Mt

< e—(§+?»)(tm+1—fm)M||g>_— ”%e—)»(tm—to)e(g—)»)(tmu—tm)

< e_g(tm+1_tm)M||s”?e—)h(tm—to)e(g—)h)(tm+1—tm) = V(t)

This is an obvious contradiction. And then both (3.20) and (3.19) are proved. Finally, it is

not difficult to derive from condition (3.4)
2 - .
[XO|" = Ve < MIIg 12, teltr,ul ket
which implies the completeness of the proof. g

Similar to the proof of Theorem 3.1, we can select the Lyapunov function V(t) =
XT(t)P,X(t), deriving directly the following theorem for the case of Markovian jumping

systems.

Theorem 3.2 Assume that sup;+ (tx — tk-1) < +00. Assume, in addition, that there are a
sequence of positive diagonal definite matrices P, = diag(p,1, py2, pr3) (r € S) with p,1 = pyo

and positive scalars ¢, ¢, A such that

AmaxB,ZBk <e &) - e 7 (3.26)

max,es Amax(—PrA — ATP, + 2K,P, + e 1K2P? + &(1 + M+ 25 VP

minreS )"minPr

where I represents the unit matrix with suitable dimension.
Then the following two conclusions hold simultaneously:
(@) The null solution of system (2.7) is stochastically globally exponentially stable with
convergence rate %;
(b) The equilibrium point Q, with positive interest rate /0 for system (2.8) is

stochastically globally exponentially stable with convergence rate %

Remark 3 Theorem 3.1 and Theorem 3.2 aim to employ the pulse control stabilizing

chaotic system under closed economy. But if the open economy system is involved, the
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corresponding external inputs system can be considered as follows:

X(£) = —AX(t) +f(X(2) + K(X = X(t — T(2))) + u(t),
t>ty=0,t #tx,k € 7,

X&) =X(t) = BiX(t;), t=trkeZ 2£(1,2,..},

X(s)=&(s), se[-7,0],

(3.28)

where u(¢) is the external input. Here, we may assume that there is a positive scalar ¢y > 0
such that

[4@] = co X @] (329)

Since the acquisition of parameters is often uncertain in real financial markets, the ro-

bust stability should be considered for the following system with parametric uncertainty:

X(t) =—(A+ AA@))X (@) +f(X(®) + KX = X(t - (2))) + u(®),
t>ty=0,t#ti,k 7",

(3.30)
X)) =Xt) = BiX(tg), t=tr,keZ £(1,2,..},
X(S) = g(S), NS [_T,O];
where the parameter uncertainties are restricted as follows:
AL < AA(L) <A,
or
A+A1 <A+ AA(t) <A+ A, (3.31)

where A; and A, are known real constant matrices.

Theorem 3.3 Assume that sup;y+ (¢ — tk-1) < +00 and the external input condition (3.29)
holds. Assume, in addition, that there exist positive scalars €, ¢, . with ¢ > A such that

0 < AmaxBI By < e S~ f e 7%, (3.32)

Amax (A = A1 = AT —AT) + Anax (2K + 1+ 31+ K) + " A K < 5 = 4, (3.33)

1 +
where y > kelZ".
y= AmaxB] B’

Then the null solution of the open economy system (3.30) is globally exponentially robust
input-to-state stability with convergence rate %

Proof Let D* be the upper right derivative (Dini derivative) along with system (3.30) such
that

D' (|X@)|%) = XT[~(A + AA@)X(2) + £ (X(8)) + K (X = X(£ - 7(2))) + u(0)]

+[~(A+ AAD)X (@) +f(X(®) + K(X - X(t - 7(0)) +u(®)] ')

Page 9 0of 18
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< (hmax (<A = A1 = AT — AT) 4 A (2K + 1 + 2+ K)) | X(@) |

+ GomanK) | X (£ - @) || (3.34)
It follows from the assumption on y that there is a positive scalar M > 1 such that
ye'™ > M > max{esH 0 o) (3.35)
Next, we claim that
|X@)|* <MlgN2e™ ), Vet t),ke L. (3.36)

Indeed, employing mathematical induction will prove that (3.36) holds.
At first, we need to prove

|x@)[* = MIg 12, Ve e [k, 1), (337)
which implies that we only need to show

|x@)[* = MlgI2e ), Vi€ [t ). (3.38)
In fact, it is obvious that

[ Xt |* < 1€ 12 < Mg |26, (339)

Thus, if (3.38) does not hold, there must exist some ¢ € (fy,#;) such that | X(2)|? >
M||&||2e~*t1~%), which implies that there is t* € (£, ¢;) satisfying

|x(9)|? = Mllg |2 *@),  and

) ) (3.40)
X" = Mlg|2e ) = | X(£7)

. Vte[f,t"),

which together with (3.39) means that there is t** € [£o, t*) such that || X(¢**)||? = [|£]|? and

[x@)I” < [xO < [x()]°

, Vee[t™, ).
On the other hand, it is obvious that
[ X0 +9)]° = 161> < 15112 < Mg 2647, ¥s e [7,0], (341)
which together with (3.40) implies
|X(t+9)|* < Mlg|2e @), Vs e [-1,0],¢ € [to,*]-
Besides, for any s € [-7,0], we can conclude that

(2 + )| < Mg | 2e a0
<y | x ()|

<y |x@|’,

vie [t 1],
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which together with (3.34) and (3.33) implies that

D (|X@[°) < (hnax (~A - A1 - AT - A])
+ hma (2K + 1+ G+ K) + 1€ human K) | X (0)||*

<(-n|x@|* vee[rre],

from which one can conclude
| x(£) H2 <|[x(&) ||Ze(s—x)(t*,t**)

< Mg |2e 70 = X (1) |

This contradiction implies that (3.38) holds, and then (3.37) holds.
Next, we assume that (3.36) holds for k= 1,2,...,m, or

|x@®)|* < MIgI2e™ ), Vie by, t),k=1,2,...,m. (3.42)
Below, we shall employ assumption (3.42) to conclude
|X®| < MIgI2e, Ve € [ty tns)- (3.43)
It is obvious that
|X() | < Mg |20, (3.44)
Indeed, (3.42) yields

2 2
|1x@[” = [x(5,) |
< (AmaxBLBy) M ||| 2 e~ tm~10)
< e*l(tmu*tm)M”E ”%e*?»(tm*to)
< M||§ |2~ Mtm=10), (3.45)

Suppose that (3.44) is not true. Define ¢, = inf{t € (£, ts1) : V(£) > M||E||2e7*%)}. Then
the continuity of V/(¢) on [¢,,, £,,,1) derives

| X&) | = Mg and | X))

< Mg, Ve [ty t].  (3.46)
And (3.45) yields ¢, < ¢ < tju41. On the other hand,

|xX@n|* = |X (51
< (kmaxB;Bm)el(tmﬂ—tm)M”g I %e—/\(tb—to)
<M|§||2e ), (3.47)

So the continuity of || X(¢)||> on [£, t,.1) yields that there must be some ¢ € [¢,,, £,) such
that | X(&)[1? = (rmaxBL B )e"im1-m M| & || 2e~~10), Define t, = sup{t € [t 1) : [IX(2)]|* =
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(*maxBL By )e*tms1=tm) pp|| £ ]| 2e~*@~10)}, and then we can see from (3.47) and the definition
of t, that

HX(ta)Hz = ()"maxBZ;,Bm) (tms1- t'”)M”g”Z M%) and
(3.48)
xcal”

Vt € [ta tp).

Now, for t € [t,,t,] and s € [-7,0], then t + s € [-7, ;].
In the case of ¢ + s € [-7, ), (3.42) yields

|x( +9)|* < Mg |2e e

< M|g||2eHmtme 00TVt € [t4,8] C [ty binsn)- (3.49)
In the case of ¢ + s € [£,, ], (3.46) yields

[X(t+ 9| = Mijg 260w

< M|& |2 tme1=tm g~ ts=00) ATt € [ty, 8] C [ty bs1)- (3.50)
Hence, combining (3.48)—(3.50) gives

”X(t +5) ”2 SMHE”%e)»(tmﬂ—tm)e—l(tb—to)ekr

<ye x|

<ye"’ Vt € [ta tp],s € [-7,0], (3.51)
which together with (3.34) and (3.33) implies
D (JXO[) = (s (~A - A1 ~AT - A])

+ hmax (2K + 1+ L+ K) + 1€ human K) | X (0)||*

Vt € [t tp).
Similarly, we have

HX(tb) H 2 < ()\maxBVTan)e?»(tmu—tm)M”%— ”%e—l(th—to)e(g—k)(tb—ta)

< e_g(tnﬂ-l—tm)M”g ”ze—K(tb—fo)e(g—)»)(tmﬂ—tm)
_ 2
< Mg |7e ) = | X(8)]".

This contradiction verifies (3.43), and hence mathematical induction demonstrates claim
(3.36), which derives

|X@)] < VMIENe 3D, Vee b, b0,k e .

Similar to the proof of [8, Theorem 2], we can actually conclude from the above inequality
that

Ix@)| < < VM||E],e 340, Vie [t bl ke T
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Therefore, the null solution of system (3.30) is globally exponentially robust input-to-

state stability with convergence rate % g

Remark 4 In [29, Theorem 3.1], there is assumption condition (ii) as follows:

(ii) ECV(t, ) < —LEV(t, ¢(0)), whenever e EV (t +6, ¢(9)) < gEV (¢, ¢(0)) foralla <6 <
0, where ¢ € BLIjTt.

However, the conditions of our Theorems 3.1-3.3 reveal that our main matrix —A is not
necessarily negative definite. Actually, numerical examples show that the maximum eigen-
value of —A is a positive number (see Examples 1-3), which is one of the main difficulties

to be overcome in this paper.

Remark 5 Theorem 3.3 does not require the boundedness hypothesis of the state variable
X, which is a perceptible improvement on Theorem 3.1. Of course, the state variable X
is an economic index, which itself is a bounded percentage. Besides, the boundedness as-
sumption makes condition (3.5) of Theorem 3.1 simpler than the corresponding condition
(3.33) of Theorem 3.3.

Remark 6 If the external input u(¢) = 0, the open economy system (3.30) becomes the

closed economy system with parametric uncertainty as follows:

X(6) = —(A+ AA@)X () + f(X() + KX - X(¢ - T(2)),
t>to=0,t £ty ke Z*,

X)) =X(t) = BiX(t5), t=tr,keZ £(1,2,..},

X(s)=&(s), se[-7,0],

(3.52)

which implies that Theorem 3.3 includes the robust stability result of the closed economy

system (3.52), and restriction condition (3.29) is naturally deleted.

Corollary 3.4 Assume that sup .y (tx — tk-1) < +00. Assume, in addition, that there exist

positive scalars €, ¢, A with ¢ > ) such that

0 < AmaxB} Bx < eI -t) - fe e 7t
(3.53)
Amax (A = A1 = AT = AT) + Anax QK + T+ K) + y€* " ApaxK < 6 = A,

1 +
wherey > ——— AR
h v = )\maxB/{Bk’k <

Then the null solution of system (3.52) is globally exponentially robust stability with

convergence rate %

Remark 7 As far as we know, even for closed economic systems, Corollary 3.4 is a new

criterion of robust stability.

Remark 8 1If restriction condition (3.29) is abolished in Theorem 3.3, the regional control

may be necessary for stabilization of the financial system. And so the following regional
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control systems have to be investigated for the open economy:

% =DAZ - AZ(t,x) +f(Z(t, %)) + K(Z - Z(t — ©(¢),%)) + u(t, x),
t>t=0t#tik=12,...,

Z(t;,x) = BeZ(t;, %), t=tk=1,2,..., (3.54)

Z(s,x) =&(s,x), (s,x) € [-7,0] x £2,

%20, x€dR,t>0,i=1,23

or
32x) — BAZ(t,x) — AZ(t,x) + f(Z(t, %))
+ K(r(e)(Z(t,x) = Z(t — T(¢),x)) + u(t,x), t=>0,

Z
520, anQ,

Z(s,x) = ¢(s,x), (s,x) €[-71,0] x £2.

(3.55)

4 Numerical examples
Example 1 In system (2.5) or (2.6), let a = 0.9, b = 0.2, ¢ = 0.2463, and one gets

-4.0601 -0.0893 -1.0000
A= 01787  0.2000 0
1.0000 0 0.2463

In addition, let ¢ =9.3, A = 0.7, t;,1 — tx = 0.05,

1
w0 0
Bi=| 0 L 0 , k=1,2,....

16k>
0 0 0.0010

007 O 0
K=|] 0 003 0
0 0 0.01

Let e =0.1, M; = ¢, = 0.0001, one can compute and obtain
AmaxBE Bk < AmaxBI By < 0.6065 = e~(s M) tka1=10),

T 172 Cr
c—A= 8.6>Amax<—A—A +2K +e°K +8<1 + —)I),
My
which implies that conditions (3.4) and (3.5) are satisfied. And hence, Theorem 3.1 yields
that the equilibrium point Q; with positive interest rate 8.93% for financial system (2.6) is
globally exponentially stable with convergence rate 0.35.

Example 2 In system (2.7) or (2.8), let a = 0.9, b = 0.2, c = 0.2463, and one gets

—4.0601 -0.0893 —1.0000
A= 01787  0.2000 0
1.0000 0 0.2463

Page 14 of 18
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In addition, let gx = 0.6, ¢ = 9.3, A = 0.7, fx;1 — £ = 0.05,

1
s 0 0
Bi=| o L 0 , k=1,2,

0 0 0.0010

Let S = {1, 2}, and the transition rates matrix and feedback coefficient matrix IT and feed-

back gain coefficient matrix K, are given as follows:

(—0.013 0.013 ) 0011 0 0
- , Ki=| o 0015 o |,
0015 -0.015
0 0 0012
0012 0 0
K= o 0016 o0
0 0 0013
1.005 0 0 09993 0 0
=l o 1005 o |, P=| 0o 0993 o
0 0 0.9987 0 0 1.002

Let € =0.1, M; = ¢; = 0.0001, one can compute and obtain

AmaxBE Bk < AmaxBi Bi < 0.6065 = e (s M the1~th),

max,es Amax(—PrA — ATP, + 2K, P, + e 1K2P? + &(1 + A+ X es VP

minyes AminPr

c—A=86>

’

which implies that conditions (3.26) and (3.27) are satisfied. And hence, Theorem 3.2 yields
that the equilibrium point Q; with positive interest rate 8.93% for financial system (2.8) is

stochastically globally exponentially stable with convergence rate 0.35.

Remark 9 As pointed out in Remark 1, Theorem 3.1 and Theorem 3.2 may be the impor-
tant conclusions of the first paper on the financial systems with time delays, although the

time delays may be small.
Example 3 In system (3.30), let a = 0.9, b = 0.2, ¢ = 0.2463, and one gets

-4.0601 -0.0893 -1.0000
A= 01787  0.2000 0
1.0000 0 0.2463

In addition, let
0.00011 0 0

A = 0 0.00012 0
0 0 0.00013
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and ¢ = 9.8, A = 0.2, fx,1 — & = 0.05,

1
s 0 0
Bi=| o ﬁ 0 , k=1,2,

0.0007 0 0
K= 0 0.0003 0
0 0 0.0001

Let v = 0.5, ¢y = 0.03, y = 260, one can compute and obtain

AmaxBE Bk < AmaxBI By = 0.0039 < 0.6065 = e+ (ta140),
¢ —A=9.6>9.4237

= Amax (~A = A1 —=AT = A7) + hmax (2K + T+ 31 + K) + y € Amax K,

which implies that conditions (3.32) and (3.33) are satisfied. And hence, Theorem 3.3 yields
that the open economy system (3.30) is globally exponentially robust input-to-state stable
with convergence rate 0.1, where the interest rate is 8.93% > 0 when the economy system

reaches stability.

Remark 10 In Example 3, the upper bound of time delay is T = 0.5, which is not small. This
fully illustrates the effectiveness and feasibility of Theorem 3.3.

5 Conclusions and further considerations
In this paper, using some mathematical analysis techniques and Lyapunov function meth-
ods, we have derived the globally exponential stability criteria for the closed economy sys-
tem and the open economy system. Because the interest rate obtained in Chinese finan-
cial market is usually positive, the global asymptotic stabilization of the positive interest
rate equilibrium under impulse control studied in this paper has certain theoretical sig-
nificance for Chinese economic management departments. Particularly, our Theorem 3.3
involves the robust input-to-state stabilization of the open economy system under impulse
control while China’s economy is an open economy. Moreover, global exponential stability
implies deleting chaos of complex economy system.

As pointed out in [8] and [30], under Lipschitz conditions ensuring the unique existence
of the solution of the reaction-diffusion system for any given initial value, Ruofeng Rao,
Shouming Zhong, and Zhilin Pu deduced the boundedness conclusion [30, Theorem 3.3]

and the stability criterion [30, Theorem 3.4], in which the following formula was derived:

)
22" 5 Ay
PoCar) 2 = oL 2 n=2m,
31 (B(0,Ro)) = | ImesBORII - ImesBORIE (5.1)
AR _ e

2
> >, n=2m+1.
[mes(B(0,Rp))] 2m+1 [mes(B(0,R0))] 7

This has actually proven the following conclusion.
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Theorem 5.1 ([8, Theorem 3]) Iff,-,ﬁ, 0y, 65 are Lipschitz continuous with £;(0) :fi(O) =
0,;;(0) = 6;(0) = O, then there must exist a series of spherical regions B(0,Ro) C R" with Ry
moderately small such that the following fuzzy system (5.2) is globally stochastically expo-
nentially stable in the pth moment, where T = B(0,R) in (5.2).

du(t,x) = q; div Vu(t,x) dt — Y% 1 0,(0(8)) [ayui(t, x) — 27:1 bijfi(vi(2, %))
- 1’.11 ciinfi(vi(t — T(2),%)) — Z;’zl hyr ff_p(t)ﬁ(v,»(s,x))ds] dt
+ 7:1 o4t u(t,x), v(t — T(t),x))dw;(t), t>0,x€7,
dvi(t,x) = q; div Vvi(t,x) dt = 377 0,(@(t) [aivilt, x)
= Yo byt %) = 0L Eyefy (8 - £(2), %) (5.2)
= 3 e [0 i (s, %)) dis) e
]’?:1 Gt v(t, x), u(t — T(t),x),) dw;(t), t>0,x€T,
u;(t, %) = (L, %), vi(t,x) = @i(t,x), V(s,x) €[-7,0] X7,
dyu(t,x)=0=0,v(t,x), V(tx)e€[0,+00] x dT.

+

Due to A1(£2) > 11(B(0, Ry)) when £2 C B(0, Ry), we can actually generalize Theorem 5.1
and [30, Theorem 3.4] from the spherical region B(0, R;) to a more general region 2 C R”,
where 2 is a bounded domain of R” with smooth boundary ([6, Theorem 6.3]). Moreover,
it follows from [6, Theorem 6.2] and [6, Theorem 6.3] that

Theorem 5.2 Ifﬁ,ﬁ, 0y, 6;; are Lipschitz continuous with £;(0) :ﬁ(O) =0,(0) = 6;50) = 0,
then there must exist a series of domains 2 C B(a, Ry) C R" with Ry moderately small such
that the following fuzzy system (5.2) is globally stochastically exponentially stable in the
pth moment, where T = $2 in (5.2).

How to derive the concise criterion for the open economy systems (3.54), (3.55), and

(3.30), similar to that of Theorem 5.2, is an interesting problem.

Funding

The research is supported by the National Natural Science Foundation of China (Nos. 61533006), the China National
College Students Innovation and Entrepreneurship Training Program at Chengdu Normal University in 2018 and 2019
(No. 201814389083; No. 201914389037), the Scientific Fund of the Education Department of Sichuan Province in China
(No. 18ZA0082), the Application basic research project of science and Technology Department of Sichuan Province and
the Major scientific research projects of Chengdu Normal University in 2019 (CS192DZ01).

Competing interests
The authors declare no conflict of interest.

Authors’ contributions
Both authors read and approved the final manuscript.

Author details

'Department of Mathematics, Chengdu Normal University, Chengdu, China. ?College of Mathematics, University of
Electronic Science and Technology of China, Chengdu, China. *Institute of Financial Mathematics, Chengdu Normal
University, Chengdu, China.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 29 July 2019 Accepted: 20 January 2020 Published online: 30 January 2020



Rao and Zhong Advances in Difference Equations (2020) 2020:50 Page 18 of 18

References

1.

2.
3.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Cheng, S.: Complicated science and management. In: Article Collection of Beijing Xiangshan Conference, vol. 1.
Science Press, Beijing (1998) (in Chinese)

Huang, D, Li, H.: Theory and Method of Nonlinear Economics. Sichuan University Press, Chengdu (1993)

Ma, J., Chen, Y.: Study for the bifurcation topological structure and the global complicated character of a kind of
nonlinear finance system (I). Appl. Math. Mech. 11, 1240-1251 (2001)

. Ma, J, Chen, Y. Study for the bifurcation topological structure and the global complicated character of a kind of

nonlinear finance system (I1). Appl. Math. Mech. 12, 1375-1382 (2001)
Chen, W.: Dynamics and control of a financial system with time-delayed feedbacks. Chaos Solitons Fractals 37(4),
1198-1207 (2008)

. Rao, R, Zhong, S.: Input-to-state stability and no-inputs stabilization of delayed feedback chaotic financial system

involved in open and closed economy. Discrete Contin. Dyn. Syst,, Ser. S 1-19 (2020).
https://doi.org/10.3934/dcdss.2020280

. Zhao, X, Li, Z, Li, S.: Synchronization of a chaotic finance system. Appl. Math. Comput. 217, 6031-6039 (2011)
. Rao, R.: Global stability of a Markovian jumping chaotic financial system with partially unknown transition rates under

impulsive control involved in the positive interest rate. Mathematics 7(7), 579 (2019).
https://doi.org/10.3390/math7070579

. Huang, T, Li, C, Liu, X.: Synchronization of chaotic systems with delay using intermittent linear state feedback. Chaos

18,033122 (2008)
Zhang, Y, Wang, Q.: Comment on “Synchronization of chaotic systems with delay using intermittent linear state
feedback”. Chaos 18, 048101 (2008)

. Long, X, Gong, S.: New results on stability of Nicholson's blowflies equation with multiple pairs of time-varying

delays. Appl. Math. Lett. 100, Article 106027 (2020). https://doi.org/10.1016/j.aml.2019.106027

. Huang, C, Zhang, H., Huang, L.: Aimost periodicity analysis for a delayed Nicholson's blowflies model with nonlinear

density-dependent mortality term. Commun. Pure Appl. Anal. 18(6), 3337-3349 (2019)

Huang, C, Nie, X, Zhao, X, Song, Q, Cao, J.: Novel bifurcation results for a delayed fractional-order quaternion-valued
neural network. Neural Netw. 117, 67-93 (2019)

Chen, T, Huang, L., Yu, P, Huang, W.: Bifurcation of limit cycles at infinity in piecewise polynomial systems. Nonlinear
Anal,, Real World Appl. 41, 82-106 (2018)

. Huang, C, Yang, Z, Yi, T, Zou, X.: On the basins of attraction for a class of delay differential equations with

non-monotone bistable nonlinearities. J. Differ. Equ. 256, 2101-2114 (2014)

. Rao, R, Zhong, S., Wang, X.: Stochastic stability criteria with LMI conditions for Markovian jumping impulsive BAM

neural networks with mode-dependent time-varying delays and nonlinear reaction-diffusion. Commun. Nonlinear
Sci. Numer. Simul. 19, 258-273 (2014)

. Huang, C, Peng, C, Chen, X., Wen, F.: Dynamics analysis of a class of delayed economic model. Abstr. Appl. Anal. 2013,

Article ID 962738 (2013)

Huang, C, Su, R, Cao, J, Xiao, S.: Asymptotically stable high-order neutral cellular neural networks with proportional
delays and D operators. Math. Comput. Simul. (2019) In press, corrected proof, Available online 10 June 2019

Li, X, Song, S.: Research on synchronization of chaotic delayed neural networks with stochastic perturbation using
impulsive control method. Commun. Nonlinear Sci. Numer. Simul. 19(10), 3892-3900 (2014)

Li, X, Zhu, Q, O'Regan, D.: pth moment exponential stability of impulsive stochastic functional differential equations
and application to control problems of NNs. J. Franklin Inst. 351, 4435-4456 (2014)

Rao, R, Hang, J., Zhong, S.: Global exponential stability of reaction-diffusion BAM neural networks. J. Jilin Univ. Sci. Ed.
50, 1086-1090 (2012) (In Chinese)

Li, X, Yang, X,, Huang, T. Persistence of delayed cooperative models: impulsive control method. Appl. Math. Comput.
342, 130-146 (2019)

Song, Q, Yu, Q, Zhao, Z, Liu, Y, Fuad, E: Boundedness and global robust stability analysis of delayed complex-valued
neural networks with interval parameter uncertainties. Neural Netw. 103, 55-62 (2018)

Li, X, Shen, J,, Rakkiyappan, R.: Persistent impulsive effects on stability of functional differential equations with finite
or infinite delay. Appl. Math. Comput. 329, 14-22 (2018)

Song, Q, Yu, Q, Zhao, Z, Liu, Y., Fuad, E: Dynamics of complex-valued neural networks with variable coefficients and
proportional delays. Neurocomputing 275, 2762-2768 (2018)

Li, X, Ho, D, Cao, J.: Finite-time stability and settling-time estimation of nonlinear impulsive systems. Automatica 99,
361-368 (2019)

Rao, R.: Delay-dependent exponential stability for nonlinear reaction-diffusion uncertain Cohen-Grossberg neural
networks with partially known transition rates via Hardy—Poincare inequality. Chin. Ann. Math., Ser. B 35, 575-598
(2014)

Gao, Q, Ma, J.: Chaos and Hopf bifurcation of a finance system. Nonlinear Dyn. 58, 209 (2009).
https://doi.org/10.1007/s11071-009-9472-5

Li, X,, Fu, X.: Stability analysis of stochastic functional differential equations with infinite delay and its application to
recurrent neural networks. J. Comput. Appl. Math. 234, 407-417 (2010)

Rao, R, Zhong, S., Pu, Z.: Fixed point and p-stability of TCS fuzzy impulsive reaction-diffusion dynamic neural
networks with distributed delay via Laplacian semigroup. Neurocomputing 335, 170-184 (2019)


https://doi.org/10.3934/dcdss.2020280
https://doi.org/10.3390/math7070579
https://doi.org/10.1016/j.aml.2019.106027
https://doi.org/10.1007/s11071-009-9472-5

	Impulsive control on delayed feedback chaotic ﬁnancial system with Markovian jumping
	Abstract
	Keywords

	Introduction
	Preparation
	Main results
	Numerical examples
	Conclusions and further considerations
	Funding
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


