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production and removal rates of all compartments are modeled by general nonlinear
functions. The model contains three types of intracellular time delays. We utilize
nonstandard finite difference (NSFD) method to discretize the continuous-time
model. We prove that NSFD preserves the positivity and boundedness of the solutions
of the model. Based on four threshold parameters, the existence of the five equilibria
of the model is established. We perform global stability of all equilibria of the model
by using Lyapunov approach. Numerical simulations are carried out to illustrate our
theoretical results. The impact of time delay on the viral dynamics is established.
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1 Introduction

Mathematical modeling and analysis of within host human viral infections have provided
useful insights into the understanding of interplay between three main compartments:
viruses, target cells, and infected cells. Nowak and Bangham [1] have proposed the basic

virus infection model in the form

EF(t) =8 - BF(t) - k F®)H(¢),
S(t) = k F@)H(t) — aS(2), (1)
H(t) = 0S(¢) — cH(2),

where F, S, and H are the healthy (uninfected) target cells, actively infected cells, and free
virus particles. § and SF are the production and natural death rates of the healthy cells,
respectively. The incidence rate is modeled by k FH. The death rate of actively infected
cells is given by aS. The free viruses are generated at rate 6S and cleared at rate cH. The

model has been developed to describe within host dynamics of different viruses such as
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human immunodeficiency virus (HIV) [2, 3], hepatitis C virus (HCV) [4, 5], hepatitis B
virus (HBV) [6, 7], chikungunya virus (CHIKV) [8], and dengue virus [9].

The immune system works to defend the body against attacks by foreign invaders. B cells
and CTL cells play a central role in the specific immune response. In general, B cells pro-
duce antibodies that neutralize the viruses, namely antibody immune response and CTL
cells attack and kill virus-infected cells, namely cell-mediated immune response. The im-
pact of cell-mediated immune response on the virus dynamics has been modeled [1] as
follows:

F(t) =8 — BE(t) — k F()H(¢),
S(t) = k F(0)H(t) — aS(t) — AS@)Z(2),
H(t) = 0S(t) — cH(2),

Z(t) = gS(t)Z(t) - § Z(t),

where Z is the concentration of the CTL cells. The CTL cells are proliferated at rate gSZ,
die at rate £Z, and kill infected cells at rate ASZ. Model (2) has been extended in several
works (see, e.g., [10-13]). In other words, the basic model (1) has been modified to take
into account the effect of antibody immune response in [14] as follows:

E(¢) = § — BE(t) — kF(t)H(¢),

S(¢) = k F(t)H(t) — aS(2),

H(t) = 0S(¢) — cH(t) — dH(2) Y (¢),
Y(t) = qH()Y () - nY (2),

3)

where Y is the concentration of antibodies. The free viruses are removed by the antibodies
at rate dHY. The antibodies are proliferated at rate gHY and die at rate nY. In the liter-
ature, the effect of antibody immune response has been incorporated into mathematical
models of various virus infections (see, e.g., [15-17]).

In models (1)—(3) it has been assumed that once a healthy cell is contacted by a virus it
becomes productive instantaneously. In fact, a number of intracellular processes is needed
to produce new viruses. In case of HIV infection the intracellular processes take approxi-
mately 0.9 days [18]. Therefore, the intracellular time delay has a significant effect on the
virus dynamics. Delayed viral infection models have been constructed and analyzed in sev-
eral works (see, e.g., [19-32]). To incorporate both cell-mediated and antibody immune
responses as well as the time delay into the virus dynamics, Wodarz [33] has proposed the
following model:

E(¢) = 8 — BE(t) — kF(t)H(¢),

S(¢) = ke F(t — T)H(t — 7) — aS(t) - AS@)Z(2),

H(t) =0S(t) — cH(t) — dH() Y (©), (4)
Y () = qH®)Y () - nY (2),

Z(t) = gS()Z(t) - £ Z(t),

where, e ** represents the survival rate of infected cells after the interval 7, and p is a pos-
itive constant. Model (4) has been extended in [34—36]. It has been reported in [37, 38]
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that in case of HIV infection, latent HIV reservoirs serve as a major obstruction in treat-
ing HIV infection. Latently infected cells have been incorporated into the virus dynamics
model with both cell-mediated and antibody in [25] and [39]. The bilinear incidence rate
associated with the mass action principle can be insufficient to describe infection process
in detail. The most obvious reason for a nonlinear incidence rate is that the number of
free pathogen particles can vary in a very wide range, from a few particles up to hundreds
of millions of them in the case of virus. The bilinear interaction term, which may be con-
sidered as an approximation, is hardly able to adequately describe the process that runs
over such a range of variables. For instance, if the number of free pathogen particles is
very high, so that exposure of a susceptible host is virtually certain, then the incidence
rate may respond more slowly than linear to the further increase in the number of the
pathogen particles [40].

In all the above mentioned works the viral infection is modeled by a system of ordi-
nary or delay differential equations. These models are nonlinear, and calculating the exact
analytical solution is difficult or impossible. Therefore, only approximate discrete-time
models can be obtained by using suitable numerical approximation methods. One of the
discretization methods which has been widely used to discretize viral infection models
is called nonstandard finite difference (NSFD) [41]. It has been established that NSFD
has the advantage of preserving the essential qualitative features of these models such as
equilibria, positivity, boundedness, and global behaviors of solutions independently of the
chosen step-size [42—46]. The impact of cell-mediated immune response has been incor-
porated into the discrete-time virus dynamics models in [47, 48]. In very recent works,
Elaiw and Alshaikh [49-51] have proposed and investigated a class of discrete-time virus
infection models with antibody immune response. However, the impact of both antibody
and cell-mediated immune responses on the discrete-time virus infection model has not
been investigated before.

The aim of the present paper is to formulate and analyze a discrete-time viral infection
model with both antibody and cell-mediated immune responses. The model considers
both latently infected cells and actively infected cells. The incidence rate of infection as
well as the production and removal rates of all compartments are modeled by general
nonlinear functions. We discretize the continuous-time model by using NSFD method.
We first show that the solutions of the discrete-time model are positive and bounded,
then we prove the global stability of the equilibria by constructing Lyapunov functions.
Moreover, we perform numerical simulations to support the global stability results.

The achievements in this present paper look ahead to research perspectives focused
on pattern formation induced by the action of the external environments, for instance,
by Keller Segel dynamics [52]. The present literature is focused simply on the original
SIR model [52], while it appears interesting extending the qualitative and computational
analysis to more advanced models such as the one treated in our paper.

2 The model
We introduce the following general viral infection model with three types of time delays
and both antibody and cell-mediated immune responses:

E() = ©(F(t)) - A(F®),H(®)), (5)
K@) =1 -e)e™ P A(F(t-11),H(t - 11)) - (o + m)F 1(K(2)), (6)
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S@t) = se_“mA(F(t — 1), H(t - 12)) + mFl(K(t)) - an(S(t))

— A2 (S@)F5(2()), 7)
H(t) = 0e [ (St~ 13)) — cF 3(H(®)) —dF s(H(®)F 4(Y(2)), 8)
Y(8) = qF s(H®))F o(Y(®) - nF 4(Y(®), 9)
Z(t) = gF2(S@))F 5(Z(1)) - £F 5(Z(2)), (10)

where K is the concentration of latently infected cells. The parameter ¢, withO< e < 1,isa
fraction of the healthy cells that become latently infected. The terms af 1(K) and mf 1(K)
represent the death and activation rates of the latently infected cells. We suppose that the
viruses contact the healthy cells at times ¢ — 7; and ¢ — 19, respectively, the cells become
latently infected and actively infected at time ¢, where 7; and 7, are positive constants. The
immature viruses at time ¢ — t3 are assumed to be mature at time ¢, where t3 is a positive
constant. e /%, j = 1,2, 3, is the probability of the cells and viruses survival during the delay
periods, where 1, o, and, w3 are positive constants. Here &, A, and f ;,i=1,...,5, are
general nonlinear functions satisfy the following conditions:
Cl (i) There exists FO > 0 such that ®(F°) = 0, ®(F) > 0 for F € [0, F°);
(ii) ®'(F) <0 forall F>0;
(iii) 3b,b > 0 such that @(F) < b — bF for all F > 0.
Here, F° is the equilibrium susceptible cell concentration in the absence of viral infec-
tion. Condition C1 implies that F(£) — F° as t — oo in the absence of the infection.
C2 (i) A(F,H)>0,and A(0,H)= A(F,0)=0 forall F>0,H > 0;
(ii) BAFH >0, aAFH >0, MFO) >0forall F>0,H >0;
(iii) dF(aAF0 )>0 for all F > 0

9H
Furthermore, C2(i) means there are no incidences if there are no susceptible cells or free

virus particles. For C2(ii), the number of new cases monotonically grows with growth in
the numbers of susceptible cells and free pathogen particles. Moreover, condition C2(iii)
accounts that the infection rate starts growing even if the number of pathogens is very
small.
C3 (i) Fj(p)>0forp>0,F;(0)=0,j=1,...,5;
(i) Fj(p)>0forp>0,j=1,2,4,5and F 5(p) >0 for p > 0;
(iii) There are v;>0,j=1,...,5, such that f;(p) > vjp for p > 0.
Condition C3 indicates that the natural mortality rates of the infected cells, pathogens,
CTL, and antibodies monotonically grow with growth in their populations.
C4 (Fg( )y <0 forall H>O0.
The quantlty AE H)

o
of its infectivity to 1ts removal. Condition C4 mentions that the efficiency of the pathogen

7 may be interpreted as the efficiency of the pathogen, that is, the ratio

is nonincreasing with respect to the population of the pathogens [39].

Remark 1 There are several forms of the general functions which can satisfy C1-C4 such
as:
(i) Intrinsic growth rate function @ (F): linear form © (F) = § — BF [1] and logistic
growth form &(F) =6 — BF + rF(1 - ﬁ), where r < 8 [53, 54].
(ii) Incidence rate function A(F, H): bilinear incidence k FH [55], saturated incidence

1’(54 1;1 [56], (iii) Holling-type II incidence 1K+F M'Zr [57], Beddington—DeAngelis
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incidence 1+;§i’wF [58], Crowley—Martin incidence mul";% [59], Hill-type

;ffgf [60], where «, u, w, ¢, and £ are positive constants.
(iii) Function [ ;(p): linear f ;(p) = v;p [1] and quadratic / ;(p) = v;p + U;p? [15], where

incidence

v; and v; are positive constants.

We use the NSFD method [41] to discretize model (5)—(10). Let ¢, = nh, where i > 0 is
the time step sizeand n € N ={0,1,2,...}. Let (F,;, K, S,,, Hy, Yy, Z,,) be the approximations
of the solution (F(z,), K(t,), S(¢,), H(t,), Y (L), Z(t,)) of system (5)—(10) at the discrete time
points ¢,. Assume that there exist integers m; € N, i = 1,2,3, with 7; = hm;.

Fn+1 - Fn
7=@Fn+ _AFn+an; 11
o0 (Fus1) = A(Fpi1, Hy) (11)
Ky - K, _
L = (1 - 8)6 erlAA(Fn—ml+17]_[n—ml) - (Ol + Wl)Fl(Km.l), (12)
¢ (h)
St =S _ g p(, Hymy) + mF 1(Kyi1) = aF 2(Sus1)
¢(1’l) n-my+1r 4 In—my 1\ n+1 2\9n+1
_)‘-F2(Sn+1)F5(Zn+l)v (13)
Hn+ _Hn 3T
W =fe M3 3FZ(S;'l—ngrl) —cf 3(Hys1) —dF s(Hu1)F (Y1), (14)
Yn+ - Yn
= ) ) = (Vo). (15)
Zns1 — Zn
W =8F 2(Sui)F 5(Zn1) =6 F 5(Zyi1). (16)

The function ¢(k) is a denominator function [61, 62] where ¢ (k) = 1 + O(h?).
The initial conditions of system (11)—(16) are

FaFWJ,ZO, I<w=w02)20: Sw=1ﬂ220,

H,=vy*>0, Y, =v¥>>0, Zy=%8>0
foralw=-m,-m+1,...,0,

Vve>0, i=1,...,6, (17)
where w1 = max{m, m,, ms}.

2.1 Preliminaries
We define a compact set

I = {(F,K,S,H,Y,Z): 0<F,K,S<09,0<H<193,0< Y<l94,O<Z<192},

b 91 09 091 T .
where ¥ = o Dy = gT, V3 = G—;, Vg = daz, o1 = min{b, xvy, a, &}, and o, = min{c, n}.

Lemma 1 Suppose that Conditions C1-C3 are satisfied and I (p) = p, j = 2,3,4,5, then
any solution (F,, K, Sy, Hy, Y, Z,,) of model (11)—(16) with initial conditions (17) is positive
and ultimately bounded.
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Lemma 2 For system (11)—(16), let Conditions C1-C4 hold true, then there exist four
threshold parameters Ry >0, RY >0, R% >0, and R% > 0 such that
(i) if Ro <1, then the system has only one equilibrium Q°.
(ii) if RY <1< R and R? <1< Ry, then the system has two equilibria Q° and Q*.
(ili) if RY > 1 and R% < 1, then the system has three equilibria Q°, Q*, and Q.
(iv) if R%Z > 1 and RYIR% <1, then the system has three equilibria Q°, Q*, and Q.
(V) if RY > R5 > 1, then the system has five equilibria Q°, Q*, Q, ’Q\’ and (~2

The proofs of Lemmas 1-2 are given in Appendix.

2.2 Global stability
We define the function

G(p)=p—-Inp-1.
Clearly, G(p) > 0 and G(1) = 0 for all p > 0, therefore
Inp<p-1. (18)

Theorem 1 Suppose that Conditions C1-C4 are satisfied and Ry < 1, then Q° of model
(11)-(16) is G.A.S.

Remark 2 Conditions C2—C4 imply that

(A(F,H) ~ A(F,H*)) <A(F,H) A(F,H*)> o

Fa(H) [ 3(H)
which yields

( A(F,H*)> ( A(F,H)  F3(H) )
1- - <0.
A(F,H) )\ A(F,H*) [ 3(H*)

(19)

Lemma 3 Suppose that Conditions C1-C4 are satisfied and R > 1, then
(i) sgn(F-F*)=sgn(H*-H)= sgn(Rf - 1),
(i) sen(F - F*) = sgn(H* — H) = sgn(8* = S) = sgn(RZ - 1).

Theorem 2 Suppose that Conditions C1-C4 are satisfied, RY <1< Roand R <1< Ry,
then Q* of system (11)—(16) is G.A.S.

Theorem 3 If Conditions C1-C4 hold, RY > 1 and R% < 1, then Q of system (11)—(16) is
G.A.S.

Theorem 4 If Conditions C1-C4 are satisfied, R? > 1 and RY /R% < 1, then Q of system
(11)-(16) is G.A.S.

Theorem 5 If Conditions C1-C4 are satisfied and RY > R% > 1, then Q of system (11)—
(16) is G.A.S.

The proofs of Theorems 1-5 and Lemma 3 are given in Appendix.
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3 Numerical simulations

We perform our simulation by choosing

F «kFH
) A(FrH) =T 5
max 1+ ClH (20)

O(F) :8—ﬂF+rF(1—

Fi()o):/L izl"")S’

where r > 0 is the maximum proliferation rate of the healthy cells and Fax > 0 is the maxi-
mum level of healthy cells concentration in the body. If F reaches Fiax, it should decrease.

Therefore, system (11)—(16) becomes

F,.1-F, F F,1H,
N ~— 9~ n+l T Tlpyd - _Ki; 1
n+l n S ﬂF ya 1 n+l n+141pn (2 )
¢(h) Fuw) 1+ciH,
K,.1-K, 1-¢g)eMUgF,_ H,_
14 1y—m,
Sn+1 - Sn geiﬂzfszn—mg-*—lHn—mz
= +mKy1 —aSyi1 — ASyi1Zn41s 23
o(h) 1+C1Hn—m2 MKyl — Adp41 n+14n+l (23)
H,.,—H,
% = Oe_usrssn—m3+l - CHn+1 - dHn+1 Yn+1: (24‘)
Y1 -Y,
W =qHu 1 Y1 =Y, (25)
Ly — 2,
Tl I VARES YA (26)
¢ (h)

The denominator function ¢ (%) can take the form [61, 62]

1-eFh
B

¢(h) =

We assume that r < B [54]. Now we check the validity of Conditions C1-C4 for the func-
tions given by (20). We have @(0) = § > 0, @(F°) = 0, where

FO= Finax <r—ﬁ+ (r—,3)2+;nS )

2 r max

Since r < 8, then

2rF
<0.

O'(F)=-B+r-

max

It follows that @ (F) > 0 for all F € [0, F°) and

OF)=8—-(B-r)F-r F

max

<8—-(B-r)F.
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Letb=8>0and b= B —r>0. Thus, Cl is satisfied. We have also

FH
A(F,H) = —="_ 50 and A(0,H)= A(F,00=0 forallF>0,H >0,
1+C1H
0A(F,H H
( ): K >0 forall F>0andH >0,
oF 1+aH
0A(F,H F
( ): K >0 forall F>0and H >0,
oH (1+61H)2
dA(F,0
Q:KF>O forall F >0,
oH

d (9A(F,
- ﬂ =xk>0 forall F>0.
dF oH

Therefore, Condition C2 is satisfied. We have [ ;(0) = p > 0 for all p > 0 and /;(0) =0,
j=1,...,5, and F;(,o) =1>0,j=1,...,5, for all p > 0. Then Condition C3 is satisfied,
where v; =1, =1,...,5. Finally, we have

o [ A(F,H) —k Fey

— = <0 forall F>0andH > 0.

oH Fg(H) (1 +ClH)2

Therefore, Condition C4 holds true and hence Theorems 1-5 are applicable.
For this system, the threshold parameters are given by

Oy F° v Oy«F
Ro= ’ 1= =0
ac ac(l+cH)
'Rf _ GVKFA , R§ _ e#afzyklj]:[y)
ac(l +c1H) a(l + ¢ H)S
Qe 13T
RIRY =258
cgn
where

-_-B+VB -4AC

= = =F,
Z =r+ clrﬁ,
B=—Fnax(r—B—«H +ciH(r - B)),
C = —Faxd(1 + c1H),
H="-1,

q
and

- B+/P-iaC

= o ,
A=r+crH,
B = —Fuu(r— B —«H+cH(r - B)),
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C = —Fpaxd(1 + 1 H),
Pe13TE

=24

)

.35
g

Numerical simulations for system (21)—(26) are performed using the following values: § =
10, 8 =0.01, r = 0.009, Fpax = 1200, £ =0.3, v =04, m=0.1,a=0.6,A=0.1,0 =1.2,c =4,
n=0.1,&=003,d=08,h=0.1,and u; =0.1 (i = 1,2,3). The other parameters will be
chosen in what follows.

Let us consider the initial values:

IVL: ¢l =800, v2=8v3=1v¢%=05vy>=1, =05,

IV2: ¢l =600, ¥2=10,¢3=3,¢y%=1,¢5=3,¢°=1,and

IV3: ¢l =400, ¢2=12,¢3 =5y2=2,¢>=5y8 =2, w=-m,-m+1,...,0.

o Stability of equilibria
We choose 11 = 0.1, 7, = 0.5, 73 = 0.9 and choose k, 1, and & are varied as follows.

Case (1) k = 0.003, g = 0.05, and g = 0.002. This yields Ry = 0.634 < 1. Figure 1 shows
that the concentration of healthy cells increases and tends to the value F° = 1089.96. More-
over, the concentrations of infected cells, free viruses, antibodies, and CTL cells decay and
reach zero for IV1-1V3. Consequently, there exists only one equilibrium that is Q° and it
is G.A.S. This result supports the result of Theorem 1.

Case (2) k = 0.01, g = 0.05, and g = 0.002. With these values we obtain RY = 0.799 <
1 <Rp=2112 and R? = 0440 < 1 < Ry = 2.112. Figure 2 displays that for all the
three initial values IV1-IV3, the solutions of the system reach the equilibrium Q* =
(523.57,10.285,5.244,1.438,0,0). Consequently, Q* exists and it is G.A.S. This agrees with
the result of Theorem 2.

Case (3) k = 0.01, ¢ = 0.2, and g = 0.002 and then Ry = 2.112 > 1, RY = 1.587 > 1, and
R#% =0.440 < 1. Figure 3 displays that the solutions of the system reach the equilibrium
Q = (823.137,5.676,2.894,0.5,2.934,0) for all the initial values IV1-IV3. Thus Q exists
and it is G.A.S. This result is consistent with the result of Theorem 3.

Case (4) k = 0.01, g = 0.005, and g = 0.01 and then Ry = 2.112 > 1, R¥ = 1.337 > 1, and
Rf/RZ = 0.041 < 1. From Fig. 4 we can see that, for all the initial values IV1-IV3, the
solutions of the system tend to the equilibrium Q = (695.628,7.866,3,0.823,0,2.020). This
result shows that Q exists and it is G.A.S, and this agrees with the result of Theorem 4.

Case(5)k =0.01,4 =0.3,and g = 0.02and then Ry = 2.112 > 1, RY = 1.742 > 1,and R% =
1.412 > 1. From Fig. 5 we observe that the solutions of the system reach the equilibrium
(~2 =(901.96,4.153,1.5,0.333,1.169,2.469). This yields that (~2 exists and it is G.A.S. This
illustrates the result of Theorem 5.

o Impact of time delay on the viral dynamics

Without loss of generality we let T = 7; = 75 = 13. We fix the values « = 0.01, g = 0.3,
and g = 0.02 and select different values of 7. We solve the system with initial IV2. Figure 6
shows the influence of the time delay parameter t on the stability of the equilibria. One
can see that as 7 is increased, the concentration of healthy cells is increased, while the
concentrations of infected cells, free viruses, CTL cells, and antibodies are decreased. Let

us write R as follows:

Ro(t) = E° <m(1 — g)e~(mirus) . 8e—wz+u3)r) <ﬁ)

o+m ac
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Figure 1 The simulation of trajectories of system (21)—(26) for Case Ro <1

Since Ry is a decreasing function of 7, then the time delay can change the stability prop-
erties of equilibria. Using the values of the parameters and from Fig. 6 we can see that if
T > 4.373, then Q° is G.A.S. Biologically, the time delays play a similar role of antiviral
treatment in eliminating the viruses from the body.

4 Conclusion

In this paper, we formulated and analyzed a discrete-time viral infection model with both
antibody and cell-mediated immune responses. We incorporated two categories of in-
fected cells, namely latently infected cells (such cells contain the virus but are not pro-
ducing) and actively infected cells (such cells produce new viruses). The production and
removal rates of the cells and viruses as well as the incidence rate were modeled by general
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Figure 2 The simulation of trajectories of system (21)-(26) for Case RT <1<Rpand Rf <1<Ro

nonlinear functions which satisfy a set of conditions. These general functions encompass
several specific forms commonly used in the virus dynamics literature. We incorporated
three types of time delays, in which the first and second delays describe the times between
a virus contacts a susceptible cell and the cell becomes latently infected and actively in-
fected cell, respectively. The third delay is the time from death of an infected cell until the
virus is active. We used nonstandard finite difference scheme to discretize the continuous-
time model. We showed that the solutions of the discrete-time model with given initial
states are positive and bounded. We derived four threshold parameters which fully de-
termine the existence and stability of the five equilibria of the model. Then, we proved
the global stability of the equilibria by constructing Lyapunov functions. Moreover, we
performed numerical simulations to support the global stability results. We studied the
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Figure 3 The simulation of trajectories of system (21)-(26) for Case RT >1and R1Z <1

effect of time delay on the virus dynamics. Since Q° is the desired equilibrium to be sta-
bilized, we determined the critical time delay parameter @ by solving the equation
Ro(reitical) = 1 and showed that Q° is globally asymptotically stable when 7 > z<titical, This
shows that the time delay can have a similar effect as the antiviral drugs. This gives some
impression to develop a new class of treatment to increase the delay period and then sup-
press the viral replication. It is worth emphasizing that the role of the delay term does
not only take into account the delay in the dynamical response of the interacting entities,
but also their heterogeneity. This can be accounted for by modeling interactions as shown
in [63]. Recently, many authors have argued that the virus moves freely in body and fol-
lows the Fickian diffusion (see, e.g., [64—66]). Therefore, it is more reasonable to study

reaction-diffusion versions of our model. We leave these points as possible future works.
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Figure 4 The simulation of trajectories of system (21)-(26) for Case R{ >1and R]Y/’Rg <1

Appendix

Proof of Lemma 1 First we put n = 0 and show that there exists positive and unique
(F1,K1,81,Hy, Y1,Z7). From Eq. (11) we have

Fy—Fy— ¢(h)O(F1) + ¢(h) A(F1,Hp) = 0.

We define a function yx1(F) as follows:

x1(F) = F = Fo — p(n)O(F) + ¢p(h) A(F, Ho) = 0.
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Figure 5 The simulation of trajectories of system (21)-(26) for Case R} > R3 > 1

According to Conditions C1-C2 we have x; is a strictly increasing function in F and

x1(0) = —Fy — ¢(1)©(0) <0,

Jim 1 (F) = 0.

Hence, there exists unique F; > 0 such that x;(F;) = 0.
From Eq. (12) we have

Ki =Ko = ¢p()(1 — &)e ™™ A(F_yy 1, Hoy) + (M) ( + m)F1(Ky) = 0.
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Figure 6 The simulation of trajectories of system (21)-(26) with different values of T

Define a function yx,(K) as follows:
x2(K) = K = Ko = ¢p(h)(1 - e)e™ ™ A(F_yy 11, Homy) + d(B) (e + m)F 1(K) = 0.
Conditions C2—-C3 imply that - is a strictly increasing function in K. In addition,

x2(0) = —Ko — ¢(h)(1 — &)e™' ™ A(F_py 11, Hopmy) <O,

lim y,(K) = oo.
K—o0

It follows that there exists unique Kj € (0, 00) such that x»(Kj) = 0.
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Since F 2(S1) = S1, F3(Hy) = Hy, F 4(Y1) = Y1, and F 5(Z;) = Z3, then from Egs. (13) and

(16) we get
Zi=Zo+ d(h)g[So + p(h)ee 2™ A(F_py i1, Hopy) + d(H)mf 1 (K1) Z
1+ ¢(h)(a+rZy)
-o(hEZ,.
Then
A\Z}+B1Zy +C1 =0, (27)
where

Ay = (1+¢(hE)p(m)a,
By = (L+¢(m)E) (1 + ¢p(h)a) - p(M)rZo

— p(M)g[So + P2 A(F_y i1, Homy) + $(H)mE 1(K1)],
Ci=-(1+9¢ha)Zy

Since A; >0, C; <0, then B% —4A;C; > 0, and hence there exists a unique positive root of
Eq. (27) Z; > 0. It follows from Eq. (13)

So + p(h)ee 272 A(F_py i1, Hoy) + d()mf 1(K7)

51= 1+ ¢(h)a+rZy) >0
Then we have S; > 0.
Now we show that Y; > 0. From Egs. (14)—(15) we get
Y=Y+ ¢>(h)Q(II{(f;(ﬁ}(:l()C@i‘;:)S_mu) _ s,
Then we get
AyY?+ByY, +Cy =0, (28)
where

Ay = (1+ p(h)n)p()d,
By = (1+¢(n)n) (1 + d(h)c) - p(h) dYo — p()g[Ho + p(h)0e™* ™ F 5(S_my11)],
Cy =—(1+¢(h)c)Yo.
Since A5 > 0, C5 < 0, then B% —4A,C, > 0, and hence there exists a unique positive root of

Eq. (28) Y7 > 0.
From Eq. (14) we get

Ho + ¢(h)fe 3™ S g1

1+ o) (c+dYy) >0.

1=

Therefore, the solution (Fy, K1, S1, H1, Y1, Z1) exists uniquely and is positive.
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Repeating the above process for n = 1, we can prove that (F, Ky, Sy, Ha, Y, Z;) exists
uniquely and is positive. Therefore, mathematical induction yields that, for all n € N,
(Fy» Ky, Sy Hy» Yy, Z,,) exists uniquely and is positive.

By induction, we obtain F, >0, K,, >0, S, >0, H, >0, Y, >0,and Z, >0 Vn > 0. To
investigate the boundedness of solution, from Eq. (11) we have

Fn+1 _Fn -
————— < ©O(F,;1) <b-DbF,,;.
o) = (F1) 1
Hence
F, h)b
. < B (h)

1+ oUb  1+pUb

By Lemma 2.2 in [67] we have
(rsa) 50 () |
Eo<|——— ) F+=f1-(———) |,
1+¢(h)b b 1+¢(h)b
which implies that lim,,_, o, sup F,, < b/b < ¥;. Define
_ _ A
2,=1-¢e)e™MNF,  +ee2F, ., +K,+ S, + gZ,,.

Then

Qn+l - Qn = (1 - ‘9)6_M1T1 (Fn—m1+1 - Fn—ml) + ge_lLZZZ(Fn—m2+1 _Fn—mz)

A
+ I<n+1 _I<n + Sn+1 - Sn + E(ZVI+1 _Zn)

= (1= £)e " ¢(1)[O (Fumy+1) = AFpcmy 11 Humy)|
+£€722¢(h)[ O (Fumy+1) = AFnzmy1s Humy) ]
+p()[(1 = £)e™ ™ A(Fpmy+1, Hpomy) — (00 + m)F 1(Kipi1) ]
+ ¢(m)[e€"™ A(Fpomys1s Huomy) + mF 1(Kopi1) — aF 2(Sui1)

= M 2(Sue1)F 5(Zni1) ]

+¢(h)§[gf2(5n+1)f5( n+1) EFS( n+1)]

=¢(h) [(1 —£)e MO (Fymy 1) + €722 O (Fypyer) — af 1(Kyi)
A
- aSn+1 - _$Zn+11|~
g
According to Conditions C1 and C3, we have
QVH—I - Q =< ¢(h) |:( )e Hn (b bFn m1+1) + e 12 (b bFn m2+1) 0(U1[<n+1

%3
—aSuys1— —Zy1 |-
g
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We have
(1-g)e™MAb+ee™hb<b(l-5)+bs=b.
Then
2,41 — 824
< ¢(h)b - p(h)oq |:(1 —&)e MO, 1 +ee"2F, i+ Kyt + Sp1 + :_’Z”Hil
= oMb — p(h)o182441.

Hence

2, ¢(h)b

G = T oy T 1w phor”

Consequently, we get lim,,_, , sup §2,, < 9, lim,, o sup K, < ¥, lim,,_, oo sup S,, < v, and
lim,, oo Sup Z, < . Thus, for any @ > 0, there exists an integer o, > 0 such that S, <

% + @ for n > 0. We define
d
v,=H,+-Y,.
q
Then
d
l’l/nJrl - l’[/n = Hn+1 _Hn + E(Ynﬂ - Yn)
d
=¢(h) (96—M3135n_m3+1 —cHy1 — ?nYnJrl)

d
S ¢(h) (06#3{3 (ﬁl + U)’) - CHn+1 - _nYn+1>
q
<o) (0B + @) — 03¥i1) forn> oy + ms.

Oe H3T3 () +w) (0 +w)

. The arbitrariness of @ yields that

Then lim,_ »sup¥, < =

) ()
lim,,—, oo SUp ¥, < % = 3. Hence, lim,,_, o, sup H,, < 93 and lim,_, o, sup ¥;,, < 4. There-

fore, the solution (F, Ky, Sy, Hy, Y, Z,,) converges to I as n — oo. O

Proof of Lemma 2 The equilibria of system (11)—(16) satisfy:

O(F) - A(F,H) =0, (29)
(1- &)e™™™ A(E, H) — (o + m)F 1(K) = 0, (30)
62 A(F,H) + mF 1(K) - aF 5(S) = AF5(S)F 5(2) = 0, (31)
0155 (S) - cf 3(H) - dF 3(H)F a(Y) =0, (32)
g s(H)F o(Y) = 1F 4(Y) =0, (33)

gAF2(S)F5(Z2) - &F 5(2) = 0. (34)
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From Eq. (33), either F4(Y) =0 or F4(Y) #0 (F3(H) = %). By solving Eq. (34), we get
F5(Z)=0o0r [ 5(2) #0 (F4(S) = g). If Condition C3 f 4(Y) = 0 and f 5(Z) = 0 imply that
Y =0and Z = 0, thus we have the following possibilities:

1. Y = Z = 0, then Condition C3 implies that f ;!,i=1,...,5, exist and they are strictly

increasing functions. From Egs. (29)—(32) we get

K< Ffl(w> _(F), (35)
oa+m
s= Fgl(@) = ma(F), (36)
=1 (P20 <) 37)
ac
where

m(l — g)e H1T1-13T3
y = ( a)+ —~ + ge 2T M3T3 (38)

Obviously, 7;(0) > 0 and 7;(F°) = 0, i = 1, 2, 3. Substituting Eq. (37) into Eq. (32), we obtain
Oy
4 (F,m3(F)) — cF 3(m3(F)) = 0. (39)

Equation (39) admits a solution F = F°, which gives K = S = H = 0 and leads to the
pathogen-free equilibrium Q° = (F%,0,0,0,0,0). Let

V1 (F) = (F w3(F)) — cF 3(m3(F)) =0
Then from Conditions C1-C3 we have

¥1(0) = —cF 3(73(0)) < 0
1 (F°) = 0.

Moreover,

Vi) = ey[aA n;(na—A]—cng(F)Fg(na(F)),

oF oH
oy dA(F°,0) IA(F°,0)
0 0 0
vi(F) = — [T ”s(F)T — ety (FO)F 5(0).
Condition C2 implies that 24E29 — 0. Also, from Condition C3, we have f 5(0) > 0, then

/ 0\ _ / 0 / 9)/ 8A(FO’O)
0 (F) = emi(F )F3<o>(acF,3 o 1)

OO (_ oy A0
N a acf4(0) oH )

Page 19 of 51



Elaiw and Alshaikh Advances in Difference Equations (2020) 2020:54 Page 20 of 51

From Condition C1, we have ®’(F°) < 0. Therefore, if

0y  dA(F°0)
acF5(0) 0H

>1,

hence ¥{(F°) < 0 and there exists F* € (0, F°) such that v (F*) = 0. From Egs. (35)-(37)
we obtain K* = 71(F*) > 0, S* = m(F*) > 0, and H* = m3(F*) > 0. Therefore, a persis-
tent infection equilibrium without immune response Q*(F*, K*, H*,5*,0,0) exists when

0y dAFY,0)
wr© o > 1. Let us define

0y  dA(F°,0)

R =
°7 acFi(0) 9H

2. Y #0and Z = 0, we have H = Fgl(g) > 0. Let H = H in Eq. (29) and define v, as
follows:

¥2(F) = O(F) - A(F,H) = 0.
According to Conditions C1 and C2, we have
¥2(0)=0(0)>0 and Y, (F°) =-A(F°,H) <O0.

Since v(F) is a strictly decreasing function of F, then there exists unique F € (0, F) such
that ¥, (F) = 0. Now from Egs. (32), (35), and (36) we obtain

K=m@E), S=m@E), Y= F41(f (w - 1))

d\ acls(H)
Clearly, K >0 and S > 0; moreover, Y > 0 when Z?Sg) > 1. Now we define
Y _ 0y A(F,H)
Yook s(H)

Hence, Y can be rewritten as Y = F ;'($(R} - 1)). It follows that there exists a persistent
infection equilibrium with only humoral immune response Q(F,K,S,H,Y,0) if Rf > 1.
3. Z#0and Y =0, we have S = Fgl(g) >0.Let S =Sin Eq. (32), then we have

—~ e H313
H= F;l( ‘ 5) >0.
g

Let H =H in Eq. (29) and define 3 as follows:
¥3(F) = O(F) - A(F,H) =0.
Clearly,

¥3(00=©(0)>0 and y3(F°) = -A(F°, H) <0.
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According to Conditions C1 and C2, there exists unique Fe (0, F%) such that 1/f3(f) =0.
From Eq. (35) we conclude that K= 711(/1-:) > 0. Now from Egs. (30)—(32) we have 7=
Fg%%(Rf — 1)), where

z_ 0y A(F,H)
! ackF 3(H)

Consequently, there exists a persistent infection equilibrium with only CTL immune re-

PO O N

4.Z #0and Y #0, we havelflzlflzf§1($)>0and§:§=f§1(f—,)>0. Let H=H in
Eq. (29) and define v, as follows:

Ya(F) = O(F) — A(F,H) = 0.
Clearly,
¥4(0)=©(0)>0 and ya(F°) = -A(F°, H) <0.

According to C1 and C2, there exists unique Fe (0, F°) such that w4(1~’) = 0. Thus, we
conclude from Eq. (35) that K = m,(F) > 0. Now from Egs. (30)—(32) we have

2=F51<;(R§—1)) and }~’=F41(§((Rf/7€§)_1)>>0’

where

2 eBy A, H)

0r(S)AF,H) 0e3%&q
al 5(S) '

and RY/R% = o =
¢l 3(H)A(F, H) cgn

It follows that there exists a persistent infection equilibrium with both humoral and CTL

immune responses Q(F,K,S,H,Y,Z) if RY > R5 > 1. O

Proof of Theorem 1 Define

1 En A(F%H ~H3TS
L,=——|y|E,—F° —/ lim g dg ) + me K, +e™5BS, + ZH,,
o(h) o H>0" A(c,H) a+m 0

adn AEeH3m3

ad Le H3T3 ac
+_Yn+ Zn]+_r3(Hn)+_r4(Yn)+ 5 Zn)
0q 0 0q g
m(l — g)e—timi—usts "L nl
4-c) > A, Hy) +ee72275% N " A(F, H))
a+m Jj=n-my j=n—my

n-1
+ae M7 Z F2(Sj1)s

j=n-mg3

where y is defined by Eq. (38). Hence, £, > 0 for all F,,, K, S;y, Hy, Y, Z, >0, and L, = 0 if
and only if F, = F% K,=0,5,=0,H, =0,Y,=0,and Z, = 0. We compute the difference
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AL, =L,.1— L, as follows:

1 Fur1 A(F°, H)
AL, = —|y(Epy —FO - lim 22,
Lu= 5 [”( ! o S0 A(c, H) 5)

me 13T

a
— T
Ky +e 88,0+ —Hy
o+m %

ad Ae 1373 ac adn
+ Yn+1 + Zn+1 + F3(Hn+1) + F4(Yn+1)
bq g 6 0q

AEeH3T3
E

+

m(l — g)e M T1-13T3 "

+ Y. AFaH)
a+m Jj=n-my+1
n n
+ge H2TTHIT Z A(Fj1, Hy) + ae™37 Z F2(Sj41)
j=n-myp+1 j=n-m3+1
1 o [ .. AWFH) me '3

-——|ylF.-F - lim ———dg | + K,

o(h) o H—0t A(c,H) a+m

d
+e 8BS, + ZH,, + a—Y,,
0 0q

Ae H3T3 ac adn AEe 3™
+ g Zn] - ?FS(Hn) - 6—qr4(Yn) - 4r5(zn)

m(1 — g)e M1 T1I-13T3 -t
- — 2. AEH)

j=n—nm
n-1 n-1
e N A H) —ae Y Fa(Sa),
Jj=n—-my j=n—m3
1 Fui1 A(FO,H) e 1373
AL, = —— F,1—-F,—- lim ———d —— (K1 — K
n ¢(h) |:V< n+1 n /Fn Her(;+ A(g,H) §)+ o+ m (K1 )

a ad
+e38(S0 - Sn) + g(HnH -H,)+ %(Ynﬂ -Y,)

)\‘e’ﬂ@ 3
+

(Zn+1 - Zn)j|

G ) = F )] + S [ aHo) = 5]

+ M[FS(Z}'HI) - 5(Z)]

o +m

m(1 — g)e H1T1-13T3 " -1
. ( 3 AFLH)- Y AFH)

Jj=n—-mj+1 Jj=n—my

n n-1
+ee—“2f2-“3f3( Y AELH)- Y A(Fj+1,1@)>

Jj=n—-msy+1 Jj=n—my

j=n-m3+1 Jj=n—-ms3

n n-1
+ae“‘3r3< Z Fa(Sje1) - Z F2(51'+1)>.
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Using Lemma 3.1 [68], we get

A(FO,H) Fui1 . A(FO’H)
im —————(F1—F,) < lim ————
H—0* A(Fn+1)H) F, H—0% A(g:H)

- A(F°,H) E E)
m ——— — .
= Hoot A(FH,H) n+l n
Hence
1 A(F°, H)
AL, < —— 1- lim —— |(Fu,1 - F
n = ¢(h) I:y( HLHS+ A(Fn+1rH) ( n+l n)
—M3T3
+ e (I<n+l _I<n) + 67M3T3 (Sn+1 - Sn)
o +m

Ae M3t

a ad
+ _(Hn+1 _Hn) + _(Yn+1 - Yn) + (Zn+1 _Zn)
0 Oq

+ %[F3(Hn+l)_F3(Hn)]

ad AEe 1313

+ 9—;[f4(Yn+1)—f4(Yn)] + ; [F5(Zu1) = F5(Z)]
m(l — g)e M1T1-H3T3

+ ( ) [A(FrleHn) - A(Fn—m1+17Hn—m1)]

a+m

+ege 2B [A(Fn+l;Hn) - A(Fn—m2+1: Hn—mz)]

+ae 3B [F 5(Su1) = F 2(Sums 1) |-

From Egs. (11)—(16) we have

A(FO, H)
AL, <y(1- lim ——————— ) (O(Fys1) — A(Fpi1, Hy
< V( Jim A(FM’H)>( (Fur1) — A(Fpi1, Hy))
me‘ﬂBTB
+ [(1 - 8)e_l“tlA(Fn—mlJrl»Hn—ml) - (05 + m)F1(1<n+l)]
o+m

+e3m [867H2T2A(Fn—m2+1:Hn—mz) + mFl(I(n+1) - dF2(Sn+1)
_)\'FZ(SVI+1)F5(ZH+1)]

a
+ 5[967#3T3F2(Sn—m3+1)_CFB(H}’I+1)_dF?)(H}’I+1)F4(YVI+1)]

ad
+ %[QF?»(HVHI)FAL(Y;HI) - nF4(Yn+l)]

)\'e—VGIB

+ [gr2(sn+l)r5(zn+l)_SFS(ZrHl)]

d
¥ %[F3<Hn+l) — F3(H)] + %[m(yml) A

AEeH3T3
+

[F 5(Zni1) = F5(Z0)]

m(1l — g)e H1T17H3T3
+ [A(FnJrern) _A(Fn—mlJrl’Hn—ml)]
oa+m

+ge H2mTHIT [A(Pn+len) - A(Fn—m2+17Hn—m2)]
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+ae 3" [F2(5n+1) - FZ(Sn—m3+1)]

1- i AW, H) O(Fp1) li A, H) A(Fyi1, Hy)
= — lim ——— wa1) +y lim ———— i1y Hy
Y\ TR0 A, H) Y AE L H)

ad AEe M3T3
—nFAL(Yn)_ S
Oq

- %a(w) - Fs(Zy).

Using ®(F°) = 0, we obtain

9 A(E®,0)/0H . 9 A, 0)/9H
AL, <y(1- ZAOVT N oy o(F A0 g g
£ <y( 8A(F,,+1,O)/3H)( (Fusn) = O (%)) +y o o AEw Hi)
ac ad AEe H3T3
) - v - )
0 Oq

B JA(F°,0)/0H o
- (1 - 3A(Fn+1,0)/8H)(O(Fn+1) -O(F)

ac (v IA(F°,0)/0H A(F,..,H,)
+_ —

0 \ ac 0A(F,.1,0)/0H F3(H,)
adn AEe 3™

- Y,) -
qu‘él( n)

- 1) F?)(H}’l)

r S(Zn)'

From Condition C4 we have

A(Fn+1:Hn) < 1 A(Fn+er) _ 8A(Fn+1,0)/8H

1m =

F3(H,) ~H-0t [ 3(H) F5(0)
Then we get
dA(F°,0)/0H
AL, 1- ————— " )(O(F,.1)-O(F°
57/( BA(Fn+1,0)/8H)( (Fuir) = O(F))

ac (y0 dA(F°,0)/0H
== -1])F3(H,
t9 <ac 17,0) FalHn)

adn AEe 3™

__F4(Yn)_ FS(Zn)

0q
B dA(F°,0)/0H
- d A(F,1,0)/0H
adn AEe H3™3

Y, —
0q Fa(Y,)

)@ -0(E) + 5 Ra-1r (i)

FS(Zn)~

Conditions C1 and C2 imply that

( dA(F°,0)/0H

) m)(@%) -0(F) =o.

Hence, if Ry < 1, then we have AL, < 0 for all » > 0. Obviously, lim,,, AL, = 0 if
lim,,_, o0 F, = F%, 1im,,, 0o (Ro — 1)F 3(H,,) = 0, lim,,_, oo £ 4(Y;,) = 0, and lim,,_, o F 5(Z,) = 0.
We have two cases:
e If Rg<1,thenlim,_, o F3(H,) =0, lim,_ F 4(Y,) =0, lim,_, » F 5(Z,) = 0, and from
Condition C3 we get lim,,—,oc H,, = 0, lim,_,» Y3, = 0, and lim,,_, oo Z,, = 0, then we get
from Eqgs. (13)—(14) lim,,_, ,c K, = 0 and lim,,_, , S, = 0.
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o If Rg =1, then lim,,_, o AK,, = 0 when lim,,_, . ¥;, = 0, lim,,_, o, Z,, = 0, and
lim,,_, o F,, = F°, and from Eq. (11) we obtain lim,_, o, A(F°,H,,) = 0, then
limy,_, oo H,, = 0. Moreover, from Egs. (13)—(14) we get lim, . K, = 0, limy,_, 0 S, = 0.
Hence Q° is G.A.S. O

Proof of Lemma 3 From Conditions C1 and C2, for F*,F,F, $*,S, H*,H, H > 0, we have

(F*-F)(©(F)-6(F*)) >0, (40)
(F-F*)(A(F,H) - A(F*,H)) >0, (41)
(H-H*)(A(F*,H) - A(F*,H")) >0, (42)
(H - H*)(A(F,H) - A(F,H")) > 0. (43)

Using Condition C4, we get

A(F,H) A(F*,H*)) (44)

F3(H) F3(H*)

(H* ~H) (
Suppose that sgn(F — F*) = sgn(H — H*). For the equilibria Q* and Q, we have

O(F) - ©(F*) = A(F,H) - A(F*,H*)

= (A(F,H) - A(F*,H)) + (A(F*,H) - A(F*,H")).
Therefore, from inequalities (40)—(43) we get
sgn(F* - F) = sgn(F - F*),

which leads to a contradiction. Thus, sgn(F — F*) = sgn(H* — H). Using the equilibrium

Oy AELHD) 1, then

. "
conditions for Q*, we have oof 300

RY 1~ 0y A(F,H) Oy A(F,HY)
! acF 3(H) acF 3(H*)
Oy [A(F,H) A(F*,H")

) _[ F3H)  Fa(HY) }

oyl 1 = (e oy L AESH) A(F*,H*)]
= [FS(H)(A(F,H) A(F*,H)) +

ac

ac Fs(H) F3(H*)

Thus, from inequalities (41)-(44) we get sgn(Rf —1) = sgn(H* - H). Similarly, one can
show that sgn(ﬁ — F*) =sgn(H* - I/-T) = sgn(R¥ — 1). Moreover, we have

ceM3ts

0

F(8%) = F20) = (F 3(H*) - F 3(H),

which gives us sgn(H* — ﬁ) =sgn(S* —§). O
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Proof of Theorem 2 Consider a function U, (F,, K, Sy, Hy, Yy, Z,,) as follows:

1 B A(F*, HY) ) me 13 ( /K" F1(K*) )
U, = Y i GLLLATA ) B Gy d
¢(h>[( /p A, HY )T awm e Tae) ¢
_ St fo(8%) )
mw (s g d
e ( /* () s

Hy, H* d Ae 1373
+E<HH—H*—/ Fa )dg)+a—Y,,+ ¢ Zn]
0 e Fs(s) 0q g

ac % F3(H,)
* gl )G(FS(H*)>

n-1
m(l — g)e M T1-13T3 AF H)
A(F*, H* g 2t
) ¥ o et
=n—-mj
-1
+ ge M2T2T13T3 A F* H* Z (//‘1((1;/;1:1_1*)))
n-1 r (S )
+ae—/L3T3F S* G( 2\9j+1 )
) 2 o7

We have U, (F,,K,,S,,H,, Y,,Z,) >0 for all F,,K,,,S,,H,,Y,,Z, > 0; moreover, U,(F*, K*,
S*,H*,0,0) = 0. We compute AU, =U,,,1 — U, as follows:

1 Fust A(F*, H*) )
AU, = g — FF — / g
¢(h)[ ( TN T e A H) "
—13T3 K1 K*
e (1<n+1—1<*— / Al )dg)
o+m K Fi(s)

S+l F (S*) a Hpi1 FB(H*)
+e—m<5+ —S*—/ 22 d )+—<H,q+ —H*—/ d >
el - e ) T\l e Fae) °

d e H3T3 H
+ d_Yn+l + e—Zn+l] + %FB(H*)G(M)
g

+

0q F3(H*)
QAR ITEE ) Z o AEmH)
o+m ) A(F*, H*)
j=n-mjp+1
n

A(F'+1’H')

—/I.Q‘Ez—ug‘L'gA F*,H* G J J

+ee ( ) Z (A(F*,H*)

j=n-mo+1

n

usts " F2(Sje1)
racrmpy(sT) Y G(h(S*))

Jj=n-m3+1

L[ (F F* /Fn 7A(F*’H*)d)
g 7\ e A, HY) ©°

me 1313 (1( _x _/Kn F1(1<*) d§>
o +m " K* FI(S)

s
_ " [ 9(S*) >
3 Sn—S*—/ d
< s+ Fa(s) o

+
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Hy H* d Le H3T3
+Z<H,,—H*—/ s )dg)+a—Y,,+ ¢ Z,,:|
0 e F3(s) 0q g
ac FS(HVI))
——F H*)G

1—g)eMT1-13T3 A(Fj1, H;
~ m(l —¢)e F* H* Z G ( AL, 1)) )
o+m A(F*, H*)

Jj=n—my

-1

— ge H2T2TI3T A F* H* Z (A(FIH’H))
F*, H*

n-1

—M13T3 * F (S+)
—ae ™" Fz(S) Z G( Fzz(g,*l) );

j=n-ms3

1 Fni1 A(F*,H*)
AU, = —— |y F,e —Fn—/ d)
o) M ' kAl HD °

—U3T3 K41 K*
+ iad (Kn+1 -K, —/ Fa dg)
o+m k., Fi(s)

Sl [ o(S%) a Hust [ (H*)
+e (s, —s,,—/ dg) + —<H,, —H,,—/ dg)
( H s, Fals) o\ " h,  F3(s)

ad Ae M3
+ _(Yn+l Y, ) L — (Zn+l _Zn)i|
0q g

ac . F3(Hpi1) F3(Hy)
* gf sl )|:G< F3(H*) > G<F3(H*))}

1 — g)e M1T1-13T3 A(F,1,H,
. m(l—¢)e A H) |6 (Fus1,Hy)
o+ m A(F*, H*)

_ G(A(an1+1:Hnm1)>:|
A(F*, H*)

A Fn+ ¢Hn A Fn—m + an—m
+ee 2B A(F, HY) | G Enro )\ _ o AlEnmyn )
A(F*,H*) A(F*,H¥)

. " F2(Sus1) B F2(Snoms+1)
rae “(S)[G( Fz(S*)> G( 12(5") >]

‘We have

A(F*,H*) Frt AF*, H)
(1_7>(Fn+l_Fn)§Fn+l_Fn_/‘ 4‘15‘
F,

AF 1) Al HY)
< (1 - %)(ﬂ “E), (45)
(1 - QE’;:;)(M — Pn) < Pt = Pn = /ppl '?ZF(’;*)) ds
(-

i=1,...,5 p* € {K*,§* H"}.
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Then

1 A(F*,H*) e M3T3 F1(K™)
st = g (1= S )20+ S (- s

w4 F2(57) B al  FsHY) _
e (1 Fz(sml))(s”“ S”)+9<1 F3<Hn+1>)(H”“ )

) (1<n+1 - 1<n)

ad
+— Y=Y
0q

Le M3T3
+

(Zn+l _Zn)] + %F3(H*)|:

F3(Hn+l) _ F3(Hn) 1 ( F?»(Hn) )]
0

+1n
F3(H*)  Fs(HY) F3(Hp)
1- THATITHST A(Fy1,Hy A(Fy—my+1, Hyom
" Wl( E)e A(F*,H*) ( 1 ) _ ( 1+1 1)
o +m A(F, HY) A(E*, H")

(A(Fn—mﬁl;Hn—ml))]

+1In

A(Fn+1;Hn)

A(Fn+1:Hn) _ A(Fn—m2+1;Hn—mz)
A(F*, H*) A(F*, H")

(A(Fn—m2+1:Hn—m2)>]
+In
A(Fnﬂ:Hn)

+ ge M22TH3T A (F*, H*) |:

+ae B (SY) |:F2(Sn+l) P a(Suoms 1) . IH(FZ(Sn—mg+1)>:|.

FZ(S*) FZ(S*) FZ(SVH—I)

From Egs. (11)—(16) we have

A(F*, H)
AU, < 1-— (OF,1) — AFu1,Hy
< )’< A(F,,+1,H*))( (Fui1) = A(Fui1, Hy))
me 3™ F1(K™) _
- 1- MITIA Fn—m ’Hn—m
T aem ( F1(Ki1) [ - Frcm 2

— (& + m)F 1(Kyi1)]

Fas*
+e7H3m <1 - 2(57) )[ge_uzrzA(Fn—mﬁl:Hn—mz) +mF 1(Kpe1) — aF 2(Spe)

FZ(S;HI)
_)L,‘ 2(Sn+1)f S(Zn+1)]
+2 (1 _ FaH) )[96“3t3F2(5nm 1) = cF 3(Hyu1) = dF s(Hp1))F a(Yi1)]
0 FB(HVH—I) 3
ad
+ %[QFB(HnJrl)FlL(YnH) = nF a(Yn1)]
Le M3T3
+ [gF2(Sn+1)F5(Zn+1) _EFS(ZH+1)]

+ ﬂFB(H*)[FB(HVHI) F3(HVI) +ln( FS(HVI) )]

0 Fa(HD) — FaHD) T \F3(Hn)
}’l’l(l - 8)8_”’11:1_”313 A(F*,H*) A(FnJrl)Hn) _ A(Fn—m1+1,Hn—m1)
o+m A(F*, H*) A(F*, H*)

A(Fn—m1+l:Hn—m1)
+In
A(Fnﬂ;Hn)
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A(Fn+17Hn) A(Fn—m2+ern—m2)

+eeTM2TI3B A (F*, HY) [

A(E*,H*)  A(F* H")
+1n A(Fn—mzﬂ»Hn—mz)
A(Fn+l;Hn)
_ FZ(Sn+1) FZ(Sn—m +1) (F2(Snm +1)
+ae 3B, (S |: - 3T 4 n| /) | (47)
SN Ty~ e F2(Su1)
Collecting terms of Eq. (47), we get
A(F*,H*) A(F*,H*)
AU, < 1-—— )(O(F,.1)-O(F* OF)1-—-—>~—
_y< A(Fn+17H*))( ( 1) ( ))+y ( )( A(Fn+1:H*)
A(F*,H*) m(l-g) _ F1(K*)
— " " A(F,.1,H,) - MITL=H8TS A(F, Y
+yA(Fn+1)H*) ( e n) a+m ¢ ( it ml)Fl(I<n+1)
_ oty I 2(5*)
3T3 K*) — H2TI=HBTS A(F, 1 Hoy
+ me F1( ) ge ( g+l 2)F2(5n+1)
_ I 2(S%)
—me 3B 1(Kiyi1)
B (Snn)
H*
+ae 3B (SY) + 1B o (S¥) F 5(Zi) — a3 FZ(Sn—ngrl)iFg( )
fB(HnJrl)
ac
+ —Fg(H*)
0
ad ad AEe H3™3 ac
+ —F 3(H*)F 4(Yyi1) - —nF4(Yn+1) & F5(Zn1) — —F 3(Hy)
0 0q 0
ac F3(H,) )
+—F3(H")In| ————
0 3( ) (FS(H;HI)
m(1 — g)e H1T1-H3T3 A(F*,H*) In A(Fpemy+1, Hymy)
oa+m A(Fn+1an)
A Fn—m + an—m
+ee 12T A (F*, HY) ln( ( 2+l 2))
A(FVHI»HVI)
_ FZ(Sn—m +1)
+ae 3B, (S* 1n(73 .
2( ) F2(Sn+1)
Using the conditions of Q*
O(F*) = A(F*,H"),
1-¢g)e M A(F*, H*) = (a0 + m)F 1(K™),
(1-¢) ( )=( )F1(K¥) 48)

ge M2m2m3T A(F* H*) + me M3 [ 1(K*) = y A(F*, H*) = ae "3% F (S*),
Oe 3B [ 5(S*) = cf 3(H),

we get
A(F*, H*) "
AU, < V<1 - m)(@(ﬂu) -O(F"))
N A(F*, H*)
+y A(FY, H )(1 - 7A(FH+I’H*)>
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A(Fn+1yHn)

A S

— 7}%(1 ~ 8) 67“1”7”3I3A(F*,H*) F1(1<*)A(F"—Wl1+1’H"—W!1)
a+m FI(Kn+1)A(F*;H*)
m(1l
+

—¢) e*ltlfrﬂzf?)A(F*,H*)
o +m

F2(S*)A(Fn—m2+1:Hn—m2)
F 2(Spn) A(F*, H*)
Wl(l ~ 8) e_li1r1—M3r3A(F*’H*) FZ(S*)FI(I(HH)
o+m F2(Sn)F 1(K*)
F3(H*)F 2(Sn-mz+1)
FS(HnJrl)FZ(S*)

_ ge—uzfz—MTsA(F*,H*)

+y A(F*, HY)

-y A(F*,HY)

+y A(F*,H)

+ %1 (FS(H*) - g)F4(Yn+l)

Hhem <F 2(87) - E)F 5(Znr) =y A(F", H) —gg;

FS(HW) >
+yA(F*, H* ) In[ ———
v ( ) <F3(Hn+l)
m(1 — g)e H1T1-H3T3

oa+m

A(F*,H*) 1n<A(an1+1,Hnm1)>

A(FVH-I!HVI)
Fn—m2+1’Hn—m2))
A(FnJrl’Hn)

FZ(Sn—m3+l))
F2(5n+1) ’

+ee 22T A (F*, HY) ln( Al

+yA(F*,H*)1n<

It follows that

Ao 115) ©1F)-0(F)
m(1 — g)e H1T1~H373
o +m
|: AESHY) (K AF 15 Hyomy)
A(Fyi1, H*) F1(Kyi1) A(F*, H*)
B F2(SM)F 1(Kyi1) B F3(H*)F o(Sn-mz+1) ~ A(Fp1, H)F 3(H,y)
F2(Sn)F 1(K*) F3(Hyue1)F 2(S¥) A(Fp1, Hy) F 3(H*)
. 1n<FS(HW)A(FVI—W:1+1:Hn—ml)FZ(Sn—m3+1)>:|
F3(Hys1) A(Fpe1, Ho) F 2(Sni1)

Aunf)/(l_

A(F*,H*)

CAELHY) oS AE ity Huy)
A(Fyi1, H*) F2(Sn1) A(F*, H¥)
_Fs(H)F2(Su-mz1)  AEw, H)F 5(Hy)
F3(Hyi1)F 2(S%) A(Fpe1, Hy)F 3(H*)
. ln(FS(HV!)A(Fn—m2+1:Hn—m2)FZ(Sn—m3+l)>:|
F3(Hue1) A(Fpi1, Ho) F 2(Sni1)

+ ge 2278 A (F*, H*) |:4-

d — ~
+ %(Fs(l‘[*) — F 3(H))F 4(Yni1) + 2733 (F 3(S*) = F 2(8)) F 5(Sus1)
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+)/A(F*,H*) |:_1 A(Fn+1rH*)F3(Hn) A(Fn+17Hn) F?)(H}’l)]

CAE s HOF 3(HY) - AF, HY)  F3(HY)
A(F*, H*) y
(1 Sigigh ) -0
~ m(l — g)e MT1-13Ts A(F*,H*) [G( A(F*, H*) >
o +m A(Fpi1, H*)

F1(1<* n m1+11Hn ml))
Fl(Kn+1)A(F* H*)

(Fz(S*)Fl(Kml)) . G(Fs(H*)Fz(Sn m3+1)>

+G

+
Fa(Sn)F 1(K*) F3(Hy)F 2(S%)

A(Fn+1rH )F3(H )):|
Foo1, Hy) Il 3(H*)

_ge—uzfz—ugng(F*,H*) |:G( A(P*,H*) )

A(Fnﬂ:H*)
(FZ(S* n m2+ern mz))
Z(Sn+1 A(F* H*)

<F3(H*)F2(Sn m3+1)> : G<A(Fn+l:H*)F3(Hn)>:|

Hy1)F 2(S%) A(Fpi1, Hy) F 3(H*)
(Fg( Y = 3D F a(Y) + 23 (F 5(S*) = F2(8))F 5(Znsn)

A(Fn+1’H*)) (A(FnJrl’Hn) _ FS(HH))
A(Fn+1:Hn) A(Fn+1’H*) FS(H*)

+y A(F*,H*) (1 - (49)

Conditions C1-C4 imply that the first and last terms of Eq. (49) are less than or equal
to zero. If Rf < 1, then from Lemma 3 we have H* < H and from Condition C3 we
get [ 3(H*) < [ 3(H). Moreover, if R% <1, then F»(S*) < Fz(TS'\). Therefore, AU, <0,
and thus U, is a monotone decreasing sequence. Since U, > 0, then there is a limit
lim,— U, > 0. Therefore, lim,_, ., AU, = 0, which implies that lim, . F, = F*,
1imys 00 Ky = K*, 1My 00 Sp = S*, limysco Hy = H*, liMyosa0 Yy = 0, and 1im,, 00 Z, = 0.
We have four cases as follows:
« RY =1, R% =1, then from Eq. (13)

0 =ce ™2 A(F*, H) + mF 1(K*) — aF »(S*)

—AF 2(S%) nlir& F5(Zus1). (50)

Using equilibrium condition (48), we get lim,_, Z, = 0. Moreover, from Eq. (14) we

have
0=0e7"5 [ o(S") —cF 5(H") —dF 5(H") lim [ 4(Yp.1). (51)
From Eq. (48) we get lim,,, o0 Y5, = 0.

¢« RY =1, R? <1,and lim,_, « Z, = 0. From Eq. (51) we get lim,,_, o Y, = 0.
¢ RY <1, RY =1,lim,, Y, = 0. From Eq. (50) we get lim,,_,  Z, = 0.
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¢ RY <1, R% < 1,lim, .o Yy, = 0, and lim,,_, o Z,, = 0. It follows that if RZ < 1 and
'R{ <1, then lim,_, o F,, = F*, lim,,_ oo K, = K*, lim,—s o0 S, = S*, lim,,_, oo H,, = H*,

lim,, 00 ¥, = 0, and im0 Z, = 0. Then Q* is G.A.S. 0

Proof of Theorem 3 Define W, (F,,,K,;, Sy, Hy, Y, Z)

1 — Fx A(F,H) me H3T3 — L 1K)
Yn = M[V(F”‘F‘/f AT dg) Farm (K”_K_/I— 1) dg)
- < [ a0 a = [ rsH)
+e M (S,,—S—[S Fz(g)d§>+9(Hn_H_/H ) dg)

d . Yu Y Le M3T3
+a_(Y,,—Y—/ Fal )dg)+ ¢ Z,,:|
g v Fals) g

LAz L E R 21: G<7A(Eil’f{"))
o+m jr A(F,H)

n-1
+ ge M2 A(F, H) Z G(M)

= T\TAGH)
n-1
_ - I 2(Sj41)
+ae "B ,L(S) G( — ).
jzgg Fa(S)

Clearly, W, (F,, Ky, Sy, Hy, Yy, Z,) > 0 for all F,, K, S, Hy, Yy, Z, > 0 and W,(F,K,S,
H,Y,0) = 0. We compute AW, = W,,; — W, as follows:

1 — [P A(F,H) )
AW, = —y(F., —F—/ D 4
() M R Aem®™
—HU3T3 _ Ky I?
o (K,M—K—/ Fa )d§>
a+m x  Fi(o)
_ Sn+1 r (g) a . Hy1 Fs(ﬁ)
+e MBS, —S—/ 220 4 )+—<Hn+ —H—f d )
( ! s Fals) ° 0 ! " F3(s) °
d o Yui1 Y Le H3T3
+“_(y,,+1_y_ [ Ful ’dg)msz]
Y

0q Fa(s)

‘ g(c ; dF4(17))F3(17)G(—F S(H”“))

F 3(H)
m(l —g)etmi—HsTs " A(l-"j+1,1{j)
¥ o+m AWEH) Z G< A(F,H) )

j=n-mj+1

o $ o)

j=n-my+1

—[U3T3 T - F2(Sj+1)>
+ae F2(S) Z G( )

Jj=n-m3+1
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1 — F A(F,H) ) me‘“m( — (%K) >
- — F,-F- —d K,-K - d
¢(h)[y( /p Aem ) arm /,7 o)
_ - S1Fo(S) ﬂ( — An F3(H) )
mn(s, -5 de ) +=(H,-H- d
e ( /S ) §)+9 /ﬁ Falg) “°
ad I NG ) e 3T ]
. n— - d Zn
+9q<Y Y /7 F4(s) °)t g

- 5(0 + dF4(Y))F3(H)G( 3

1—g)emm-nzrs "ol A(Fiq, H;
m(1-e)e AR S %M)

oa+m ,
J=n—mj

n-1
— A(Fi1, H;
— ge 21T A(F, ) § : G(M)

= T\ AEH
n-1
_ - Fa(Sje1)
—ae B ,(S) G( 17,
j:;ﬂg Fa(S)

1 Ft A(F, H) )
AWn = n+ Pn _/ —d
¢(h)[ ( ) A
—U3T3 K41 K
e (I(n+1 - I<n - / Fl( ) dg)
a+m k, F1(s)

Sn+l Fz(g) a Hutl FS(H)
remn(s  —S _/ dg) + = (Hn+ -H, - d§>
< 1 s, Fals) 0 ! H,  F3(s)

d Y1 Y Ae M3T3
+ ﬂ_ (Yn+1 - Yn _/ F4( ) dg) + ‘ (Zn+1 Zn):|
0q v, Fals) g

+ g(c+dF4(7))F3(17)[ (L_l)) _ G(Fs(lﬁ))]

I 3(H) I 3(H)

+

m(l — g)e H1T1-13Ts

= TTF ‘ A(F/+111—1/)>
o +m A(F’H)( Z G( A(F,H)

Jj=n-my+1
_ 1+1:H))
Z < A, H) )

Jj=n—m1
" A(F.11, H) ! A(F;u1, Hy)
e 3 oM $ o(A0uin))
y=n-ma+1 ’ J=n—my ’
N T F2(5;+1)) < (F2(5j+1)>
3 SF S G A _ G S+ )
" 2( )<j=n§z:3+l < FZ(S) j:nX_,:y,S F2(S)

Using inequalities (45) and (46) by replacing F*, H*, p* with F, H, p, we obtain

1 A(F,H) me M3 F1(K)
AWn = ¢(h) |: <1 - m)(FnH _Fn) + o+ m (1 - Fl([<n+1)>(Kn+l _Kn)

(125 B a(y F3(H) B
+e M <1 F2(5n+1)>(5n+1 Sn) + 0( FB( VHl))(HnH Hn)
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Ae H3T3

ad Fa(Y)

’ % (1 N F4(Yn+1))(Yn+l - Y”) ’

F3(H}’I+1) F3(H}’I) ( F3(Hn) ):|
- +In

F 3(H) F3(H) F3(Hyi1)
+ m(l —g)e~m—r3m —)<A(Fn+1;Hn) A(FH—M1+1’HH—W11)

(Zn+1 - Zn)i|

+ g(c + dm(?))rg(ﬁ)[

A H

o+m A(F,H) A(F,H)

(A(Fn—m1+1;Hn—m1)>>

+1In

A(Fn+1;Hn)

A(Fn+1,Hn) _ A(Fn—szrl:Hn—mz)
A(F,H) A(F,H)

(A(Fn—ngrl»Hn—mg)))

+1In

A(Fn+1:Hn)

F2(Sn+1) _ FZ(Sn—m3+l) +]n<F2(Snmg+1)))
F(S) F(S) F2(Sn1) ’

+ge M2 13T A(F, H) <

+qae 3B F2(§)<

From Egs. (11)—(16) we have

A(F,H) )
AW, <y (1= = N [O(F,) - AF, H,
y( AEy g, ) L0 Fr) = A )]
me M3 F1(K) _
- 1- B A(F ey 41, Hyem
* od+m ( Fl(Kn+1))[( ‘9)6 ( e 1)

—(a+ m)Fl([<n+1)]

S
+e M3 (1 - F 2( ) )[83#212A(an2+1¢Hnm2) + mFl(I(Vl+1) - aFZ(SVH-l)

F2(8n+l)

- )\’FZ(S}’I+1)F5(ZH+1)]
H
. ;_’<1 _ %)[ee—um 2Snmyi1) = F 5(Hyr) = dF 3(Hy)F a(Ypet)]
d Y
+ Z—q (1 - rz(“}(/m)l)) [QFs(Hn+1)F4(Y,,+1) - nF4(Yn+1)]
AeH3T3

+ [ng(Snﬂ)Fs(Z,Hl) - ‘?Fs(Zm)]

+ g(c+df4<?))F3(ﬁ)[F s(Hn) _ 1 5(H) +ln( F 5(H,) )}

FS(IT[) Fs(ﬁ) F3(HVI+1)
A(Fn+17Hn) _ A(Fn—m1+ern—m1)
A(F,H) A(F,H)

1-— —M1TI—M3T3

, mi-ee A(F,H)(

oa+m

(A(Fn—m1+1:Hn—m1)>)

+In

A(Fnﬂ:Hn)
A(Fn+1:Hn) _ A(Fn—m2+1;Hn—m2)

A(F,H) A(F,H)

(A(Fn—m2+1:Hn—m2)>)

+1n

A(FnJrl;Hn)

FZ(SVHI) /’Z(Sn—m3+1) (FZ(Sn—m3+l)>)
— - — +In| ———

FZ(S) FZ(S) FZ(SVHI)

+ ge M2T2-H3T3 A(l_-", ﬁ) <

+ae H31 F2(§)<
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AF,H — — A(F,H
=y (1 - (—l>((~)(Fn+1) ~0() + y@(P)<1 - (7l>
A(Fn+1,H) A(Fn+1rH)
A(F,H) m(1l — g)e”MT1I—H3T F1(K)
+y7—A(Fn+1;Hn)_ A(Fn—m1+1)Hn—m1)1—
A(Fp1,H) o+ m Fl(]<n+1)
_ — Ty F2(S)
n3T3 ) — H2T2=M3T A(F, 1 Hoyom
rme Fl( ) o ( 2+t 2) FZ(S}’I+1)
_ F2(S)
_ IL373F I<Vl+
e 1( I)FZ(S;HI)
_ _ H
+ae 3B o(S) + AeT3BE 5 (S)F 5(Zna1) — ae FZ(Snfngrl)m
F3(HVI+1)
ac
—F3(H
+ P F3(H)
ad — ad ad — e H3m
+ 2 D Ao - 22 V) + 2 (D) - 2 (2,00)
0 Oq 0q
a = a - — FS(HVI) )
——(c+dF s(Y))Fs(Hy,) + =(c+dF 4(Y))F 3(H)In[ ————
9( o(V))F 5(H,) 9( +(Y))F3(H) <F3(Hn+1)
1- —H1T1—M3T3 o A Fn—m + ’Hn—m
m(l—¢)e A H)In ( 141 )
oa+m A(Fn+len)
- I A(Fy—my+1, Hyom
+ se 227137 A(F H) 1n< FErmen 2))
A(Fn+1’Hn)
_ = FZ(Sn—m +1)
+ae 3B (S)ln(is).
2 F2(5n+l)
Using the conditions of Q
@(F) = A(f;ﬁ),
(1-e)e MU A(F,H) = (@ + m)F1(K),
ee 22738 A(F, H) + me ™3 [ 1(K) = y A(F,H) = ae "3% [ 5(S),
03B F 5(S) = (c+ dF 4(Y))F 3(H),
n=qf 3(H),
we get
A(F,H — — A(F,H
AW, <y (1 - (41>(@(F,,+1) —0@)+ yA(F,H)(l - (71)
A(Fnﬁ,H) A(FnﬂyH)
— — A(F,u1,H,
+ yA(F,H)(+71_)
A(Fn+le)
~ m(1 — g)e *1T1-13T3 AEF) A(Fn—VE+1Hn—WI1)F1(E)
o+m A(F,H)F 1(Ky41)
1—g)eMmi-u3s
m(l —¢)e AEH)
o+m

_ Se’MZTZ*NSTSA(f’ﬁ) A(F”—Vith"—mz)FZ(S)
A(F»H)F2(Sn+1)
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_ Wl(l - E)e_erl_MBTB A(ﬁ,ﬁ) FI(EVIH)FZ(E)
a+m F1E)F 2(Sps1)

_yA(?,ITI)FIS(H)FZ(Sn—miH)
F3(Hyi1)F 2(S)
o FaHn) (o
+ VA(FrH) - VA(F)H) rg(ﬁ) + Ae (FZ(S) g)FS(ZnJrl)

F3(HVI) )
F3(Hn+1)
m(l — g)e M T1~H3T3

oa+m

+y A(E,H)

N yA(f,ﬁ)1n<

AGEH) ln<A(F”—m1+1'Hﬂ—m1)>

A(Fn+11Hn)

A(an2+1;Hnm2))
A(Fn+1;Hn)
F2(Sn—m3+1)>

FZ(SVI+1)

+ge M2273B A(F,H) In (

+yA(f,ﬁ)1n<

A(F,H) _
(1- 555 )@ - o)
e [5 __AFH)
o +m A(erl’H)
_ A(Fn—mﬁl:Hn—ml)Fl(K)
A(F’H)FI(KMH)

_ FI(KH+1)F2(§) _ F3(H)F2(5n—m3+1) _ A(Fnﬂrﬁ)FS(Hn)
F1(1_<)F2(Sn+l) F3(Hn+1)F2(§) A(Fnﬂ:Hn)FS(ﬁ)

+ln(A(Fnm1+1anm1)F2(Snmg+1)F3(Hn)>:|
A(Fuir, Ho)F 2(Sns1)F 3(Hyi1)

- A(F,H
+ge M22TIBT A(F, H) [4 - (71
A(Fn+1,H)
_ A(Fn—m2+17Hn—m2)F2(§) _ F3(H)F2(Sn—mg+l)
A(F’H)FZ(S;HI) F3(HH+I)F2(S)

_ A(Fn+17H)F3(Hn) +ln<A(Fn—m2+1’Hn—mz)F2(Sn—m3+1)F3(Hn))i|
A(Fn+1;Hn)r3(ﬁ) A(Fn+1)Hn)FZ(SrHl)FS(HrHI)

+ 273 (F5(S) = F2(8) F 5(Zna)

A(Fnﬂ»H)FB(Hn) + A(Fn+1an) _ FB(Hn)]
AF o, H)Fs(H)  AF,H) o Fs() ]

+ yA(l?,ﬁ)[—l +

A(E,H) —
AW, <y <1 - m) (O(Fpi1) - O(F))

_m(l—g)ermTien AE H)[G(

o+m

A@ﬁ))
A(Fn+1: ﬁ)

G<A(Fn—m1+ern—m1)F1(l_<))
A(F,H)F 1(Ky11)
G<F1(I(n+1)F2(§)> (FS(E)FZ(Snngrl))
— +G =
F1(1<)F2(Sn+l) F3(Hn+1)F2(S)

(52)

Page 36 of 51



Elaiw and Alshaikh Advances in Difference Equations (2020) 2020:54 Page 37 of 51

+ G(A(F"”’E)Fg([ﬁ))} - se“m“3T3A(I?,ITI)|:G(7A(F’EL )
A(Fn+ern)F3(H) A(Fn+1:H)

(A(Fn—m2+ern—m2)F2(§)> +G<F3(E)F2(Sn Wl3+1))
A(F,H)F 5(Sy+1) F3(Hu)F 2(S)

G<A(Fn+lyﬁ)F3(Hn)):|
A(FrH-ern)FS(ﬁ)

+

20 oG (RE - )F o2y

A(FnJrlrﬁ) )(A(FnHan) _ F3(Hn)>
A(Fn+1:Hn) A(Fn+lyﬁ) FB(E) '

+yA(1?,ﬁ)(1—

Using Conditions C1-C4, we get that the first and last terms of Eq. (52) are less than
or equal to zero. Moreover, if Rg <1, we get AW, <0, and thus W, is a monotone
decreasing sequence. Since W, > 0, then there is a limit lim,_,» W, > 0. Therefore,
lim,, .00 AW, = 0, which implies that lim,_, o F, = F, lim,_ K, = K, lim,—.o0 S, = S,
lim,,_, o H, = H, and lim,—, oo (R% — 1)F 5(Z,+1) = 0 We have two cases:

+ R% =1, then from Eq. (13)

0=ce ™2 A(FH) + mF 1(K) - al 5(S) = AF »(S) lim f 5(Z,41), (53)
n—0oQ
we get lim,,_, o Z,, = 0. From Eq. (14) we get
0= 065 5(S) —cf 5(H) ~ di 5(F) lim £ 3(¥y0). (59)

This gives lim,, o0 Yy, = Y.

o RZ < 1,lim,_ o F 5(Z,) = 0. From Eq. (54) we get lim,,_.», ¥, = Y. Hence, Q is G.A.S.
O

Proof of Theorem 4 Define M, (F,, K, Sy, Hy, Y, Zy):

1 -~ En A(E,H) me M373 -~ K (R
M, =—— F,,—F—/ ﬁd) (KH—K—/ d>
o) M > Am ) awm e o *°

wn(s g [T 2O ) (ﬂ+)»F5(2))< o [T )
v (-3 [ g as) R (- [ as

7 —U3T3 Zn 4
.\ d(a+)»F5(Z))Y . AeH <Zn_2_/ Fs5(2) dg)]

qv g > Fs(c)

+ g(cz N AFS(E))Fs(ﬁ)G<

1—g)eMT1-H3T3 EA -l A(F; 1, H;
m( g)e” FH)Z ( (]:1/\]))

FB(I:{n))
Fs(H)

o +m A(F,H)
j=n—m
n-1 -1
N A(Fj, Hj PN S,
+ce H2m27131 A(F, H) G( ( Ak 1 )) A H) 2 : (F2( L1)>
A(E, H) - F2(S)

j=n-my j=n-m3
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Clearly, M, (F,;, Ky Sy Hu» Ys Zy) > 0 for all F,,, Ky, Sy Hyyy Yo Z > 0 and M,(F, K, S, H,

0,Z) = 0. We compute AM, = M, — M,, as follows:

o~

)

AM,,

1 F,
M[y( n+l

me‘MBTB

+
og+m

—~ Sn+1 §
+ e 1373 <Sn+1 —S—[\ FZ( )d§
S

. (a + /\gs(Z)) (Hm

d(a + AF 5(2))
Yy +
q0

+ g(a + 1 F52)F 3G (

m(l = g)e H1T1—H13T3
+ (1-¢) A H) Z

o+m

+ ge 21T A(F, H)

Fyy1 A(ﬁ, ]/—?)

S (@
K, —K—/ d
( ' x  Fais) °

-H

2

A(g,H)

)

)

Fa(s)

_/HyHl Fs(H) dg)

H F3(s)

Ae M3 > Zp+1 Fs(z) ):|
Zyi1 —2Z — d
( ! é Fs(s) °

FS( n+1)

=

I 3(H)

)

Jj=n—-my+1

1+1;I—[/)
(F,H)

)

(i)

P}+l! ]_[])

j=n-my+1

n

+yAGH) Y G

Jj=n-m3+1

L (2
g (-

-~

+ e <Sn -3

(a+ 1 5(2))
latrFs2)

(74

-
(Kn—l?—/
%

_ / 5 1)
s Falo)

n A(
2 G( A(F,H)
F2(Si1)

F2(§) )

En A(F,H) )
A(g, H)
K ()

d
Fio) ™ )

)

_ﬁ_/f’” Fs(H)

(

)

9 7 Fs(s)
PR P
- Sasars@)ra@e( 22
_m(1 —Z)i Wi” AR, H)} X;W ( bl )>

— ge 227137 A(F,

n-1

~yAFH) )

j=n-m3

oy Zl (A(m,H))

o(%2),

I 2(Sj41)
F(S)
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1 Ent A(E, H)
AMn=—|: (Fn —Fn—f 7Ad§>
g [\ b A, H)
—13T3 K1 K
. <1<n+1 S dg)
a+m K, Fi(s)

S+l F2(§)
+eMB(S,,1-S, —/ dg)
( ! s, Fals)

(a+rFs(2) Hotl o (H) )
+ dc¢
6 Hy, F3(s)

—U3T3 Zp+1 4
L@@ oy e <zm -z, [ F52) dg)}
qt g . Fs(s)

+§(a+/\F5(2))F3(?1)[ (F?’( i”)) G(’%Ui”))]

F3(H) F 3(H)

(Hn+1 - Hn -

m(l — g)e MT-13Ts

= 1y - A(P}+lr]—1])>
a+m A(F’H)( Z G( A(I?,ﬁ)

£

j=n—my
+ ge 22137 A(F, H) Z G(A(BH’H)) ( 1+1: )
- A(F A(F,H)
Jj=n—-my+1
o~ " F2(Sj+1) ! FZ /+1)
+yAEH) G( )
(j:nzmgu Fa(S) j=n2—};13 Fa S)

Using inequalities (45) and (46) by replacing F*, H*, p* with EF H, 0, we get

(F,H)
ot g (1 )P

me M373 ( F1(K)
+ 1-

) ) (I<n+1 - I<n)

arm 1Ky

ren (1 - Ff(ie(i) ) (1 =5

L lax Ags(Z)) (1 FZE(Z)1)>(H"+1 ~ H,)

. 01(“%55(2)) (Y1 = Y,) + “Zm (1 - Fi (52(2))(%1 —Zn)]

+aears@)r | ) D (L

FaH)  Fa@) F3(Hyi1)
A(?,H)[A(Fyill{_[n) _ A(F”*mlil’i{nfml)
A(F,H) AF, H)

m(l - E)E_Ml T1—K37T3

oa+m

(A(an1+ernm1)>i|
+1In
A(FnJrl:Hn)
A(Fn+1;H ) A(Fn—m2+l: Hn—mz)

+ e t2213% A(F, H) A S
A(F,H) A(F,H)
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A(Fn—m2+ern—m2)
+In
A(FnJrl)Hn)

ey DO L) (L2
FZ(S) FZ(S) F2(5n+1)

From Egs. (11)—(16) we have

A(E,H)
AM, < 1-—— |(O(F,1) — A(Fu1,Hy
y( A(F,,+1,H))( ( 1) ( ! ))
me 13T F1(K) )
1- 1- 1T A Fo i1, Hym
" arm ( P L9 AE i o)

—(a+ m)Fl([<n+1)]

o~

+e3m (1 - FF(%S(' ) )>[86_H2T2A(Fn—m2+l: Hn—mz) + mF1(1<}’1+1)
2\9n+1

—af 2(Sp1) = MF 2(Sna1)F 5(Zn1) ]

(@+1F52) ( F3(H)
+ 1-
0 FS(H}’I+1)

- dF3(Hn+1)F4(Yn+1)]

+dm+xF42»
q0
Ae 13T < Fs2)
g f S(Zn+1)

)[Qeﬂsfg F2(Sn—m3+1) - CFS(HVI+1)

[qF3(Hn+1)F4(Yn+1)_nF4(Yn+1)]

+ )[gFZ(SnH)FS(ZVHI) —&F5(Zua)]

F3(Hue1) _ Fs(Hy) +1n( F3(Hy) ):|
Fs(H)  F3(H) F3(Hyi1)

+ m(l — 8)6_“1T1_M3T3 A 'F\ j_\[)|:A(Fn+l»Hn) A(Fn—mprl;Hn—ml)

+ g(a + AF5(2))F3(H)[

o+m ’ A, H) AE, H)
A(Fn—m1+1:Hn—m1)
+1In
A(Fn+ern)
+ 8e_M212_M3T3A(ﬁ,ﬁ)|:A(Fn:\l’,{—[n) _ A(Fn—mgj\li'{—[n—mg)
A(F,H) A(F,H)
A n—-mo+1» n-m
+1n( Enmyr1, H 2)>]
A(Fn+1:Hn)
o~ o~ Sn Sn—m Sn—m
+yA(F,H)[F2( :1)_F2( A3+1) +1n<F2( 3+1)):|.
FZ(S) FZ(S) F2(5n+1)

Collecting terms of Eq. (55), we get

A H) ~ ~ AF, H)
AM, < 1-—— |(O(F,1) -OF OF)|1-—
M <y< A(Fn+1:H)>( ( 1) ( ))+y ( )( A(Fn+1’H))
A(E,H)
L A(Fpy, Hy
Y A G, 1 e
m(1 = g)eMT-13T3 F1(K)

AFn—m :Hn—m — i
a+m e T

(55)
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. R o F(S)
+me "B (K) — e "8 A(F,_ i1, Hyeyy) ————
(&) (Fucmars: Hoom ) =005
~ F(S)
- me B (K1) ————
1( +1)F2(Sn+1)

= ae "B 5(Spn) + he 3B (S 5(Zuwa) + ae 3T 5(S)
+ (ﬂ + AFS(z))e_M313r2(Sn—m3+l)

F 3(H)
F?)(Hn+1)

. cla+ kgf 5(2)) ) + d(a + kef 5(2))

dla+ AFs@)n
q0
~ Le H3TE reH3BE

—Ae BB S(Z)F 2(Sni1) - P 5(Zns1) + P F5(2)

—(a+ sz(i))e’“sz(Snfmgu)
Fs(ﬁ)FlL(YrHl)

F4(Yn+1)

c . c ~ ~ FS(Hn)
- g(a + AL 5(2))F 3(Hy) + 5(“ + 21 5(2))1 5(H) ln<m>

A(Fn—mﬁl;Hn—ml))
A(Fn+17Hn)

o~ A(an2+1,Hnm2))

m(l — g)e H1T1~H373

o+m

A H) ln(

+ ge M7 A(F, I/-?) 1n<
A(FVH-I!HVI)

+VA(’F\,]’_?)(F2(ST-1) _ F2(Sn—13+1) +In FZ(Sn—m3+l)>
FZ(S) FZ(S) F2(5n+1)

Using the conditions of Q

O(F) = A(F, H),
(1-e)e™ 1 AF,H) = (a + m)F 1(K),
£e 22138 AF, H) + me 33 [ (R) = y AR, H) = (a+ AF 5(2))e33 1 5(S),

0e 371 5(S) = cf 3(H),

F2®=2,
g
we get
A H) ~ PN AF H) )
AM, < 1-— X |(OF,1)-OF))+yAFH)|(1- ———=
‘y( A(le,H))( Fu) = OE)) + 7 A )< AFpr, 1)
~~ A Fn ;Hn
+yA(F,H)(+71A)
A(Fnﬂ,H)
~ m(1l — g)e H1T1-H3T3 A(/F\,]’:[) A(Fn—rﬂ+£Hn—m1)rl(1<)
o+m A, H)F 1(Kyi1)

m(l — S)e*MITI*MBTB

o +m

AF, H)
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o~

_ge—uzrz—uarsA(ﬁ,]’_])A(F”*’f\ﬁi’Hn*mz)FZ( )
A(F;H)FZ(S;HI)

1—g)eMti-u3s K, Q)
~ m(l—¢)e A(F,H)Fl(A )F2(S)
oa+m F1(K)F 2(Spa1)

B VA(/F\,]’—\[) Fg(H)FZ(Sn—mi-f—l)
F3(Hu1)F 2(S)

I = F3(Hy)  dla+AFs5(Z)
+yA(F,H) -y A(F,H) () + 9

N Ty FS(Hn)
+ yA(F,H)ln(—Fg(Hml))

+y A(F,H)

(Fs(ﬁ) - Q>F4(Yn+1)
q

1—g)e M1Ti—M3T3 A
, o AE ) 1n( (
o +m

Fn—m1+1an—m1))
A(Fn+1an)

A(Fn—mzﬂ»Hn—mz))

A(Fn+1:Hn)

FZ(Snngrl))
F2(Sus1)

+ ge M2 A(f, ﬁ[) ln<

+yA(ﬁ,ﬁ)ln(

A H) R
= (1 e T— )(@(FVHI) - @(F»
A(FH+IJH)
_g)e~MTI-M3T3 T H
m(l—¢)e AG.B) |:5_ A(F,Hl
o +m A(Fn+1,H)
_AE o Hyon)F 1K) 1K) F5(S)
A(F:H)r1(1<n+1) r1(1<)r2(sn+l)

FB(ﬁ)FZ(Sn—mg+l) A(Fnﬂyﬁ)FB(Hn)

=

Fa(Hu)F2(S) A1, Hy)F 3(H)

<A(an1+1’Hnm1)F2(Snm3+1)F3(Hn)>]
+1In
A(Fn+1:Hn)F2(5n+l)F3(Hn+l)

(56)

AFH) A1, Huomy)F 2(5)
A(Fn+1’H) A(FrH)FZ(SnH)

+ geM2Ta—13T3 A(?, ]'-\[) |:4 —

_ FS(H)F2(Sn—mg+1)

=

F3(Hp)F 2(S)

_ A(Fn+1:ﬁ)F3(Hn) + n(A(Fnm2+ernm2)F2(Snm3+1)F3(Hn)):|
A(Fn+11Hn)F3(ﬁ) A(FnH’Hn)/‘ 2(5n+1)f S(Hn+1)

, dax A 5(Z))
0

(F3(H) = F3s(F))F a(Yoe1)

+ ]/A(?,ﬁ)[—l + A(Fn+1>H)F3(Hn) A(Fn+1¢Hn) FS(HVI)]’

= + = — =
A(Fn+1:Hn)F3(H) A(Fn+1:H) F3(H)

F.H -
AMVI =Y <1 - %)(@(Fn+l) - @(F))
n+ls
B Wl(l — 5)6*M1r1f/4313 A(’]-'\" [:7) |:G< A(F’Hl )
@ +m A(Fn+1;H)

+ (A(Fn—mlJrern—ml)Fl(I?)) +G(F1(I(n+1)F2(§))
AE, H)F 1(K,y11) FAR)F 2(Sye1)
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+G FS(H)FZ(SH m3+1))

F3(HVI+1)F2(S)

(AGus PN s ] o AEP)

+
Q

A F+1,H )F3(H) A(FnJrl)H)

A n— m2+lr n— mz) 2(§)> <F3(ﬁ)F2( n— m3+1)>
+G
FH F2(8n+1)

(A(FnJrer)F?;(Hn))]

+G =

A(Fn+ern)F3(H)

| dla+ A 5(Z))
%

+G

FB( n+1)F2(S)

F3(H)(RYIRZ 1) F a(Yoe1)

A(le»ﬁ) ) <A(Fn+1:Hn) F3(HVI)>

AFH)(1- A ek
i ( )< A(Fn+17Hn) A(Fn+er) FS(H)

Using Conditions C1-C4, we get that the first and last terms of Eq. (56) are less than
or equal to zero. Moreover, if RY/R5 < 1, we get AM, <0, and thus M, is a mono-
tone decreasing sequence. Since M,, > 0, then there is a limit lim,_, o, M, > 0. There-
fore, lim,,_, .o AM,, = 0, which implies that lim,,_, o, F,, = f lim, K, = I? lim, S, = §,
lim,,—, oo H,, = H, and hm,Hoo(RY/’RZ 1)Y,.1 = 0. We have two cases as follows:

« RY/R% =1, from Eq. (13)

0=ce 22 A(F, H) + mF 1(K) — aF 2(S) — 1F 5(S) lim F 5(Zy.1), (57)
n— 00
and this gives lim,_, o Z, = Z. Moreover, from Eq. (14) we have
0=6e735F 5(8) ~ cf 3(H) ~df 5(H) lim F 4(Y), (58)
then we get lim,, ., ¥}, = 0.
o RYIR% <1,1im,_, « Y, = 0. From Eq. (57) we get lim,, . oo Z,, = Z. Then we get that 6
is G.A.S. |

Proof of Theorem 5 Define V,(F,, Ky, Sy, Hy, Yo, Zy):

1 ~ [P A(F,H) me 1373 = [fK)
Vy=—— F,,—F—/ = d§>+ (K,,—K—/ dg)
¢(h) [V( ¥ Alg,H) o+m % Fi(s)

S ~
_ ~ " Fo(S) )
1 ehaTs S,,—S—/ d
< 5 Fals) °

(a+AF5(Z)) ~ (™ ryH)
YT (H”‘H‘/;, m(;)dg)

d(a + AF 5(Z)) ~ (YY)
- > y,-Y- d
M (Y Y /y F4©) g)

Ae H3T3 ~ Zn Fs(z) >i|
Zy—2 — d
i 4 ( /2 Fs(s) °

(c+dr 4(Y))
+ —

(a+ ,\F5(2))F3(1?)G< FF 33(5%))
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l’}’l(l — g)e*lllTl*HSTB

-1
-~ , ))
FH /+1
* a+m Z < A, H)

n-1 n-1
Fj1,H, S,
+ee 2B A H) ) G<7( = ’))+yA(F ny G<F2( ’:1)>.
jri—my, A(F,H) s Fz(S)

~ O~~~ o~

Clearly, V,(F,, Ky, Sy, Hyy Y, Z) > 0 for all F,, K, Sy, Hy, Y, Z,, > 0 and V,(F,K,S,H, Y,

7)=0. We compute AV, =V,,1 — V, as follows:

1 ~ (B A(E H) )
AVy= —|y(E.. —F—/ 1),
() M : P AH)
—U3T3 ~ K1 K
M (I(,,+1—I(— / F1K) dg)
o+m e F1(s)
= [ FaS)
+e MBS, —S—/ d )
( ! 3 () o

((,Z + )\,F5(Z Hivl F3
~H-
0 ( / F3(§) )

d(a + 1F 5(Z)) ~ [T a(Y)
S (Y -V - d
' q¢ (Y -y /? Fa(c) g)

Le H3T3 - Zni1 7
+ ¢ (Z,Hl —Z—f Fs( )dg):|
g 7 Fs(o)

+ (c+dF 4(Y)) (a + AFS(Z))FS(H)G(f B(Hfjl))

0 F3(H)
1—g)eMTI—133 " A(Fiq1,H;
S macee AER) Y G(#)
a+m A(F,H)

~ ~ " A F’+ 7H‘
veerm s AFEHR) Y G<ﬁ>

Jj=n-my+1

s 3 o)

j=n-m3+1
1 ~ Ev A(F,H) ) me‘“m( ~ K 1 (K) )
——|ylE,-F- —d K,-K - d
¢(h)[y( fp A ) arm /K o)
_ ~ 5 Fa ) (ﬂ+)»F5(z))< N ) )
nsts (g S d H,-H- d
e ( /5 )T e /H Fale) °¢

, dla+rr52) (Y v /Y" ra(Y) dg)

q0 %
AeH3T3 - Zn
M (Z,,—Z— 152 , ﬂ
g 7 Fs(c)
(e+dru¥)

7 (a+AF5(Z) F3(H)G( 00) )

m(l —g)e T3 F/+1’H))
_ — AF H) Z G(—(F o7

Jj=n—my
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n-1 -1
~ ~ A(F+1,H) ~ ~ +1
— ge M2 13T A(F ) Z G<17 A(E, H) Z /
js A(F,H)
1 Fust A(F, H) )
AV, = — F, —F,,—/ ~d
o) [V( . ho A
—U373 Kys1 K
i <1<n+1—1<n— / Ll )dg>
a+m K, Fi(s)

Sn+1 :§

+ e H3T3 (Sn+1 _Sn _/ FZ( ) dg)
s, Fals)

Fs

+

(@ ars@) (HM_ [ )
0 b Tals
dasris@)(, [ ra@ )
T (Y”“ o /y o %

Ae 13T Znt [ 5(Z)
Ty (Z"“‘Z”‘/zn Fs(;)dg)]
(c+dl 4(Y)) o~ F3(Hyin) F3(H,)
g @M B(H)[G< 5 >_G< mu%ﬂ

y L e)e TR A(f,ﬁ)< 3 G<7A(F’:1',ﬁj)>
J/

arm j=n—m1+1 A(F’ H)

< (AFLH)

_,;”G( A )
- AE, H = 1 )

~12T2-13T3 A (T j+1 Fis1,

+geH2m A(F,H)(janHG( AG ) ) :Z ( A H) ))
PN F2(5;+1)) \ (F2(5j+1)>

AFH G U\ G ANY

v ( )<j=n—Xm:3+1 < FZ(S) 1‘=,,X_y:y,3 F2(S)

Using inequalities (45) and (46) by replacing F*, H*, p* with F H, 0, we obtain

1 (F,H) me 3T F1(K)
AVn_ ¢(h)|: (1 m)( n+1_F )+ a+m (1_ Fl(l(n+1))(1(n+l_1(n)
s F25) ~
+e (1 . Z(Sn+1)>(5n+1 Su)
L (axars(@) (1 s ) I
0 F3(Hp)
d(a + 1F 5(2)) Fa(Y)
+ qe (1 F4( n+l))(Yn+l - Yn)
LeTH3Ts F5(2)
* g (1 - FB(Zn+1))(Zn+1 - Z”)i|

(c+dl4(Y))
+7
0

a+AF5(Z) F3(H) - +1n
( ) |: (Hn+l) FB(Hn) ( F3(HVI) >]

FB(H) FB(ﬁ) F3(Hn+1)
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+

Wl(l - 8)6_1”1'1_“313 A ;,’1’:'1)|:A(Fn+1;Hn) A(Fn—m1+ern—m1)

o+m A, H) - A(E,H)

<A(Fn—m1+l:Hn—m1)>:|

+1In

A(FVH-I;HVI)

A(FH+I,HVI) _ A(Fn—mzﬂ:Hn—mz)
A(E,H) A(F,H)

<A(an2+l’Hnm2)>]
+1In
A(FVI+1!HVI)

+ Ee—ﬂzfz—uﬁsA(f’ F[)[

. yA(?,ﬁ)[FZ(STI) _ rz(sn—i‘n3+l) +1n<r2(sn—m3+l)>i|'
FZ(S) FZ(S) F2(5n+1)

From Egs. (11)—(16) we have
AFE H)
A(Fn+lr]'~1)

me 1373 F1(K)
+ —
a+m F1(Kyi1)

- (O( + m)Fl(I(rHl)]

AV, < V(l )(@(Fn+l)_A(Fn+l:Hn))

) [(1 - S)E#Llrl A(Fn—m1+1)Hn—m1)

S
+e 13T <1 - F2(S) )[8e_llzr2A(anz+11Hnmz) +mf (K1) — alF 2(Spi1)
FZ(SVI+1)

- )"FZ(SH+1)F5(ZH+1)]

~

, @+ s(2) (1_ 1 5(F)
0 F3(Hn+1)

—dF B(Hn+1)f 4(Yn+l)]
. d(mAFs(?))( _ FaY)
q@ F4(Yn+1)
( Fs(2)

. _
g F5(Zus1)

+ (C+dF4(?)) FS(H;HI) _ FS(Hn) +1n< FS(Hn) >i|
0 Fs(H)  Fs(H) F3(Hui1)

+ m(l —S)E_erl_u'ﬁa A j:: ]"_i)|:A(Fn+ern) A(FVI—M1+1!HH—W11)

)[QG_MSfSFZ(SVI—M3+1)_CFB(HVI+1)

)[qF3(Hn+1)F4(Yn+1) =nF a(Yu)]

Ae 1373

)[gFZ(SVH—l)rS(ZVH—l)_‘§F5(Zn+l)]

(a+ m(?))rg(ﬁ)[

A(E, H) A H)

’

o+m

(A(an1+1:Hnm1)>i|
+1In
A(Fn+1;Hn)

A(Fn+l;Hn) _ A(Fn—m2+l¢Hn—m2)
A(F,H) A(F,H)

A(Fn—m2+l’Hn—m2)
+1In
A(Fn+1;Hn)

+ge 22 13B A(F, IT[)[

+yAE ﬁ)[f 2(Su1)  F2(Snomg1) +ln<M>i|
, FZ(E) FZ(B:) F2(8n+1) ’

A H)

_AEH) A(F, H) )
A(Fn+1’ﬁ)

A(Fn+1:H)

)(@(FM) - O(F)) + y@@)(l -
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A(F,H) m(1 - g)e1m=13T F1(K)
+V7~A(Fn+ern)_ A(Fn—m1+ern—m1)14
A(Fn+er) o+m Fl(l<n+l)
_ ~ Ty F2(§)
+me MB(K) —ee ™28 A(F, i1, Hymmy ) ————
1( ) ( 2 2)F2(5n+1)
_ F(S)
—me MBF (K1) ————
1( 1)F2(Sn+1)

—ae "B 5(Spa) + e 3B (S 5(Zpi1) + ae 3B o(S)
+(a+ )\FS(Z))G_MSTB I 2(Sn-mye1)
FsH)  (@a+rrs@)c,

(@ M S @) A Sum) g g sl
¢ HOMESED iy () - DO
q6 q0
+ Wﬂt(?) — 2B S(Z)F 2(Spar) — AePRe F5(Zui1)
)\'efﬂ3r3%‘ Fs(z)
g
- (C-'-doﬂ(a + MF5(Z))F 3(H,)
(c+dF 4(Y)) NN 0
D sy (g
m(l — g)e H1T1-K3T3 A(?,]TI) ln<A(Fn_m1+1,Hn_m1))
o+m A(Fp41,Hy)
+ Se*ltzrzfugrgA(I:"’]'f[) ln(A(F"—m2+1’H”—m2)>
A(Fn+ern)
. yA(?,ﬁ)(FZ(Sfl) _ Fz(Sn—ngrl) N ln<F2(Sn_m3+l)))'
I 2(S) F2(S) F2(Sps1)

Using the conditions of Q

O(F) = A(F, H),
(1-¢8)e ™™ A(E,H) = (o + m)F 1(K),
e M2mH3T A(I?,ﬁ) + me—#313F1(1?) = yA(I?,]’:l) = (a + )»Fs(Z))e_M3T3F2(§)y

96_M3T3F2(§) = (c + dF4(?))F3(FI):

HE-5  Fin=l,
g q
we get
AE ) B) 4y a0 (1 AED
AV, < y(l - m) (O(Fun) - O(F)) + VA(F’H)<1 - m)
+ )/A(?,H)M

A(Fn+l’]':1)
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_ Wl(l — <‘3‘)€_M111_M3T3 A(F’I’:I) A(Fn—ng+£Hn—m1)F1(1~()
o +m A(F’H)FI(IC«H—I)
1-— —M1TI-M3T3
il - e A, H)
o+m

A(Fn—mzﬂan—mz)FZ(E)
A(F,H)F 2(Sp+1)

1 —g)eH1T1-#313 K. S
_m(l-s)e A(F’H)FI(N )F 2(S)
oa+m F1(1<)F2(Sn+l)

_ )/A(?,ﬁ) F3(ﬁ)F2(Sn—mi+1)
F3(Hn+1)F2(S)
= = = [ 3(H,)
+y A(F,H) -y A(F, )m
F3(Hn)
FB(Hn+1))
m(l — g)e M1TI7H3T3

o +m

_ g M2m2a—13T3 A(f, f_'[)

+y A(F,H)

+7/A(1?,F[)ln<

=TT A Fn—m + ;Hn—m
A(F,H)ln( Enomia 1))

A(Fn+1,Hn)
Fn—m2+l:HVt—mz)>
A(Fn+ern)

FZ(Sn—m3+l))
F2(Sus1)

~ ~ A
+se"2f2”3’3A(F,H)ln( (

+ yA(IN-",IF-VI) ln(
( A(F,H)
= 7/ _— =
A(Fn+1:H)
m(l — g)e H1TI7H3T3

N A(ﬁ,ﬁn[5_
o +m

)(@(an - 0(F))
A H)
A(Fn+lrﬁ)
_ A(Fn—m1+1;Hn—m1)Fl(I~<‘) _ F1(1<n+1)F2(§)

AF,H)F (K1) F1)F 2(Sui1)
_ FB(I’:I)FZ(Sn—m;;H) _ A(FnHJ:?)FB(Hn)
Fa(Hu)F2(S)  A(Fu, Ha)F 3(H)

+1n<A(Fnm1+1>Hnml)FZ(Snngrl)FS(Hn))]
A(Fn+1rHn)FZ(Sn+1)F3(Hn+1)

(59)

A(?»]:b _ A(Fn—mzﬂan—mz)FZ(E)
A(Fn+1rH) A(F,H)F2(5n+1)

+ 86’“2’2”‘3T3A(1~3,171) [4 -

B F3(H)F o(Sumgs1)
F3(Hu1)F 2(S)
_ A, H)F 5(Hy) m(A(FnW,HnmZ)Fz(snm3+1>F3(Hn))]
A(Fui1, Hy)F 3(H) A(Fyi1, Hy)F 2(Sns1)F 3(Hyi1)
AEp, FDF 5(Hy)  AFnr,Hy) Fs(lin)}
AEp, H)F 3(H)  A(Fpa, H) - F3(H) |

+yA(l-",ITI)[—1+
A(F,H)
A(Fn+l’ﬁ)

1-— —KHITI-H3T3 A ?,]T[
izl A ) 6( )
o« +m A(Fn+1)H)

AV, < y(l - )(@(le) - O(F))
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(A(Fn ot e ml)m(m) (FI(Km)Fz(“S’))
+G + G| —=—7—

A, H)F (K1) F1K)F2(Spi)
+G(F3(H F (S m3+1)>

F3(Hn+1)F2(S)
G AEs PN v i o AR )
A(Fpi, Hy)F 3(H) A(Fyi1,H)

(A(Fn myets e mQ)Fz(s,‘)) (Fg(ﬁm(snmgﬂ))

+G +G ~
A(F H)F2(5n+1) F3(Hn+1)F2(S)

G(A(FVI+11H)F3(]_’I:I)>]
A(FnJrl’Hn)f B(H)

eyl ];,)(1  A(F,,H) ) (A(Fm,lzn) B Fs(lzn))
A(Fn+1an) A(Fn+1;H) FS(H)

Using Conditions C1-C4, we get that the first and last terms of Eq. (59) are less than or

equal to zero. Thus, V, is a monotone decreasing sequence. Since V, > 0, then there is

a limit lim, .« V,; > 0. Therefore, lim,_, o, AV, = 0, which implies that lim, . F, = F ,

lim,_ o K, = I?, lim, S, = E, lim,_, o H, = H. From Eqgs. (13) and (14) we have

0 = ee 22 A(F, H) + mf (K) = aF 5(S) = AF 2(S) lim [ 5(Zy1),

0=96_“313F2(§)—CF3( H) - sz( )llfrolonk( Vi),

then lim,,—, o Yy, = Y and lim, .o Z, = 7. Then we get 5 is G.A.S. O
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