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1 Introduction

It is well known that many physical problems may occur in two or more places which
are linked to each other, which can be called multi-place problem. To describe two-place
problems, Alice—Bob systems (ABs) [1] are proposed. That is, if A(x, t) is Alice’s state and
B(«x',t’) is Bob’s state, there is a suitable operator f which can linked to the two states at
the same time,

B(x,t)=fAwt)=A,  A@,t)=f"B(x,t)=B"". (1)

The equivalence assumption requires that the operator f satisfies fz = 1. Usually, (x',¢')
is far from (x, £). Hence, the two-place systems or Alice—Bob systems (ABs) are nonlocal.
When the operator f is taken as a special case, many kinds of nonlocal integrable sys-
tems can be obtained. For example, this nonlocal nonlinear Schrodinger (NLS) equation
is proposed by Ablowitz and Musslimani [2]:

A, + Ay £ A’B =0,
N oaa (2)
B=fA=DPCA = A*(-x,t),

with f = PC, where P and C are the parity and charge conjugation operators, respectively,
« is for the complex conjugate. Recently, the nonlocal NLS equation was derived in a phys-
ical application of magnetics [3]. Excited by the pioneering work, the nonlocal integrable
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systems have attracted considerable attention in recent years. At present, the nonlocal
KdV equation [4, 5], the nonlocal mKdV equation [6—8], the nonlocal discrete NLS equa-
tion [9], the nonlocal KP equation [10, 11], the nonlocal DS equation [12—14], and so on
[15-17] have been studied.

Solitons represent robust nonlinear coherent structures and have been theoretically
studied and observed in experiments in physical, chemical and biological science [18—20].
At present, many methods [21-40] have been developed to search for solitons of nonlin-
ear evolution equations. Among them, the function expansion method [21-25], the bilin-
ear method [33, 34], Darboux transformation [35, 36], the symmetry reduction method
[37, 38] and the Riemann—Hilbert approach [39, 40] are very effective and widely used
methods. For example, in [22], soliton solutions for a type of mKdV equation with a first
local-derivative term are obtained based on the Riccati—Bernoulli sub-ordinary differen-
tial equation and a modified tanh—coth method. New solitary solutions for the Zakharov—
Kuznetsov equation are worked out by a generalized exponential rational function method
in [23]. The dark, bright, dark—bright, dark-singular and singular soliton of the NLS equa-
tion with quadratic—cubic nonlinearity are derived by adopting the sine-Gordon expan-
sion method in [24]. The exact traveling wave solutions for the fractional equations and
the heat transfer equations are worked out in Refs. [41-48].

With the advent of the nonlocal systems, the methods mentioned above have been de-
veloped to construct the soliton solutions of the nonlocal systems [49-57]. Meanwhile,
there is few work about the soliton solutions of the nonlocal four-place systems. In this
paper, new nonlocal two-place DNLS (TDNLS) and four-place DNLS (FDNLS) systems
are derived based on the coupled Chen—Lee-Liu (CLL) system and the ﬁj"é—symmetry
group. A linear Lax pair is given which guarantees the integrability of the nonlocal TDNLS
system and FDNLS system. In order to construct the group-invariant soliton solutions, we
first rewrite the solutions of the DNLS equation [58] in the form expressed by hyperbolic
and triangular functions. Then the PTC -symmetry invariant one-soliton solution and pe-
riodic two-soliton solution of a new TDNLS system are obtained. Further, we also work
out the group-invariant two-soliton solution of a FDNLS system. There is some inter-
esting dynamics appearing in the TDNLS system and FDNLS system, different from the
dynamics of the local DNLS equation.

The paper is organized as follows. In Sect. 2, we construct the coupled CLL system
and its Lax pair is given. Some new nonlocal TDNLS system and FDNLS system arise
from the group symmetry reductions of the coupled CLL system. In Sect. 3, the expres-
sions of group-invariant soliton solutions for the nonlocal DNLS system are presented and
the multi-soliton solutions of the TDNLS system and the FDNLS system are worked out.
A conclusion is given in the last section.

2 Nonlocal multi-place derivative NLS system
The derivative NLS (DNLS) equation

iq; + Gux +2i9q" g, =0 (3)
can be reduced from the Chen-Lee—Liu (CLL) system [59]

gt = qxx + 261’”%,

Ty = —Tyx + 217y,
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by setting r = ¢g* and replacing ¢ by it and x by —ix. From the coupled system (4), some
different kinds of nonlocal integrable DNLS equations can be obtained by using the PTC-
symmetry reductions. In the following, we first find some kinds of integrable coupled CLL

systems. Here is the first non-trivial coupled CLL system

e = Gux + 2(p + @) (r + 5)(pr — qs) + 2q(r + 8)(px + qx) + 2[(p + q)(qs — pr)] .,
i = Dax =20 + q)°(r +5)(pr — qs) + 2p(r + 5)(px + 4) + 2[ (0 + @) (pr — g5)]»
[(r +5)(pr - q5)]
[(r +5)(gs ~ pr)],.

(5)
Fp = —Tx + 2(p + q)(r + 8)*(pr — gs) + 2r(p + q) (rx + 5,.) + 2[(

x’

st=—Sex =20+ q)(r +5)*(pr — qs) + 2s(p + @) (rx + 5x) + 2

It is obvious that the coupled CLL system (5) can be reduced to the standard CLL system if
we take p = g and r = s. The integrability of the coupled CLL system (5) can be guaranteed
by the following Lax pair:

v, =MV,
. (6)
'Ilt:NlI/7 '4 :(1//1¢1/f2) )
with
(=302 =(p+q)(r+9) g+ 0 0
M= (r+s)A %(Az—(p+q)(r+s)) 0 0
0 P -qr L2 —(p+q)(r+s9) g+ ’
L (r—s)x 0 (r+s)A %()\2 —(p+q)(r+s))
[(n17 np O 0
N = N1 —ni1 0 0 ,
n31 M3 N1 N12
| 741 —H31 H21 —Mi11
where
4 1 1
ny = art + (p+q)(r+)A° (p+q Y(r+s)’ - §(r+S)(px + ) + §(p+q)(rx +55),

niy =P +q)A>+ [—(p +q)—(p+q)r+ s)]k,
na1 = (r+8)A3 + [( [ r+s8)y—(p+q)r+s) ]
31 = A+ 2(pr — gs)A% + 8(p + q)(r + 5)(gs — pr) — 2rp, + 25qx + 2pry — 2G5,

na = (r—s)A% + [rx —Sx—Ar+s)pr—qs)—(p+q)(r+s)(r- s)])L.
The full PTC-symmetry group © possesses the form [10]

© ={1,P,TC,PTCYUC{1,P, TC,PTC} = ©, U OF.
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Using the sub-symmetry group @; and the symmetry coset ©F, we obtain two kinds of

symmetry reductions from the coupled CLL system (5)

4: = G+ 2(q" + q)Z(r+ ) (dr - ) + 24(r+ ) (¢ + q),
+2[(@* + ) (@ - 7)),
re = e+ 2(q% + @) (r+ ) (dr — @) + 2r(gf + @) (r+ 1) )
£2[(r+ ) (dhr - M),

AA A

fre O ={(1,P,TC,PTC},  (p,s)=filg, ),
and

i = qux + 200+ 9 (4% + P9) (g% — ap%) +24(4% + P9) (0x + 4)
+2[(p + @) (ap¥ - pa%)],»

e =P =200+ (4% + P9) (4% - ap%) + 20(4% + P9) (px + q) ®)
+2[(p + @) (pg® - ap¥)],»

~

§e0f =(C,T,CP,PTY, (5 =g(qp)

respectively. Furthermore, based on the systems (7) and (8), we can work out 16 different
types of DNLS systems

40 = Gue + 2(q" + q) (49 + 249) (¢ 4% - 4q"9)

+24(q% + ¢9) (¢ +q), +2[(¢" +9)(ag" - 4 4)],
(.r.s) = (a%,4%,449),
foe®={1,P,TC,PTC),g € ©F = (C,T,CP,PT).

For example, if we take fk =1,4= C in (9), the local DNLS equation is given by

qr = qxx + 899" Gx-

When we takefk =18 = (T,PC,PT} or rg = C, f ={P,TC,PTC}, a two-place nonlocal
DNLS systems can be obtained:

G = Gux + 2(p + q)2(r + 5)(pr — gs) + 2q(r + 5)(px + ) + 2[(p +q)(gs —pr)]x,

) o (10)
(P, I",S) = (qfk’ qgj’ qfkg/)'

For instance, forﬁ( =1, ﬁ, = f’é, Eq. (10) becomes

q: = qux + 8qq" (=, £)q. (11)

Page 4 of 13
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Forf;< = ﬁ%é,g = C, Eq. (10) becomes

q: = @ + 2[q + 0" (2, —)]'[q* + a(x D] [¢* 7" (=%, 1) — qq(~x, )]
+ 2q[q* +q(~x, —t)] [q +q" (=, —t)]x
+2[(q+ q* (=%, 1)) (qq(—x, -1) — *q* (=%, 1)) ] .. (12)
The systems (10) to (12) are all called two-place nonlocal DNLS equation.
If we takef;( =P, g = {T,f)j"},ﬁ( =TC, g = (CP,PT} orf;( = PTC, g = (T, PC}, some
four-place nonlocal DNLS equations can be obtained:
e = s + 2(p + @) (r + 5)(pr — qs) + 2q(r + 8)(px + qx) + 2[(p + q)(gqs — pr)]
(P,V;S)Z(qﬁ(;quqﬁ“éi)y (13)
(fo8) = (P, T(L,P)),(TC,P(C,T)),(PTC,(T,PC)).

For example, forf;( =TC, g= PC, Eq. (13) becomes

qc = @us + 2[q + 4"~ [a(=.8) + ¢ (=%, )] [4* (=%, )" (%, —£) - gq(~x, 1))
+2q[q* (=%, 8) + q(—x,-0)|[q"(x, —1) + q]

+ 2[(q + q* (x: _t)) (‘16.7(—?67 _t) - q* (x: _t)q* (_x) t))]x~ (14')

A A

FOfﬁ =P C.g= PC, Eq. (13) becomes

qr = @s + 2[q + 0" (~x, )] [a(6~0) + ¢* (=2, 0| [¢" (=%, ~0)g" (=, £) — qq(x, ~1)]
+2q[q" (~x,t) + q(x,—1)|[q* (%, 1) + q]
+ 2[(q + q*(_x» _t)) (qq(xx _t) - q*(_x» _t)q*(_x’ t))]x (15)

Equations (13) to (15) are all four-place nonlocal DNLS equations.

3 PTC-invariant multi-soliton solutions of the DNLS type multi-place system
In Ref. [58], the bilinear form of the generalized DNLS equation

qr = qux + 297y,

(16)
Ty = —Tyx + 2q1Ty,
is worked out and
(D.-D2)g-f =0,
(Dt +D§)h -5=0,
(17)

DXf -s=iD,g - h,

D,f -s=gh,

Page 50f 13
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by taking the variable transformation g = J‘%, r= % and making use of some identities. As
a case of reduction, taking r = g%, i.e. s = f*, h = g* and replacing ¢ by it and x by —ix,
the generalized DNLS equation (16) reduces to the DNLS equation (3) and the bilinear
equation (17) reduces to
(iD: + D)g -f =0,
DY -f*=iD,g-g" (18)
D -f* =igg".
Equation (18) just is the bilinear equation of the the DNLS equation (3).
Its N-soliton solutions can be uniformly written as

8n = ZAZ(/'L CXP[ZMJ‘E + Z MHilkp ]p];

n=0,1 1<j<p
(19)
fu= D AW eXp[ZM,E”+ D ity ,p}
n=0,1 1<j<p

where

“;‘,:zk,x—lkft+$l(o), SJ/ :gj: Snﬂ _s +10gk*’

&' =& +logk;, E=8 (i=12,...,n),
-
(kj — k)?

lintn =

(i»,O = 1,2,...,”1),
egf'ﬁ = (k} — kp)z, eenﬂlnﬂo = (k]* — k:;)z (] <p= 2,3,.. ,,n),
with arbitrary complex constants Sj(o), j=12,...,n

The summations A; (1) and Ay (1) are taken over all possible combinations of u; = 0,1
(j=1,2,...,2n) and satisfy the following conditions:

n n n n
DHED Mg D= D+ L,
j=1 j=1 j=1 j=1

respectively.

It is clear that the solution (19) is not PTC-invariant for arbitrary Sj(o). So it is not the
solution of the DNLS type multi-place system. In order to find PT C-invariant solutions
from (19), we rewrite &; as

1 1 & 1
&= i/qx—ikft+ Moj = 5 Zepj— 5 Z 0jp — Elogkj
p=1

p=j+1
12
= - Z Z 6 — logk-, (20)
p p =j+1

j-1

E,*=n}"—120 Z %logk}".

p=1 p =j+1

Page 6 of 13
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We can prove that the solution (19) with (20) can be written as hyperbolic and triangular
functions, which guarantees the PT C-invariance when an appropriate constant is chosen.
However, the general expression in terms of the hyperbolic and triangular functions is very
complicated. So we only write down two examples for n =1 and n = 2.

When # = 1, the one-soliton solution for the DNLS equation (3) can be rewritten as

(kl _ kf)e(z’mﬁ% logki‘—% logky)

= T T = (21)
2cosh(nig + 7 logk; — 7 logky)

When 7 = 2, the two-soliton solution for the DNLS equation (3) can be rewritten as

<|k1 o[y — k*|,/k*/<*[

"111 h / —
Ikllklkz cos |:772R+l(0( B)

+ i(log ks — logkz):|

ok
A kol kiky

1 ki k
/ ki — ko|* cosh r71R+772R+—1 og iz
Kk

1 ki k
+ |k —k§|2COSh<771R — 2R + ZIOg k}lii)

. 1
einai cosh|:r]1R +ila+ B)+ Z(Ingik - lngl)i|:|>

i kiky
— ki ks cos <nu — s — log kl 5 )) (22)
2

Here

kj:/<jR+i/(jIr j:1,2

kir — ko ki + ko
o = arctan ——, B =arctan ————,
klR - kZR klR - kZR

and njg, njr are real and imaginary parts of 1;, respectively,

nir = —Kjrx + 2KirKjrt + njor,

n]» = ijx - (kaR — /(]21)1’ + T]j()[,

Njor» Njor are arbitrary constants.
It is straightforward to test that (21) is PT C-invariant for nor = 0, nior =
3 3
Larccos M Equation (22) is PTC-invariant for Nior = llogk—i Nor =
2 2(ky k*)2 Kk} j 1 [

, k&
-3 log % k*)2 (/ 1,2)if k; + k* 0. As for the solution (22), we consider the reduction of

k1 = —ky. In the case of reduction, it can be tested that (22) is PTC-invariant, 7C-invariant

Vk’R ” " (=1,2).

and P-invariant if njor = 0, Njor = 1 5 Arccos —————

3.1 PTC-invariant solutions of a nonlocal two-place DNLS equation
In this section, we will give the PTC-invariant multi-soliton solutions of a new nonlocal
two-place DNLS equation. Replacing ¢ by it, x by —ix and g by %q in Eq. (12), we obtain
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the following nonlocal two-place DNLS equation:

iy + G — %[q +q* (=%, -0’ [q* + q(~x,-0][4°q" (=%, ~1) — qq(~x, 1))

+ %q[q* +q(~x,~t)]
i

5 [(7+ 4" (=% -1))(qq(~x,—1) — "q* (—x,—1))]_=0.  (23)

x [q+q"(~x-0)], +
Setting g = ¢*(—x,-£), Eq. (23) can be reduced to the DNLS equation (3), so

ql . (k22 ~aki gy in Eq. (21) can solve the nonlocal two-place DNLS equa-
N10/=7 ICCOS —="—Loa—5———,1)10R=0
16ky (kg +k7p)

tion (23) with f = PT. Thus Eq. (23) has the following one-soliton solution:

itk R~k p—k2))t)

g- , (24)
2 cosh(—kirx + 2kipky t + %6‘)
with
k
6 = arctant —U.
1R

This is a traveling wave at the speed of 2k gk, with an initial phase % arctant ]% Figure 1
shows the shape and motion of the one-soliton case for £ =0 and ¢ = 1.

When take k; = ikj; (j = 1,2) in Eq. (22), we can obtain the following two-soliton solutions
of Eq. (23):

ky—ki . 1
q= <|k1 —k2|‘k1 - k;“/kfk;[mem” cosh[n2R +ile—pB) + 1(10gk’2k - 10gl<2):|

ok
N kol kiky

1 kik
/(|k1 - k2|2008h<7711e TRt log kilkk;)

. 1
eI cosh |:771R +ila+ B)+ 2 (logkf —log kl):|:|)

-2 2 4 s s X

Figure 1 Motion of the one-soliton for the nonlocal two-place DNLS equation (23). The green one is the
density distributions |g|? for t = 0 and the red one is for t = 1 with kig = 1, ky; = 2
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1 k ki
+ |k —k§|2C°Sh<771R—772R + Zlog - 2)

kiky
— 4k ko cos (m[ — o1 — i log Zg)) (25)
with
nir = —kjx, nr = kf,t + %arccos(kgl), Nor = k%,t + % arccos(kyz),
or

k:
njr = —kjx + log k—i (j=1,2),
J

1 1
= kflt + 2 arccos(koy), Nar = k%lt + 2 arccos(kyy).

Figure 2 shows that the two-soliton solution is periodic with respect to time ¢ and lo-
calized in the x direction. Figure 2(a) illustrates the density distributions |g|* on the (x, £)-
plane and (b) expresses the interaction process of the two-soliton solution for 7oz = 0. Fig-
ure 2(c) shows the density distributions |g|? on (x, £)-plane and (d) describes the profiles of
the two-soliton solution for different times when the constants 7z = log ,1:—1 It seems that
the constant 7oz influences the interaction process of the two-soliton and the two solitons

. ki
with the constants njor = log ¢+ are apart from each other.
7

Figure 2 Interaction of the two-soliton solution for the nonlocal two-place DNLS equation (23). Pictures (a)
and (b) show the interaction of the two-soliton for njor =0, 10/ = % arccos kyy, Naoj = % arccos ky;. Pictures (c)

. . . . ki
and (d) illustrate the interaction of the two-soliton for njoz = log kl* N0 = % arccos kyy, M0 = % arccos ky,. Here
J

kig=-1,ky=06
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3.2 PTC-invariant multi-soliton solutions of a nonlocal four-place DNLS equation
Replacing ¢ by it, x by —ix and g by %q in the nonlocal four-place DNLS equation (12), it
becomes

iqe + Gox — %[q +q* (6 —0)*[a(=x.0) + ¢* (~x,0)|[¢" (=%, )q* (x, 1) — ga(~x, ~1)]
+ 2ala (50 +ats-0]a" (60 +a],

+ %[(q + q*(x) _t)) (QQ(—X: _t) - q*(x) _t)q*(_x! t))]x =0. (26)

In this section, we want to construct the soliton solutions of the nonlocal four-place DNLS
equation (26). First, setting g = g*(x, —t) in Eq. (26), it reduces to

e + Qs + 2iq[q*(_x’ t)]qx =0. (27)

Then setting g(-x, ) = g, Eq. (27) becomes the DNLS case (3). Thus, the two-soliton
solution of the nonlocal four-place DNLS equation (26) can be obtained when we take
k2 = —k1 in Eq (22),

) 1
q= <|2k1| |k + k| [e”’“ cosh|:n2R +ile—p)+ ZL(logkf —1ogk1)i|

) 1
4 e COSh|:T)1R +i(a + B) + Z(logki‘< - logkl):|]>

2

1 k
/ |2k1[* cosh( 1z + mar + — log %
4 Tk

2
+ |k + k§|” cosh(niz — nar) + 4k, cos(nyy — rm)>, (28)
with
Mg = —kux + 2kigkyst, n2r = kux + 2kigkyst,
mir = kigx — (k%R - k%I)L‘ + N0l Nor = —kigx — (k%R - k%I)t + 1201
1 (K}, = kip)* = 4(kyrkig)*

N1or = 1M207 = 7 Arccos 3
2 e STLS TR k%}e)7

and

ki;
« = arctant —, B =0.
klR

The interaction of the two-soliton solution (28) is illustrated in Fig. 3. The first column
show the density plots of the two-soliton solution with kig =1, kiy =1, kig =3, kyy =1
and kig = 1, ky; = 3, respectively. Pictures (a2)—(a4), (b2)—(b4) and (c2)—(c4) reveal the
interaction process of the corresponding two-soliton for different choice of the real part
and imparity part. Figure 3 reveals that the real part k;z and imparity k;; influence the

interaction of the two-soliton solution.
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S 5 (c4) t=0.2

Figure 3 Interaction of the two-soliton solution for the nonlocal four-place DNLS equation (26). Pictures
(a1)-(a4) show the interaction of the two-soliton for k1g = 1,ky; = 1. Pictures (b1)-(b4) show the interaction of
the two-soliton for k1 = 3,k = 1. Pictures (c1)-(c4) show the interaction of the two-soliton for kg =1, kyy =3

4 Conclusions
Multi-place systems are important in both mathematical and physical fields. In this paper,
we first construct the coupled CLL system and address its Lax pair which guarantees the
integrability of the coupled CLL system. Then some kinds of nonlocal TDNLS equations
and FDNLS equations are proposed by using the PTC-symmetry.

f’fé’—symmetry can be used not only to establish multi-place systems but also to solve
the multi-place systems. With the help of the PT'C-symmetry, we not only obtain the one-
soliton solution and periodic two-soliton solution of a nonlocal TDNLS equation but also
work out the two-soliton solution of a nonlocal FDNLS equation for the first time. It is
interesting to find that the arbitrary constant in the real part of 7; can influence the inter-
action process of the two-soliton for the TDNLS equation and new dynamical behaviors
are analyzed in Fig. 2. For the FDNLS equation, it is interesting to find that the real part kjz
and the imparity kj; of the parameter k; influence the interaction process of the two-soliton
and the dynamics as demonstrated in Fig. 3.

From the results of this paper, we find that there are some new interesting phenomena
in the nonlocal multi-place systems. So it is significant to study the nonlocal multi-place

systems.
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