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1 Introduction
Consider the set-valued functional integral equation of Volterra—Stieltjes type

x(t) GP(t) + /(; Fl (S,A ](2(9:96(90(9))) ngZ(S’ 9)) dsgl(t’s)r t,s € [Or T]: (11)

and the initial-value problem

d’;it) cl°F, (t,Dyx(t)), te(0,T],y €(0,1], (12
x(O) =Xo. (1.3)

Here we study the existence of continuous solutions of the set-valued functional integral
equation of Volterra—Stieltjes type (1.1). The continuous dependence of the solution on
the set of selections of the set-valued function F; will be proven. As an application, we
study the existence of solutions of the initial-value problem of arbitrary (fractional) order
differential inclusion (1.2)—(1.3).

2 Preliminaries
This section is devoted to providing the notation, definitions, and preliminary facts from
the set-valued analysis, which will be needed in our further study.
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First, we establish some notation.
We will denote by I = [0, T] a fixed interval, where T > 0 is arbitrarily fixed and by C(I) =
C[0, T] the Banach space consisting of all continuous functions acting from the interval /

into R with the standard norm

llxllc = suplx(t)|.
tel

Define the Banach space X = C(I) x C(I) with the norm

)| = llxllc + Iylc.

Definition 2.1 Let F be a set-valued map defined on a Banach space E, f is called a selec-
tion of F if f(x) € F(x), for every x € E and we denote by

Sk = {f :f(x) € F(x),x € E}
the set of all selections of F (for the properties of the selection of F see [1-3]).

Definition 2.2 ([4]) A set-valued map F from I x E to family of all nonempty closed sub-
sets of E is called Lipschitzian if there exists k > 0 such that, for all £ € [ and all x1,x; € E,

we have
h(F(t,xl),F(s,xz)) S k(lt—S| + |x1 _x2|); (21)

where /(A, B) is the Hausdorff distance between the two subsets A,B €1 x E.
(For properties of the Hausdorff distance see [5].)
The following theorem [5, Sect. 9, Chap. 1, Th. 1] assumes the existence of a Lipschitzian

selection.

Theorem 2.3 ([6]) Let M be a metric space and F be Lipschitzian set-valued function from
M into the nonempty compact convex subsets of R". Assume, moreover, that, for some A > 0,
F(x) C AB for all x € M where B is the unit ball on R". Then there exist a constant ¢ and a
single-valued function f : M — R”, f(x) € F(x) for x € M; this function is Lipschitzian with
constant k.

In what follows, we discuss a few auxiliary facts concerning functions of bounded varia-
tion (cf. [7]). To this end assumes that x is a real function defined on a fixed interval [a, b].
By the symbol \/i’x we will denote the variation of the function x on the interval [a, b].
In the case when \/2x is finite we say that x is of bounded variation on [g, b]. In the case
of a function u(t,s) =: [a,b] x [c,d] — R we can consider the variation \/?zp u(t,s) of the
function ¢ — u(t,s) (i.e., the variation of the function u(t,s) with respect to the variable
t) on the interval [p,q] C [a, b]. Similarly, we define the quantity \/le7 u(t,s). We will not
discuss the properties of the variation of functions of bounded variation, we refer to [7]
for the mentioned properties. Furthermore, assume that x and ¢ are two real functions

defined on the interval [a, b]. Then, under some extra conditions (cf. [7]), we can define
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the Stieltjes integral (more precisely, the Riemann—Stieltjes integral) of the function x with
respect to the function ¢ on the interval [a, b] which is denoted by the symbol

b
/ x(t)dy (t).

In such a case, we say that x is Stieltjes integrable on the interval [a, b] with respect to ¢.
In the relevant literature, we may encounter a lot of conditions guaranteeing the Stielt-
jes integrability [7-9]. One of the most frequently exploited condition requires that x is
continuous and ¢ is of bounded variation on [a, b].
Next, we recall a few properties of the Stieltjes integral which will be used in our con-
siderations (cf. [7]).

Lemma 2.4 Assume that x is Stieltjes integrable on the interval [a,b] with respect to a
function ¢ of bounded variation. Then

b b ¢
/ x(t)d¢(t)‘§ / |x(t>|d<\/¢>).

Lemma 2.5 Let x; and x; be Stieltjes integrable functions on the interval [a, b] with re-

spect to a nondecreasing function ¢ such that x,(t) < x,(t) for t € [a, b]. Then the following
inequality is satisfied:

b b
f w6 dy(t) < / x2(6)dy 0)

In the sequel, we will also consider the Stieltjes integrals of the form

b
/ #(5) dsg(t,5),

where g : [4,b] x [a,b] — R and the symbol d; indicates the integration with respect to the
variable s. The details concerning the integral of such a type will be given later.

3 Existence of at least one continuous solution
Consider now the set-valued integral equation (1.1) under the following assumptions.
(i) p:1— Iis continuous function, where p* = sup,; |p(¢)|.
(i) F1:I x R— P(R) is a Lipschitzian set-valued map with a nonempty compact
convex subset of 28",
(iii) @ : I — I is continuous function.

(iv) f2 :1 x R— R is continuous and there exist two constants a and b such that
[fg(t,x)| <a+blx|, Vtel0,T]andxeR.
(v) The function g; is continuous on the triangle A;, for i = 1,2, where

Ar={(ts):0<s<t=<T},

Ny={(560):0<0<s<T}.

Page 3 of 16
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(vi) The function s — g;(t,s) is of bounded variation on [0, ¢] foreach £ € I (i = 1,2).
(vii) For any € > 0 there exists § > 0 such that, for all £1;¢; € I such that £; < £, and
ty — b1 <6, the following inequality holds:

5]

\/[gi(t2,9) — gi(t1,9)] < e

0

fori=1,2.
(viii) g;(t,0)=0foranytel (i=1,2).
It is clear that, from Theorem 2.3 and assumption (ii), the set of Lipschitz selection of F;
is non-empty. So, the solution of the single-valued integral equation

x(t) = plt) + f ﬁ(s, / ﬁ(@,x(go(@)))dggz(sﬁ))dsgl(t,s), t,se[0,T], (3.1)
0 0

where f; € Sr,, is a solution of inclusion (1.1).
It must be noted that f; satisfies the Lipschitz selection

fi(t,%) = fi(s,9)] < k(1t = s + |x = y1).

Obviously, we will assume that g; satisfies assumptions (v)—(viii). For our purposes, we
only need the following lemmas.

Lemma 3.1 ([10]) The function z — \/%_,gi(t,s) is continuous on [0,t] for any t € I (i =
1,2).

Lemma 3.2 ([10]) Let the assumptions (v)—(vii) be satisfied. Then, for arbitrary fixed num-
ber 0 <ty € I and for any € > 0, there exists § > 0 such that ift e ; t <ty and t, —t; <§
then \/?zt1 gi(tr,s) <€ (i=1,2).

Lemma 3.3 ([10]) Under the assumptions (v)—(vii), the function t — \/zz0 gi(t,s) is contin-
uousonl (i=1,2).

Further, let us observe that based on Lemma 3.3 we infer that there exists a finite positive
constant Kj, such that

K; = Sup{\/g,-(t,s) :t€[0,T] },
s=0

where T > 0 is arbitrarily fixed and i = 1, 2.
We now introduce some functions that will be useful in our further studies:

13
Ni(e) = Sup{\/(gi(tz»s) ~gi(t1,8)) 1 t1, b € [0, T, 6y < tpsts — 11 < €,i=1,2¢.
s=0

In our considerations, we will examine the double Stieltjes integral of the form

d d d d
/ ( / f(t,x)dygz(x,w) dg(t.s) - / / F(t9) dygaly) dugr (4,9),
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where g; : [a,b] x [c,d] — R(i = 1,2) and the symbol d, indicates the integration with re-
spect to the variable y (similarly, we define the symbol d).
Now, let

y(t) = /0 So(s,x(0(5))) dsga(t,5), £ €[0,T], (3.2)

then the nonlinear functional integral equation (3.1) can be written in the form

*(6) = ple) + /0 fi(596) da(6s), teloT). (33)

Hence, the functional integral equation (3.1) is equivalent to the coupled system (3.2) and
(3.3).

Now, we study the existence of a continuous solution of the functional integral equation
(3.1), which is a solution of the functional integral inclusion (1.1), by getting the continuous
solution of the coupled system (3.2) and (3.3).

Definition 3.4 By a solution of the coupled system (3.2), (3.3) we mean the functions
x,y € C[0, T satisfying (3.2), (3.3).

Remark 3.5 From the Lipschitz condition of f;, we have

Ifit,%)| - | 0)] < |t %) —f1(£,0)| < klxl,

ie.,
[fi(t,%)| < klx| + sup |fi(2,0)| < klx| + £,
te[0,T]

where

fi'= sup M(t,0)|.

te[0,T]

Now for the existence of at least one solution u = (x,y), x,y € C[0; T] of the coupled
system (3.3), (3.2) we have the following theorem.

Theorem 3.6 Under assumptions (i)—(viii), there exists at least one solution u = (x,y),
x,y € C[0, T of the coupled system (3.3), (3.2).

Proof Define the set Q, by

Q ={u=Wy e x| <r,lyl <rs|@y| <r+r=r}

S,
where r = pli‘l(]l(l + 1?2(}(2 with kK; < 1, bK; < 1.
Itis clear that the set Q, is nonempty, bounded, closed and convex. Let A be any operator

defined by

Au(t) = Alx, y)(t) = (A1y(2), Axx(2)),
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Aiy(e) = p(0) + /0 Flsy(s) danltrs), te[0,T],

and

A0~ [ flsx(o9) deaes), e[0T,
0

where for u = (x,y) € Q,, and from Remark 3.5 we have

’Aly(t ‘p(t /fl $;(5)) dsga (¢,5)

< |p0)] + / 1 (5:(5)) || g 6,5)|

<p'e / Kyl + ) d (\/glup))

Then

Al < p* + (ke + £ (\/gl ts>

tel $=0

<p+ (kr1 +f1*) sup (\/gl(t, S))

P+ K

<p*+ (kr1 +f1*)K1 =r, 1= o

Also

’Agx t)’ '/ fz $,X ))dsg2(t S)

< /0 (5. 2(0(6))|| digo6:9)
< /Ot[a +b|x(p(9))|] (\/gz tp))

Then

[ A2xl| < (a + brs) (\/ gg(t,s))

s=0

< (a+bry) sup(\/gz (t, s)

tel $=0

ak: 2
1-bKy

<(a+br)Ky=ry, 1=
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From the above estimate we derive the following inequality:

lAullx = llA1yllc + [l A2xllc

=r+n
P+ K ak;
= +
1-kK; 1-bK,

=7r.

Hence, AQ, C Q; and the class {Au}, u € Q, is uniformly bounded.
Now, for u = (x,7) € Q,, for all € >0, § > 0 and for each t;,£, € [0, T], #; < £, such that

|ty — t1] < 8, we have

|A1y(t) - Ary(1)| = 'P(t) / Si(s:9(5)) degi (22, 9)

1) - fo " A (596) dia (81)

=< \p(tz) —P(t1)| + fl(S,y(S)) dsg1(t2,s)

/ fl(s: ) sgl(t2’)

ﬁ(s, (5)) dsga (£2,5) - / Filsy(5)) dsg (11,9)

< |p(t2) — plt)] + f " (5.6)|| diga(e,5)|
+ /O 1 f1(s,7(5)) | |[dsg1(t2, 5) — dega (£1,5) |

< |p(&) - p(tr)| + f [k|y(s)| +fi(s,0)] . (\/gl(ter)>

i

+/(') 1[l<|3’(S)| +£1(s,0)] ds<\/[g1(tz,p)—g1(t1,p)])

p=0

< (e -ple)| + o +] [ d, (\/gl(rz,p))
t1 p=0

+/0 1 ds<\/[g1(tzyp)—g1(thp)]>

=0

< |p(t2) - ptr)| + [kr +£7]\/ @2, )

s=l1

+ \/ g1(t2,8) — &1 tl,S)]

< |p(t2) - p(&r)| + [kry + f'] |:\/g1(t2:5) +N1(€):|

s=t1
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and

|Agx(ty) — Aox(ty)|

< ‘ f h55(0(6)) dgaltars) - f (5x(0)) dega(tr,s)
0

Ozfz(s,x( (5))) dugaltars) - / F(5x(00)) dga(t2,9)

lfz(s,x(w(S))) dgo(tsrs) - /0 Flsx(0)) dga(tn,9)

/ [fzsx Hdsgztzs)|

+ /(; fa(s,2(9(5)))||[dsga(t2,8) — dsga(tr, )]
< / 2 [d + b|x(§0(5)) |] ds (\/gz(tz,p))
a o0

+/(; 1[cz+b|x(<p($))|]ds<\/[g2(l‘2,1!7) —gz(tbp)])
»=0

<(a+bry) /2 ds(\/@(b:l’)) +/0 1 ds(\/[gz(fz,P)—gz(fhp)]>:|
! p=0

p=0

<(a+bn)| \/ alas) - \/g(tz,s)] + Vet 9) - g(t1,9)]
L s=0 s=0 s=0

<(a+br) \/gz(tzyS) +N2(€):|'

Ls=t1
Further, for the operator A and u € Q, we have
Au(ty) — Au(ty) = A(x,y)(t2) — Alx,y)(t1)

= (Ay(t2), Aax(ts)) — (Ary(tr), Aox(ty))
= (A1y(t2) — A1y(t1), Arx(tz) — Axx(tr)).

Then

|Au(r) — Au(tr) | = ||(Ary(t2) — Ary(t2), Asx(ts) — Aox(tr)) |

= [Aw(t2) - Ary(B)|| o + [ Axx(ta) — Asx(t) ||

= |p(t) - p(t2)] + [kry +£7] [\/g(tz,s) +N; (e)}

s=t]

+(a+br) [\/ gtrs) + N2(e):|.

s=t]

(%)

Page 8 of 16
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This means that the class of functions Au is equi-continuous on Q,. Then by the Arzela—
Ascoli theorem [11] the operator A is compact.

It remains to prove the continuity of A : Q, — Q,. Let u, = (x,,,y,) is a sequence in Q,
with x,, — x, and y,, — x and since f (¢, y(¢)) and f,(¢, x(¢)) is continuous in C[0, T] x R then

fi(8,y.(2)) and fo(t, %, (£)) converge to fi (¢, y(¢)) and fo (¢, x(£)), thus f2(¢, x,,(¢(£))) converges to
fa(t,x(p(2))) (see assumption (ii)). Using assumption (iii) and applying Lebesgue dominated
convergence theorem, we get

t

lim [ fa(s,24(0(5))) dsga(ts5) = /0 So(s:x(0())) dsga(t,5)

n—00 0

and

lim /0 Fi(59n(9) duga(6,9) = fo Fi(59(9)) dugn 6,5);

n—00

then
tim 41300 =p0)+ Jim. '3 (5009) s (69
=p(6) + fo tﬁ(s,y(s)) dsgi(t,s) = Ary(e), te€l0,T],
tim A= [ im (5 (009) (69

= /0 fg(s,x(ga(s))) dsgo(t,s) = Axx(t), tel0,T],

lim Au,(t) = lim (Aly,,(t),Azx,,(t))

n—00

= (1im Avyn(@), lim Aax,(0) = (A1y(0), Axx(t)) = Au(t).

Since all conditions of the Schauder fixed-point theorem [12] hold, A has a fixed point
u € Q,, and then the system (3.3), (3.2) has at least one continuous solution u = (x,y) € Qy,

x;y € C[0, T].
Consequently, the functional integral equation (3.1) has at least one solution x €
clo, T1. O

4 Existence of a unique solution
In this section, we study the uniqueness of the solutions x € C[0, T'] of the functional in-

tegral inclusion (1.1).

Theorem 4.1 Consider the assumptions of Theorem 3.6 satisfied with replacing condition
(iv) by assuming that the f, satisfies the Lipschitz condition with respect to the second vari-

able; that is, there exists a constant ¢ such that

ot %) — fo(t,)] < blx - yl.

IfkbK, K, < 1, then the functional integral inclusion (1.1) has a unique solution x € C[0, T,
where k is Lipschitz constant of functions fy and K; (i = 1,2) as defined in Lemma 3.3.
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Proof Let x; and x; be two solutions of Eq. (3.1), then

x1(6) = 2(8)| < / p( / Sﬁ(e,xl(w)))degz(s,e))

f (s, [ £0.m(00) dugts e))

dsgl (t, S)'

Using the Lipschitz condition for f;, we obtain
|%1(2) — x2(2) |

|:f f2 9 xl dggz(s,Q))

dsgl (tr S)

_/0ﬁ(e,xz(w(Q))degz(s’e))]

<k / f (6,51 (0(60))) (0, %2(0(0))) || doga(s,0)| | dsg (8,5)].
0 0

Using Lipschitz condition for f,, we obtain

t prs [4
|1 (£) = x2(8)] < kb/O /0 |21 (¢(0)) — %2 (0(0))| do (\/ (s 17)) (\/gl(t 61)

p=0

< kbllxy - x| / / de(\/gz &p)) (\/gl(t q))

t s
< kbl - %0 \/ &1(6:9) \/ &a(5,0)

s=0 6=0

< kb||x; —x2| sup \/g(t s) sup \/g(s 0)

telo, T] selo, ]9 -0
< kb||xy — %2 || K1 K3,

|%1(2) = x2(8) | < kDKL K [l21 — % .
Then

(1 - kbK1 K3)||%1 — x3]| < O.

This proves the uniqueness of the solution of the functional integral equation (3.1).

4.1 Continuous dependence

Theorem 4.2 The solution of the inclusion (1.1) depends continuously on the Sg, of all

Lipschitzian selections of F.

Proof Let fi(¢,x(t)) and f;* (¢, x(¢)) be two different Lipschitzian selections of F; (£, x(¢)) such

that

Ifi(6:x(0) = £ (6 x(0)| <8, §>0,6€]0,T],

Page 10 of 16
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then for the two corresponding solutions xy, (t) and xp () of (1.1) we have

205 (£) — 7 (0)

_ / [ﬁ(s, / (o, ((p(Q)))dggz(s,H))
0 0
_f'l* (S, ASﬁ (G:xfl* (§0(9))) dé‘gZ(sie))] dsgl(trs)7

[ () — x5 (1)

/Ot[fl (S’ _/OSfZ(Q,xfl (90(9)))016@(&9))

—fr (S, fosfz (0,57 (0(9))) dggz(s,Q))] dsg1(t,5)

< /0 1/1 (s, /0 Sf2(9:xf1 (¢)) dagz(s,e))

_ff< (S’ ./0 f2(91 xff‘ (q)(@))) dng(S: 9)) ‘ } dsgl(t)s)

- [ V(s [ #0.3, (¢(9)))deg2(5,9))

-fi (s, ‘/0 fz(G,xfl* (¢(9))) doga(s, 9)) ‘ | dsg1(2,5)

/o 1/1 (s’ /osfz (5257 (¢(5))) dsg<t,s))

- (s, /0 fz(é,xfl* (0(9))) doga(s, 9)) } | dgi(t,s)

< [ V(s [ #0.m (go(e)))degz(s,e))

_f1 (S,/O f2(9,xf1* (@(9))) dggg(s, 9)) ‘ | dsgl(t,S)

=

+

t
+8/ | dsga (2, 5)
0

<k /0 fo (6,25 (0(6))) 3.6, 372 (¢(6)) ) || doga(s,0))]| diga (1,9)

+8/0 | dsgi (¢, 9)]

<kb /0 /0 [ (¢(6)) — 572 (00)) | doga(s,0)|| s (5,5)] + 5 /O | di(6,5)

t ps 0 s ¢ s
<l -zl [ [ de(\/gz(s»q)>ds<\/g1(t;l7)>+5 / ds(\/gl(t,m)
q=0 p=0 p=0

s t t
< kbllxs — a1 \/ 2205,0) \/ &1(t,9) + 8 \/ @1 (,9)

6=0 s=0 s=0

s t t
< kbllxp — g+ sup \/gQ(s,G) sup \/ gi(t,s) +8 sup \/gl(t,s)
€01 5—o 5=0

s€[0, te[0,T] _ te[0,T] 4

< kbllel — X IK>Ky + 8K,
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llar, — 7 || < 8Ky (1 — kbKGKG) ™ = €.
Thus from last inequality, we get
s =zl < e

This proves the continuous dependence of the solution on the set Sg,; of all Lipschitzian

selections of F;. This completes the proof. d

5 Volterra integral inclusion of fractional order
In this section, we will consider the fractional integral inclusion, which has the form

t _J)a— N _n\B-
x(t) € p(t)+ wa( Sl
0

) T@ Tmﬁ(e”‘(‘”w)))d9>ds’ peclo Tl G

where t € I = [0, T] and « € (0,1). Moreover, I'(«) denotes the gamma function. Let us
mention that (5.1) represents the so-called nonlinear Volterra integral inclusion of frac-
tional orders. Recently, the inclusion of such a type was intensively investigated in some
papers [13-18].

Now, we show that the functional integral inclusion of fractional orders (5.1) can be
treated as a particular case of the set-valued functional integral equation of Volterra—
Stieltjes (1.1) studied in Sect. 3.

Indeed, we can consider the functions g;(w,z) = g;: A; — R (i = 1,2) defined by the for-

mulas

t* —(t—s)” P —(s—0)F
ai(t,s) = T 8(s,0) = TEe)

Note that the functions g; and g; satisfy assumptions (v)—(viii) in Theorem 3.6; see [10, 19].
Now, we can formulate the following existence results concerning with the Volterra in-

tegral inclusion of fractional order (5.1).

Theorem 5.1 Under the assumptions (i)—(iv) of Theorem 3.6, the fractional integral inclu-

sion (5.1) has at least one continuous solution x € C[0, T].

Theorem 5.2 Under the assumptions of Theorem 4.1, the fractional integral inclusion (5.1)

has exactly one unique solution x € C[0, T].

6 Existence of the maximal and minimal solutions

In this section, we establish the existence of the maximal and minimal solutions of the non-
linear Volterra integral inclusion of fractional order (5.1). It is clear that, from Theorem 2.3
and assumption (ii) of Theorem 3.6, the set of Lipschitz selections of F; is non-empty. So,
the solution of the nonlinear functional integral equation of fractional order

x(t) = p(t) + Ifi (6. P/ (6, 2(0(8)))),  t,s€[0,T), (6.1)

where f; € Sr,, is a solution of inclusion (5.1).
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Definition 6.1 ([12]) Let m(z) be a solution of the non-linear functional integral equation
(6.1), then m(t) is said to be a maximal solution of (6.1), if for every solution x of inclusion
(6.1) existing on [0, T] the inequality x(¢) < m(t), t € [0, T] holds. A minimal solution s(t)
may be defined similarly by reversing the last inequality i.e. x(¢) > s(¢), Vt € [0, T].

Consider the following lemma.

Lemma 6.2 Let p(2), fi(t;x) (i = 1,2) and ¢(t) satisfy the assumptions in Theorem 5.1 and
let x(¢), y(t) be two continuous functions on [0, T satisfying

x(8) < p(0) + A (6,17 (6, x(0(0))),  t€[0,T],
y(®) = p@®) + fi (6, 1P (6, y(0(0))), €0, T],

where one of them is strict.
Suppose fi and f, are monotonic nondecreasing functions in x, then

x(t) <y(t), t>0. (6.2)
Proof Let the conclusion (6.2) be false, then there exists ¢; such that

x(t) =y(n), 0 >0,
and

x(t) <y), O0<t<t,tel0,T].
From the monotonicity of the functions f; and f; in x, we get

x(t) < pt) + (6, I (11, x(0 (1))

i (t _ )a 1
pie)+ [ s 1 s (o))

t _ o)1
<pltr) + fo G F(fx)) fi(s 1 (5,9(¢(s)))) ds,

x(t1) < y(t).

This contradicts the fact that x(¢1) = y(¢1).
Then

x(t) < y(t). O

Now, for the existence of the continuous maximal and minimal solutions of the nonlin-
ear functional integral inclusion (6.1) we have the following theorem.

Theorem 6.3 Consider the assumptions (1)—(iv) of Theorem 5.1 satisfied, furthermore, if
fi and f, are monotonic nondecreasing functions in x for each t € [0, T, then the nonlinear
Sfunctional integral inclusion (6.1) has maximal and minimal solutions.
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Proof Firstly, we shall prove the existence of the maximal solution of (6.1).
Let € > 0 be given such that 0 < € < g, and consider the nonlinear functional integral

equation of fractional order

xe(£) = p(£) + I*fi (6, 1P o, (£, (0(2)) ),

where

fle (t’Iﬁf% (t’xf (w(t)))) :fl (t’lﬁf% (t’xf ((p(t)))) te
e (txe(0(0)) = fo (63 (0(2))) +e.

Clearly the functions fi (¢, I?f, (¢, x(¢(2)))) and f5, (¢, x.(¢(2))) satisfy the assumptions of
Theorem 5.1 and therefore, Eq. (6.1) has a continuous solution x. according to Theo-

rem 5.1. Let €; and €5 be such that 0 < €5 < €; < €. Then

Xey () = p(0) + Ifi g, (6P o, (626, (0(2)))),

%, (t) = p(t) + I°fi (t, I*f (t, Xe, (go(t))) + Iﬂéz) + 1%, (6.3)
also

%y (t) = p(6) + I'fie, (61, (85 (0(9)))),

xe, () = p(t) + I*fi (6 I°fo (8 xe, (9(0)) + IPeq) + %€,

xe, () > p(t) + A (L TP f (6, x6, (9(2)) + IP€2) + %€, (6.4)
Applying Lemma 6.2, and (6.3) and (6.4), we have

Xe,(£) <x¢,(t) fortel0,T].
As shown before in the proof of Theorem 3.6, the family of functions x.(¢) is uniformly
bounded and equi-continuous. Hence by the Arzela—Ascoli theorem, there exists a de-
creasing sequence €, such that €, — 0 as # — oo, and lim,,_, o %, (£) exists uniformly in

[0, T] and we denote this limit by m(t). From the continuity of the functions f;., fori=1,2
and in the second argument, we get

Sae, (6%, (0(0)) = fo(6:x(0(2))), asn— oo,
fie, (t, Iﬂfze’7 (%6, (¢(2)))) —>f1(t,lﬂfz (t:x(p(0))), asn— oo,

and
m(t) = nli)noloxgn =p(t) +I*f (t, I*f (t,x(ga(t)))),

which implies that m(t) is a solution of the quadratic integral equation (6.1). Finally, we

shall show that m(¢) is the maximal solution of (6.1).
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To do this let x(¢) be any solution of (6.1), then

x(t) = pt) + Ifi (6 P/ (8, 2(0(2)) ) (6.5)
and also

xe(t) = pO) + Ifi (6. IPfoc (8.2 (0(2)))),
xe(8) = p(t) + I°f (t,l‘sf(t,x€ ((p(t))) + I’Se) + 1%,
xe(8) > p(t) + I°f1 (t,Iﬂfz(t,xé (0(0)))- (6.6)

Applying Lemma 6.2 and (6.5) and (6.6), we get
x(t) <x.(t), VYtel0,T].

From the uniqueness of the maximal solution (see [12]), it is clear that x,(¢) tends to m(t)
uniformly in [0, 7] as € — o0.

Similarly, we can prove the existence of the minimal solution. We set

A6l h (b2 () =fi(t P hoc (b3 (0(0)) = I€) — €,
foe(txe(0(0))) = ot (00))) - €,

and thus we prove the existence of a minimal solution. d

7 Differential inclusion
Consider now the initial-value problem of the differential inclusion (1.2) with the initial
data (1.3).

Theorem 7.1 Consider the assumptions of Theorem 5.1 satisfied, then the initial-value
problem (1.2)—(1.3) has at least one positive solution x € C([0, 1]).

Proof Let y(t) = %, then the inclusion (1.2) will be

y(6) e I“Fy (6,17 y(2)). (7.1)
Letting f>(t,x) = %, ¢(£) = ¢, and B = 1 — 7, applying Theorem 5.2 to the functional inclu-
sion (7.1) we deduce that there exists a continuous solution y € C[0, T'] of the functional

inclusion (7.1) and this solution depends on the set Sr,.
This implies the existence of a solution x € C[0, T,

x(t) = x, + /ty(s) ds
0

of the initial-value problem (1.2)—(1.3). O

Acknowledgements
The authors wish to express their gratitude to the anonymous referees for their valuable comments and suggestions,
which allowed us to improve an early version of this work.



El-Sayed and Al-Issa Advances in Difference Equations (2020) 2020:59

Funding
There is no any source of funding.

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally and significantly in writing this article. All authors read and approved the final manuscript.

Author details
"Faculty of Science, Alexandria University, Alexandria, Egypt. 2Department of Mathematics, Lebanese International
University, Saida, Lebanon. 3Department of Mathematics, The International University of Beirut, Beirut, Lebanon.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 15 May 2019 Accepted: 27 January 2020 Published online: 07 February 2020

References

1.
2.
3.

Cellina, A, Solimini, S.: Continuous extensions of selections Bull. Pol. Acad. Sci., Math. 35, 573-581 (1987)

Fryszkowski, A.: Continuous selections for a class of non-convex multivalued maps. Stud. Math. 76(2), 163-174 (1983)
Kuratowski, K., Ryll-Nardzewski, C.: A general theorem on selectors. Bull. Acad. Pol. Sci., Sér. Sci. Math. Astron. Phys.
13(6), 397-403 (1965)

. El-Sayed, AM.A, Ibrahim, A.G.: Multivalued fractional differential equations. Appl. Math. Comput. 68(1), 15-25 (1995)

Aubin, J-P, Cellina, A.: Differential Inclusions: Set-Valued Maps and Viability Theory. Grundlehren der Mathematischen
Wissenschaften, vol. 264. Springer, Berlin (2012)

. El-Sayed, AM.A, Ibrahim, A.G. Set-valued integral equations of fractional-orders. Appl. Math. Comput. 118, 113-121

(2001)

. Appell, J, Banas, J,, Diaz, N.J.M.: Bounded Variation and Around. De Gruyter Series in Nonlinear Analysis and

Applications, vol. 17 (2013)

. Lojasiewicz, S., Ojasiewicz, S.: An Introduction to the Theory of Real Functions (1988)
. Natanson, I.P: Theory of Functions of a Real Variable. Ungar, New York (1961)

Banas, J., Zajag, T.: A new approach to the theory of functional integral equations of fractional order. J. Math. Anal.
Appl. 375(2), 375-387 (2011)

. Curtain, RF, Pritchard, AJ.: Functional Analysis in Modern Applied Mathematics. Mathematics in Science and

Engineering, vol. 21, pp. 409-410 (1979)

Lakshmikantham, V, Leela, S.: Differential and Integral Inequalities: Theory and Applications: Volume I: Ordinary
Differential Equations (1969)

Al-Issa, S.M,, El-Sayed, AM.A.: Positive integrable solutions for nonlinear integral and differential inclusions of
fractional-orders. Comment. Math. 49(2), 171-177 (2009)

El-Sayed, AM.A, Al-Issa, S.M.: Global integrable solution for a nonlinear functional integral inclusion. SRX Math. 2010,
Article ID 891982 (2010)

. El-Sayed, AM.A, Al-Issa, S.M.: Monotonic continuous solution for a mixed type integral inclusion of fractional order.

J. Math. 33,27-34 (2010)

El-Sayed, AM.A, Al-Issa, S.M.: Monotonic integrable solution for a mixed type integral and differential inclusion of
fractional orders. Int. J. Differ. Equ. Appl. 18(1), 1-9 (2019)

El-Sayed, AM.A, Al-Issa, S.M.: Monotonic solutions for a quadratic integral equation of fractional order. AIMS Math.
4(3),821-830 (2019)

El-Sayed, AM.A, Al-Issa, S.M.: Existence of continuous solutions for nonlinear functional differential and integral
inclusions. Malaya J. Mat. 7(3), 541-544 (2019)

. El-Sayed, AM.A, El-Sayed, W.G., Abd EI-Mowla, A.AH.: Weak solutions of fractional order differential equations via

Volterra—Stieltjes integral operator. J. Math. Appl. 40, 85-96 (2017)

Page 16 of 16



	On the existence of solutions of a set-valued functional integral equation of Volterra-Stieltjes type and some applications
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Existence of at least one continuous solution
	Existence of a unique solution
	Continuous dependence

	Volterra integral inclusion of fractional order
	Existence of the maximal and minimal solutions
	Differential inclusion
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


