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1 Introduction

Fractional differential equations recently attracted much attention in view of their exten-
sive applications in engineering, physics, chemistry, biology, and other fields [1-3]. In par-
ticular, boundary value problems of fractional differential equations and inclusions subject
to a variety of boundary conditions have been studied by many authors, for instance, see
[4-11] and the references cited therein. Coupled systems of fractional-order differential
equations also constitute an interesting area of investigation as such systems appear in
the mathematical modeling of many phenomena like synchronization of chaotic systems
[12-14], anomalous diffusion [15], ecological effects [16], disease models [17-19], etc. For
some recent works on coupled systems of fractional-order differential equations, we refer
the reader to the articles [20-29].

Differential inclusions are found to be of great utility in studying dynamical systems and
stochastic processes. For some recent results on boundary value problems for fractional
differential inclusions, see [30—33].
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Recently, in [34], the authors studied a boundary value problem of coupled Caputo type
fractional differential inclusions of the form:

Du(t) € F(t,u(t),v(t)), tel0,T],1<a<2,
cDPY(t) € G(t, u(t), v(t)), tel0,T],1<B <2,
u(©0) =viv(T),  u'(0) =¥ (T),

v(0) = (T, V'(0) = pou/(T),

where ¢D*, ¢Df denote the Caputo fractional derivatives of orders « and 8 respectively,
F,G:[0,T] x R x R — P(R) are given multi-valued maps, P(R) is the family of all
nonempty subsets of R, and v;, u;,i = 1,2, are real constants with v;u; # 1, i = 1,2. By
applying standard fixed point theorems for multi-valued maps, some new existence re-
sults for the given problem are derived when the multi-valued maps involved in the given
problem have convex as well as non-convex values.

In this work, motivated by [34], we consider the following systems of Caputo and
Riemann-Liouville type mixed order coupled fractional differential equations and inclu-

sions:

D*x(t) = f(t,x(t),y(t), te[0,T],0<a=<1

(1.1)
REDPy(e) = g(t,x(2),y(t), t€[0,T],1<p <2,
and
°D*x(t) € F(t,x(2),y(t)), tel0,T],0<a<1 12)
RLDPy(e) € Glt,x(0),y(0),  te[0,T],1<B <2, '
subject to the following coupled fractional boundary conditions:
x(0) = A°DP , 0«< 1,
(0) y(n) p< (13)

¥(0) =0, WT) = yIx(£),

where °D%, °D? are the Caputo fractional derivatives of order o and p respectively, R:DF is
the Riemann-Liouville fractional derivative of order 8, I7 is the Riemann-Liouville frac-
tional integral of order ¢, f,g: [0, T] x RxR — R, F,G: [0, T] x R x R — P(R) are given
continuous functions, P(R) is the family of all nonempty subsets of R, 1,& € (0, T), and
ALy eR.
Here we emphasize that the proposed single and multi-valued problems include:
« fractional derivatives of different orders o € (0,1] and B € (1,2];
« the first and second equations in the given systems are respectively of Caputo and
Riemann—Liouville types;
« the boundary conditions are of nonlocal type and contain both fractional derivatives
and integrals.
The objective of the present work is to establish existence criteria for solutions of prob-
lems (1.1)—(1.3) and (1.2)—(1.3). For single-valued system (1.1)—(1.3), we rely on the Leray—
Schauder alternative and the Banach contraction mapping principle to obtain the exis-
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tence and uniqueness results, which are presented in Sect. 3. Section 4 contains the exis-
tence results for convex and non-convex valued multi-valued maps F and G involved in
multi-valued system (1.2)—(1.3), which are respectively derived with the aid of the non-
linear alternative for Kakutani maps and Covitz and Nadler’s fixed point theorem. The
background material related to our work is outlined in Sect. 2. Here we remark that the
tools of the fixed point theory employed in our analysis are standard, however their expo-
sition to the problems at hand is new.

2 Preliminaries
Let us begin this section with some basic definitions of multi-valued maps [35, 36].
Let (X, || - ||) be a normed space and that Py(X) = {) € P(X): Vs closed}, Py (X) =
{Y € P(X):) is compact and convex]}.
A multi-valued map G : X — P(X) is
(a) convex (closed) valued if G(x) is convex (closed) for all x € X’;
(b) upper semi-continuous (u.s.c.) on X if, for each xy € X, the set G(xp) is a nonempty
closed subset of X’ and if, for each open set N of &’ containing G(xo), there exists an
open neighborhood N of xg such that G(Np) € N;

(c) lower semi-continuous (l.s.c.) if the set {y € X : G(y) N B # @} is open for any open
set Bin E;

(d) completely continuous if G(B) is relatively compact for every
B e Py(X)={Y e P(X):) is bounded}.

A multi-valued map G : [a,b] — P,(R) is said to be measurable if, for every y € R, the
function ¢ —> d(y, G(¢)) = inf{|y — z| : z € G(£)} is measurable.

A multi-valued map G : [a, b] x R? — P(R) is said to be Carathéodory if (i) t —> G(¢,x, y)
is measurable for each x,y € R and (ii) (x,y) —> G(¢,%,y) is upper semicontinuous for al-
most all £ € [a, b].

Further a Carathéodory function G is called L!-Carathéodory if (i) for each p > 0, there
exists ¢, € L*([a, b], R*) such that ||G(¢,x,y)|| = sup{|v| : v € G(t,%,¥)} < ¢, (¢) forallx,y € R
with ||lx[|, |[y]| < p and for a.e. £ € [a, b].

Next, we outline some preliminary concepts of fractional calculus.

Definition 2.1 The fractional integral of order o with the lower limit zero for a function
¢ is defined as

NS Y G
Ig(t)_l"(o)/o(t ds, t>0,0>0,

_ S)l—a

provided the right-hand side is point-wise defined on [0, c0), where I'(-) is the gamma
function, which is defined by I'(c) = [, e dt.

Definition 2.2 The Riemann-Liouville fractional derivative of ordero >0, n—1<0 < n,
n € N, is defined as follows:

e — L (AN [T g
D)= 1 (5) [ ewas

where the function ¢ has absolutely continuous derivative up to order (n — 1).
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Definition 2.3 The Caputo derivative of order o for a function ¢ : [0,00) — R can be

written as
n-1 Ifk
‘D§,¢(t) = Dj, ({(t) - Z —Q‘(k)(O)), t>0,n—-1<o0<n.
o k!

In the rest of the paper, we use D instead of °Dj, for the sake of convenience.

Remark 2.4 1f ¢ € C"[0, 00), then

<o 1 ! g-(n)(s) n—-o s (n)
Dg(t)_l“(n—a)/o (t_s)ﬁl_nds—l (), t>0n-1<o<n.

The following auxiliary lemma, which concerns the linear variant of system (1.1), plays
a key role in the sequel.

Lemma 2.5 Let ¢,h € C([0, T],R). Then the solution of the linear fractional differential
system

‘D*x(t)=p(t), te[0,T],1<a<2
RLDBy(f) = h(z), t€[0,T),1<B <2,

(2.1)
x(0) = ADPy(n),
y(0)=0,  ¥T)=yIx(E),
is equivalent to the system of integral equations
Mﬂzﬂmﬂ+%{4ﬂ4ﬁ*mm+;%¥%5M*AWHW¢@%JWHM} (2:2)
and
B-1 q
ﬂﬂ=ﬁmn+%;{ﬁMﬂ—yﬂmaa—Ayru+wﬁﬂmm} (2.3)
where it is assumed that
B-p-1
A TPy gy LBy (2.4)

rl+qrB-p)

Proof Applying the Riemann—Liouville operators /% and I# to the Caputo and Riemann—
Liouville fractional differential equations respectively in (2.1) and using the composition
laws of fractional order integral and differential operators [2], we obtain

x(t)=I¢@t) +co and  y(t) = IPh(t) + c1tP ™! + cptP 72, (2.5)

where ¢, c1, ¢, are arbitrary constants.
By the boundary conditions of (2.1) in (2.5), we get ¢; = 0 and a system of algebraic

equations in the unknown constants ¢y and ¢;:

r'(B)

AP Py = AP P h(ny),
rg-p' "

Co
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q

Y TPYey = IP(T) — y 17 $(£).

Solving the above system, we get

S Ry FB)  pp1y, jarag sy _ 16 }
Co—A[ TG + 0" (r17“¢(8) — I W(D))
and

= l[I‘Sh(T)—yﬂ*“q%é)—W Sy )]

1= r1+q) )

Substituting the values of ¢y, ¢1, ¢; in (2.5), we get solutions (2.2) and (2.3). We can prove
the converse of the lemma by direct computation. The proof is completed. O

3 Main results
3.1 Single-valued system (1.1)-(1.3)
Let X = {x(¢)|x(¢) € C([0, T],R)} be the Banach space endowed with the norm |x| =
sup{|x(¢)|,t € [0, T]}. Also let the product space (X x X, ||(x,¥)|]) be the Banach space
equipped with norm (x, )] = ||| + 1yl

We define an operator H : X x X — X x X by

Hi(x,9)(8)
H(x, = , 3.1
(%, 2)(8) <H2(x,y)( t)> (3.1)
where
H(,3)(0) = I () + %[—T“I"’P@(m + %n“l(ﬂ"”ﬂé) - If’ifm)]
and
Mol )0 = P50 + | PR = y 19 (&) = hy — 517t
2, 7)(t) =17g |18 Y VF(1+q) gm) |
andf(t) = f(t,x(), y(2)), g(¢) = g(¢,%(¢), y(¢)). For convenience, we set the notations:
B * 1 rp) pfrlgee
M= v Tl - Tarar D 32
_ Tﬁ'lnﬂ-fﬂ-w[ re) o } (33)
Al rB-pr+1) ra+p)l '
I
AT e 6
T8 Th-1 T8-1 gaphr
M= r(1+5)<“ Al >+ ar M oG sy (35)

Our first existence result is based on the Leray—Schauder alternative [37, p. 4].

Theorem 3.1 Assume that:
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(A1) f,2:10,T] x R x R — R are continuous functions and that there exist real constants
ki,vi = 0(i=0,1,2) with ko > 0, Yo > 0 such that,Vx; e R (i = 1,2),

[f (t,x1,%)| < ko + kilx1| + ka2,

|lg(t,x1,%2)| < y0 + nilx1] + yalxal.
If
(M1 + M3)ky + My + My)yy <1 and (M + M3)ky + (M + My)ys < 1, (3.6)

where M;, i = 1,2,3,4, are given by (3.2)—(3.5), then system (1.1)—(1.3) has at least one

solution on [0, T1.

Proof Firstly we show that the operator 7 : X x X — X x X defined by (3.1) is completely
continuous. Notice that continuity of the operator H follows from that of the functions f
and g.

Let 2 C X x X be bounded. Then there exist positive constants L; and L, such that
If (& x(2), y(£))] < L1, |g(t,x(2), ¥(t))| < Ly, V(x,y) € £2. Then, for any (x,7) € 2, we have

T |A| [ 41 nﬁ—P

I”Hl(x,y)(t)l = mLz

L+
S T+a) A

re . T gar
M (F(1+ﬁ)L2+'V'F<q+a+1>“>}
=M1L1+M2L2,

which implies that
|H1(x,9) | < MiLy + MLy,
In a similar way, we can find that
|Hax,9) || < MsLy + MaL,.
From the above inequalities we conclude that the operator  is uniformly bounded, since
IH )| < My + M3)Ly + (My + My)Ls.

Next, we show that # is equicontinuous. Let ¢, £, € [0, T] with #; < £,. Then we have

|H1(x(82), y(82)) — Ha(x(t1), y(51))|

1 g -1 1 n a-1
< Ll F(a) ‘/0 (t2 - S) ds — m L (tl — S) ds
L n a-1 a-1 2 a-1
SF(a){_/(; [(tz—S) —(t1 —9) ]ds+‘/t1 (ty —s) ds}

L

< F(Tlﬂ)[z(tz — 1)+ |5 -2
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Analogously, we can obtain

| Ha (x(22), (82)) — Ha (x(21), 5(21))|

¢ ganfr -
SL2[7+|A||V| }
ra+p) ri+grp-p+1) |A]
ylgre -4 L

[2(t, - 11) + |t -2} |].

Tq+a+1l) 1Al TB+1)

Thus the operator #(x,y) is equicontinuous. In view of the foregoing arguments, we de-
duce that the operator H(x, y) is completely continuous.
Finally, it will be verified that the set Z = {(x,y) € X x X|(x,5) = 0H(x,9),0 <6 < 1} is
bounded. Let (x,y) € Z with (x,y) = 0H(x,y). For any ¢ € [0, T], we have
x(t) = 0H1(xp)(8),  y(E) = OHa(x,9)(2).
Then

|%(6)] < My (ko + ki lx] + kalyl) + Ma(vo + valxl + valyl)
= Miko + Mayo + (Miky + Moyr)lx| + (Miky + Mays)lyl,

and

y(®)| < Ms(ko + kilx| + kalyl) + Ma(vo + v 1%l + 121y1)
= Msko + Mayo + (Mszky + May1)|x| + (Mzky + Mays)|yl.

In consequence, we have

lxll < Miko + Mayo + (Miky + Mayr)llx|l + (Miky + Maya) Iyl
and

Iyl < Mako + Mayo + (Mzky + Mayr) |||l + (Mzka + Maya)llyll,
which imply that

llll + llyll < (My + M3)ko + (M + Ma)yo + [(My + Ma)ky + (My + Ma)y1 ]Il

+ [(My + M3)ky + (M + Ma)ys ][9]l

Thus we have

(M + M3)ko + (M + Ma)yo
My

|Gy <

’

where My = min{1 — [(M; + M3)ky + (M + My)y1], 1 = [(My + M3)ky + (M3 + My)y, ]}, which
establishes that the set Z is bounded. Thus, by the Leray—Schauder alternative [37], the
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operator H has at least one fixed point. Hence system (1.1)—(1.3) has at least one solution.
The proof is complete. 0

The uniqueness of solutions for problem (1.1)—(1.3) is proved in the next theorem via
Banach’s contraction mapping principle.

Theorem 3.2 Assume that:

(A2) f,2:10,T] x R x R — R are continuous functions and that there exist positive con-
stants £y and €y such that, for all t € [0, T] and x;,y; € R, i = 1,2, we have

[f (& x1,%2) = f (&1, 92)| < € (1%1 =yl + %2 = 32),

lg(t, 21, %) = g(t, y1,92)| < €alx1 = 1] + %2 = p2l).
Then system (1.1)—(1.3) has a unique solution on [0, T], provided that
(M + M3)ey + (My + My)ls < 1,
where M;, i = 1,2,3,4, are given by (3.2)—(3.5).

Proof Put sup,c(o71f(£,0,0) = N < 00, sup,[o,11&(¢,0,0) = N3 < 00 and choose a positive
number r such that
S (M + M3)Ny + (M + Ma)Np
1 - (My +M3)ey — (M + M)l

Then we show that HB, C B,, where B, = {(x,y) € X x X : ||(x,»)|| < r} and H is defined by
(3.1).
By assumption (A,), for (u,v) € B,, t € [0, T], we have

If (£,x(6), y(®))| < |f (£,x(2), 5®)) - £ (£,0,0)| + |f(£,0,0)|

< 6(Jx@)] +|y@®)]) + Ny
< (%l + lyll) + Ny < €ar+ Ny

and

lg(&x(2),5(8))| < a(llxll + llyll) + Na < Lor + No.

In consequence, we obtain

|H1(x,9)(0)|

T A pp
<—(ir+Ny) + u T’S’lni
I'l+a) |A| rg-p+1)

I'(B) 5,1 T’ g1
+ |A|m » (m(EZ'WNz) + |V|m(417+1\[1)>i|

= (Elr +N1)M1 + (621” + Nz)Mz

(€ar + N3)

= (Mlél +M2£2)V + M1N1 +M2N2,
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which implies that
[H1(x,9)|| < M1y + Mylo)r + MiNy + MyN.
In the same way, we can find that
||7—[2(x,y) || < (Mszly + Myly)r + M3Ny + MyN.
From the above inequalities, it follows that
|1 p) | < [(M1 + M3)ey + (M + Ma)a]r + (My + M3)Ny + (Mo + Ma)N, <.
Next, for (x3,%), (x1,y1) € X x X and for any ¢ € [0, T'], we get

| H1 (%2, 2)(8) = Ha (1,91 (0)|

-
“I'l+a)
[A] |: B-1 n
+— e
[Al r-p+1

B
O (T

1 (Il = 11 + ly2 = 11l)
E([lxz = x1l + lly2 = y1l)

E(ll%2 = 11 + ly2 = y11l)

rg-p F(1+p)
q+o
+ |y|ﬁel(nxz =1l + 1y —yln))]

< (Mg + Mabo)(llxz =21 [l + ly2 = 31l)s
which leads to
| H1 2, 32) = Ha (o1, 91) | < (Mg + Mao)([l%a — 21 + [ly2 = 1) 3.7)
Similarly, one can obtain
|22, 32)(2) = Ha(x1,31) | < (Mzly + Mals) (2 — 211l + [ly2 = 311l).- (3.8)
From (3.7) and (3.8), we deduce that
|12, 72) = Hxr, y1)|| < [(My + M3)ey + (M + M) (162 — %11l + [ly2 = 11l).-

Since (M; + M3)¢y + (M + My)l; < 1, therefore, H is a contraction. So, by Banach’s con-
traction mapping principle, the operator / has a unique fixed point, which corresponds
to a unique solution of problem (1.1)—(1.3). This completes the proof. O

Example 3.3 Consider the following system of fractional boundary value problem:

DV2x(t) = Lo 2O 14 SLosin?y(e), te[0,1],

T 4(t+2)2 1+1x(2)] 3432
RL y3/2 _ 1 ly@®)] 1
D*2x(t) = 55— sin(2mx(2)) + pon T2 L€ [0,1], (3.9)

u(0) = v/3D'%y(3),
y(0)=0,  y(1)=~2I"2x(3).

Page 9 of 21
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Here, a0 = 1/2, A=~/3,p=1/2,1=1/3, B =3/2, y =/2,q=1/2, & =1/2, and f(t,x,y) =
4(;2)2 1|+x‘|x‘ tgisz sin? y and g(t,x,y) = ﬁ sin(27x) + 16(‘1{‘% + % Note that |f(¢,%1,y1) —
Ftx0,92)] < w1 — 2ol + 1y — 22l 1g(6 20, 91) — g2, < w1 — %] + 1y — 2l
Using the given data in (3.2)—(3.5), it is found that M; &~ 1.5256638, M, ~ 0.58161945,
M3 ~ 0.258819045, M, ~ 1.26605098. Clearly ¢; = 1/16, £, = 1/16, and consequently
(M7 + M3)lq + (Mo + My)ly ~ 0.22700958 < 1.

Thus all the conditions of Theorem 3.2 are satisfied; consequently, its conclusion applies
to problem (3.9).

+1+

3.2 Multi-valued system (1.2)-(1.3)

Definition 3.4 A function (x,y) € C!([0, T],R) x C?([0,T],R) satisfying the coupled
boundary conditions x(0) = A°D?y(n), y(0) = 0, y(T) = yI9x(§) and for which there ex-
ist functions f,g € L*([0, T],R) such that f(¢) € F(t,x(2), y(¢t)), g(t) € G(t,x(¢), y(¢t)) a.e. on

t €[0,T] and
0 =0+ 5 [T 10500 + 2P i) - Pa) | 3a0)
and
O = 1g) + [ 1P g(T) = y 175 (€)= ny— 5 1Prg() (3.11)
yW)=1"g A g Y Y ri+9q g\ .

is called a solution of coupled system (1.2)—(1.3).

For each (x,7) € X x X, the sets of selections of F, G are defined by
Sk = {f € L'([0, TLR) : f(2) € F(t,%(t), y(2)) for a.e. £ € [0, T]}
and
S,y = {g € L' ([0, TLR) : g(t) € G(t,%(2), 5(2)) for ae. t € [0, T]}.
In view of Lemma 2.5, we define the operators 1, /Cy : X x X — P(X x X) as follows:

Ky (%, 9)(2) = {h1 € X x X : there exist f € Sr,xy),& € SG,(xy) such that

i (x,9)(0) = Qi(x,)(®), ¥t € [0, T1} (3.12)
and
Ko (%,9)() = {h2 € X x X : there exists f € Sr,(x),& € S,y such that
ha(x,9)(8) = Qa(x,y)(®), ¥t € [0, T1}, (3.13)
where

Ql (x! ,y)(t)

I (B)

_p 10 pee1gs-
_If(t)+A[ ATP=T pg(n)-'-)hl"(ﬁ—p)

WP (1A (E) = lﬂgm)}
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and

B-1 q
Qa(x,p)(t) = IPg(t) + tT [If’gm —yITf(§) - Ay Fg—

ﬁ_
1+ q)l pg(n)]'

Then we define an operator K : X x X — P(X x X) by

(K y)(@)
K(x,)() = (/Cz(x’y)(t)) ,

where K; and K, are defined by (3.12) and (3.13).

3.2.1 The Carathéodory case
Our first result dealing with convex values F and G is proved via the Leray—Schauder

nonlinear alternative for multi-valued maps [37].

Theorem 3.5 Suppose that the following conditions are satisfied:
(B1) F,G:[0,T] x R? — P(R) are L'-Carathéodory and have convex values;
(Ba) There exist continuous nondecreasing functions Y1, Y2, ¢1, ¢z : [0,00) — (0, 00) and
functions p1,pa € C([0, T1,R,) such that

|E@t,%,9) || = sup{[f]:f € F(t,%,9)} < p1O[v1 (1) + 1 (llyl)]

and
|G(&%,9)| » := sup{lgl : g € G(t,%,9)} < p2@O)[ W2 (l1xl]) + @2 (l1y11)]

for each (t,%,y) € [0, T] x R?;
(B3) There exists a number N > 0 such that

N
My + M) 1| G (N) + 1 (N)) + Mo + M) [l (BN + o))

where M; (i = 1,2,3,4) are given by (3.2)—(3.5).
Then coupled system (1.2)—(1.3) has at least one solution on [0, T].

Proof Consider the operators K1,y : X x X — P(X x X) defined by (3.12) and (3.13).
From (B,), it follows that the sets Sr,,) and Sg ,) are nonempty for each (x,y) € X x X.
Then, for f € Sg,xy), & € Sg,(xy) for (x,¥) € X x X, we have

I'(B)

B-p-1 +a _ B
e Igm)}

O =10 + [—ATﬁ-llﬂ-Pg(m o

and

_ 1B Pl qra &1
@ )0) = I'g(0) + | (1) =y 17 (€) ~hy

ﬁ_
i q)l "g(n)],

where i1 € KC1(x, %), hy € Ky(x, ), and so (hy, hy) € K(x, ).
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It will be established in several steps that the operator /K satisfies the hypotheses of
Leray—Schauder nonlinear alternative. First we show that K(x,y) is convex valued. Let
(hi, h) € (K1,K3), i = 1,2. Then there exist f; € Sr,xy)» & € SG,(xy), i = 1,2, such that, for
each t € [0, T], we have

hi(t) = I°F (£) + % [—A TP 1P Pg(n) + A PP (y I1f () - Iﬂg(T))]

r'B-p)
and

_ B-1
hi(t) =17g(t) + tT [lﬁg(T) - yITf(E) - Ly

ﬁ,
Fﬂ+qf>pﬂnﬁ'

Let 0 < w < 1. Then, for each ¢ € [0, T], we have
[a)h1 + (1 — w)hg](t)

=] [a)ﬁ(s) +(1- w)fg(s)](t) + %[—kTﬁ_llﬂ_p[a)gl(s) +(1- a))g2(s)](n)

, A%’?"‘”‘l (Plogi(s) + (1 - 0)g()|(T)

I wfi(s) + (1 - w)fz(S)](E))}
and

[0hy + (1 - w)hy](2)
-1
=I"[wgi(s) + (1 - 0)g(9)](8) + tT [Iﬁ [0g1(s) + (1 - w)ga(s)|(T)

q

-y [0fi(s) + (1 - w)fa(5)](§) — Ay I'(l1+q)

) g [a)g1 (s)+(1- w)gz(S)](U)}

We deduce that Sr,(x), Sg,x,) are convex valued, since F, G are convex valued. Obviously,
why + (1 = w)hy € K1, why + (1 — w)hy € Ky, and hence w(hy, 1) + (1 - w)(hy, 1) € K.

Now we show that K maps bounded sets into bounded sets in X x X. For a positive
number r, let B, = {(x,y) € X x X : ||(%,y)|| < r} be a bounded set in X x X. Then there
exist f € Sr,(xy); & € SG(xy) such that

re)
r'(g-p

h(x,y)(8) = I°f (¢) + %[—kTﬂ_llﬂ_pg(n) +A PP (1A (6) —Iﬂg(T))}

and

p-1
ha(x,9)(0) = 1°g(0) + tT [Iﬂg(T) - yI"f(€) -y Iﬂpg(n)].

ra+gq

Then we have

’hl(x!y)(t)’

r'(B)

« RN L)
<P lO] [T gt + P

nf (I g(T)| + |y 117+ Lf(s>|)]

Page 12 of 21
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< ) + i) + %

I'l+oa) P21l (V2 (r) + $a(r))

[m I
rg-p+1)

r) 4, Tk
+ |A|F(ﬁffp) 0’ l<m||l92||(l/f2(r)+¢2(r))

q+a

* |yl]“(q+oz+1)

= Millp1 Il (V1(r) + ¢1.(r)) + Mallpa |l (V2 (r) + ¢2(r))

Ipall (v (r) + ¢1(r)))]

and

|2 (x,9)(0)| < Msllprll (W1(r) + ¢1(r) + Mallpall (Wa(r) + a2 (r)).
Thus,

|11 9) || < Malpa | (1) + 1)) + Ma[lpa || (¥a(r) + pa(r))
and

B2, )| < Mallprll(¥1 () + 1) + Mallpall (V2 () + $a(r)).

Hence we obtain

|G, )| = [, )] + [ o, )|
< My + M3)llp1 [ (Y1(r) + d1(r)) + (M + Ma)llp2 [l (W2 (r) + ¢a(r)).

Next, we show that /C is equicontinuous. Let t3, £, € [0, T] with £; < £,. Then there exist
f € SE(xy)» & € SG,(xy) Such that

re)
r'(g-p

h(x,y)(8) = I°f (¢) + %[—kTﬁ'lfﬂ"’g(n) +A PP (1L (6) —Iﬁg(T))}

and

1

B- q
hy(x,9)(8) = IPg(t) + tT [lﬁgm - yITf(€) - Ay

Ir'l+gqg)

w g(n)].
Then we have

|h1(x,y)(tz) - h1(x,y)(t1)|

1 f a-1 1 i a-1
m /0 (tz — S) ds — m A (tl - S) ds
Il (r) + 1) [ [ a-1 a-1 B a1
< T {/(; [(tz—s) —(t1—s) ]ds+/t1 (tp — ) ds}

_ 1210 0) + 1)
- I'a+1)

< lpill(¥1(r) + ¢1(r))

[2(62 — 0)* + |e5 — £} ]].

Page 13 of 21
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Analogously, we can obtain

|ha(%,9)(82) — o (3, ) (1) |

_ B-1 B-1
giph-» ¢
+ [yl !

Frl+q)r(B-p+1) A
ylerre 7 -
Fg+a+1) |A|

T
<llp2ll(¥a(r) + ¢2(r))|:1“(1 T B)

+ o1l (Y (r) + ¢1(r))

2211 (Wra () + (1))

TBD [2(t, - 01) + |t 27 |].

Therefore, the operator [C(x, y) is equicontinuous, and thus, by the Ascoli—Arzeld theorem,
the operator K(x,y) is completely continuous. We know from [35, Proposition 1.2] that a
completely continuous operator is upper semicontinuous if it has a closed graph. Thus
we need to prove that K has a closed graph. Let (x,,7,) = (%4 ¥s), (M, 1) € K%, yn)
and (h,, h,) — (h,, k), then we need to show (h,, k) € K(x4,ys). Observe that (hy, hy) €
K (%, y,) implies that there exist f,; € Sr,(x,,,y,) and g, € SG,(x,.5,) such that

Pin (%, y) (2)

=I°f,(6) + %[—ATﬂ‘llﬂ‘”gn(n) +A%nﬂ‘p‘l(ylwﬁq(5) —Iﬂgn(T))}
and
_ p-1 q
hn(xrnyn)(t) = Iﬂgn(t) + tT I:]ﬁgn(T) - quwlfn(g) —-Ay F(f+ q)lﬂ_pgn(n)}

Let us consider the continuous linear operators ®1, @, : L([0, T],X x X) — C([0, T],X x
X) given by

I'(B)

P1(x,y)(t) = I°f () + % [—x TP 1P g(n) + Km

PP (17 ) - ff‘gm)}

and

q
r'l+gq)

p-1
P, (x,9)(t) = I°g(0) + tT [Iﬂg(T) —yI"f(§) - 1y Iﬂ”g(n)}-

From [38] we know that (@1, ®;) o (Sg,Si) is a closed graph operator. Further, we have
(hm hn) € ((ply ¢2) © (SF,(xn,y,,); SG,(xn,y,,)) for all 7. Since (xmyn) g (x*,y*), (hn» hn) - (h*, h*)
it follows that f; € Sr,x,) and gi € Sg,x,5) such that

PO | AT ) P 6 - (1) |
and
) p-1
(x4, y:) () + TP g (£) + tT [lﬁg*(T) C 1L (E) = Ay i q)lﬁ"’g*(n)],

that is, (hm ]:ln) € ’C(x*)y*)

Page 14 of 21
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Finally, we establish the a priori bounds on solutions. Let (x,y) € vK(x,y). Then there
exist f € Sr,(xy) and g € Sg,(x,5) such that

x(8) = vI®f () + v% [—/\Tﬁ-llﬁ-f’g(n) + A%nﬂ‘p‘l(yﬂ*“f@) - Iﬂg(T))]
and

(0)=vl’ (t)+vtﬂ—_l[l’3 (T) = yITf(§) - & 5 por ( )}

W) =vl'g |18 Y YTa+g. W)

For each ¢ € [0, T'], we obtain

lell < Mullprll (¥ (1) + 1 (I11)) + Mallp2ll (w2 (1)) + 2 (ly11))

and

Iyl < Msllpall (v (llll) + 1 (I91)) + Mallp2 | (w2 (l201) + S2(11v1)),

following the same arguments as in the second step.
Thus
[ = =l + iyl
< My + M3)lIpall (v () + 2 (lyll) )
+ (Ma + Ma) Ip2 | (V2 (I1%11) + @2 (Il ),

which implies that

llGe )l
My + Ms)Ipr (i (llx1) + @1(11y1D) + (M + Ma)llp2 [ (W2 (llxl]) + S2(lly 1)

)51.

In view of (B3), there exists N such that ||(x,y)|| # N. Let us set
U= {(x,y) eXxX: ”(x,y)” <N}.

Note that the operator K : U — Pep,ev(X) X Pep,ev(X) is completely continuous and upper
semicontinuous. There is no (x,y) € dU such that (x,y) € vIC(x, y) for some v € (0, 1) by the
choice of U. Hence, by the nonlinear alternative of Leray—Schauder type [37], we deduce
that K has a fixed point (x,) € U, which is a solution of coupled system (1.2)—(1.3). This
completes the proof. d

3.2.2 The Lipschitz case
This subsection is concerned with the case when the multi-valued maps in system (1.2)
have non-convex values.

Let (X,d) be a metric space induced from the normed space (X;| - ||), and let Hy :
PX) x P(X) - RU {oo} be defined by H;(U, V) = max{sup,,; d(u, V),sup,., d(U, )},
where d(U,v) = inf,c;; d(u,v) and d(u, V) = inf,cy d(u,v). Then (Pp(X), H;) is a metric
space and (Py(X), H;) is a generalized metric space (see [39]).
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Definition 3.6 A multi-valued operator G : X — P,(X) is called (i) y-Lipschitz if and
only if there exists y > 0 such that H;(G(a), G(b)) < yd(a, b) for each a,b € X; and (ii) a
contraction if and only if it is y -Lipschitz with y < 1.

In the forthcoming result, we make use of the fixed point theorem for multi-valued maps
due to Covitz and Nadler [40].

Theorem 3.7 If
(Bs) F,G:[0,T] x R? —» Pep(R) are such that F(-,x,y) : [0, T] = Py, (R) and G(,x,y) :
[0, T] — Pp(R) are measurable for each x,y € R;
(B4)

Hy(F(t,%,9), F(t,%,5) < m1(t)(|]x — x| + |y - J|)
and
Hy(G(t,%,9), G(£,%,5) < my () (lx — %] + |y - J])
for almost all t € [0, T] and x,y,%,y € R with my,my € C([0, T],R*) and d(0, F(z,

0,0)) < m;(t), d(0, G(£,0,0)) < my(¢) for almost all ¢ € [0, T
hold, then coupled system (1.2)—(1.3) has at least one solution on [0, T| provided that

(M + M3)|lmy || + (Mo + My)||ms]| < 1. (3.14)

Proof The sets Sg,x,) and Sg,(,) are nonempty for each (x,y) € X x Y by assumption (Bj3),
so F and G have measurable selections (see Theorem IIL6 in [41]). Now we show that the
operator /C satisfies the assumptions of Covitz and Nadler’s fixed point theorem [40].

First we show that C(x, y) € P(X) x Py(X) for each (x,y) € X x X. Let (h,, hy,) € K (%5 Y)
such that (4, 11,) — (I, 1) in X x X. Then (4, 1) € X x X and there exist f,; € Sr,(x,,y,) and
&n € SG,(xnyn) Such that

1 (%05 ¥ (2)

=If,(t) + % [—A TP P 2g,(n) + A%W‘l(ﬂ*gnm - yﬂ*%(e))}
and
- 8 il e (s T ]
N (%, ) (8) = 1P g, () + A [1 8u(T) = yITf,(E) M’F(uq)[ ?g,(n) |

Since F and G have compact values, we pass onto subsequences (denoted as sequences)
to get that f, and g, converge to f and g in L*([0, T], R) respectively. Thus f € Sr,x,) and
g € SG,(xy) for each £ € [0, T'] and that

hn (%, yn)(£) — h(%,¥)(2)

- )+ | AT g 2 P e - ),
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and

By (0, 9) (8) = B, 9)(2)
th-1

= IPg(t) + - [If‘gm —yITf(§) - Ay

g4
ra+gq

Iﬁf’g(m].

Hence (h, i) € K, which implies that K is closed.
Next we show that there exists 8 < 1 (defined by (3.14)) such that

Hd(lC(x,y),lC(o'c,)'/)) < §(||x—5c|| + ||y—j/||) for each x,x,y,y € X.

Let (x,%), (y,¥) € X x X and (h11,/1) € K(x,y). Then there exist i € S, and g1 € Sg,x)
such that, for each ¢ € [0, T'], we have

hl(xmyn)(t)
=I"f(t) + i[—ATﬁ-lﬂH’ () + A I'¢) P21 (P gy (T) - yI9*°f, (g))}
1 A 210 T _p)TI F4! Y 1
and
_ B-1 q
By (60, ) () = IP g (2) + tT [If’g1<T) —yITfi(§) - Ay F(f " q)lf“f’gl(n)].

By (B4), we have
Hy(F(t,%,9), F(t,%,)) < my(£)(|x() - %(6)| + [y(t) - 3(t)])
and
Hy(G(t,%,9), G(t,%,7)) < ma(t)(|x(t) — 2(t)] + |y(t) - 5(2)]).
So, there exist f € F(t,x(¢), y(t)) and g € G(£,x(¢), y(t)) such that
i) = w| < my@)(|x(0) - 2(0)| + |y(@) - 3(2)])
and
|1(8) — 2| < ma(e) (|(0) - % ()] + [3(2) - §(8)])
Define V3, V, : [0, T] — P(R) by
Vi) = {f € LY(10, TLR) : [fi(8) - w| < m (&) (|x(e) - %(0)| + |y(8) - 5(2)])}
and

Va(t) = {g € L' ([0, T, R) : g (t) — 2| < ma () (|x() = x(8)| + |y(8) - 5(0)])}.
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Since the multi-valued operators V1 (¢) N F(¢, x(¢), y(¢)) and V,(¢) N G(t, x(¢), y(t)) are mea-
surable (Proposition II1.4 in [41]), there exist functions f,(¢), g>(¢) which are a measur-
able selection for V1, V; and f5(2) € F(t,x(t), y(£)), g2(¢) € G(¢,x(£), ¥(¢)) such that, for a.e.
t €[0,T], we have

() - £0)| < mi@)(|x) - %@)| + |y(8) -5(0)])

and
1(8) = &2(8)] = mg(e) (|x(6) = Z(®)] + [y(0) - 5(0)])-
Let
ha (%, ) (£)
= If(0) + %[—A TP gy (n) + 4 Fgf )p) 0P (IPgy(T) - yﬂ*%(s))}
and
ha (s y)(8) = PP (2) + % [Iﬁgﬂ) ~VIhE) =My q)ff"*’gz(n)].

Thus,

|11, 9)(8) = ha (%, 9) (D)

<P -HO|0 + ﬁ [m T515)g,(5) - ()| ()
re
rg-p)

< I"‘ml(s)(‘x(s) - J_C(S)‘ + ‘y(s) —jl(s)‘)(t)

+ | P77 (1P]g1(s) - g2(8)|(T) + |y 7|1 (s) —fz(s)|(s))]

+ ﬁ [lmﬂ—lzﬂ-ﬁmz(s)(lx(s) =39+ ) -5 )

r
- IKI%nﬂ‘p‘l(lﬁMz(S)(lx(S) —x(9)| + [y(s) = ¥(s))(T)

+ |y M my () (|a(s) = &(s)| + |y(s) —&(S)|)(E))}
< Myllmyll(lle = %I + ly = 711) + Mallma || (Ilx - X1 + [y = 71l).-
Hence
|71, 9) = ha(x,9) | < (Ml || + Mallmmall) (e = ] + ly = 7).

In a similar manner, we can establish that

|11(x,9) = a3, 9) | < (Msllma || + Mallma ) (Il = %[ + [y = 311).
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Thus

|1, 1), (ho, o) | < [(My + M)y || + (M + Ma)llma |]] (Il = %[ + [y = 311).
Analogously, interchanging the roles of (x,y) and (¥,7), we can obtain

Hy(T(x,), T(x,5)) < [(M1 + M3)[lm ]| + (Mo + Ma)llma )| ](Ilx = Xl + ly = 31)-

Therefore K is a contraction in view of assumption (3.14). Hence it follows by Covitz and
Nadler’s fixed point theorem [40] that K has a fixed point (x,y), which is a solution of
problem (1.2)—(1.3). This completes the proof. d

4 Conclusion

In the present research we studied the existence of solutions for coupled fractional dif-
ferential equations and inclusions involving fractional derivatives of different orders and
supplemented with nonlocal boundary conditions containing fractional derivative and in-
tegral. In the single-valued case we establish existence and uniqueness of solutions by
applying the Leray—Schauder alternative and the Banach contraction mapping principle
respectively. In the multi-valued case we proved existence results for both convex and
non-convex multi-valued maps via the nonlinear alternative for Kakutani maps and Covitz
and Nadler’s fixed point theorem. Examples illustrating the obtained results are also con-

structed.
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