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1 Introduction

In recent decades, fractional calculus has had many applications in various fields such as
mechanic, biological, physical science, and applied science. This topic has increasingly as-
serted its role in the field of applied mathematics, especially the subjects are investigating
the properties of the concept of derivative. Specifically, the situations with integer order
in PDEs are not working well. Therefore, PDEs with fractional derivatives are a general-
ization equation with integer-order partial derivatives and a strong theoretical and prac-
tical interest. There have been many authors researching this field, for example, [1-15].
According to our search results, the extended results for a coupled nonlinear fractional
pseudo-parabolic equation are still limited. This is the great impetus that motivated us to

study the following model. In this paper, we extend the coupled system and consider the
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following coupled nonlinear fractional pseudo-parabolic equation:

07 (u(x,t) — alAu(x, t)) — Aulx,t) = F(u,v), (xt)eQ2x(0,T),

F(v(x, £) —alAv(x, t)) — Avix, t) =G(u,v), (x,t) e Q2 x(0,T),

u(x,t) = v(x, t) =0, x€dQ,te(0,T], 1)
u(x,0) = v,(x,0) = 0, x €082,

u(x,0) = f (x), xeQ,

v(x,0) = g(x), x€Q,

where T, a are positive numbers and Q2 € R”, n > 1, is an open bounded domain with a
smooth boundary 9. Note that L.?(€2), H}(2), H*($2) denote the usual Sobolev spaces.
The symmetric uniform elliptic operator A : L%(Q) — L2(R2) is defined by

"9 3 —
A ==y — [ As(x)— l ,t), xeQ.
u(x) le axi( (%) ax,”(x)) +l@ulxt), x
With assumption I(x) € C(%2, [0, 00)), Ay e CcY(Q), Ay = Aji, 1 <i,j <n, and there exists a
positive constant A>0forxe Q,z=(z1,22...,24) C R”, such that

n
AZZ?E Z ziAi,'(x)zj,
i=1

1<ij<n

see e.g. [16]. The constant o € (1,2) is the fractional order and 9;* denotes the left-sided
Caputo fractional derivative involving ¢, which is defined by

1 ¢ du?
Ol ) 1= ———— f (=)= 2 ey din,
t re-aw)J, 7 an e

where I is the gamma function.

Ifa = 2, then 9? is interpreted as a derivative of normal time. The second equation in the
(1.1) called the fractional pseudo-parabolic equation has many practical applications, for
example, the permeability of a homogeneous liquid through a cracked rock [17], one-way
propagation of nonlinear dispersion long waves [18—20], and populations of [21] popula-
tions. Let Q be an open and bounded domain R” with the boundary 9€2. The functions
F, G, f, g satisfy some assumptions to be specified later.

In practice, many problems with space-time fraction equations are based on fractional
parameters, that is, the order of fractions. However, these fractional parameters were not
known during the modeling process. Therefore, the continuity of the solution on these
parameters is very important for modeling purposes. To the best of our knowledge, there
have been no results investigating continuity related to the fractional order of a system of
pseudo-nonlinear parabolic equations.

This article is organized as follows. Part 2 provides some basic and preliminary defi-
nitions. In Part 3, we give the formula of a mild solution and some lemmas that may be
related to the next section. In Part 4, we apply the results of Part 3 to establish the ex-
istence, uniqueness, and continuity of the solution to problem (1.1) in fractional order.
Finally, we give an example to test the theory.
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2 Preliminaries
2.1 Stability on the parameters of the Mittag-Leffler function
Consider the Mittag-Leffler function, which is defined by

o0

Enp(€) = 21: F(%-l—ﬁ) for &€ € C,a >0, and B € R.

We call to mind the following lemmas (see for example [3, 22, 23]), which will be useful
for the main analysis of Sect. 3 and Sect. 4.

Lemma 2.1 If1 <« <2, then, for all £ > 0, where M is a positive constant depending only

ona,
’Ea,l(_S)‘ E Mr ‘Ea,a(_§)| E M.
Now, we have the following lemmas.

Lemma 2.2 Let A >0and 1 <o < 2. Then, for all £ > 0, the following identities hold:

O¢Eq 1 (—ME%) = —AE“ Eq o (-1E),
a€ (éa_lEot,a (_)"‘i:a)) = _Sa_zEa,(x—l (_)\%-Dt). (21)

Proof Apply Lemma 2.2 in [24]. O

Lemma 2.3 (see [25]) Let 1 <« <2.If T is large enough, then
Eo1(=4T7) #0 (2.2)

forallj e N, then there exist two constants my and My such that

my

o MO‘
Taay7e = [P (AT =

— 1+ )\1 T« ’
From Lemma 2.3 in [26], we have the following lemmas.

Lemma2.4 Letl <oy <ay<2anda € (a1, o). There exist two positive constants My, My,
and M3 which just rely upon oy, oy such that, for any & > 0, we get

My (o1, )

e (2.4)

( 1
2 < |E,

s S <|Ea1(=8)| <
re s Ms(ay, )
if & is large enough and |E, o (~£)| < e
Lemma 2.5 LetO<ay<a <o’ <oy and 0<& < T. For any € >0 independent of «, there
always exists M. such that

|§a _ %.a" < max(T"Q*Zé, 1)1\/[e (Ol, _ a)ega—e' (2.5)
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Proof See Lemma 3.2 in [24]. O
Using Lemmas 3.3 and 3.4, Section 3 in [24], we have the following lemmas.

Lemma 2.6 Assume that 1 <oy <a <o’ <ay <2 and € > 0. Then there exists a positive
constant Aoy, as,€,vg, T)

[Euot (<4j&) = Eue (<3, |
< Alay, 0, 6,0, IO E7 2070 (0 — ) + (o — at) ] (2.6)

foranyO0<vy<land0<§& <T.
Proof See Lemma 3.3 for stability on parameters of the Mittag-Leffler function in [24]. O

Lemma 2.7 Assumethatl <o) <a<a’ <ay<2.Forany0 <vy <1ande >0, there exists
a positive constant B(ay,a, €, v, T)

|6 B (A7) = &% Er o0 (16

< B(ay, 002, €, v, T))\jvo_léa“’o_é_l [(o/ - ot)é + (a’ - a)]. (2.7)

Proof Use Lemma 3.4 from Section 3 in [24]. (]

2.2 Some Sobolev spaces

In this section, we present some appropriate Sobolev space. Let the operator A be consid-
ered on IL%(Q) with domain H?(2) N H(l)(Q). Then the spectrum of A is a non-diminishing
arrangement of positive real numbers {A;};~, which satisfy that lim;_., A; = 0o. Let us de-
note by {¢;};>1 in H?(Q) NH(£2) the set of orthonormal eigenfunctions of A, which means
that Ag; = A;¢;. The sequence forms an orthonormal basis of L2(R2), see e.g. [27]. For all
y > 0, the operator A? has the following representation:

o0 oo
Avi=Y (v @, veD(AY) = vel*(Q): Z|<v,<p,>|zxf7 < oo}.
j=1 j=1

The domain D(AY) is Banach spaces equipped with the norm
o0
2
V1B ar = Y247 v (2.8)
j=1

If y = 1, we have D(A!) = H(Q).
For a given number y > 0, the Hilbert space

HY(Q)={vel?(Q): Z‘ v, ) ‘zkfy <00 (2.9)

j-1

is endowed with the norm as follows:

[o¢]
W13y = Y A7 [ | (2.10)
j=1



Karapinar et al. Advances in Difference Equations (2021) 2021:70 Page 5 of 24

If y = 0, then H°(R2) = L?(R2). We identified a norm for w(u, v) € 527 (Q) = H" () x H" (Q)
as follows:

Iwloer @ =\ 13 @ + Vg0 (2.11)

Let us denote by C((0, T]; H” (2)) a space of all continuous functions with the map
(0, T] — HY (). For a given number 0 < 8 < 1, we define by C#((0, T]; H” (R2)) such that

sup ¢ Hf(t)HHr(sz) <o0; fe (C((O, T];HV(Q)),

0<t<T

in which (see [26])

W llcs orer @y = Sup &2 1f Iy o)-
0<t<T

The product space €#(0, T, H" (Q2)) = CP((0, T, H” (Q)) x CA((0, T], H" (X)) is also a Ba-
nach space endowed with the norm

_ 2 2
IWllzs 0,11,27 @) = \/”u”(cﬂ((O,T],HV(Q)) VI8 0,17,207 )

for w = (u,v) € €P((0, T], H” (2)). For a given positive real number p, L0, T, H"(2)) is
a Banach space with the norm

Fllge 0,777 (@) := esssup e " [|f |31 @)- (2.12)

The product space .,2”;"(0, T,H" (Q)) = L;"(O, T,H” (RQ)) x L;"(O, T,H”(R2)) is a Banach

space, and we also identified a norm for w = (4, v) € .,Z;OO (0, T,H (£2)) as follows:

2 2
Wl @ = 18l 10 @) + Esor @)

3 Relevant notations and a representation of solution
In perception of spectral decomposition

u(e t) =Y (u,),¢())e;x) and  v(xt) =D (v ), ¢())g;@). (3.1)
j=1 j=1

We can transform the first two equations of (1.1) into

(a?(u(,t),%) + a(agAu(1t)1§0]) + (Au(r t)r (0]) = <-F(M(1 t),V(,t)), (0]),

(3.2)
(3?[(‘/(', t)) §01) + a<a;¥Av('¢t)¢¢j> + (AV("t): <P/) = (g(u("t): V(':t))7 <P/)
Using the formula Ag; = A;¢;, we obtain
(1 +arj) (07 (u(-, 1), @) + Aj(u(-, 1), ;) = (F(ul-, £),v(-, 1), ¢j)s (3.3)

(1 + a)\j)<ag (V(" t)’ <ﬂ1> + )‘-j<V(" t)’ ‘pj) = (g(u(’ t)’ V(': t))’ (ﬂ1>
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The theory of fractional ordinary differential equations (see [3, 22, 23]) gives a unique

function u;, v; as follows:

u,»(t)—Em(%)f
1+aA fO [(£—9)"" lEozoz(_)Y_*_a)L )]:( )l ds,
V}(t) Eotl(lﬂz)L )g/
+ 1k Jo Lt =9 Eua )Gy (9)) ds

Here, we denote f; := (f,¢;), g = (&, ¢)), Fj := (F(u(,t),v(-1),¢;) and G; := (G(u(- 1),
v(-, 1)), ;). Hence solution (1.1) can be descrlbed as by Fourier series (3.1) and then given
by

u(x,t) = Z,ool E,, 1(% Vi)
* 5 1oy U € =9 B ) F6) sl
Z; 1Ea1 m)gjﬁl’j
+ 11 1+ak fo(t s)*” IEO“"(_)YM_AS )G(s) dslg;

It is obvious to see that the mild solution (1.1) is given by

U () = PaaOf + [y Qaalt —8)F(u,v)(-,5)ds,

t (36)
Va(+8) = Paa)g + [y Qaalt =G, v)(,5) ds,

where

—Ajt*
PAa(t)h ZE(XI( 1+ ah )(hﬂ/’j)%‘:
]

—Ai(t —9)”
t E o ——— ) (h, ¢,
s) < 1+ﬂ)\j )( QDJ)‘P/

Qnlt —s)h = Z

Therefore, with 1 <« < &’ < 2, we also get

ua’(" t) = PA,a’ (t)f + fot QA,ot’(t - S)]:(u’ V)(': S) dS,
Vot’(', t) = PA,a/(t)g + fot QA,o/ (t - S)g(l't, V)(~,S) ds.

Next, we give several lemmas related to Sect. 4 as follows.

Lemma 3.1 Let 1 <oy <a<ay<2,y >0, and we HY (). The following inequalities
hold:

”PA,a(t)WHHy(Q) < My(a, 02, a, o)t 0 w3y (), (3.8)

| Qult =)W,y ) < Maler, @2, @, 20) (= )17 =0 |l 307 ), (3.9)

where [y is a positive number satisfying 0 < po < 1.

Page 6 of 24
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Proof Using Lemma 2.4, we get

)\.ZVEQ _)tha |<W (p) |2
joTel\ ] 4 ar; g

My (e, @s)\* 2

2y

A; (7*1‘“’ |(w, )]
1+

1+ak;

,qu

” P (t)WH ;y © =
1

J

ﬁ%g

1

~.
Il

M%(al,az) |
1+

A” (w, )|
)uo

1+ak

Mt —2u0

21/ 2 j 2
; M3 (o, o W, Qj
e ﬂ<1+“M) (w0

IA

~
I
—

'Mg T EAﬁg

o0
< M3 (e, @) (a + 27) ™0 S 17 | tw, )
j=1

2 -2 - 2 2
§M2(a1,a2)t amo()tll"'a) 0”“’”7—(7(9)

Therefore, with My (o1, a2, 4, o) := Ma(a1, az)(AT' + @), we have the following estimate:

”PA,a(t)WHHy(Q) < Ma(ay, 02, a, po)t™ 0 [wllaer @

Likewise, utilizing Lemma 2.4, we can get the following estimation:

|| QA,a<t—s>wniy .

- =2t - )" 2
Z fogPe-np2 (ZHETS 0
1+ A)Z( 28 PN 1+ak |(w<p,)|

- _ )2(e-1)
;(1+a)\)2( ) (1+

Ms(ay, a2) 2
=< Aj(t—s)o‘ | (W: 90]) |
l+ﬂ)»/‘

00 ) 1 2(no-1) )
< (¢ )T M oy, o) Y A" (; + a) 272w, )|
j=1 !

o0
<(t- 5)2(‘)‘_1_"‘“0)M§(otl,012)()q1 + a)zwo_l)kf Z }L]?y | (W, @) |2

j=1

< (t_S)Z(Ollflfollﬂo)M%(al’az)(kzl + a)Z(Mo_l))\.IZHWH%.[V(Q)

Therefore, we deduce

|| Qa(t - S)W” HY (Q) = M3(a1! oy, a, /’LO)(t - S)(Xl—l—ﬂtllto ”W”HV (2)

where M3 (a1, 02, @, i) := M3 (o1, 02) (A1 + @)H0 1Tt
Thus, we complete the proof of Lemma 3.1.

(3.10)

(3.11)

(3.12)

Page 7 of 24



Karapinar et al. Advances in Difference Equations (2021) 2021:70 Page 8 of 24

Lemma3.2 Letl<oy<a<a <ap <2,y >0with0<vy<1andweH"(Q). The fol-

lowing inequalities hold:

I[Paw(® - PA,a(t)]w”HV(Q)

< Alay, a2, €, V0,4, T)[(ot' - a)E + (' - ot)]t""zu_”")_é Wy (©)- (3.13)
Besides, we have

|[Qaw(t=5) = Qawlt =)W1 )

<Blay, 02,6, v0,a, T)[ (& =) + (& — &) (£ = )" [ Wllpr -
Proof We get

|| [Paw (@) - PA,a(t)]W”]iﬂv(Q)

-2t \T? )
-E 4 , .
) - s (72 )] fown

By using Lemma 2.6, we obtain the following estimates:

o) ’
J “ 1 +ak;

j=1

I[Paw(® - PA,a(t)]w”i[“(Q)

= 3 Kan e v D@ -a) + (@ ~a)]

Aj 201 205 (1-vg)—2 2
X iU VTP
(1 + akj) |< (p,)|

Nr

~
I
—_

< AZ(Oll,Olz, €, V0, T)[(Ol/ - Ol)E + (Ol/ - O{)]2

« ¢~202(1-v0)-2¢ ()ql + a)Z(l—VO) i)\j%’ | W, @) |2
j=1

= Az(al’a27€7 Vo, T)[(O[, - Ol)e + (a/ - a)]2

« - 20(1-v0)-2¢ ()\'Il +a)2(1_‘)0)||w||%_[y(9).

Therefore, we obtain

I[Pt - PA,a(t)]W”'HV(Q)

< Alar, a0, 6,v0,a, T)[ (@ — ) + (¢ —a) |20 | wll3 (@),

where A(ay, @y, €,v0,a, T) := Aoy, o0z, €, v9, T)(A7 + @)l 0.
Similarly, by applying Lemma 2.7, we also get

” [QA,a’(t - S) - QA,a(t - S)]W”iu/(g)

[ee) 2y /
> T -t
— (1 + ak;)? ’ 1+ak;

Jj=1
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At — )Y 2
—(t—5)*"Euy <M)] |(w, @) |2

1+a)

oo 2(vg-1)
=3 Blanaen T L) (e spene?
- P 1+al;

A2

<[ =)+ (0 =) s

< By, 002, 6,00, T)[[ (¢ —2) + (o' - a)]z)\f(t — 5)2e1v0-26-2
o] 1 E2AY) 5 )
<35, ra)
j=1 N
< B%(0ry, 009, €, Vo, T)[(o/ - ot)6 + (a’ - a)]zkfza_z"o(t — g)2eavo—2¢-2 ||w||%{y(m.
We denote B(a, @, €, v, a, T) := B(org, o, €, g, T)A;ta™0. Therefore, we obtain

|[Qaw(t—5) = Qawlt—s)]w]| HY ()

< Blo, 0, €, v0, 4, T)[(o/ - oz)E + (' - oc)](t —5)* 10 w37 (@) (3.14)
We get all estimates of Lemma 3.2. This completes the proof. d

4 Stability of the fractional order of problem (1.1)
In this section, we are interested in studying the existence of a mild solution and the con-
tinuous dependence of the solution of problem (1.1) with input (the fractional-order «, o’

and the initial condition f, g). We assume that F, G satisfy the following assumptions:

(s.1)
”}—(”’ v)(-,1) HHV(Q) = Cl(l + ””("t) ||’HV(Q) + ”V("t) ”Hy(gz))’ (4.1)
“g(”’ v)( 1) ”HV(Q) = CZ(I + ||u("t)HHV(Q) + ”V(" t) ”w/(n))’ (4.2)

where (u,v) € F7 (Q2) = HY () x HY ().
(5.2)

| F Gz, v1) (o 8) = ]'—(Mz,vz)(ut)nm(m < Ki(lws - wallpr @ + I — 2l @), (43)

|G (1, v1) (5 8) = Glua, v2) (- 8) ||HV(Q> < Ka(llur - wallrr @) + i — 2l ), (44)
where (u1,v1) € FEY(Q), (uy,vy) € FEY (Q).

Definition 4.1 w = (u(-,t),v(-,t)) € .,?;900(0, T,HY(R2) = ]L;O(O, T,H"(Q)) x L;o(O, T,
HY (S2)) is called a mild solution of problem (1.1) if it satisfies system (3.6).

Theorem 4.1 Let wy(f,g) € V(). Assume that 1 <oy <o <o’ <y <2and 0<vy< 1.
The nonlinear integral equation (1.1) has a unique solution w(u,v) € .,?;,"O(O, T; HY ().
Let w, € %"O(O, T; HY (2)) and wy € fl,w(o, T;HY (2)) be two solutions of (1.1) with
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fractional order « and o', respectively. If there exist numbers [y, € satisfying 0 < € <

min(% — 0ty + Oig Vg, A Vg — %) and 0 < pg<1-— ﬁ, then

[IW o110 (0,171,747 ()

%Z(QII o2, a, Lo, T)T)
< \////1 (o1, 02, @, o, T, [ Woll v ()) €xp ( 5 ) (4.5)
and
[Wer — wWq ||<ga2(1—VO)+€((0,T],Hy(Q))
C1,C:
S \'/'%/J.OI,V()2 (al’ o, €,4a, Ty ”WO”,}?,”V(Q))[(C(/ - (X)€ + (CU, - C()]
MK (01, 09, €,a, T)T
x exp( o4 12 2 ) (4.6)

Proof of Theorem 4.1 We divide the proof into three parts.

Part 1. The existence and uniqueness of the solution of the nonlinear fractional pseudo-
parabolic equation systems (1.1). For w € 92”1700(0, T;H"(S2)), we consider the following
function J#w := (A qu(-, t), 7a 4 (- t)), where

Horgu(-,) = PagO)f + [ Onalt —8)F(u,v)(-,5)ds,

p (4.7)
%,av('; t) = PA,O{ (t)g + fO QA,a(t - S)Q(”? V)("S) ds.

Letwi(u1(-, 1), v1 (-, 7)) € Z£°(0, T; HY (2)), wa(ua (-, £), va(-, 1)) € £,°(0, T HY (), we have

%,aul(': t) - <%i,otbﬁ('; t) = / QA,ot (t - S) [-F(ul)vl)(':s) - -F(MZ)VZ)(':S)] dS,
0

t
Hsns) = Han(0) = [ Qe =[G, 1)19) = Gl )] .
0
With p > 0, we get the following estimate:

e (Hnqur(8) = Hnqua(- 1)) “H”Q)

/O Ot = )P [Flutr, v1)r5) — Flutz, v2)(9)]ds

HY ()

Applying Lemma 3.1, we get the following estimate:

e (Hrter () = A, 0) |2 o

t
< [/ M;(o, a2, a, MO)(t_S)a1—1—awoe—p(t—5)
0

2
P 09 Fn ]

Page 10 of 24
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t
—2
< M3(061,062,6l, 140) |:/ (t _S)al—l—ozlltoe—P(t—s)
0

2
[ 1)) 1)) ) 5]
Using (4.3) and the inequality (m + 1)? < 2(m?* + n?), we obtain

e i) o) o

t
— B
< KiM;(o1, 2,4, Mo)[/ e (lur — uallper @ + v = vallar @)
0

2
x (- S)Otrlfotwoe*p(t*S) ds] .

Using the inequality (m + n)* < 2(m? + n?), we deduce that

2
| #Aatir = Hp ity ||L30(0,T,HV(Q))

2—2
< KiM; (a1, 2, a, o) (Jlug — uallLgeo,rr (@) + Vi — V2||1L50<0,T,w<9)))

t 2
X |:/ (¢- S)dl—l—aluoe—P(t—S) ds:|
0

—2
= 2’C%M3(a1¢0‘2’“» MO)(”MI - Mz”i;;omjﬂy(g)) + vy - V2||i20(0,T,HV(Q)))

¢
x f (¢t - S)Oll—l—amoe—P(t—S) ds
0

92

—2
= 2K%M3(al»a2,“» Ho)[w1 — wa ”?jpoo(o,]",’}-[l/(ﬂ))

t
% / (t _ S)Otrl*awoe*p(tﬂ) ds
0

92

Applying Holder’s inequality with assumption g <1 — ﬁ, we obtain

2
|7 o 1e1 — %,auz ||L50(0,T,HV(Q))
IC2_2 2
= 2K M, @2, 4, 10) W1 = Wall oo 1207 ()

t t
x / (t _ S)2a1—2—2a1;1,0 dS/ e—Zp(t—s) ds
0 0

t2a1—1—2a1u0 1— e—Zpt

—
< 2KiM;(a, 03, @, 110) w1 — W2||fgpoo(o,T,Hy(g)) 20y~ 1—2a1110 2p

Hence

2
(AN N ) ||L50(0,T,HV(Q))

2772
< 2’C1M3(O[1, o, a, I‘LO) T

2012001 (Lo—1 1 _672pT Wi — W 2 ~ .
= 2p(20[1 — 20[1/1«0 _ 1) ( )” 1 2”2[’ 0, T, HY ()

(4.9)

(4.10)

Page 11 of 24
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We can obtain a similar estimate

2
| HA V1 - %,aVz ||]L1c;o (0,7, HY ()

—2
< ZIC%Mg (0[1, a3, a, /J/O)

T201-201000-1(1 _ 0= 20T ) Iywre — wo [1200 . 4.11
~ 2p(2a; — 2001140 — 1) ( )” ! 2”‘% O.T/HY () (.11)

From (4.10)—(4.11), we find that

77w = Wl 200,117 ()

- \/ |11 = s e )+ IV = TR 0 10 )

0,T,HY (2

3 / 2(K? + KM o1, 02, 10)

T 20101 po-1 (1 _ e—ZpT)
2p(20ty — 201 19 — 1)

X [[w1 = wall oo 0,127 (@) (4.12)

If wy =0, then for any w € £°(0, T, H” (<))

12w 250,730 )

S NHOW = AWl zgo0,m 17 @) + 176 Wall 200,117 ()

—2
2(KC? + KKOM, (o1, 0z, 4,
S\/ ( 1 2) 3( 1,02 MO) T20t1—0tm0—1(1 _e_ZPT)||W||$p°°(0,T,HV(Q))

2p(201 — 20100 — 1)

+ | AWl g2 0,717 (2)- (4.13)

Note that Swy := (H (-, t), HaaVa (- t)), where uy = v, = 0 and

%,a"@('; t) = PA,a“)fy
L%ﬂA,otVZ('r t) = PA,a(t)g'

(4.14)

By applying Lemma 3.1, we can deduce that 7w, € ‘,2”1000(0, T,HY (2)). Therefore, we con-
clude that if any w € £°(0, T, H" (2)), then 7w is bounded.
Part 2. From (3.6) and applying the inequality (a + b)? < 2(a® + b%), we have the following

estimate:

2

t
|4, 0)1500 10 = 20 Paa®f [0 e + 2 / Qo =) F(u,v)(,5)ds
0

HY (Q)
Using Lemma 3.1, we get
2 — -
” M(', t) ” HY (Q) = 2M2(a17 o, a, /'LO)t 21k ||.f||’2]-[1’(§2)

[ 2
+ 2(/0 M (e, 002, a, 110) (£ = )17 710 | F (1, v)(9) |50 dS) '
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Multiplying both sides by £2*1#0 and using Hélder’s inequality with assumption (4.1), we
can find that

(t2all£0 || u(-, t) ||7.LV(Q))2
e e Mo)“f“’zH’/(Q) + 2Ms(ay, g, @, o) 24110
| 2
) (f (1 . Hu(.,s)”Hy(Q) + ||V(';S) HHV(Q))S"‘luos—awo(t—S)otl—l—oquo ds)
0

< 2My(a1, @, a, 10) If 307 (@) + 2Ms(e1, @z, @, o) 2411
t t
2 _ 2
X / (1 + ||u(,s) ||HV(Q) + ||V(~,S) ||’HV(Q)) g21io dS/ s 2a1uo(t_s)2a1 2-201110 (g,
0 0

Using the beta function property fot (g —s)1 L gs = ¢h1+01-1B(6,, 94), 61 > 0, ¥ > 0 with
assumption 0 < o<1 - ﬁ, then 207 — 1 — 2001 4o > 0 and -2« g + 1 > 0, we obtain

(tzawo ||u('yt)||Hy(Q))2 = ZMz(abaz,ﬂ» Mo)”f”%.u(g)

+ 2Ms (o1, o, @, p1ot> O B(6;, 1)
t
o[ 9 i+ 19059 ) 5270,

where 61 := —2a; 0 + 1, ¥ := 201 — 1 — 20 (o Using the inequality (m + n + p)? < 3(m? +
n* + p?), we get

(tZawo “ u(-, t) ”H'l(Q))z
< 2My(01, 02, @, o) I 157 ()
+ 6Ms(0t1, 02, a, 10) > B0y, 1)
t
) /o (1+ 19 [y + V19 [ gy) s ds

6M3(Oll, 0, aq, Mo)tza”LOJrlB(@l, 191)
+
2(11/1,() +1

< ZMZ(QI; o, a, MO)”,f”%—LV(Q)

+ 6M;(0, a2, @, o)t 11 OBy, 1)

t
oty 1909 )20 . (@15)
Similarly, we can also obtain

2
(t20t1//-0 ||V('» t) ”’HV(Q))

6Ms (a1, 0, a, o) 241101 B0y, 1)
+
20[1/J,0 +1

=< ZMZ(aI’ o, a, MO)”g”%-{V(Q)

+ 6M;(0t1, a2, @, o)t 11 OBy, 1)

X /0 (””("S) ||’2HV(Q) + HV("S) ”;y(g))szamo ds. (4.16)

Page 13 of 24
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From (4.15) and (4.16), we arrive at

(|00 + 1V B0 i) 2

< M (or, 00,0, o, T | woll v @)

t
+ %2((11’ 2,4, [Lo, T) / (“ M(',S) H fZHy(Q) + H V('¢S) ||,2Hy(9))s20t1p~0 dS, (4‘17)
0

where

A (a1, 00,0, o, T, [ Woll s (@) = 2Ma (a1, 02, 4, 0) [Wo v (g

12M3(o, 002, a, o) T2 1H0* 1 B(6;, 1)
+
200100 + 1

’

Moy, a0, a, 1o, T) := 12Ms (0, 002, 4, MO)TZ‘“(I_”O)B(QD h).

Applying ||w0||2%y(9) = |Lf||,2W(Q) + ||g||,2Hy(Q) and Gronwall’s inequality, we get

2 2
||u||<ca1u0((o,T],Hy(Q)) + ||V||(cawo((o,T],Hr(Q))

=< «%1 (alr 02,4, Lo, T, ”WO”%V(Q)) exXp (%2(0517 o, a, Lo, T)T)'
Therefore, we get

Wl g1 0,117 (2))

_ 2 2
- \/ et Corso o,71,227 ) * IV icernoo,11,207 )

< ot (1,02, , 10, T, w0 L7 @) exp ('///2(“1’“2’2“’ Ho T)T)). (4.18)
Part 3. From equation (3.6), we then obtain
Uo () = Paa@)f + fy Qaalt =) F (tha, ve)(-5) ds, 419)
Va1 8) = Paa(®)g + oy Qaalt —$)G(tta, va)(,5) ds,
and
(- 2) = P (O + [ Qv (€ — ) Fltt vr)(5) s, w20)

Vot’(': t) = PA,a’(t)g + f()t QA,a’ (t - S)Q(ua’: Va’)('7 S) ds.

Using (4.19) and (4.20), we get

ua’('r t) - uot(" t)

= [Paw(t) - Paa®]f + /0 [ Q£ =) — Quua(t — )] F it var) (o 5) s

+/ QA,a(t—S)[f(ua/,Va/)(',S)—./—"(Ma,VO,)(',S)] dS, (4‘21)
0
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Voz’(" t) - VD((" t)

t
- [Paar(®) - Paal®le+ [ [Qat=5)- Quale 9]0l ) 15)ds
0
t
+ / QA,a(t - S)[g(”ot’: Va’)('rs) - g(ua’ Voz)('!s)] ds. (4'22)
0
Applying the inequality (m + 1 + p)* < 3(m? + n® + p?), we get the following estimate:

Jat 1) = 1) [

<3[[Paw(® = Paw® |30

t 2
#3] [ [Qau(t-5) - Quale =9} Fluw ) 15)ds
0 HY(Q)
t 2
+ BH/ O (t = ) [ Fthors ver) (-5 8) = F(thsr Vi) ()| ds (4.23)
0 HY ()
Using Lemmas 3.1 and 3.2, we obtain
|| uot’(" t) — Uy ('¢ t) || ?HV(Q)
< 3(K(0l1;0l2,€, Vo, 4, T)[(ot' - ot)E + (a/ - 01)])5""2(17”0)76 Hf”HV(Q))z
+ 3§2(a1,a2,6, Vo, 4, T)[(o/ - oz)e + (a' - a)]
t 2
X (/ (t — S)alvO_g_l ”]:(ua’: Vot’)('» S) ||’HV(Q) dS>
0
+ 3M§((X1,0lz,d, /,L())
t 2
X (/ (t — S)alilialﬂo ||~F(Ma/: Voz’)("s) - ‘F(ua; Vot)('vg) ||HV(§2) ds) . (4'24')
0
Using assumptions (4.1) and (4.3), we obtain
|| Mot’('¢ t) — Uy ('! t) ” HZ.]Ir;(Q)
<3(Ala1, 02,6, 0,0, T)[ (&' — ) + (o' = a)]t_“zu_”")_g ”f”’HV(Q))Z
+ SCfEZ(al,az,e, Vo, 4, T)[(a' - a{)E + (oe/ - oe)]211
+ BK%M§(QI¢ 2, a, fo)l2, (4.25)
where
t 2
I := </ (t—S)alvO_E_l (1 + ”ua’('rt) ||’,L[V(Q) + ”V‘Y’("t) ”7—[1/(52)) ds> ’ (4.26)
0

t 2
L= </ (t =) (Jlugr — ol @) + Ve = Vel @) dS) . (4.27)
0

Page 15 of 24
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Multiplying both sides by £2*2(1-70)+2¢ \ve get

202(1-v0)+2¢ “ U (- 8) = 1ty (- £) ”;1'7(9)
= S(K(al,az,e, Vo, 4, T)[(Ol, - a)f + (0[/ - 0[)] ”.]('”?'[V(Q))2

—
+ 3IC%M3(a1, 2, @, o) 2220102

+ 3012§2(a1,a2, evo,a, T)[ (o — ) + (o' - “)]Ztmzu_vomeh' (4.28)

Now we estimate /3, from (4.26) we get

t
[1 = (f (t —S)OllVO_G_IS_O[IM0
0

2
x g1 (l + ”ua’(" t) ”Hy(sz) + ”V“’("t)HHV(Q)) ds) .

We assume that 0 < € < Vg — % and ug < ﬁ,then 201v9—2€ =1 >0, 1—20a1 40 > 0. Using

Holder’s inequality and the properties of beta function, we obtain that

t
Il < / (t_s)2a1v0—2e—2s—2a1u0 ds
0

t
« / S2a1uo(1 + ||ua,(.’t)||,Hy(Q) + ||V(¥/(') t) ||7-[y(9))2ds
0

< t20t1 vo—2a1 Lo—2€ B(eg, ,02)

t
2
x / 0 (1t [t () g g+ [V ) g ) 5 (4.29)
0
where 82 = 20[11)() —2e€-1, 192 =1- 2()[1/L0.
Applying the inequality (m + n + p)* < 3(m? + n? + p?), we can deduce
t
I < 3p2e1vo-2eiko=2¢g(g,, 192)/ Szawo(l + ||ua’||%-w(g)) + ”Va’”%-[V(Q))) ds
0
< 3t2a1 vo—2a1 o—2€ B(eg, 192)

(4.30)

t
2 2 2
8 / (57170 + Nl g o o1, (@) *+ Ve I Gario o,77,307 ) A5
0

Therefore, from (4.18), we have the following estimate:

201 vp+1-2€
I < 3t B(6,, 9,)
20[1“0 +1

+ 3t2a1v0—2a1uo—25+1B(92’ 192)”“’0/ ”%9”0‘11‘0((0]],7-[1'(9))

2 1-2
< 3ot EB(QZ’ 192) + BTZQIVQ—201[L0—26+1B(92’ 192)
200100 + 1
X «%1 (alr 2,4, Lo, T, ”WO”(%”V(Q)) €Xp (%2(0[1: A3, a, Lo, T)T)
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To facilitate the calculation, we set

///(ou,az,a, o, Vo, T, ||[wo ||3fr(g))

3T20(1Uo+1—2€ B(ez, ,02)
o 2(11/1,0 +1

+ 3T20¢1 V0*2a1#0*26+1B(92, 792)

X M (1, @2, a, o, T, | Woll v @) exp (Aol 0, 1o, T)T).
Hence
11 =< %(alr 3,4, (Lo, Vo, T, ”WO”%V(Q))' (4"31)

Next, estimate . From (4.27), applying Holder’s inequality, we deduce

t
L= </ = S)arl*amos*az(lfvo)fe
0

2
x S0 (Nl — g v @) + Ve = Vallar @) dS)

t
< / (t _ S)2ot1—2—2a1uos—2a2(l—vo)—2€ ds
0

2

t
X / S2a2(1_v0)+26(”ua’('ys) - ua('ys) ||7_[y(9) + ||Va’(':s) - Voc(‘rs) ”Hy(Q)) ds
0

t
< / (t_S)Zotl—2—20(1;1,0s—2a2(1—v0)—25 ds
0

t
X 2/ S2a2(17u0)+25(||ua’(')s) - I/la(-,S) ||f2Hy(Q) + ||Vo/('; S) - Va(~,S) ||f2Hy(Q)) ds.
0

Using the beta function property with assumption pg <1 — % and 0 <€ < min(% -y +

o
a2V, 01Vo — %), we obtain

I, < 24201 -2010- 20+ 2000-2€ B () 9.,)
x /Ots2°‘2“”°)+25(|| ot () = ha () 30010 + [Ver (59) = Y ,9)]| 0 () A5
where
03 := =201 — 1 — 2001 [ho, P3:=1—2a1(1 — vg) — 2€.
And so, we get
I, < 242012011020+ 20000-2€ B (). 9.)

t
X / S2a2(17\}0)+26(” Z/ID/(',S) - Mot(’rs) ||?HV(Q) + || Vo/('xs) - Vot("s) ||§.£y(§2)) ds. (4‘32)
0
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From (4.28)—(4.32), we obtain

2e2(1-vo)+2¢ Hu 1) =g 1) ”’ZHV(Q)
3(Alen, @z €,v0,0, D[ (¢' ~ )" + (¢ ~ &) [/ e (@ )
. 3C12E2(051,0lz’6r vo, a, T). M (o1, s, a, (Lo, T)[(a/ _ a)f + (a/ _ (X)]ZtZaz(l—vo)+2e

+ 6’C%M§(Ol1, oy, d, MO)tZag(l—/LOHZG2t2a1—2aluo—2a2+2a2v0—25 B(eg, 193)
t
" 2
% / g2a(l-vo +2€(||ua ,8) = g (- 5) ”HV ||va/(~,s) —vu(+8) ”HV(Q)) ds. (4.33)
0
Hence, we get the following estimate:

f20(1-vp)+2¢ Hu S 8) — g (- ”’HV(Q
S(K(On,az,e,vo,ﬂ, T)[(O/_a) (a _a)]“f”Hy )
+ 3C12E2(051,a2,6, vo,a, T)AM (o1, 002, a, Lo, T)[(ot/ - a)é * (o/ B Ol)]ZTZOQ(PVO)QG

N 6/C%M§(Ot1,a2,d, Mo)Tzal(1_M0)+2a2(VO_MO)B(93’ ¥3)
¢
x/ $2e2(1-v +2€(||Ma ,8) — 1t (- S)”HV(Q +||Va ,8) — Vo (- S)”HV ) s. (4.34)
0

In the same way as above, we obtain

2a2(1 v0)+2€ HV t) Va(" £) ”’2}-[1’(9)

3(K(O[l) 0, €,V0,4, T)[(O/ - a)E + (O(/ - O()] ”g”?—[}/(ﬂ))2
+ 3C§E2(a1,a2, €,v0,a, T) M (a1, 00, a, Lo, T)[(o/ - oc)E + (o/ - oz)]sz"‘Z(l’“")+2€

+ 6K%M§(a1, oo, d, MO)T2061(1—M0)+20t2(vo—/40)B(93’ 3)
t
, 2
X /(; 52a2(1 0 +2€(|| l/la S) ua( S) ”HV(Q ”Va’('r S) - Va(',s) ”Hy(g)) ds. (4‘35)
For simplicity to some math formulas, one should put

C1,C:
M2 (ar,a0,€,a, T, |woll v ()
A 2
= 3A(a1, 02,6, V9, 4, T)”WO”jfy(Q)

+ 3(612 + C%)Ez(al, o, €,V,4, T)%(al’ oy, a, Lo, T) TzaZ(I_VO)JrZG

and

K1.K
My, a,6,a,T)

- B(ICf + K%)Mi(ahaz,tl, [o) T21(1=10)+202(v0-10) B (@, 19,5).
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Combining estimates (4.33) and (4.35), we have

02 at -, 0) = o) [0y + [0 ) v ) 5 )
< 3(Alan, a2, 6,0, D[(& =) + (¢/ =) ])* (I 1300 + 12120 (@)
+3(C2 + C2)B (o, 00, €, v0,4, T)
X M (a1, 0, o, T) 207002 (o ) + (@' - )|

+3(K2 + K2)Ma (e, g, a1, j1) T2 1102220010 B (g, 19,)
t
x f 202 (1-vg +2€(||ua S) ua( S) ||’H)/ ||Va/(')s) — Va("s) ||'2HV(Q)) ds. (4‘36)
0

Hence, we get the following estimate:

t2a2(1_v0)+2€(”u“’(" t) - u"‘("t)”iﬂ(ﬂ) + ”Vo/(') £) = vy (1) ” 2—[7(9))
< /flucol’liz ((Xl,(Xz,E a,T, ||W0||3fy(9))[((x/ - Ot)E + (o{/ — a)]z

K1,.K
+ %LOIUO 2(alr ), €, 4, T)

t
X / SZOQ(1 K +2€(|| uoz S) uot( S) ||'HV ||V0/('rs) - V(X(.7S) ||'2HV(Q)) ds. (4'37)
0
Applying Gronwall’s inequality, we have the following estimate:

t2a2(1—v0)+2€(|| Ug (1) — g (-, 1) ”?HV(Q) + ” Vo (55 8) = Vo (5 1) ” 3—[}/(9))
< M (a1, 00,6,a, T, [ woll v @) [(¢f =) + (o = )]’

X exp(,//llc" 2(aq, 09, €, d, T)t) (4.38)

H0,Y0

Therefore, we obtain that

llete — ” ) + ||V —

2
Cco2(-v0)+€ (0, T, HY (2 Va ”C“2<1*”0)*f((0,T],HV(Q))

< %gggz (a1, 00, 6,0, T, |wolloer @) [ (o — &) + (o' - oz)]2

x exp(//’Cl Ko (g, 00, €, T)T). (4.39)

Ho,Yo

Finally, we obtain

IWer —We ”39”‘12(1*"0)*'5((0‘7"],’}-[}/(Q))

\/ s (om0, €., T, [woll e o) [ (@ = @) + (@ — )]

kK
X exp( Mgy * (01,0, 6,4, T)T)

5 (4.40)

This completes the proof. O
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5 Numerical results

In this section, we show an example which shows the effectiveness of our method. Let
the operator —A on the domain Q2 = (0, w) with the Dirichlet boundary condition and ¢ €
[0,1], a = 1, we have the eigenvalues of —A given by ; = j* (j € Z*) and ¢;(x) = \/gsin(jx),

respectively. We consider the problem to find (u(x, £), v(x, £)) as follows:

O (u(x, £) + 92 u(x, 1) + 02.u(x, ) = F(u,v,x,8), (x,8) € (0,7) x (0,1),

5.1)
I (Vi 1) + 92 v(x, 1) + 02,v(%, £) = Gu, v, x,8),  (x,8) € (0,) x (0, 1),
where (x, ) € (0,7) x (0,1), the source functions are given by
2-a in(2x 6
Fu,v,%,t) =v? — du — Gtrgs‘iia(f) +(5 — £+ 3)(cos(8x) — 1), 5.2)
Gu,v,%,t) = u> — 16v — W - (— — 2+ 1)(1 - cos(4x)),
and the Dirichlet boundary condition as follows:
u(0,t) =u(mw,t)=0, te(0,1),
(0,2) = u(r, 1) (0,1) (5.3)
v(0,8) =v(m,t) =0, te(0,1).
Assume that the values of , v at the initial time ¢ = 0 are given by
u(x,0) = f(x) := —sin(2x), #,(x,0)=0, xe(0,7), (5.4)

v(x,0) = g(x) :=sin(4x), v(x,0) =0, x € (0,7).
Then the exact solution of problem (5.1)—(5.4) is given by

u(x,t) = (> — 1) sin(2x),
v(x, t) = (1 — t3) sin(3x).

At the discretization level, a uniform grid of mesh-points (x,,, ¢,) is used to discretize the

space and time intervals

-1)m —_— -1 —_—
x,,,:%, m=1,h,+1, and t,,:n , n=1,h+1.
X

Next, by using Simpson’s rule of numerical integration, we have the following approxi-

mate integration of z € L%(0, 7r):

(N+1)/2

Z Z(Sy-1) + %z(sNH).

=1 =1

4A
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In code Matlab, we have the solution of problem (5.1) which can be written in a matrix

form as follows:

u(x1,t) u(xz,t1) u(xs, t1) UK 1, t1)
ulxi,t)  ulxe,t)  ulws,t) oo U@ ta)
u(xi,ts)  ulxo,tz)  ulxs,tz) U1, t3) ,

u(xmﬂ; tn+1)_ (n+1)x (m+1)

| w1 b)) w2, 8e1) (s, Bret)

and
v(x1, ) v(x2, 1) v(xs, 1) VX1, t1)
vix,ta)  vixa,ta)  v(xs, k) VX1, £2)
V=| virnts) o vixgts)  vixs,gs) oo V(e ts) )
| V1 b)) V(2 tee1) VS Ee1) o Vet Ba) | (1) (m+1)

where the numerical solutions are presented in the following (J is a truncation parameter

of series):
w(ms tn)
2 & (PEN [T
Z_ZE‘“< 2)/ f(¢)sin(jz) d¢ sin(jx,,)
o L+j 0
J P 5 3 .
23 L [ gt (LY [ gy sing acassin
+j‘[ — 1+j2A (tn S) Ea,a( 1+],2 ) A f({)sm(];')dgdssm(]xm)
and
V(% £4)

2 PG 7 o6 sinGie) de sini
_;Z ( )/0 g(¢) sin(j¢) d¢ sin(jixy,)

=1
ot IE ( ] ti’l - S)a) / g
wol ———— ) sin(j¢) d¢ dssin(jx,,).

_Zl+] 1+)2

By fixing ¢, we consider the following estimations with fractional derivative orders « and

a* to compare the regularity of the solution, which are given by

hx+1 172
Z|uot(xm» t) — Uy (xm’ t)|2/(hx + 1)) ’ (55)
m=1

ESTUY (£) = (

hx+1

1/2
ESTV® () = (Z|Va(xm,t) Ve oy ) e + 1)) ,

m=1

(5.6)

where (4%, vo+) and (4o, vy) are the solutions in the case «* and «, respectively.
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Table 1 The errorestimatesatt=02fora =11, ¢* € {1.11,1.12,1.13,1.14,1.15}

t=02 a*=1.11 a*=112 a*=113 a* =114 a*=1.15
ESTUg* 0.2) 0.05274 0.00283 0.00027 2.67385e-05 3.23890e-06
ESTVg* (0.2) 0.05903 0.00178 0.00019 2.25538e-05 1.91779%-06

Table 2 The error estimates at t =04 fora = 1.5, a* € {1.51,1.52,1.53,1.54,1.55}

t=04 a* =151 a*=152 a*=153 a* =154 a* =155
ESTUg* 0.4) 0.09677 0.00563 0.00073 7.57786e-05 6.87516e-06
ESTVg* (0.4) 0.16414 0.06821 0.06635 0.066176 0.0642495

Table 3 The error estimates at t =0.8 fora = 1.8, ™* € {1.81,1.82,1.83,1.84,1.85}

t=08 a* =181 a* =182 a*=183 a* =184 a* =185
ESTUg* (0.8) 0.01754 0.00266 0.00020 2.05406e-05 1.75455e-06
ESTVg* (0.8) 0.01971 0.00251 0.00029 241501e-05 3.50684e-06
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02r \ 1 051

u(z,0.2)
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0.4 F
0.6 05}

-0.81

Figure 1 The solutionsatt=02fora =11, a* € {1.11,1.12,1.13,1.14,1.15}

08

06

04r

02r
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———a=15 ]

Figure 2 The solutionsatt=04foro = 1.5, * € {1.51,1.52,1.53,1.54,1.55}

Tables 1-3 present the error estimates between the solutions for « and o*. It clearly
shows that the solution for «* converges to the solution for « as the deflection of the
fractional order tends to zero. For a more intuitive look, we can see the graphs of the
solutions in Figs. 1, 2, and 3.
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Figure 3 The solutionsat t =0.8 foro = 1.8, a* € {1.81,1.82,1.83,1.84,1.85}

6 Conclusion

In this paper, we considered the initial value problem for a system of nonlinear parabolic
pseudo equations with Caputo fractional derivative. Here, we discuss the continuity which
is related to a fractional order derivative. To illustrate the theoretical results, we gave an
example in some cases. In the future work, we will expand the problem to the case of
other derivative definitions such as Riemann-Liouville and conformable. Especially, the
operators affecting the spatial variable of two equations are different, this is an open and
difficult problem.
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