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1 Introduction

In the past two decades, fractional calculus has received much attention. The fast inter-
est in the topic is due to its extensive applications in various fields such as biochemistry,
physics, viscoelasticity, fluid mechanics, computer modeling, and engineering, see [1-3]
for further detail. Most of the studies have been devoted to the existence and uniqueness
of solutions for fractional differential equations (FDEs); see e.g. [4—9]. A fractional differ-
ential equation needs a certain inequality to be existent and unique for solution. For this
reason, a huge number of mathematicians have competed to seek such inequalities; see
e.g. [10-29].

Always, it is important and necessary to specify which model or definition is being used
because there are many different ways of defining fractional integrals and derivatives. To
further facilitate the discussion of this model, we present here the definition which is most
commonly used for fractional integrals and derivatives, namely the Riemann-Liouville
(RL) definition.

Definition 1.1 ([1, 2]) For any L! function f(x) on an interval [x1, x2] with x € [x1, x2],
the nth left-RL fractional integral of f(x) is defined as follows:

Kl [ := %n)/ x-&)"f(E)dE, x1<x (1.1)
X
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for Re(n) > 0. Also, the nth right-RL fractional integral of f(x) is defined as follows:

gy, S0 = s [ €O s (12)

In the recent decades, a strong modern direction of research in fractional calculus has
brought the attention of interested researchers in various disciplines to investigate various
possible ways to define fractional integrals and derivatives, often with different properties
from the classical RL in Definition 1.1. In 2005, Raina [30] introduced the new fractional
integrals, often called the Raina fractional integrals, corresponding to the classical RL in-
tegrals (1.1) and (1.2).

Definition 1.2 ([30]) For any L! function f(x) on an interval [x1, xo] with x € [x1, x2], the
nth left Raina fractional integral of f(x) is defined as follows:

St 0P ) = ; (@—1)"'37 (o -1 ]e@)dt, x1<x, (1.3)
1

and the nth right Raina fractional integral of f(x) is defined as follows:

X2
Vs 0) = [ - IF ol -2 TeOds, w0 (14)

where §7  (x) is the generalization of Mittag-Leffler (ML) function defined as follows: For
a bounded arbitrary sequence o (k) of real or complex numbers, we define the function
§5,,(x) by

o = U(k) k
Son@ 20: TC(pk + n) (15)

where p,n € C with Re(p) > 0, x € R, and I'(-) denotes the classical gamma function.

Remark 1.1 By making use of n =, 6(0) = 1, and w = 0 in both (1.3) and (1.4), we obtain
the classical left and right-RL fractional integrals (1.1) and (1.2), respectively.

2 Literature results
Before we pass to the main findings, we review and introduce some definitions, notations,

theorems which will be necessary later to proceed.

Definition 2.1 ([31]) A function f:Z € R — R is said to be convex on 7 if

FA-8)x +Ex2) < (L-E) () +EF(x2) (2.1)

holds for every x1, x2 € Z and £ € [0, 1].
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Definition 2.2 ([32]) Denote A := [x1, x2] X [x3, xa], where 0 < x1 < x2 and 0 < x3 < xa.
For a function f : A — R, the coordinated convex function on A is defined as follows:

S((Erxa + (1= &)x2), (B2x3 + (1 - £2) xa))
< &&f (X1 x3) + &1 = &1)f (X2, x3)
+E(1-E)f (15 xa) + (1= ED)A = E)f (X2, xa) (22)

for every &1,&; € [0,1] and (x1, x2), (X3, xa) € A.

The well-known integral inequality of Hermite—Hadamard type (HH-type) for such a

convex function (2.1) is given by

f(Xl + Xz) < 1 Xzf(x) dx Sf()(l) +f(X2)‘ (2.3)
2 X2 — X1 X1 2

In 2001, HH-inequality (2.3) was established on the bidimensional plane A for such a

coordinated convex function (2.2) by Dragomir [32], his result is as follows.

Theorem 2.1 Let f: A — R be a coordinated convex function on A, then we have

X1+ X2 X3t Xa
(52 157)

2 2
1/ 1 (o L
5—( /‘f<%X3+m)dx+ /'f(ﬁiigw)@)
2\ x2—x1 Jy 2 Xa— X3 Jxs 2
1 X2 X4
< —/ flx,y)dydx
(x2 = x1)(xa = x3) x1 Y3

1 1 X2
= [ s wpts ) s

X2— X1

X4
fUmw#mW@)
X3

<f(X1: x3) +F(x1s xa) +f (s x3) +f (x2s X4).

i (2.4)

In 2014, HH-inequality (2.4) was generalized to fractional integrals of RL type by

Sarikaya [33], which is as follows.

Theorem 2.2 Letf: A — R be a coordinated convex function on A, then we have

X1+ X2 X3+ Xa
(52 57)

2 2

Ma+1) ([, X3+ Xa o X3+ Xa
4(x2 — x1)* (]Xff(m’ 2 ) +]X2f(X1’ 2 ))

FB+1) (., [ xi+x2 8 o X1+ X2
+4(X4—X3)‘3 <]X3+f( 2 ’X4) +]X‘If( 2 ’X3>)

Mo+ 1I(B+1)
T (X2 = x1)*(ta — x3)P

+]§§fx3f(xb xa) + 15 f(xu x3))

20Xy

IA

( :fng(m, Xa) +]§fx5f()(2, Xx3)
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Mo +1)
< - 7
T 4(x2 - x1)”
re+1)
4(xa — x3)P

< S x3) + (s xa) +f (20 x3) + (X2 Xa)
= ) .

( f(X1,X4)+]a f(Xl:XS)"’]a f(Xz,X4)+]a f (x25 X3))

(]f;f()(b x3) +]f;f(xl, x3) + Jyof (xas xa) + L f (1, X4))

The above inequalities have attracted many researchers in the recent years, see e.g. [34—
38].

Definition 2.3 ([39]) Letf € L(A). The fractional integral operators for two variable func-
tions, where (p, ,w) € [0, +00)? x [0, +00)? x R? with p = (o1, 02), 1 = (11, 12), @ = (w1, wa),

and o = (01, 07), are given as follows:

X s ) = f 1 / =670 675 for e 60
x 872, Lonly - £ (61, &) dEs dty,

N 83) = f /y ) -y IE [ 811 ]
X 32 a6 -9 |0(61, &) d s,

Stz g o x,y)-f /sl YNy = E)PIE | [w1(E - %)™]

x F02 [y - £2) |0 (61, 6) d&r d,

and

X2 X4
X e e 9®9) = / /y ("6 - )15, [on(6r -0 ]

x F02  [@2(& = ) (61, &) dEy dEy.

Also, we have

. + +
“s,;m,xf,wlw(x,m “): /X i A G (a,XB X4)d€1,

~ X3+ Xa * o X3+ X4
52 m,xz,wl(p<x: T) = /x (‘i: _x)'ll lgpi 01 [wl(gl _x)pl]go(%-l: ) ) d‘i:l;

y
ngynz,XJ,wng(Xl 2 ) / =& lgﬂz m [w20’— SZ)pl](p( 5 $2> 5

and

~O Xi+x " no X1t X
Ry M)( -~ 2,y> =/ (E—y)m lspg,ﬂz[wz(éz—y)“]w( 22 Ez) dés.
y

Page 4 of 23
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In [39], Tung and Sarikaya investigate the following Hermite—Hadamard for coordinated

convex functions:

X1+ X2 X3t Xa
(52157

2 2
1
= n 72 01 P 2 P
(X2 = x1)"™(Xa = x3)™F py 1 (@1(x2 = x1) ‘)5;2,,,2+1(602(X4 = X3)P)

XA ot gl O xa) #3500 1)

3] st KL Xa) + 37 = O )

- (f (s x3) +f (xas xa) +f (X2, x3) + f(x25 Xa))
< 1 )

Definition 2.4 ([40]) Let hy,hy : ] — R be two nonnegative and nonzero functions.
A function f : A — R is said to be (I1, /11)-(l3, hy)-convex function on the coordinates on
A if

F([Ex + Q=g |7, (292 + (- &)02] )
< hi(EDha(E)f (%, 9) + h1(E)ha(1 = E)f (x,v) + i (1 - E)ha(52)f (s, y)
+ (1 -&)ha(1 - &)f (u,v)

holds for all (x,y), (#,v) € A and &;,&; € (0, 1).

As we know, there are many results on coordinates of convex functions via other types of
fractional operators and other types of convex functions, see e.g. [41-44]. Therefore, inte-
gral inequalities on coordinates of convex functions via general Raina fractional integrals
open a new door in the field of mathematical analysis and theory of convexity.

Motivated by the above results, in this paper we establish some generalized integral in-
equalities using an (I1, /11)-(a, h2)-convex function on coordinates. Also, we obtain an inte-
gral identity for partial differentiable functions. As an effect of this result, two interesting
integral inequalities for an (1, /11)-(/2, h3)-convex function on coordinates are given. At the

end, a brief conclusion is provided as well.

3 Main results

In what follows, we assume that /3,4, : ] — R are two nonnegative and nonzero func-
tions, with /11(3)2(3) # 0, 0 = (01,02), p = (p1,02), 1 = (N1, 1m2), and @ = (w1, ;) with
01, P2, 11,12 € [0, +00) and w1, w, € R.

Theorem 3.1 Letf: A — R be an integrable and (11, hy)-(l5, hy)-convex function on coor-

dinates on A. Then we have

(] [54T)
I (S (2) 2 |l 2

5 5 I I
_ 1 (Xll + X21 X32 + X42>
h (D3¢

2 2



Baleanu et al. Advances in Difference Equations (2021) 2021:82

1
— (yh Dyny (42 b nFol h Iy oy 372 ) AT
(' = x1 )M (g = x3°) pl,n1+1(wl(X2 - X)) pz,n2+1(w2(X4 - X3°)%?)

X {S‘”

b by . ~o -
) + -5 .
p’"’(Xlll)+v(Xé2)+’wJCg (') )" (xlz)*,wfg (' x5°)
R I ) ~O I Iy
+ *g“ ) + 5 )
PGl fg(xl 1) sl )‘,(xiz)‘,wji'(xl 1)}

(FOxws x3) +f(X1, xa) +f (X2, x3) +f (x25 Xa))
Fo @106~ x)MF2, (@2 (x — X))

/ f & S o (0 ) TSR 0n (0 - 1) 6]

x (h1(&1) + (1 - &) (ha(&2) + ha(1 - &) déy déy,

where fo(x,y) = f(g1(x), 22(¥)) with g(x) = x% and g () =y%.

Proof It is easy to see that

[xil ' xélr ) [«slx{l + (=g + (1= 6 +slx§1>l‘1)’l]%

: . (3.1)
and
[X;z+ Xf}é:[«m = E)x)R) 4 (1= 8 + £ax) )" ] (3.2)
2 2 |

Making use of (3.1) and (3.2), and the fact that f is (/1, 411)-(/2, h2)-convex on the coordi-
nates, we have

f([xfuxél]ﬁ,[xéhxf}%)
2 2
<in((3 )3 )V eud + =80 (e + -t )
f((Ex + A= E0x) T (L - &2 + E2x2) %)
FF (=80 + 5T, (B2 + (L - E)x2) )
f((L =) +&xa )0

N"_‘

WS-

N‘_.

(- E)x2 + Eax2) %)), (33)

Multiplying on both sides of (3.3) by

P S - )" 8 0l - 7))

and then integrating the resulting inequality with respect to (£, &) on [0, 1]?, we get

1 f([xf1+x§1]’ll [x§2+xf]ll2)
m(Dhs(3) 2 ]l 2

1 1
[ e ol - N ln o - )68 s

Page 6 of 23
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< [ [ e s oGl ) 6 R ek - 280
) f([Extt + (1 - )X [Eax + (1 - 2] %) di dy
[ [ e o - om0 - )07
< f([Exd + = )X, [( - )02 + £ax2] ) dea dt
R T L a N e
) F([ - E0x + i [Eax + (1 - 2] %) di dy
o[ e s ol - e ek - )]
) P = et + e [ - 8 + 820 2] ) ds di. (3.4)

By making a change of variables in (3.4), we obtain

1

red(eesel R
m()ha(L) 2 | 2

= I I I I : I I [} l
(X' = x:)mxg = ng)mggi,mﬂ(wl()(zl - X1 )g{;;nzﬂ(wZ(Xsz - X35)P)

I I
X2 X4 _
X {/)‘( /X (Xél _x)m I(Xiz _y)rzz 1 7 ,71[601()(2 _ )m]

0 Iy
1 3

X8 [wz(xi2 ~ ) )f (5,7 ) dydx
* /X i / 10 = 0" = x5) " o[ (16! %))
!
X §2 [y = x2) Y (&%) dy
+ fx ; / X4 =)™ 0 =) S e (- )]
x Szz " [wsz(xiz )T, y%) dyda
/ / e ) o)™ 5L o= )]

0 AL L
X S [a)z(y— X32) z]f( h ,y’2 ) dydx}
_ 1
Tl I I
(X21 - Xll)nl (X42 2) &p1,771+1(w1(x2 - Xll)p )sz 712+1(w2(X4 - XB )PZ)
ly 2 +Jo- 1, )
I )+’(Xé2)+,wf€(X2 Xa ) 1yt (Xlz)i,wf:g()(z X3 )

_,wfg(xfl, x5} (3.5)

X {i‘s"

O h b o
+3 f X xil) + 3 ; ;
X g( 1274 ) P00 ()
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Since f is (I3, h11)-(l2, hy)-convex on the coordinates, we have

F(laxt + (1 -E0x0 ] [eax + (L - £2)x2] ")
< hi(ED)ha(E)f (x5 x3) + M(EDha (1 = E)f (X1 xa) + H1(1 = ED)ha(E2)f (25 X3)
+h1 (1= E)ha(1 - &)f (X2, Xa) (3.6)

F(laxt + (1 -E0x0 0, [ - E)x2 + £2x2] ")
< m(EDha(1 = &)f (X1, x3) + mi(ED)ha(E2)f (x15 Xa) + I (1 — E1)ha(1 - E)f (X2, Xx3)
+ (1= &)ha(E)f (X2) Xa)s (3.7)

£ =E0x8 + &0, (Eax2 + (1 - £)x2) )
<1 =E&Dha(E)f (X1, x3) + (1 = EDha(1 = E)f (15 xa) + M1(E) N2 (E)f (x25 X3)
+ h1(51)h2(1 = &)f (X2, Xa)s (3.8)

and

A=)+ Ed) T, (- 8)x2 + £2x2) %)
<1 -E&Dha(1 = &) (x1, x3) + (1 = EDha(&2)f (x15 Xa)
+hy(&1)ha (1 - gz)f(er X3) + h1(§1)h2(§2)f()(21 X4)- (3.9)

Adding inequalities (3.6)—(3.9), multiplying the resulting inequality by

680 o1 (0 - ) €018 [en (0 - x2) 6],

and then integrating the result with respect to (£1,£,) on [0,1]2, we get

/ / 8T (01060 =) I 02 (0 - x57) 687
< {F([Ex™ + (- 80X ], [E2x2 + (1 - £2)x 2] %)
+f([ax! + L -&)x) by n

N[ -e)x + &x2]2)
SF((A =X + 6T, (Eax2 + (1 - £2)x2) B
)

S

)
i)} dé, d,

1
I

f(((A=E)xg + &), (1 - &) xs + E2xs?)
< (F(xw x3) +F (xas xa) + (x20 x3) +f (X2, xa))
[ e~ e - e

x (h1(E1)ha(862) + hi(51)ha(1 = &) + (1 = £1)ha(&2)
+ (1= &)hy(1 - &)) d& dé,.
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Making use of the change of variables and multiplying the result by

1
gﬁvnﬁl( ( - Xll)p )3;2 1 (@2(x4" = ng)pz)

we obtain

1
( I 11),71( ) 12 \ny 701 I hyoy 372
X2 — X1 Xa = X3') SPI n1+1(wl(Xz - X)) pz,n2+1(w2(X _Xg) 2)

X {Jpr]( ll) “lx [2)+ fé(Xz ’X4) PJL(X{I)J'( 12)_,wfé(XéI,X3 )
+%Zrz(x2 N E(XII’X‘*Z% nGED) ) &(X{I’X?)}

e +f(X1: xa) +f(x2 Xs) +f(X2: X4))
g{;l Ul*l(wl( _X1 e )Sm,nzﬂ(wZ(Xz; _X3 >)P2)

x/(; /(; glm—l n2- ISZ} m[wl(Xél _Xfl)m fl]ggé,nz[wZ(Xiz—Xéz)pzézpz]

x (h1(&1) + (1 - &) (ha(&2) + ha(1 - &) d& déy.

=

This rearranges to the proof of Theorem 3.1. O

Remark 3.1 Theorem 3.1 with /; =1, = 1 and 4, (&1) = h3(&1) = & becomes Theorem 2.1 in
[39].

Remark 3.2 Theorem 3.1 with [; =l =1, n; =1y =, 01(0) = 02(0) = 1, w1 = w, = 0, and
h1(&1) = hy(&1) = & becomes Theorem 3 in [33].

Remark 3.3 Theorem 3.1 with 1 = 9, = 1, 01(0) = 05(0) = 1, and w; = w; = 0 becomes
Theorem 2.1 in [40].

Remark 3.4 Theorem 3.1 with /1 =/, =1, 11 =1, =1, 61(0) = 02(0) = 1, w1 = w, = 0, and
h1(&1) = hy(&1) = h(&;) becomes Theorem 7 in [35].

Theorem 3.2 Letf: A — R be an integrable and (11, h1)-(lz, hy)-convex function on coor-
dinates on A. Then we have

l L+ I Iyo L
f Xll + le h X32 + X42 b
2 ’ 2

~ 5 X 5
mHET S > i fgxf/‘““ )
< Pt pLM(Xy )70
2()(2 _X1) ggl n1+1(w1(X2 _X11)'01)
A I
BHE” fgxléxz,xz)w” i o S )

2 3

+

Z(X _X3 ) ZSZZ n2+1(w2(X4 - X3 ) 2)

h( )f(Xh (81 h ) 4 f (o, (2222 )
=
2 23(;”,“1 C‘)1()(2 _Xl e
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/ ENIET (k- ) (e + (1 - £1)) dey

( )f( X‘ +X2 ]11 X3) +f([x1 X2 I ) Xa)
+l’l2
2 23(;;2 ”2+1(U)2(X4 X3 )'02)

f 27572 [oa(x? - x2) 82| (halto) + a1 - £2)) d,

where fo(x,y) = f(g1(x), 22(¥)) with g(x) = xﬁ and g (y) :yé.

Proof Since f is an (I, h1)-(l2, hy)-convex function on coordinates on A, the partial map-
pingf; : [x3, xa] & R defined by f,(v) =f(x,v) is (I, h2)-convex with respect to v on [ x3, x4,
andf) : [x1, x2] = R defined by f, (&) = f (u, y) is ({1, 11)-convex with respect to z on [ x1, x2].
So, we have

H[“5T)

=f< (Eax + (1= E2X)%)2 + (L~ &) 8 + Eoxh )f)lz}é>
¥ 2

| —]

IA
=
¥

AA
N = N

)(f (B2 + (1-Ex2) %) + £(((1 - )2 + Eax2) %))

hy

IA

)(hZ(SZ)f;c(XB) + (1 = &)fe(xa) + 2 (1 = &)fi(x3) + hz(fz)_ﬂc()(zt))

hy

/\
N

) (ha(&2) + ha(1 - &) (f(x3) + fx(xa))- (3.10)

From (3.10), we get

Iy Iy lz 1 1
Ph([ 2 ]T) <l +a-and) eAla-gnd ey
2(3) 2

< (&) + Mo (1 - £)) (fulxs) +fx(xa))- (3.11)

Multiplying (3.11) by &,*~ 1823,,]2 [an( xiz - )(3{2)"2 £72] and then integrating the resulting in-
equalities with respect to &; on [0, 1], we obtain

X3t X 21 oy 2\P2 £ P2
hz( ﬁc([ : 4:| )/ & 15/’2’12 w2( Xé)p p]dé2

12+ I % i -
h2( )fx<[X3 2X4:| )522m+1(w2()(4 Xé )p)

/ é_r]z 1323 '72 U)Z( 12 lz)pZ%.él)z]f ((3)_—2)(3 +(1 .5:2) )%)dgé

/ 677157 [on (1 — x2) & 1f((1 - £ + axf) 7) s

L3

Xy
G_PE/ (5 =) 83 on (4 = ) Jfeow) v
4 T A3

1}
X 32

Page 10 of 23
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1 xiz b\m12~1 oy s

m »/ b ( X3 ) SﬂZv’/Z [(,()2 (W - X3 ) ]f;c(w) aw
4 T A3

; ~02 12 o

(X4 - XIZ)Uz ( Sp2"72v(Xé2)+,w2ﬁC(X4 ) + 5

fi(x2))

I
p2m2:(xg2) w3

<:GXX3)+1;X4)l/'s"zlsg;m[an(xf-—x?)”sfﬂ

x (h2(&2) + ha(1 - &) dé. (3.12)
This implies that
1 X2+ xb )
=[5
() 2
1
T = X (@2 — x8)7)
~02 I (‘02 h b
X (“3”,]2 X2y s fe(x ’X4) ) wf(x x3))
fx;XS +f x1X4) / n—1 15\ P2 &2
= 5; nz+1 _Xs )P2) 52 02 "2 602(X4 X3) & ]
X (/’12(52) +hy(1 - &)) dé. (3.13)

o
Put x = [12%2 Xz ]11 into (3.13) to get

£ X{I + Xél % X?{z + Xiz %
2 ’ 2
hy(3)

<
- l; [ l; I
(X4 = st)nzgg;nzﬂ(wz()(f - st)pz)

I I
+ +
(it () 0 (5 ))
P2,112) (X3 P2.12,(Xg") @32 2

1o} )ﬂ*““ ) + AT 00
=2
2 5;)2 ,72+1(w2(X4 — X3 2)p2)

f@“ﬁmmm—&w 2| (&) + ha(1 — £)) d. (3.14)
Similarly, we can deduce

I L9t I Iyt
f )(11 + le h X32 + X42 h
2 ’ 2

B m(2)
IO e LK Y (P P E P L))

L b
l X3 + X4 ~ n X3t Xa
% SUI fig 1 —_— | + \S‘Ul Iy fé Xlly - 4 )
LN (x 2 PL(xy ) w1 2
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b 1
Xs +X4 12y X3 +X4 >
§h1< )f(xb 12) +f(xa0 %)
Sﬂi ,,”1(0)1()(2 — X1 )’01)

/ M50 [or (2 — X)L (i En) + (1 - &) d. (3.15)

By adding (3.14) and (3.15) together, and then multiplying the result by %, we get the de-
sired result. Thus we get the proof of Theorem 3.2. O

Remark 3.5 Theorem 3.2 with [; = [, = 1 and /(&) = hy(&1) = & becomes Theorem 2.2 in
[39].

Lemma 3.1 Letf : A — R be a partial differentiable function on A. If 22— 3 35 € L(A), then
we have

S(x1 x3) S5 xa) S(x2, x3) S (X2 xa)

1- _1-1 1-L _1-1 1-L _1-1 1-h _1-I,
4y, 1X3 ? 4y, 1X4 : 4x, 1X:-} : 4x, 1X4 :

1
I
4()(2 — Xt = X2 o1 - xiDPIFE,, e (x — x2))

(2 K SO0+ a7 e )

5 I
p,n,(le )= (x)w

~O h-1_1l-1 I (7 11 1 12 I 153
T G (1 X2 X3 g(X2 'X?’) pm(xfl)*,(xéz)*vw 2 fg(Xz K ))

(Xz —X11)(X4 —X )
a3 oG - xll)” 1872 alon(xi = x32)°2]

([ [ B e + -ty et + -y sy
+f/zs’(sl,sz)%((m{l+(1—sl)xél)li (1 - E)x2 + Eax2) %) dt dt
52 L 1
o[ [ et gg (=80 + &) ¥, (6ot + (18200 ) iy iy
/ / Bty &) —d as I S (—-g)xt +slxé‘)ﬁ,((1—sz)xé2+szxi2)é)dsldsz),
where

B(&1,6) =63, n1+1[ (Xél - Xfl)pl ] 2, ﬂz+l[ (X - X?iz)ngpz] (3.16)

and

~02
3 (1 x5)
_ 1 0212, (Xiz), fg 1773

4 by 12\ iy 02 by LAY 1-i

(Xa' = x3") 02, ,72+1[602(X4 - Xx37)"] X1

~02 x02

3 b xg) S (s X5

pz,nz,(xéz)*, fg 1r74 ﬂz,nz,(xff)i fg 20 X))
1-Ip + 1-I

X1 X2
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32 ,
L (x2)%n Jir(Xz X ) 1
—1
le ! 4(xy — xi) 3,]1 @106 = xi)e]
~ -1 ~
I TR ) 3T Rl g
P11 (X )01 P11, (Xy )@
X 1-I + 1712
X3 X4
37 Ny, er(Xz »X3 %Jl ny, fg(Xz »X
Pp101(x ) p101:(x ) ) (3.17)
12—1 1-I ’ ’
X3 X4
1 1
and fo(x,y) = f(g1(%), &) with g1(x) =x" and g (y) = y2.
Proof Set
h:= FLl — hg - hg + 774, (318)
where

1 1
& ::-/(; /0 E %—2”23’/)1 fl1+1[a)1(X2 _Xfl)m fl] 025 ﬂ2+1[w2(X4 _XéZ)PZ%-ZPZ]

X a2f
108,

o= [ / S L lon O~ ) 608 e 8) 80

(Ex + (= E)x) T, (Eax + (1 - E2)x2) ) dt di;

T (e (L= £ T (L= £ + Eax2) B ) iy

3‘5135
s :=/ / 51'62"%0, n1+1[ (X _Xfl)pl 1[)1]%/0”2“[602()(4 _X?{z)pz 7]
o Jo
92 1 1
X S (((1—51))({1‘*51)(51)[ (Esz +(1- Ez)X ?)2) dé dés;
0£106>
fa _./ / E P1m+1[ (X _Xfl)pl lpl] p;rzz+1[w2(xi2_X?iz)pz‘i:ZpZ]
°f

X (- £ + §1Xél) 71;» (- E) X + §2Xiz)715) d&, d&,.
9108

Integrating by parts h;, we have

)" nye
= / sg23pzn2+1 602()(4 - 2 : (/ &' P1n1+1 wl(X2 _Xll) ' {)1]

3 N N
x aslg; ((Evat + (1 -E)x) 7, (Eax5 + (- E2)x2) 2 )dfgl) dE,
lglﬁ[w(x 1)01 2 02 2\P2 02
- = (’IX 1_;11 1-I / Sn ﬂznz+l w2(x4 X?{ )»0 p]
1 2

ag (k1 (Eax + (1 - £2)x2) 2 ) iy
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1] '71—13171 [w1( _ l)pl ﬂl
[ e AP
O (et = )+ (gD h

< (el +(1—a)x§1)ﬁ,(szx3 - 52)X4)’l)d52) dé,
_ L alen(x - 1687 el &= x)”] fOuxs)
(X3 —xl) (x4 - x$) X

_ hbFy, e lo10' = X171
n2-1~o 1\ P2 & p:
2 1 I / 52 " gpg n w2(X4 _X32) 2]

= x (2 -

X (‘fzle;z +(1- 52)Xi2)175f()(1, (52)(3 (1-&)xs )%) dé,

11128 e (x? —xz)"z] 1 I\ p
= 1 ) / Eﬂl m n wl(XZ Xll) ' 1;71]

= X2 -

X (ngfl +(1 _gl)Xél)l_Ef((é:IX{l + —él)xé‘)ﬁ,xa) "
L1
) 2)/ / 30 ISZ}M a)l(Xz _Xfl)pl o

(Xz —xO -

X &30 [ (4~ x5) €07

X (ElX{l +(1—§1)Xél)l_%(;§2x +(1-& ))(12)l 5
Xf((flel +(1—§1)X£1)717:($2X3 (1-&)x )%)dézdfl-

By the change of variables, we get

nool b0
WSy malor(e' =) b5, alea(x’ - %31 f(x xs)

by =
1-/ 1-/
(o = xih (xs = x5) X1 X 0
LbLS) ,,1+1[w1(X2 ~xtH”]
- -
(= X = xym+i

)

Xg
o I N A AT

3
Ll
LB, oo (X = %3]
I
(Xz - X11)"1+1(X4 2)X1 :

8 Xz( I x)nkls[’l [ ( I )Pl] l—ﬁf( lz)d
Xll X2 — o1 @1 X2 —% x e\X> X3 ) X%

bl / / 1 711 -1 1
+ 1) -
o = g L Fnlen( "]

x (x2-y)"" 13;3 " [wz(xf - y)”Z]xI*H ylfz fi(x,y) dy dx. (3.19)

Making use of Definition 2.3 in (3.19), we get

I I
LS o1 = X182 o — %32 £(x1 xs)

1-5p  1-1
(X2 _X11)(X4 _Xg) X1 IXB 2

1=
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B 11128"2,,]”1 w1(X2 - Xll)p ] 11,1%02 X12 1 (Xh Xlz)
0 Iyl = oyt T T AR
lllzspz,,nﬂ[wz(m - x5)7] h-1~01 h-lg( b b
Ly +1 by K5 e X2 (e x7)
(Xz — 1)71 (X4 — 3) P1M1(Xy
1112 h-1_1Il-1 5 I
i X2 Xi ]fz(le’lez)' (3.20)

+ 3
(Xél Xfl)nﬁl(xiz _Xé2)nz+1 o (2

Likewise, we can deduce

ZIZZSm U1+1[w1 (Xz - Xll)m]gpz n2+1[w2( X32)p2 f(X1, X4)

hy =
-1, _1-1
0 =) = x50 X1 X
N 1112321 7]1+1 wl(XZ - Xll)ﬂl] h- 1(\902 lz—lf( I [2)
b 1 g\ X15 X3
(0! = X = x2)mt P2 (X2)
o [ I
lllzgpg,ﬂzﬂ [wQ(XZLZ - X32)p2] lr-1~01 -1 h b
* L l I I 4 X2 g(Xz » X4 )
1 1ynp+1(4 2 2
(X2 = xi )M xg = x3) pratal)to
hb ~ h-1_I-1
’ o o xs),  (321)

I S h Iy
(Xz _ Xll)nﬁl(x 2)n2+1 e (2w

LSl = xi)] B2 , aloa (X — 122 £(x x3)

hs =—
-, _1-1
(Xz _Xl) (X4 _Xg) X2 1X3 2
11123;1 r]1+1 wl(XZ _Xll)pl] ll_l(\SUZ Xlz 1 (Xll Xlz)
O — I (2 = x2yrt 2 T Ryt T VO
11123@ ,,2+1[CU2(X4 _X32)p2] h-1x01 K Slat )
( 1)n1+1( — 12) 3 prn () ALY 3
Xz X1 X4 X3 2
lllz - h-1_1-1 I
3 s 3.22
(Xz _Xll)nﬁl(x é2)nz+1 pvny(xél)‘,(xé )t A1 X g(Xl X4) ( )
and finally
I I I I
- L a6 =) LE (g = %3] £ xa)
- 1 1 I I - _1-1
(' = x') (xs = x3°) Xo X4
Lo}
_ lllzspimﬂ[wl(XZ _Xll)pl] h-1x02 )(12 ! (Xll Xl2)
Ol — I (x2 = x 2yt 2 T e TS
11123,02 ,,2+1[w2()(4 —X ’)] h-1x01 ll—lf( Iy 12)
1k 12 4 n, X1 Jg\X1s Xa
(Xz _Xl Lym+ (X4 - X3 ) 11Xy )01
1112 o h-1_Ilp-1 A
R} , 3.23
O T TR R ST SR ) 329
Making use of (3.20)—(3.23) in (3.18) and then multiplying by
(06" = )0 = x5)
I I ’
4111232,77“1[0)1()(2 _X1) ]@sznzﬂ[wz(x‘l _st)pz]
|

we arrive at the desired result. Thus we get the proof of Lemma 3.1.
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02
Theorem 3.3 Let f : A — R be a partial differentiable function on A. If|%| is an
({1, 11)-(ly, hp)-convex function on coordinates on A, then we have

Sxu x3) S(x1, xa) S (X2, x3) S (X25 xa)
T A T s Ty A Al s o A By A 1 A
4x1 X3 4x1  Xa 4xy " X3 Axy " Xg

1
I lj l; l I l;
406" = x1 M (xy - ng)’“%{;i n1+1[a)1(X21 - X1 e ]51)2 no+1 [CUZ(X4 X32)p2]
~ fa XD\ | o fe' x5)
X Iy T 1 tSh b i 1k
P10 (Xz ) (x3") e Xl 1X1 2 Xy )T (xg") 7w Xl 1X31 2

4

5o fz(Xz »Xs ~O fg(Xz ,X
e G\ 1 1k e G+ 1-h 1D 112
JZURVEY X4 el XZ X3 P51, Xl X3 Yo X2 X4

+

- (x2 - X0 = x5)
T ALLT o106 — xS leoa (g — x5)72)

1 1
x( / / B(sl,sz)(hlu—sl>+h1<sl))(hz<1—sz>+h2<sz))dsldsz>

(‘ A ‘ 0%f 0%f ’ 0%f
08106, | 7 | 35,08, 08,06, 08,0,

X x| + | 7= O x3) | + (X2s Xa)

)

where B(£1,&,) and A are as in (3.16) and (3.17), respectively, and fz(x,y) = f(g1(x), £2(9))

L 1
with g1(x) = x4 and g,(y) = y2.
Proof By Lemma 3.1 and the properties of modulus, we have

fowxs) | fOwxe) - fOexs) o fOexs)

+ +
1-5p  1-1 1-5 11 1-0 11 1-I;  1-1
4x; 1X:-; g 4x 1X4 : 4x, 1X3 : 4x, 1X4 :

1
I
4()(2 — XM = xR o1 = xiDPIFE,, alea(x? - x2))]

(3 Jfg(xll,xl a0 fg(xll,xgl
(X ) (k2 ) o \ 17 170 P (x2) 0 Xll 1X31 2

X1 Xa
I l;
L feO' x2) L3 feltoh x4)
P:’]:(X{l)+'(Xzi.2)_’ X21 -I Xgl ) ‘ p,nv(Xil)’U(X?)*vw le_ll Xi_lz

5 5 I I
< (le - Xll)(X42 - ng)
— 5 5 I l
ALF0 ol — IR, Lkl — X))

(/f (€06 L (e + (1= ),

06,062
(Eax? + (1 - E)x2) ") | & iy
1 1 82f 1
+/0 /0 B(&1,62) m((sl)( +(1-&)x)",

dé, d&,

(1-E)x” + £ax2) %)
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/ / Blen &) —

(széz +(1- fz)Xiz)E)

//5(51 £2)

(1- %'2))(;2 + 52)(112)5)

1
I8

as 35 (((1 51))(1 +§1X2)

d&, d&,

3%‘ 85 ((a — )X +§1X51)H,

73} d&z)-

Using the (4, 11)-(ly, hy)-convexity of | o2

f(Xl:XB) f(Xl:X4)

. f(Xz x3) f(X2 X4)

1-I, _1-1 1-1; _1-1 1-1; _1-1 1-I, _1-I

4y, 1X3 ? 4, 1X4 ? 4x, 1X3 : 4x, 1X4 2
1

I
4(X2 - X11 )yn (X42 -

A | on coordinates, we obtain
051052

-A

I I
X1 X P (gt ) (x2)

I3 I
(' x4)
x (37 £ +3°
( PO )" ( =i 1-h

I
+3° fg(Xz :Xs +3° fg(Xz ) X')
PO (20 \ 17, 1ok

1-l1  1-b

I + Iy + o
Xo X3 (X )t (3w

X2
_h )
< (Xz X1 )(X4 X3)

lj lj I
41112@2 n1+1[w1 (X' = x1")71] pg n2+1[0)2(X ’

( / / B(sl,sz)(hl@l)hz(sz)

2

l
— XSZ)PZ]
2

05,05, ——(x1, x3)

+h(E1)ha (1 - &)

2

05,05 ——(x xa)| + (1 =)&) | ———

2

+ (1 -&)h(1-5)

05,95, —— (X2, Xa) )d& dé,

1 1
+/ / B(Eh&)(h(&)hz(l—fz)

+h1(&1)ha (&)

85 3?;:2 X1, X3

o, gf;‘ (X xa)| + (1= &ED)ha(1 - &) | ———

L
9E,05,
2

+ (1 -&)h(&)

) d, d&,

//B(El %‘2( (1 -&)hy (&)

2

0E108, ——(x2, xa)

2

0E108, —— (X1, x3)

+ (1 -&)h(1-5)

2

0505, —— (X1 xa)| + h1(EDha(&2)

2

+h(E1)ha (1 - &)

) d, d&,

/ / B(&a)( (1= £ (1 - &)

05,0, ——(x2, xa)

i —— (X1, x3)
9E108, "7

l I
X?,z)nzs‘vg,mﬂ[wl()(z - X1 ) ]sz n2+1[a)2(X42 - X32)p2]

X1

o
€108,

35,95, —— (X2, X3)
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2 2
(1= )| 5 ;; (a0 + a1 - 89| 52 G )
02
+ h(&1)ha(&2) 95,05, —— (X2, X4) )d& déz)

_ (xs' - xl D - x3)
41112321,,,“1[@1()(2 _Xl ) ]S;;,Wl[wz( Xg) 2]

11
X (/ / B(&1, &) (1 - &) + h1(51)) (11 - &) + ha(£5)) ) d& déz)
o Jo

o°f 2°f *f 82
(| )| + |t G| + |5t G| + |22 )
This completely ends the proof of Theorem 3.3. 0

Corollary 3.1 Theorem 3.3 with | as as | <K gives the new inequality:

S(x x3) S(x1 xa) S (X2, x3) S(X25 xa)

1 11 1 11 1 11 - 11
dxy X7 Axy xa o Axy xs T Axy xa

1
+
lj I I I
A(x' = M xg = x35)m 3‘;1 m+1[w1(Xz - X11) ]%;2 m+l w2(X4 - X3 *)2]

N O xa) L ACRYES)
P0G \ T T8 )T g e \ I 1k

L fulxs' ) Lo AVRYE)
\p,n,(X{l)+‘(Xiz)7’“’ X21 l1X31 -l PU:(X?V:(X?V: X21 11Xi -l

< K(Xz - X11)(X4 - X3 ’)
a lllzg(g,nﬁl[wl()(z _X1 e ]3;2,,72“[0)2()( _X3 2)P2]

-A

1 1
x( f f B(sl,sz)(hl(l—sl>+h1<sl>)(hz(1—sg>+hz(sz>)dsldsz).
0 0

Remark 3.6 Theorem 3.3 with [; =, = 1 and h1(&;) = h»(&1) = & becomes Theorem 3.2 in
[39].

Remark 3.7 Theorem 3.3 with [; =/, =1, 51 =13 =, 01(0) = 02(0) = 1, w1 = w, = 0, and
h1(&1) = hy(&1) = & becomes Theorem 3 in [33].

a2
Theorem 3.4 Let f : A — R be a partial differentiable function on A. If I%Iq is an
(l1, m)-(ly, hy)-convex function on coordinates on A, then for g > 1 and 1% + % =1, we have

f(Xl:XB) f(Xl:X4) f(XzyX3) f(XZ’ X4)

1-/ 1-/ 1-/ 1-/ 1-/ 1-/ 1-/ 1-/
U COE Y CU PR Y SO CURE Y R Ol

-A

1
Ao lzws‘; mﬂ[wl(xz — X187 alon(xi® — x5)m2)

~G g(X1 vX e g(X1 7X3 ’)
x| = B2y 1- 11 1- 12 T by (b 1- 11 1-lp
pi(xy ) 7(x3%) 0 X1 X p(xy )7 (xg" )"0 X X3
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L0 £0GH ) | 5o ARy
P20\ d7h I T oo Getyre \ 1y 10 lz

2 3 4

(Xz - X11)(X4 - X ’)
I I
41112821 n+l wl(Xz - Xll)p ] 02, n2+1[w2(X42 - ng)pz]

IA

1 1 aZf q
(ff B(&1,&)] d§1d$2> H/o '/O (hl(%”l)hz(é'z) m()ﬁr}(?)
a1 — )| 2L (1 &)h s '
+ 1 (51)hy(1- &) 0505, (Xer4) +h(1-E)hy (&) 05,0, —— (X2, X3)
2 q i
+hi(1-&)h(1-&) 0505, ——(x2, x4) )dsld&}
Zf 2f q
{ / / ( (1~ 6| 7010, ) T )
Zf q
+h(1-&)hy(1-6) 05,95, —— (X2, X3)
2 q i
+m(1-&)h(&) 05,05 ——(x2, x4) )dfl dfz}
2
{/ /( (1 —&)hy (&) 05, 8f£2(X1,X3)
ki 1 _¥f 1
+h(1-&)h(1-8) 0505, —— (X1 xa)| +h1(E)ha(E2) 05,05, —— (X2, x3)
2f q %
+h(E)hy(1- &) 05,05 ——(x2, xa) )d& déz}
1 1 82
. { fo /0 (hlu—sl)hz(l—sz) ﬁ(xm)
(=8| T | e - 2L ()|
1 1)12(52 9E,05, X1 X4 1\&1)712 2 9,05, X2, X3

2

+ 1 (E1)ha(82)| = (x2s xa)

98108,

; ;
)dsldsz} }

where B(§1,&,) and A are defined as in (3.16) and (3.17), respectively, and fy(x,y) =
+ 1
f(gl(x)rgZ(y)) with gl(x) =xh gndg2(y) - ylz .

Proof Making use of Lemma 3.1 and the properties of modulus, we get

S(x1 x3) S (X1 xa) S (X2, x3) S(X2s xa)

A
1-/ 1-/ 1-/ 1-/ 1-/ 1-/ 1-/ 1-/
U COE Y CU PR Y SO CURE Y R Ol
1
4()(2 — X (x? 2)"2321 ,,1+1[w1()(2 — X187 alon(xi® — x5)m2)

~G g(X1 vX e g(X1 7X3 ’)
x| hy- (b 1- 11 1- 12 T by (b 1- 11 1-lp
P (Xa1) (X2 ) X1 X P (gt ) (X 2) X X3
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+ 30 fz(Xz ’Xs + 30 fz(Xz ’X
P20\ d7h I T oo Getyre \ 1y 10 lz

2 3 4
I
< (Xz - X11)(X4 - X32)
- I I
4‘11123'2 n+1 (w1 (X2 - )(11 )P1] ,02,7)2+1 [602()(42 - X32)'02]

(/ / Blé )| 7 ;; (Eix™ + (1 —g)x)
(Eax2 + (1-£)x2) %) dé, dt,

T (et - -,

/ f Ble&)| L

(1-&)x2+ szxf)%)

/ f Ble&)| L

(Eax? +<1—sz>xf)%)

/ f Blén &)

(1-E)x2 + Eax) %)

ag &,

d, d&,

(((1 51))(1 +51X2)ll

as ag

dé, d&,

1
l

(((1—51);&1 +E )T

ag 9%,
dé, d€2>~

Making use of the (/1, 41)-(l5, hp)-convexity of I%Iq on coordinates and Hoélder’s in-

equality, we obtain

S(x1 x3) S (X1 xa) S (X2, x3) S(X2s Xa)

+ +
1-/ 1-1 1-/ 1-/ 1-/ 1-/ 1-/ 1-/
U COE Y CU PR Y SO CURE Y R Pl

1
I 1§ I I 1§ I
4(x' = " mxg - ng)’”%;i n+l (010, - X1 e ]sz no+l [CUZ(X4 X32)p2]

5o fg(Xl ’X4 ~O fg(Xl ’Xs
x I 1 1, )Y o b Ty
J2un (Xz )" (X3 o X1 1 X4 2 /7»77)()(2 )1()(4 ) X1 1 X 2

3

~O fz(Xz ’Xs ~O Ji'(Xz ’X
S h 1- 11 1-lp S Iy 1- 11 1- 12
/7'7»()(1 " (X4 e XZ X3 P’l(Xl ) ( Yo X2 X4

- (xz - X0 = x5)
T ALLT o106 — xS loa (e — x5)72)

X(Alljﬂﬂﬁggyd&d&>é
({
AL

-A

+

1

1 1 |1
§1X{1+(1—51)X2)T (52)(3 (1- fz)X ?)2) déld‘gz}q

351352

1 1 |4
(B + (=001, (1-&) x5 + Eax) ) dsldsz}q

351352
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-

(L= 0% + 6T (a2 + (1 -2 2) )|

351 352 4 déz}

-

(L= % + &) T (1= )2 + £ax2)B)|

85185 13} déz}

< (Xz - Xll)(X Xéz)
B 4'111232 n1+1[w1( X2 — X1 ) ]13'4;2 ;72+1[w2(X - X3 )'02]

([ [ e dsldsz) H [ [ (iemte

)
3%‘18%‘ X1, X3

¢ In(E)ha(1 - £) aglg;z G|+ (1 = E)a(e2) aslgs )|
(1 hy(1 £l dé d %
+h(1-&)h(1-6) 05,95, ——(x2, xa) ) & 52}
2f q 32f q
{/ / ( (ED)hy(1- &) 3%‘1352()(1’)(3) + 1 (E)ha(&2) 8?;‘1852()(1’)(4)
Zf q
+m(1-&)h(1-&) 05,05 ——(x2,x3)
aZf q %
+h(1-&)hy (&) 35,05, —— (X2 X4) )d& drfz}
1,1 2
+ { fo /0 (hlu—sl)hz(sz) TeaE 00 0)
Zf q
+h(1-&)h(1-6) 05,95, ——(x1, Xa)
f q 2f q %
+m(51)h2(62) 05,05, ——(x2, x3)| +Mm(E1)ha(1-5) 05,0, —— (X2 X4) )d& déz}
1,1 2
f
; { [ (hlu—sl)hz(l—sz) Mm,m)
2f 2f q
+h(1-&)hy (&) 35,0, —— (X1, X4) +h 15y (1 - &) 05,05, —— (X2, x3)
h h f ! dé1d %
+ 1 (E1)hy(&2) 05,05 (X25 Xa) ) & 52} :|
This rearranges to the proof of Theorem 3.4 O
Corollary 3.2 Theorem 3.4 with |3$ 3511 = K, give the new inequality:
f(Xl:XB) f(Xl:X4) f(Xz x3) f(X2 X4)
1-0y 1=y 1[1112+ 1-I 1[2+ 1-ly _ 1=y -4
dx; X3 4x1  Xa 4 X3 X Xa
1
4()(2 Xt E = xmE aloi! — xR w2 (x — x2))]

ol
~G ]fg(X1 1X4.2) e g(X1 ng ’)
x| I by 1-l1  1-b TS ly- (B 1-l1  1-b
Pims(xg )7 (x3%)* s X1 X p(xy )7 (xg" )"0 X X3
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L SO xs) e JACCy
ﬂ,n,(xil)*,(xiz)‘,w le llxl b ‘ p,n,(xil)*,(xéz)*,w le llxl 12

3 4

K = 00 = 13
1112321 n+l wl(Xz - Xll)p ] 02, n2+1[w2(X4 - X32)p2]
1

1 pl },
x( fo [0 [B(sl,sz)]”dsldsz)

(/ / 1(1-&) +h(%‘1))(}12(1—52)+h2(§2))d$1d§2>q

4 Conclusion

Since convexity has wide applications in many mathematical areas, the general class of
({1, 1)~ (L5, hp)-convex functions on coordinates can be applied to obtain several results in
convex analysis, special functions, related optimization theory, mathematical inequalities
and may stimulate further research in different areas of pure and applied sciences.
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