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1 Introduction

In 1988, S. Hilger first introduced the theory of time scales in his PhD thesis (see [1]),
which unifies continuous and discrete situations. Thus the field of differential equations
on time scales can extend the classical differential equations and difference equations on
R. Moreover, this theory provides important tools in the areas of economics, populations
models, quantum physics, and some others. Therefore, many researchers are interested in
this theory (see [2—5]). Dynamic systems and cellular neural networks are two important
models in applications. In recent years, the investigations of the above two systems on
time scales have attracted many mathematicians’ attention.

The theory of almost periodicity on time scales dates back to 2011. The authors of [6, 7]
first extended the classical almost periodic functions on R to time scales, and also applied
them to investigate the almost periodicity of some high-order Hopfield neural networks
on time scales. Thereafter, the theory of almost periodicity on time scales has attracted
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attention of many scientists. Lizama, Mesquita, and Ponce [8] gave a related concept of
almost periodicity on time scales, and also constructed one almost periodic function on
R as well as on time scales. These results enriched the theory of almost periodicity. As the
development of the theory of almost periodicity on R, generalizations of the definition of
an almost periodic function on time scales are also interesting topics. Li and Wang defined
pseudo almost periodicity in [9], and then, Li and Zhao investigated weighted pseudo pe-
riodic functions [10]. Meanwhile, Lizama and Mesquita [11] defined almost automorphy
on time scales. Furthermore, the Stepanov-like definitions were also suggested. Tang and
Li [12, 13] gave the concept of Stepanov-like almost periodic functions and Stepanov-
like pseudo almost periodic functions on time scales, and Dhama and Abbas [14] showed
weighted Stepanov-like pseudo almost automorphic functions on time scales. In the def-
inition of Stepanov-like functions on R, Bochner transform is an important tool, but it
is not available in the investigation on time scales. To solve this problem, Tang and Li
[12] proposed the definition of Bochner-like transform on time scales. At least one result
in [14] involving the Bochner definition was not true, and so it is important to give the
Bochner definition of Stepanov-like almost automorphic functions on time scales.

The first contribution of our work is an introduction of the Bochner definition of
Stepanov-like almost automorphic functions on time scales by applying a Bochner-like
transform, which is equivalent to the earlier definition of Stepanov-like almost automor-
phic functions on time scales provided in [14]. Our definition corrects the result in [14].
Secondly, as applications, we present a study of the almost automorphy for the following

dynamic equation:
u®(s) = A(s)u(s) + (s), seT, (1.1)

with A(s) being almost automorphic, and ¢(s) Stepanov-like almost automorphic on T.
The almost automorphy [11] and pseudo almost periodicity [13] of equation (1.1) have
been studied, with ¢(s) being almost automorphic and pseudo almost periodic, respec-
tively. Our results extend earlier investigations. Finally, we show a result about the almost

automorphy for the following system:
up(s) = —ay(s)ui(s) + Z Bim(5)Fon (141n(5)) Z Com(S)Fon (1 (s = Vim)) + 11(s),

forseT,l=1,2,...,n. This system is called a cellular neural network, where u;(s) denotes
the activation of the /th neuron at time s, a;(s) corresponds to the rate cell / resets its poten-
tial to the resting state when isolated from the other cells and inputs at time s, y;,, denotes
the transmission delay, ;(s) and F,, correspond to the external input and the activation
function, respectively, and by, (s) and c;,(s) are the connection weights at time s.

Our work is divided into four parts. In the second section, we present preliminaries,
including the definitions and properties of Stepanov-like almost automorphic functions
on time scales. The third section is devoted to establishing the result about the almost
automorphy for some linear dynamic equation on time scales. At last, we show the exis-
tence of an almost automorphic solution for some cellular neural networks with delays,

and present an example.
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2 Definitions and properties
In the sequel, we set

Z = {s:sis a integer}, R = {s:sis a real number},
C = {s: s is a complex number}, R* = {s:sis a real number, and s > 0}.
The Euclidean space R” is equipped with Euclidean norm | - |. Let X be a Banach space

with the norm || - |.

We will show some definitions about time scales, which are taken from [2, 4]. If T is a
nonempty closed subset of R, we say it is a time scale. Let s € T, the forward jump operator
o : T — T and backward jump operator p : T — T are defined by

o(s)=inf{r € T, t > s}, p(s)=sup{r € T, 7 <s}.

If p(s) = s, we call s left-dense, and otherwise, we call it left-scattered. Similarly, if o (s) = s,
s € T is called right-dense. Otherwise, s € T is said to be right-scattered. Now we show
the definition of the graininess p : T — R* with u(s) = o(s) — s. If « is a left-scattered
maximum of T, we denote T = T \ {«}; otherwise T* = T.

Now we present the definition of a continuous function and delta derivative on time
scales.

Definition 2.1 ([11]) (i) ¢ : T — X is said to be rd-continuous if it is continuous at each
right-dense point and the left-hand side limits exist at left-dense points.

(i) ¢ : T — X is called continuous on T if it is continuous at both right- and left-dense
points.

Set

Cra(T,X) ={¢: T — X : ¢ is right-dense continuous},
I (T,X)= {(p :T— X:¢islocally LpA—integrable}.

loc

Letay,a; € Tand a; < ay, [a1, a2t = {s € T:a; <s < a,},and [a1,a,] be the usual interval
on R.

Definition 2.2 ([2]) Let ¢ : T — X and s € TX. If 9 (s) € X is such that for any positive
constant ¢ we can find a neighborhood Uj of s, satisfying

le(c(9) - p(x) - ™) (o (s) - 7) | <|o(s) -

, el

we call ¢ (s) the delta derivative of ¢(s).

The definition of integration on time scales is summarized in [12], and the authors of
from [3] showed that the integral f[awz]T @(s)As also satisfies the Lebesgue integration
theoryon T.

Definition 2.3 ([6, 7, 11]) Time scale T is said to be invariant under translations if the set
IT is a nonempty set, where

[M={treR:s+7€T,VseT}.
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In the following, we always suppose T is invariant under translation. In [12], the authors

gave its properties. Set
L:=inf{|t|:7 € ,7 #0}. (2.1)

Lemma 2.1 ([12]) L >0 ifand only if T # R, and L = 0 if and only if T = R. Furthermore,

the following result is true:

LZ forT #R,
R forT=R.

Now we are in the position to give the definition and propositions for Stepanov-like
almost automorphic functions on T.

Definition 2.4 ([11]) Let ¢ € Cy(T, X). If for each {«,,} in IT there are a subsequence

{ay} C {a),} and a function ¢ satisfying
lim ¢(s+a,)=@(s) and lim @(s—a,) = ¢(s)
H—>0Q n— 00

pointwise on T, we call ¢ an almost automorphic function on T, and denote their space

by AA(T, X).
Define
1 forT=R,
L:=
L forT#R,

with L defined in (2.1). In the following, we work under the assumption that p > 1. Define
the norm || - ||s» as

1 p ; p
l@llsp := sup 7 Hga(r)” Ar for ¢ € L} (T, X).
seT [s,s+L]T

If |l|ls» < 00, we call function ¢ S”-bounded, and denote their space by BSP(T, X).

Remark 2.1 In [12], the authors have shown some results about the space BS?(T, X). That
is,

(i) (BSP(T,X), || - lls») is a Banach space.

(ii) BSP(T, X) is translation invariant.

(iii) BSP(T,X) c BSY(T,X) for 1 <g <p < oo.

Definition 2.5 ([14]) A function ¢ € BS?(T, X) is said to be Stepanov-like almost auto-
morphic if for every sequence {«)} € I, we can extract a subsequence {«,} and find a

function ¢ € I (T, X) such that

loc

leo(s + ) —@(s)Hsp — 0, |@(s — ) —<p(s)HSp —0 asn— oo.
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In [14], the authors claimed the following conclusion:

(A) ¢ € SPAA(T, X) if and only if ¢ € AA(T, L?([0, L], X)), where ¢(s, £) = (s + £), with
seT,te[0,L]n.

But the result is not true, and the following example shows it.

Example 2.1 Set X =R, and

T= [i(a +b),i(a+b)+ a],

-

Il
(=]

14

with a,b > 0. It is clear that L =a + b, I1 = (a + b)Z, and [0, L] = {0,a + b}. On time scale
I, u(0) = u(a + b) =a + b. Set

s2, s€(a+Db)Z,

sins—————, seT\(a+b)Z

2+coss+cos s’

We can check that ¢ € SPAA(T, R). But

1
- - p
1~ 19 =8 [, It o o)

= sup(M(O)’(p(s)‘p + ula + b)’(p(a +b +s)‘p)’l’ > suj;;|<p(s)‘ = 00.

seT

That is, ¢ € AA(T, L#([0, L], R)), and the conclusion (A) is not true.

It is important to introduce the Bochner definition of Stepanov-like almost automor-
phic functions. In the following, we will give the Bochner definition of Stepanov-like al-
most automorphic functions on time scales by applying a Bochner-like transform which
is introduced in [12].

If T # R, let  be a left-scattered point in T. For any fixed s € T, it is not difficult to verify
that there exists a unique integer n; such that s — n,L € [w,w + L).

Definition 2.6 ([12]) Let ¢ € BSP(T, X). Define ¢° : T x T — X by ¢°(s, t) = o(N,;L +t) for
s,t € T, where

s, T=R,
'/\/;:
n;, T#R.

We call ¢¢ the Bochner-like transform of ¢.

By using Bochner-like transform, we can present the following Bochner definition:

Definition 2.7 Let ¢ € BSP(T, X). If the Bochner-like transform ¢¢ € AA(T, BS?(T, X)), we
say that ¢ is Stepanov-like almost automorphic on T based on Bocher definition. Denote
their set by SPAA(T, X).

Lemma 2.2 N, L =N,L +aforseT and o € I1.
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Proof If T = R, we can easily get N;,o L =5 + o = NV;L + a, and the conclusion is true. If
T #R, we know £ = L. From Lemma 2.1, there is &’ € Z such that « = &’L. Since s — n;L €

[w,w + L)T, we have
s+a—a’L—nSL=s+a—(ns+o/)L=s—nsLe [w,w + L)T.

Since ny,, is unique, we have ng,, = 15 + &', thus ng,o L = n;L + «, and this completes the

proof. d

Theorem 2.1 For ¢ € BS’(T, X), the following statements are equivalent:
(i) ¢ € SPAA(T, X).
(ii) Foreach {a)} in I, we can find {o,} C {a),} and ¢ € BSP(T, X) such that

(1 e \?
lim | = / ||g0(r +oy,) — (p(r)” Ar) =0 and
n—oo\ L [s,s+L]T

1
lim <l/ ||g5(r—an) —o(r) ||pAr)p =0
n—oo\ L [s,s+L]T

pointwise on T.

Proof For T #R,letp, ¢ € BS?(T, X), and consider a sequence {«,,} C I1. From Lemma 2.2,

for each s € T, we have

(2., loran-gonar)

1

. ) 1

:sup(z/ H¢(7‘+Oln)—<ﬂ(r)HpAr>p
reT [T+ Ns Lt + N L+ L]

- sup(l / leWNL + ot + 1) = GNGL +7) HpAr>
[t,r+L]T

1
»

el L

1

(— / [ @ £+ 1) = GNL + r)||m)"
[t,r+L]T

= |@(s + ) = ¢, )| -

Thus the two statements are equivalent for T #R. For T = R, it is clear that ¢°(s, £) = ¢(s+1)
fors, ¢ € R. From the above argument, we know the two statements are equivalent, and this

completes the proof. d

Remark 2.2 (i) Clearly, we can get that AA(T, X) C SPAA(T, X).

(ii) By the above Theorem 2.1, we can easily get the following result:
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¢ € SPAA(T, X) if and only if for each sequence {«)} in IT, there exist {«,} C {«],} and
¢ € BSP(T, X) such that

1
(l/ H(p(r+a,,) —(ﬁ(r)HpAr)p — 0 and
L [s,s+L]T

1

1 1

(Z / H(ﬁ(r— a,) —@(r) ”pAr>p -0
[s,s+L]T

as n — oo pointwise on T. Thus the Bochner definition of Stepanov-like almost automor-
phic function is equivalent to Definition 2.12 in [14].

(iii) If the convergent “pointwise” in (ii) is changed to “uniformly’, we know it is
Stepanov-like almost periodic on T. Thus SPAP(T, X) C SPAA(T, X).

Remark2.3 ¢ € SPAA(Z,X)ifand onlyif ¢ € AA(Z, X). Indeed, letting T = Z, we can easily
getthatI1=7,L =1,and u(s) = 1 fors € Z.1If ¢ € SPAA(Z, X), for any {«,,} in II, there exist
{an} C {,} and ¢ € BSP(T, X) such that

(/[ . ||<p(r+ a,) — @(r) ||pAr>p -0

as n — oo for each s € Z. Thus
/[ ] ||<p(r +ay) — (Z)(r)”pAr = ||(p(s +1+a,)—-@(s+ I)HP + ||<p(s + o) — @(s) ||1’J — 0,
s,s+1]

as n — oo for every s € Z. Then |l¢(s + ) — ¢(s)|| = 0 as n — oo for every s € Z. That is,

¢ is an almost automorphic sequence on Z.

From Definition 2.7, the space SPAA(T, X) can inherit the following important proper-
ties from AA(T, BSP(T, X)) directly:

Proposition 2.1 Let ¢, € SPAA(T, X),[ € T, then
(i) ¢ + ¥y € SPAA(T, X).
(ii) (- + 1) € SPAA(T, X).
(iii) SPAA(T, X) is a Banach space under the norm || - ||sp.

Now we give the composition theorem on T. Let

1

T(@)(s) = <Z /[ B Hw(r)HpAr)p, ¢ € BS(T,X),s € T.

In the proof, we will apply the following assumption:

(H) The operator T (¢(v(-)))(s) is continuous on the set of S”-bounded functions
v:T — RateachseT, that is, for any positive constant &, we can find a positive
constant § such that if 7 (v; — v,)(s) < §, then we have T (¢(v1(-) = v2(+)))(s) < € for
eachseT.
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Theorem 2.2 Assume ¢ € BS?(R,R), and the above assumption (H) is satisfied. If v €
SPAA(T,R), o(v(s — y)) is Stepanov-like almost automorphic on T, where y € I1.

Proof Since v € SPAA(T, R), we know that for each {«],} C I, there exist {«,} C {«),} and
v € BSP(T, R), satisfying

. 1 N »
lim | — |v(r+o¢,,)—v(r)| Ar) =0,
n—oo\ L [s,s+ L]

1

1 p
lim (—/ |f)(r—a,,) - v(r)|pAr> =0
n—oo\ L [s,s+L]T

for every s € T. From the assumption (H) and (2.2), we have

(2.2)

1

lim (% /[‘S'S+£]T|(P(U(V'+Otn - y)) _(P(TJ(V— ]/)) |pAr)P -0,

n—00

pointwise on s € T. By a similar argument, we can get

1
p

lim (% /[;'S+L]T|<p(fz(r— an—y)) —p(vir-y)) |PAr) =0

n—00
pointwise on s € T. Therefore, p(v(s — y)) € S’AA(T, R), and the proofis complete. [

Remark 2.4 Theorem 3.19 in [11] showed a result about the composition of almost au-
tomorphic functions and continuous functions. Our result extends Theorem 3.19 to
Stepanov-like almost automorphic functions by replacing “continuous” with respect to
the sup norm by “continuous” with respect to the $¥ norm.

3 The almost automorphy for a dynamic system on T
In this section, the concept of an exponential function on time scales will be given first.
We say that k: T — R is regressive if 1 + i(s)k(s) # 0, for s € TX. Denote

R =R(T) =R(T;R) = {k 1k € Cy(T,R), and it is regressive}
and
R =R (T;R) = {k €R,1+ u(s)k(s)>0,s € T}.

Suppose that k,/ € R and define k @ [ and &k as follows:

—k(s)

(k@ I)(s) := k(s) + 1(s) + u(s)k(s)l(s), (6k)(s) := m,

for s € TX. We can easily check that the set R is an Abelian group with operation .

Definition 3.1 ([2]) Consider k € R. Set

ex(s, T) =exp (/ S (k(r)) Ar) fors,t €T,
[oslT
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with ¢, : C;, — Z), given by

% log(1 + hu) for h #0,
u for 1 =0.
The function log means the principal logarithm.
Proposition 3.1 ([13]) Suppose w >0, s,7 € T. Then
(i) ecw(s+ 1,7 +1) = egw(s, ) whenever [ € T1.
(ii) If sis a point in T, egy(s, T1) < €cw(s, T2), with 11 < 7y and 11, T € (—00, s]t.

(iii) Yo | cw(s, o (s) — (m —1)L) is uniformly convergent for s € T. Furthermore, for every
seT,

Zeew (S!U(S) - (m - l)ﬂ) = Aa);
m=1

where A, = #p(_w), ifT=R,and L, =2+ wuo + w#ﬂo, if T #R, with o = sup,.p ju(s).
Now we are in a position to consider the following system:

u®(s) = A(s)u(s) + ¢(s), seT, (3.1)

where A € R(T,R"*"), ¢ is a continuous function, and ¢ € SPAA(T,R"). Let U(s) be the
fundamental solution of

u®(s) = A(s)u(s), seT. (3.2)

We say that equation (3.2) admits an exponential dichotomy on time scale T [3], if there

exist a projection P and positive constants w, K such that

|L[(s)PL[’1(t)| < Kegy(s,7) ifs>rt,

|L[(s)(1 —P)L[’l(t){ < Kegy(t,s) ifs<rt.
Theorem 3.1 Let A € AA(T,R™*"). Then, for s > t, the following condition is satisfied:
lea(s, 7)| < Kegw(s, T), (3.3)

with K > 0 and o > 0. Then equation (3.1) admits a unique solution u(s) € AA(T,R) given

u(s):/( ] eA(s,cr(r))go(r)Ar (3.4)
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Proof By asimilar argument as in the proof of Lemma 4.7 in [13], it is not difficult to show
that the function in (3.4) is the unique bounded solution for (3.1). Now we proceed in two
steps to prove it is almost automorphic.

Step 1. We show the property of e 4(s, o (7)). From the definition of an almost automor-
phic function on T, we know that for any {c;,} in I, we can find {«,,} C {«],}, and functions
A, §, satisfying

|AGs + @) = As)| =0, | Als—a) - Als)| = 0 (3.5)
piecewise on T as n — 00, and

1
(l/ ’(p(r+a,,) —gZ)(r)|pAr)p — 0,
L [s,s+ L]

(l f }¢(r—an>—¢(r)|"m)p 0,
L [s,s+ L]

piecewise on T as n — 0o. Set

(3.6)

u(s) .= / eA(S,a(r))gZ(r)Ar,
(00,8l
W(s,a(r)) = eA(s + oy, 0 (T + an)) - eA(s,cr(r)), seT,0<s—t<L.

It is easy to get that

0AW (s,0(T))
dAs

= A(s + ay)en (s +oy,0(T) + oty,) - fl(s)ej(s,o(t))
= (.A(s +ay,) - fl(s))eA(s +a,,0(T) + ot,,)
+ fl(s)(eA(s +0,,0(T) + o) —e 4(s,0(7)))

= (A(s +a,) - fl(s))eA(s +a,,o(r)+ o:,,) + fl(s)W(s, o (1)).

Thus from the variation of constants formula, we have

W(s,0(7)) = / ei(s,0(n)(Ar+a,) - fl(r))eA (r+ano(t) +a,)Ar,

[o(T)s]T

since W(o(7),0(t)) = 0. From (3.3), it is not difficult to verify that |le 4(s, T)|| < Keg(s,
7),s > 7. Then

’W(s,a(r))’ < /[ o |eA(s,a(r))‘ . ’.A(r+a,,) —./I(r)’ . |eA(r+an,a(r) +o¢,,)|Ar
5/ K2|A(r + o) —jl(r)| ecw(s,0(r)ecn(r + an o (t) +ay) |Ar
[o(z)slT

:I(zeew(s,a(r))/[ o \.A(r+an)—fi(r)| |ecw(r,a(r)|Ar
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= K’eq, (s,a(r)) / \.A(r +ay,) - A(r)! . |1 + a),u(r)|Ar.

lo()slT

By (3.5) and [10, Theorem 2.1], for every ¢ > 0, we can find N; € Z* such that, when n > N,

we get
f |A(r+a,,)—fl(r)|-|1+wp,(r){Ar<8,
[o(2)slT

since on the interval [o(7),s]t the functions A(r), A(r), and 1 + wu(r) are all bounded.
ThusifO<s—1 < L,

eAls+ay,0(t+a,))—eji(s,0(1))| <K eegw(s,o(t) (3.7)
y 2

forn>Np,seT.
Step 2. We prove that u is almost automorphic. Set

o0
K = Z/ ea(s+ano(r+ay))|er+a,) - @) Ar,
= Jls—kLs—k-1) LI

s—kL,s—(k=1) L]

K = Z/[ |eA(s + a,,,o(r+an)) —eA(s,a(r))| . |(Z7(r)|Ar.
k=1

By (3.6), for the ¢ given above, there is N € Z* such that N > Nj, and, when n > N, we have
1 1
p
(—/ \(p(r+o¢,,)—g5(r)|pAr> <e
L [s,s+L]T
for every s € T. By Holder inequality, (3.3), and Proposition 3.1, for n > N, s € T, we have
[’} 1

K < Z(/ |eA(s+ozy,,(r(r+a,,))|qAr)q
P [s—kL,s—(k-1) L]

=1

Y
lo(r+a,) - g(r)| Ar
[s—=kL,s—(k-1)L]T

[o¢]
< K eow(s+amo(r+a,)) | Ar !
) e )|
[s—kL,s—(k=1) L]

X

k=1
1/1 . b
x Lp (— / ‘(p(r +ay,) - ¢(r)|PAr>
L Jis-kcs-k-1)clp
> 2
= Z[{(f ’eew(s,a(r))}qAr>
pay [s—kL,s—(k=1) L]p
1 1
1 p
x Lr (— / }go(r +oy,) — @(r)‘pAr)
L skl 5—(k-1) L]y

> 1 P
<) Klegl(s, —k—l[i-—/ W) — @ ”A)
,;: lecw(s, o (s —( )L)| (/3 [s—kc,s-(/<-1)£]T|(p(r+a ) - @(r)[" Ar
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<Ky, (3.8)

where 1/p + 1/q = 1. By (3.7) and Proposition 3.1, we get forn > N,s e T,

%) 1
- p
K < Z(/ ‘(p(r)‘pAr)
k=1 [s—kL,s—(k-1) L]
1

X (/ |e,4(s+otn,o(r+ot,,))—eA(s,a(r))|qAr>q
[s—kL,s—(k-1)L]T
S %
< K2seoy (s, N ) cr @
< k;( [ oo Kosealso0)ar) £ 50

<K? ||<Z7(r) ”Sps[,%’ Z €cw (s, o(s)— (k- l)ﬁ)ﬁé
k=1

<K% | 0()] g (3.9)

where 1/p + 1/q = 1. By (3.8) and (3.9), we know the series K3, K; are convergent, and then

we have

|u(s +ay,) — Zt(s)|

= ‘/( ] eA(s+an,o(r))g0(r)Ar—/ ei(s,o(n)p(r)Ar

(—o0slT
< / |eA(s +a,,0(r+ ot,,))<p(r +oy) — eA(s,a(r))¢(r)|Ar
(~oo.slT

o0

:Z/[ Lo (enE] lea(s +an o (r+a,)e(r+a,) —e 4(s,0(r)@(r)|Ar
k=1 v 57kbs=k=DLIT

<K +Ky < K)hye + K)ye.

Thus for every point s in T, we get that lim,_, « |u(s + ;) — #%(s)| = 0. By a similar argu-
ment as in the above proof, we can show that lim,,_, » |%(s — ;) — u(s)| = 0 for every s € T.

Therefore, the solution u € AA(T,R), and this completes the proof. d

Remark 3.1 (i) It is easy to verify that condition (3.3) is equivalent to the fact that the
homogeneous equation u”(s) = A(s)u(s) admits an exponential dichotomy on T.

(ii) Assume T = Z, then equation (3.1) is the difference equation u(n + 1) — u(n) =
A(n)u(n) + ¢(n). From Remark 2.3, we know that a Stepanov-like almost automorphic
function on Z is equal to an almost automorphic sequence. Thus Theorem 3.1 is Theo-
rem 3.8in [15]. If T = RR, it is clear that condition (3.3) can verify the exponential dichotomy
condition on R, and Theorem 3.1 can generalize Theorem 3.2 in [15]. That is, our Theo-

rem 3.1 combines the two previous results, and generalizes them.
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4 The almost automorphy for cellular neural networks on T
At this part, we will show the result about almost automorphy for the following system:

up (s) = ai(s)u(s) + Y bi($)Eyn (tn(s))
m=1

+ chm(s)Fm(um(s - ylm)) + 11(5)7 seT, (41)

m=1

for ,m=1,2,...,n, F, € CR,R), a;, by, cim € AA(T,R), v, € T, and where I; : T — R
are Stepanov-like almost automorphic on T.

Let a; = infser a;(s). Now we give some assumptions:

(Hy) Foreachm=1,2,...,n, there exist positive constants C,, and «,, satisfying the fol-

lowing inequalities:
Fn($)| <Cuy  |Fn(s) = Fu(t)| Satmls—tl, steR.
(Hy) Foreveryl=1,2,...,n, we have a; > 0,-a;(s) € R*, with s in T.
(Hs) Aal(zzlzl (1o |l + llcim ) < 1, where A, is given in Proposition 3.1.
By a similar argument as in the proof of [6, Lemma 2.15]], we can get the following result,

and here we omit the detailed proof.

Lemma 4.1 Assume (H,) is true, and a; € AA(T,R), for every [ = 1,2,...,n. Then the ho-
mogeneous equation

u®(s) = Als)uls),
satisfies the exponential dichotomy condition on T, where

—ai(s)

—as(s)

A(s) = ) . (4.2)
—a,(s)

Theorem 4.1 Let the assumptions (H,)—(Hs) hold, then (4.1) admits a unique almost au-

tomorphic solution u*(s).

Proof Let E = {yy € SPAA(T,R") : ||{ |l < ro}, where ro = maxy<j<u{ts, (3,1 Con(llbim |l +
llcom ) + s |lsp)}. For any given ¥ = (Y1, ¥, ..., ¥,)T € E, we investigate the linear system:

U (s) = —ar($)ur(s) + Y bim(S)Fon (Vin(9)) + > ctm(S)Fon (Vs = vim)) + 1i(s),  (4:3)
m=1 m=1

with s € T. By Lemma 4.1, the associated homogeneous equation

u (s) = —ar()ui(s)
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satisfies the exponential dichotomy condition with / = 1,2,...,n. By Proposition 2.1 and
Theorem 2.2, we get that the function

W(s) = (W1(), Wa(s), .., Wuls)) "

is Stepanov-like almost automorphic, where
n n
Wy(s) = Z biyn($)Epm (';[/m (S)) + Z Cim(8)fm (Ilfm(S - Vlm)) +1)(s),
m=1 m=1

for [ =1,2,...,n. From Theorem 3.1, we get the conclusion that the equation u?(s) =
A(s)u(s) + W(s) has a unique solution uy (s) € AA(T,R"), which is given by

Uy (s) = /(_ ] e_A(s,a(r))lIf(r)Ar = (u‘/,1 (8)s Uy (8)5 - . 5 Uy, (s))T, seT,

with u(s) = (u1(s), ua(s), ..., u.(s))", A(s) given in (4.2), and

by (5) = /( ealsot) (me(rwm(wm(r))
—00,sIT m=1

+ Z Clm(r)Fm(w;'n(r - Vlm)) + I[(T’)) Ar.

m=1

Define the solution mapping

T (W)(s) = (uy, (s),uwz(s),...,u,/,n(s))T, ¥ eE.

From Proposition 3.1, and (H;)—(Hs), we get

’uy,, (s)‘ = / ey (s, o(r)) (Z by (r)Fyp (wm(r))
(=008l m=1
+ chm(V)Fm(Wm(V ~ Vim)) + 11(’”)) Ar
m=1
<

m=1

< /( ] e q(s,0(r) (Z (i (r) + cim(r)) Co + Il(r)) Ar

k; /[S_kﬁ’s_(k_lmh ey (s;,0(n) (Z(blm(r) + Con(r)) G + Il(r)> Ar

m=1

oo 1
q
=3[ e-a(s00)['ar)
= \JskLs—(k-DLly

n

11
x Lr| — /
(ﬁ [s=kL,5—(k=1) L]y Z

m=1

(bim(r) + cim(r)) Co + Li(r)

Y.
Ar)

< ie_ﬂ(s,a( - (k- 1)£))(i Con (1Bt + Nl ) + ||11||sp)

k=1 m=1
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>
|2
.~
b
$
_—

|bimll + e ll) + IIIzllsp) = ro,

foreveryl=1,2,...,n. Thus |I'(¥/)]le < 1o, and T'(E) C E.

Let ¥, x € E. Then, by (H;), we have

|ty — 1yl

/( : € a (5: G(r)) (Z blm(r)(Fm (%«(V)) —Fy (Xm(r)))
—00,sIT m=1

+ chm(r)(Fm(wm(r - Vlm)) - Fm(Xm(r - Vlm)))) Ar
m=1

=

/( ea(sot) (Zam[bzm(r)(wmm—xm(r))
—00sIT m=1

+ Cim (1) (1/fm(f ~ Vim) = Xm(r = ylm))]) Ar

< Aﬂ,<2am(nbzmu + ||czm||)> 1%~ Xl

m=1

By (Hs), we know that I" : E — E is a contraction mapping. Thus we know that the operator
I" has a unique fixed point u#*(s) in E. Therefore, the system (4.1) admits a unique almost
automorphic solution, and this completes the proof. d

In the final, we give a specific example to explain the above Theorem 4.1 for the sake of
clarity.

Example 4.1 Set T = | J75)[2i,2i + 1]. We can calculate easily that IT = 27, £ = 2, u(s) = 0
for s € I1. Consider the following neural network:

2
U (s) = —ar($)ur(s) + Y bim(8)Fy (tm(s))

m=1
2
+ Y o Fn (tm(s = yim)) +Ii(s),  s€T,1=1,2,

m=1

(4.4)

with

0 %
ai(s)=sin — — + 2, ay(s) = sin +2,
! 2 +CcoS2s +CcosTs 2 2+cosns+cos\/§s

seT,

1 1
Fi(s) = — cos?s, Fy(s) = — sin’s,

= = seR,
12 12
(b (s)) %|sins|, %|coss|
/! = )
m ax2 Lsins|, 1]cos/2s] ’
1 1
=|coss|, 5| sins|
Cim(8) =[>2 ] seT
(). (%|coss|, %|sm\/§s| ’ ’

Page 15 of 17
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10.01
751 |
i
: § variable
S 5.7 ut
§ u2
2.5
0.0 M M T >N T =D 7
0 5 10 15
Time s
Figure 1 The unique almost automorphic solution (us(s), u(s)) of (4.4) on T
Yim = Zlm;
L(s) = g1(s)h1(s), I(s) = g2(s)ha(s),
with
1+s% s€27, s, s€ 27,
gi(s) = £(s) =
coss, seT\2Z, cos2s, seT\2Z,
1, s€2Z, 1, se€27,
me=1" Ins(s) = 1 :
lnm. SET\zZ, COSm. SET\ZZ,

where 6 is a constant in R, and [, m = 1,2. It is clear that a; € AA(T,R) and by, cjn, 1) €
SPAA(T,R) with [,m = 1,2. We can check easily that Fy, F; satisfy the condition (H;) for
C1 = Cy=1/12,01 = ap = 1/6. We can calculate that a; = 1,45 = 1 easily, and then the con-
dition (H,) is true. It is clear that «(2i + 1) = 1, and u(s) = 0,s € [2i,2i + 1), fori=0,1,2,...
Thus puo =1, Aay =2+ a1po + % =4, and A4, = 4 similarly. By some easy calculation, we get

1 1 1 1
161mll = 3 12wl = 35 llcimll = 55 llcoml = 3, for m =1,2,and |l1[|s» = 1, [|12[|s» = 1. Thus we

have
2 2
gy O (bl + lewml) <1 Ay Y i (1Baml + llcamll) < 1,
m=1 m=1

and (H3) holds. From Theorem 4.1, we know that in the region E = {1/ € SPAA(T,R?) :

67

[¥lls» < 1o}, equation (4.1) admits a unique almost automorphic solution with ro = £;.

The graph of the unique almost automorphic solution is shown as in Fig. 1.
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