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1 Introduction
The integral inequality of Hermite—Hadamard type (or briefly HH-type) is a very interest-
ing topic of mathematical analysis, this challenging topic has been developing very rapidly
in the last three decades; see e.g. [1-5].

In the literature, there are two well-known types of HH-type inequalities which were

obtained by Sarikaya et al. in [6] and [7], respectively. Their results are, respectively,

T(e+1) X . Y (k1) + Y (k2)
T(Kl ;’Q) = 2(K28_+K1)g [0, T ) + 0, )] < % 4D

and

K1+ Kk 2571 (e + 1)
T( ! 2) < [RLI:)(IH(Z )+T(K2) + RLIfw)_T(Kl)]

2 (ko — k1)% 2
- (k1) + T(Kz). (1.2)
- 2

These results are valid for any ¢ > 0 and any L' convex function Y : [k1,k2] — R. The
difference between (1.1) and (1.2) is that in (1.1) is that we are considering fractional inte-
gration from the two respective ends of the interval [k, k;] instead of from the center of

the interval [k, k3] as used in (1.2).
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In the last ten years, the study of inequalities on time scales has received a lot of atten-
tion in the literature and has become important in both the fields of pure and of applied
mathematics; see e.g. [8—13].

In 2016, Atici and Yildiz [10] obtained the discrete Hermite—Hadamard inequalities cor-
responding to (1.1) on the time scale Ty, ) := {l 7 =

:22—_:1 for ¢ € [Kk1,k2]7}, their results

are as follows.

Theorem 1.1 Let Y :7Z — R be a convex function on [k1,k3]7 and k1, ks € 7 with k1 < k3.
If k1 + Ky is an even number, then, for ¢ € T, ) \ {0, 1}, we have

K1+ K2 1 k2 k2 Y (k1) + Y(x2)
T(%5%) = s [, YO8 [ Tove) < TESTE 0y

1 K1

Theorem 1.2 Let Y : Z — R be a convex function on [k1,k2)z and k1, k3 € 7 with k1 < k3.
If k1 + k2 is an even number, then, for ¢ >0 and c € T, 1 \ {0, 1}, we have

Ke) o .
Y (Iq ; Kz) < 2Q(K28_ o [(Ag ) (@=-e)+ (a1 V oY) ()]

_ T (k1) + T(K2)’ (1.4)
- 2

where

QZ/ ((Kz—Kl)C+8—1)EjAC.
T

K1,k2]

In the literature, the inequalities of HH-type are often connected with further integral

inequalities which are called trapezoidal type (where the ends 4, b of the interval are used)
K1+KD
2

such a type have been obtained by many researchers; see e.g. [14—23].

or midpoint type (where the midpoint of the interval is used). Many inequalities of

In the present study, we obtain the new discrete inequalities of HH-type corresponding
to (1.2) on the new time scales T[»q;%z Kol where

2Ky —C
T 12 ) = {h;h _ 2279 e that c e [%,@} } (15)
Z

Ky — K1

where [k1, k2]7 = [k1, k2] NZ. We can observe that T['q;rkz ] 182 finite subset of the interval
[0,1].

2 Discrete inequality of HH-type
At first, we need to recall the following preliminary definitions and theorems of discrete

time scales.

Definition 2.1 ([10]) Let z1, zo be two elements of a time scale T with z; < z,. A function
T : T — Ris said to be convex on T, if

T(cz1 +(1-0)z3) <Y (z1) + (1 - )Y (22)

holds for each c € T;, .,
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In the following theorem, we recall the time scale substitution rule.

Theorem 2.1 ([24]) Let w:Z — R be strictly increasing and T := w(T) be a time scale. If
Y : Z — R is an rd-continuous function and w is differentiable with rd-continuous deriva-
tive, then for k1,k3 € T [, p] We have

K2 w(k2) N
/ Y(c)w?(c)Ac = / (Yow™)(s)As,
K1 w(k1)
or
K2 w(ka) N
/ Y(c)w'(c)Vc = / (T o w_l)(s)Vs.
K1 wlk1)

Remark 2.1 Note that

K Kko—1 P K9
f T(©Ac=) Y() and / T(@Ve= Y ().
K1 c=k1 1 c=k1+1

Theorem 2.2 (Dual time scale substitution rule [24]) Let T be a time scale and Ti= {se
R;—s e T}. Let w: Z — R be strictly increasing and T := w(T) be a time scale. IfY:Z—-R
is a continuous function and w is differentiable with rd-continuous derivative, then for
K1,K2 € T [y 0] We have

K2 wik1) R
/ T(©)(-w*)()Ac= / (Yow™)(s)Vs,
K1 w(k2)
or
K2 wlx1) .
/ T(0)(-w") (Ve =/ (Tow™)(s)As.
K1 w(k2)

The first result starts from the following main theorem.

Theorem 2.3 Let Y :7Z — R be a convex function on [k1,k3)z and k1,ky € Z with k1 < k2.
If k1 + Ko is an even number, then we have

T(Kl +"2> <2 [/2 T(c)Ac + /Kz 2 T(c)Vc} <Y (1) + Y (ica). (2.1)

2 T Ky —K K1tk K1+
2 1 5= g

Proof Letce T[%M] \ {0, 1} be fixed. Then we can see that

2-c¢C C C 2-c¢C
K1+ —K2 Zy) = —K1 +
2 277 2

Z1 = Ko

. . . 1 .
are in [k, k2]z and z1 + 22 = k1 + k3 is even. Since 5 € T, ) (or Tiz,z)) and Y is convex
on [z1,22]z (or [z2,21]7), we can deduce

T(/q + K2> _ T(zl +22) < Y (z1) + Y(z2)
2 2 2

1 C 2-cC 2-cC C
=—|7T —K1 + Ko +7T K1+ Ko .
2 2 2 2 2
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Integrating both sides over T[lq;Kz ) We get

K1+ K ~
[ T(E57)5
1132 1)
1 2-c d N
< - T K1+ =k JAC
2 T K1tk 2 2
[yl
+\/
T k1 +« p

(1572 ]

c 2-c A 1
T(EKI + TKz) AC:| = E[I’ll + hz], (22)

where A is the derivative operator on the time scale T[n;Kz ol

Making use of Theorem 2.1 with w(c) := 2era) e get
K9—K1
2-cC C "
hl = T 5 K1+ §K2 Ac
11132 1)
2 /2-c c \- 2 2
= T K1+ —Kky |Ac= T(c)Ac, (2.3)
1 2 2 Ky — k1 JEta
where we used that w?(c) = Kzfn and w([*5%2, k2]z) = T[Kl’n;m] is also a time scale.

On the other hand, for w(c) := %, we have

C 2-c¢C " o
h2=f T(—Kl + —Kz)AC=f (Tow™)(0)Ac
T[Klﬂ(z P ] 2 2 T[Klﬂ(z P ]
2 2 2 2

1 X 0 .
= / (Yow ) (0)Ac= / (Tow™) (s)Vs
0 _

1

0=(f~Low)(x2) L
:/ T((F " ow) )()Vs,

1=(f~Tow)(132)

where f(s) = —s and we used that

(Tow™) ()= (Tow™)(=s) =Y (W (=) =T((Ww' of)(s)) =Y((f "o w)fl)(s).

Since

(f_1 o w)(s) =f_1(w(s)) -1 (Z(Kz - S)) _ 2(s — k)

Ky — K1 Ky — K1

we have (f! o w)*(s) = -2— > 0 and hence f ™' o w is strictly increasing. Thus, by making

use of Theorem 2.2, we get

0 K2
hy :/ T(fo w)_l(c)@c = 2 / T(c)Ve. (2.4)
-1 K1tk

Thus, the one half of the inequality in (2.1) follows from (2.2)—(2.4).
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To prove the other half of the inequality in (2.1), we use the convexity of Y and the
following inequalities:

N <2_CT( )+ ST (k)
—K1+ = — + = ;
p Atpfe) =Ty Ty

(St 2% ) < Svie) + 2oSr ey
—Ky + = +— .
1T Ty e ) =g T e

Adding these we obtain

2-c¢C C C 2-c¢C <)) (2)
! + =Kk |+ 1| k1 + —— [ (k1) + Y .
2 “ 2 2 2K1 2 )= ! 2

Integrating both sides over T[lq;'(z ) We get

2-c C " C 2-cC "
Y| —«1 + =Ky |ACH+ T =«1 + Ky | AcC
T kq +k 2 2 T Ky +x 2 2
(51572 ko] LK e

)

< T(k1) + Y(xa).

We can use the same method used above we get

2

K2 — K1

[/KZ T(c)Ac+ /KZ T(C)Vc} < Y(«1) + Y(x3),

Kl +)(2 Kl +K2
2
and thus the result follows. O

3 Discrete fractional inequality of HH-type
The left nabla fractional sum of Y of order ¢ is defined by [25-27]

1 < Y
(V)@= == Y (c=p() " T), (3.1)
I'(e)
r=k1+1
and the right delta fractional sum of Y of order ¢ is defined by [25, 26]
» 15 e-1)
(AZT)(0) = ) V;S(r_ a(9) ), (3.2)

fore e R\ {---,-2,-1,0}. For arbitrary ¢,e € R and /4 > 0, the rising and falling factorial
functions are, respectively, defined by [27]

- T'(c+e)

= ro ceR\{...,-2,-1,0},
(3.3)
@ Tllc+1)
" T(c+1l-¢)

such that 0° = 0 and we use the convention that divisions at poles yield zero.
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Remark 3.1 In view of the rising and falling factorial functions in (3.3), we have
(g —r+8=1)EV = (g —r + 1)L,

Theorem 3.1 Let Y :Z — R be a convex function on [k1,k3]z and k1,ky € Z with k1 < k3.

If k1 + K2 is an even number, then, for € > 0, we have

F( ) - —€
T<K1 ;m) ST [(AW*T)UI . _8> gV T)(“)}

< Y(k1) + T(k2), (3.4)

where

e-1
Q:/ (KZZKI(C—1)+(8—1)> Ac.
T[w.'{z]

Proof Let c € Txi+p ;. Then we can see that
[ V) 3y

C 2-c¢C 2-c¢C C
Z1= K1+ —K»3 Zy = K1+ —K2
2 2 7 2 2

are in [k1,k2]z and z1 + 25 = k1 + k5 is even. Since % € [z1,22]7 (or [z2,21]7) and Y is convex
on [z1,22]7 (or [z3,21]7), we can deduce

v K1 + K2 - Z1+ 2y < T(Zl) + T(Zg)
2 2 2
1 d 2-c 2-c C
=—|7T —K1 + Ky | + T K1+ <Ko .
2 2 2 2 2

Multiplying both sides by (5 (c — 1) + (& - 1))=Y and then integrating over T[%

2]
we get

(e-1)
+ _— A~
”r('“z"z)/ (—KzzKl(c—1)+(s—1)) Ac
Tt o)
(e-1)
1 - 2-c¢C C ~
5—[/ ("2 Kl(c—1)+(8—1)) T(—K1+—K2)AC
2 T[K1+K2 ] 2 2 2
— K

(e-1)
_ C 2-cC N
+/ <K2 il (C—1)+(8—1)> T(—/q + KZ)AC:|
T,y \ 2 27 2
SR

= %[hl + hg], (35)

where A is the derivative operator on the time scale T[/q;/(z ol
We assert that

2I'(¢)

e K1+K2_
s (Akle)< : g).

h1 =

Page 6 of 10



Mohammed et al. Advances in Difference Equations (2021) 2021:122 Page 7 of 10

To prove this, we define w(c) := 2=, ¢(c) := (c — %2 + (¢ — 1))* ! and F(c) = g(c) Y (c),

Ky —K1
then we have

F(w™(0) = @) (w(0) =g(w™ ()T (w(0)

(e-1)
Ko — K1 2-cC C
:( 5 (C—1)+(8—1)> T( 5 K1+EK2>.

Then, by making use of Theorem 2.1 for the above findings, we get

(e-1)
- 2-C C ~
n =/ <K2 “ (C—1)+(8—1)) T<—K1+—K2)Ac
T[K1+K2 o] 2 2 2
SR

g K1+ Ky e-1)
> (r— +(e— 1)) Y(r)
St}

K2
= / F(c)w?(c)Ac =
32 2

Ky — K1
,

2I'(e) , K1+ K2
= (Aé_ﬁ)( —e).
Ky — K1 2

This completes the proof of our assertion.
On the other hand, we assert that

h2 = (%V_ET)(KQ).

Then, for w(c) := %, we have

(e-1)
- C 2-c N
h2:/ (M(c—ln(s—l)) T(—K1+ x2>Ac
T[n;n,@] 2 2 2

:/ (Fow™)(c)Ac
T[M‘K ]

1 R 0 A
=/ (Fow’l)(c)Ac=f (Fow™) (s)Vs
0

-1

0=(f"ow)(i2) N
:/ F((f’1 ow) )(S)Vs,

1=(f’low)(K1;K2)

where f(s) = —s, g(¢) := (ky — ¢ + (¢ = 1))*7}, F(c) = g(c)Y(c) and we used that
(Fow™) (s)=F(w™(~s)) =F((w™ of)(s)) =F((f ' o w)fl)(s).

Since

(frow)s) =f(wls)) = (20(2 - S)) _2As =)

Ky — K1 K2 — K1

we have (f~ o w)2(s) = Kzf‘q > 0and hence f ! owis strictly increasing. Therefore, by mak-

ing use of Theorem 2.2 and Remark 3.1, we get

0 1 R 2 K9
hy = / F(fow) (cVc= / F(c)Vc
-1 Ko — K1 %
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K2

2
= Z (ky—1r+e-1)ED7@)
Ky —K1 S
r==5-=%+1
2 2 1 2I(e)
= Ky —o (1 Y(r) = 140 VEY ) (15).
T X 1(2 ()7 0) =~ (g VT )
r=—5=+

This completes the second assertion and thus

F( ) —¢ —€
T<K1 ;m) = mxzim [(%—IT)<K1 o "8) # gV T)(KZ)]' (36

To prove the other half of the inequality in (2.1), we use the convexity of T and the

following inequalities:

T 2-c¢C C -
K1+ —K
) 1 2 21 =

(c 2-c )
T —K1+TK2 <

‘ \&}

—S ) + %T(Kz);

N

Tl + T

NN

2

Adding these we obtain

T C 2-cC T 2-cC C < Y1) + (k)
—K1 + K + —K] + —K K1)+ K9).
2 1 P 2 P 1 2 21 = 1 2

Multiplying both sides by (5" (c — 1) + (& - 1))~ and then integrating both sides over

T[Iq;(z ) WeE get

(e-1)
_ C 2-c¢C ~
/ R e+ e-1) Y[+ =Sk, )Ac
T e 2 2 2
[%JQ]

(e-1)
Ky — K 2-c¢C C A
+/ 2 He-D+E-1) T K1+ —ky | Ac
T 2 2 2
[%KZ]

Ky — Ky (e-1) .
( 5 (C—1)+(8—1)> Ac.

< [Y(r) + T(ka)] f

T
[%ﬂxz]

We can use the same method used above to get

r
x5 ¥ e [ v

and thus the result follows. O

Remark 3.2 In the literature of fractional integral inequalities there are three major HH-
type inequalities, namely the endpoint, midpoint and end—midpoint HH-types inequali-
ties; for more details we advise the reader to read the Discussion section of Ref. [28]. For-
tunately, the endpoint version of HH-type inequality in the time scale notation has been
established by Atic1 and Yaldiz in [10]. Also, the inequality (3.4) obtained in Theorem 3.1
represents the midpoint version of HH-type inequality which has never been presented
before.
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4 Conclusion

The inequality of HH-type plays a crucial role in the theory and application of convex
functions. During the last two decades, it has been used as an essential tool to obtain
many results in approximation theory, integral inequalities, numerical analysis and opti-
mization theory. In this study, we have considered new discrete time scales to obtain some
inequalities of midpoint type for convex functions which have never presented before.
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