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1 Introduction

The field of differential equations has developed a perfect structure. Since the 20th cen-
tury, inequality theory has been an active research field, a series of basic theories of in-
equalities have been also established [1-4]. Since for most differential equations it is diffi-
cult to find the exact form of expression, people turn to studying the qualitative nature of
the solutions of differential equations, for example, the existence, uniqueness, asymptotic
property, boundedness and vibration of solutions of differential equations and difference
equations; inequalities have become important tools to study the qualitative properties
of differential equations. In recent decades, related studies on integral inequalities have
produced many results (see [5—-26] and the references therein). In 1919, Gronwall [1] es-

tablished the following important integral inequality for a continuous function u:

We) <c+ / FE)u(E) de.

In 1943, Bellman [2] obtained the estimation of the unknown function « for some con-

stant ¢ > 0,

ult) < cexP< / f(é)dé).
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In 1975, Pachpatte [3] studied the following integral inequality:

u(t) < alt) + g() /0 FEu(e) de,

where i, f, and g are real-valued nonnegative continuous functions defined on I = [0, 00),
and a(¢) is a positive, monotonic, nondecreasing continuous function defined on 1.
In 1999, Owaidy et al. [5] discussed the following inequality:

t 3
W) < o + fo f(S)<u"(E)+ /0 g(r)u(r)dr>ds, £ 0,00,

where u, f and g are real-valued nonnegative continuous functions defined on I = [0, 00).

In recent years, the time-delay dynamic equation has attracted much interest, Lipovan
et al. [6] assume u,f,g € C([to, T),R,), and « € C([ty, T), (to, T)) are nondecreasing with
a(t) <ton[ty, T), and w € C(R,, R, ) are nondecreasing with w(x) > 0 for u > 0, then they
studied the following retarded integral inequality in 2000:

a(t)

: 2w (u®))dt.

(2

ut) <a+ / FEW(E) ds + f

In 2005, Agarwal et al. [7] discussed the following n-term delay integral inequality:

bi(?)

uty=a®+ Y [ aemede,
i=1 Vb

i(to)

where u is a continuous and nonnegative function on [£y,#) .
In 2011, Abdeldaim et al. [8] studied the following Gronwall-Bellman type inequality

with power:

¢ £ p
W) < o + /0 f(S)u(s)[u(éH fo g(k)u(x)dx} i,

where i, f and / are nonnegative real-valued continuous functions defined on [0, o0), and
up and p are positive constants.
In 2019, Lietal. [9] made the following improvement on the basis of the above inequality:

a(t) & 14
u(t) < a(t) + /O f(E)u(S)[u2($)+ /0 g(x)uwx] at,

where u,a,f € C(R,,R,), a(t) > 1, and « is a continuous, differentiable and increasing
function on [y, 00) with a(t) < t, a(ty) = to.

In this paper, inspired by the above work, we mainly establish the following nonlinear
Gronwall-Bellman inequalities:

o(t) 3 V4
W) < alt) + f f(é)[u"(é)+ / hu)uﬁ(x)dx} de, )

to to

ot & P
ut) < o + / g(é)u’(s)[um@n / h(xmmmdx} dt, >0, @

to to
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o (u(t)) < alt) + / (6,80 (u(e)) dt + / t,E)ha (u(E)) dt

+/ &(t,8)hs(u(§)) dg
t £
+/g(t,f§)(/ f(S,O)/M(u(@))d@)dE, to = 0. ®3)

The structure of this paper is as follows: In Sect. 2, we illustrates some basic lemmas,
which will be used in later sections. In Sect. 3, we give some new nonlinear Gronwall—-
Bellman inequalities. In Sect. 4, we give two examples to illustrate the application of the
obtained results in the qualitative research of differential equation solutions. In Sect. 5,

we conclude our results.

2 Preliminaries
First, we explain some symbols will to be used: R denotes the set of real numbers and
R, =[0,00), and C(M, S) denotes the class of all continuous functions on the set M with
range in the set S.

Here are some very useful lemmas.

Lemma 2.1 ([11]) Assumea > 0,p >q > 0and p #0, we have

Kq;Tpa+p_q
p

NI

ab < KP, K>0. 4)

T IR

We can get the following exceptional cases.
Let K = 1, we have

a+u, a>0,p>¢g>0. (5)
p
Let K =1, p =1, we have

a’<qa+(1-¢q), a>0,0<g=<1. (6)

Lemma 2.2 Let u,g,0 € C(R,,R,), 0'(t) > 0 and o(t) < t, o(ty) = ty, r € (0,1], uo > 0. If
u(t) satisfies the inequality

o(t)
u(t) < uo + / Q) (&) dt, @)

to

then

o () o(t) 3
u(t)gexp(r f g(é)d%‘)[uw f (1—r)g<s>exp(—r f g(x)dx)ds}. ®)

Proof We assume that

WE) = o + / (€)' (&) de,

to
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then

o(t)
V(o (®) = uo + / Q) () dt, ©)

to

and u(t) < v(o (t)) < v(¢), v(o(t)) = uo. Differentiating with respect to ¢ of (9) and using
(6), we get

O'/(t)V/(O'(If)) = al(t)g(a(t))ur<a(t))
<a'tg(a@®)v (0(0)
< a’(t)g(a(t)) [rv(o(t)) +(1- r)],

then
o' (O (o (8) —ro’O)g(o(®))v(a @) < (1 -r)o'(H)g(o(2)).

Multiplying by exp(—r ftgm g(&) dg) on both sides of the above inequality, we can get

o(t) / al(t)
[v(a(t))exp(—r / g(é)ds)] 5(1_r>a/<t>g(o(t))exp(_r / g(&)ds).

to to

Next, integrating ¢ from ¢, to ¢ for the above inequality, we get

a(t)
W(o(®) p( [ g<s>ds) (o (&)

to

t a(§)
< / (l—r)a/(é)g(o(é))eXP(—r / g(k)d/\)dé

o(t) &
<[ <1—r)g<s>exp(—r / g(x)dx) dt.

Since v(o (¢9)) = uo, we can get the estimation

u(t) < v(a(t))

al(t) a(t) &
5eXP<r / g(é)d$>[uo+ / (1—r)g<s>exp<—r / g(A)dk)ds]

This completes the proof. g

3 Main result and proof
In this section, we establish and prove a new class of nonlinear Gronwall-Bellman type

delay integral inequalities with power.

Theorem 3.1 We assume u,a,f,h € C(R,,R,), and let o(t) € Clty,00), o'(¢) > 0 and
ot)<t o(tg)=tr.q=>a>0,g> >0, pe (0,1] and q > p. If u satisfies the inequal-
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ity (1), then we can get

o)
ue) < [a(t) + B(®) exp( / 2 e)de

cr(t)pﬂ & %
-f ?f@)(/to woyan)de) |, veer. (10

where

o(t) _
B(t) = / f(é)((l—p)+%aa(§)+ K q" “)ds

0

alt) £ _
" f f(s)[ / h(x)(@aun M) dx} dt.
to to q q

Proof Using (6), we have

N p s
|:u“(s)+/ h(k)uﬂ(k)dk] §p|:u°‘(s)+/ h()\.)l/lﬂ()\.)d)\,] +(1-p). (11)

Plugging (11) into (1), we can get
o(t) §
w0 =a)s [ 10[p(w@+ [ Hot@an) s a-p] e (12)
Now, we define v(£) by
a(t) &
v(t) = / f(S)[P(ua(E) + / h(A)uﬁ(A)dA> +(1 —P)} dg, (13)

then v(¢) is a nondecreasing function, using (12) and (13), we obtain

QU

u(t) < [zz(t) + v(t)] .

Using (5), from the above inequality we get

u(6) < (ald) + V(D)7 < = (alt) + (D)) + (1 - g) (14)

| R

and

B
q

ub(t) < (a(t) + v(t)) < g(a(t) + v(t)) + <1 - §> (15)

Plugging (14) and (15) into (13), we can obtain

o(t)
() < / f(%')[l?(%(ﬂ(é) +V(E)) + (1 - g)

to

5
+ / h(k)(é(a(k) +v(1)) + (1 - E)) dk) +(1 —p)] dE
to q q
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o(t) _
- / f(E)((l -9+ ) %) de

+ / f(E)[/ h(x)(— ) + qp;pﬂ>dk]d.§

o(t) a(t)
+/ lﬁf(é)v(é)d$+/ pﬂf(é)([ h(?»)V(?»)d)»> dsg

to to

U() a(t) £
B(®) + / P eme de + / pﬂf(é ( / h(x)v(k)dx)dg

a(t) £
B(T) + / P p(eyvie) e + / p—ﬂfs)</ h(k)v(x)dx)dg,

to

where t € [to, T], T € R,, and

o(t) _
B(t) - f f(s)((l—pn’%a(w#)ds

to

a(t) £ _
" / f(é)[ / h(x)(’%"‘a(x) " @) dk} dt.

Let
o(t) a(t) 3
36 = B(T) + / P e)0e) d + / pﬂf(s)( / h(x)v(wx)da
to q to to

Then we can get y(t) is a nondecreasing and positive function, and v(£) < y(¢t), ¥(¢o) = B(T).
Differentiating y(t) with respect to ¢ and using o () < t, we have

y/(t):%“a/(ty(o(t)) o) + 2 o0 (o) / h(EW(E) de

o(t)
< v(¢) (;a t)f(a(t))+p—ﬁo/(t)f( )/ h(s)dg)

pB

o(t)
sy(t)(%ao’(tb‘(a( )+ Lo o0) / h(sms).

From the above inequality we get

y'(t)
¥(2)

o(t)
<P f (o) + P a(t)f( 0) / H(e) dt.

Integrating both side of the above inequality from ¢ to £, then we can obtain the estimation
for y(t):

a(t) o(t) s
y(t) §B(T)exp</ %f(s)ds+/ I?f(s)(/ h(k)dk) dS),

by v(£) < y(¢t) and u(z) < [a(t) + v(£)] %, we can obtain

o(t) a(®) s :
u(t) < |:zz(t) +B(T) exp(/ pq—af(s) ds +/ ?f(s) (/ h(L) dk) ds>i| .
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Thus

() a(t) s i
u(T)g[a(T)+B(T)exp(/ %xf(s)ds+/ ’?f@)([ h(k)dk)ds)] .

Because of the arbitrariness of T, we can obtain

a(t) a(t) s %
u(t)g[a(t)+3(t)exp( / %"‘f(s)dﬁ / %Bf(s)( / h(A)dA) ds):| .

The proof is complete. O

Remark 1 If g = 1, Theorem 3.1 reduces to Theorem 2.1 in [9]. If g = p, a(t) = xy, o (¢) = ¢,
p=8=1,a=gq, Theorem 3.1 reduces to Theorem 2.3 in [10]. If g = 1, a(t) = xg, o (¢t) = ¢,
p=B=1,a=2-p, B =¢q, Theorem 3.1 reduces to Theorem 2.5 in [10]. If g = 1, a(t) = xo,
o(t)=t,a=p, B =2p—-1, Theorem 3.1 reduces to Theorem 2.8 in [10].

Theorem 3.2 We assume u,g,h € C(R,,R,), o(t) € [£y,00), o'(t) >0, o (£) <t, o (k) = to,
r€(0,1], p > 1, m > 1. If u satisfies the inequality (2), then

a(t)
u(t) < exp<r [ g(sm(s)ds)

0

o £
< [Mo [ a-ngese exp(—r [ s0p0) dx) ds], (16)
where
B(t) = |: Q(t)t :| mp+r—1 ’
L+ (1 -r—mp) [, g)QE)dE

t

- + -1
Q(t) = u6+mp 1 exp(% /
m f

0

h(é)d%‘),

o(t)
L+ (1= r—mp) / () dE > 0.

to

Proof First, we denote

t & p
/(t)=uo+f g(é)ur(é)[u’”(SH/ h(k)u’”(k)dk] dé,

to

and J(t) is a nondecreasing and nonnegative continuous function, then

a(t) £ p
J(o(0)) = o + f g(&)u’(é)[um@n / h(x)um(m} e, 17)

to
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and u(t) < J(o(2)) <J(2),J(o(t0)) = J(to) = up. Differentiating with respect to ¢ of the above

equation, we get

dj (a(t))

a(t) 2
o'(t) (t)g(o(t)) (a(t)) |:um(o(t))+/ h(k)um(k)dk]

to

o(t) V4
< a’(t)g(a(t))l’(a(t))[ (o) + / h(xym)dx}
=o' (t)g(c(®)] (o ()Y (0 (1)),

which means

dj(o(2))
do

<g(a@®) (o ®)Y(a(t)), (18)

where Y (£) = J"(¢t) + ftg h(L)J™(L)dA, then Y(o(¢)) = J"(o(t)) + ftg(t)h(A)]m(k) d), hence
Y(o(2)) =] (o (o)) = J™(ty) = up™, we can conclude that

Differentiating with respect to ¢ of Y (o (¢)), we get

d
70D o0 0 0) LI o ho ) (010)
< mo (O (0/(0) [0 ) (0(0) Y? (0 (0))] + o' (0 ()] (0 (1))
<mo' Y (o) [g(c®)Y 7 (0(6)] + ' Oh(o(8) Y (o)),
then
dY(U(t)) r+mp+m-1

o < mg(o (t)) Y m (o(t)) + h(a(t)) Y(o(t)),
from the above inequality, we can get

( (t))

lrmpm

Yo (o)

— ()Y 7 (0 () < mg(o ). (19)
Denote

)=

—m—r—mp

) dI‘(a 1)) 1-r— mpY

then ['(o(2)) = @ ®)o' (LD and T(o(t)) =

Y m (o(tg)) "‘o " from 1 —r —mp < 0 and (19), we have

d
Mo@) 1- "I ) o ()0 0) 2 (1~ mpo (g0 (1),

dt
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Multiplying by exp(% f,:z(t) h(&) d&) on both sides of the above inequality, we get

_ o(t) !
[r(a(t))exp<$ / h(s)d&)]

_ a(t)
> (1 - mp)o’ (0g(o (1) exp(% / h(é)ds).

0

Integrating both sides of the above inequality from ¢, to £, we can get

_ o(t)
r(o(8)) exp($f h(g)dg) ~T(o(t0))

0

t _ a(&)
= (1= r—mp) / a'(f)g(a(s))exp(% / h(x)dx) de

to

o(t) _ &
(= r—mp) / g(&)exp(% / h@m) dz.

to

. 1-r-mp 1-r—-mp
Since I'(o(ty)) =Y —m  (o(ty)) = 1y , we get

uy (1= —mp) [77 (&) exp(Z2LL [£ () di) di
exp(% f;(t) h(&)dg)

’

F(G(t)) >

which means

1+ (17— mp)uy™ ™ [79 g(&) exp(Z222L [£ h(3) di) dt
g™ exp(Z2L 70 jy(e) d) '

T (o) >

1-r-mp

Let Q(¢) = uffmpil exp(% ftf) h(&)dg), using T'(o(2)) =Y (o (t)), we can get

mp

Qo () ]
L+ (1-r—mp) [ g®)() ds

Y?(o(0)) < [
where 1+ (1-r—mp) [T g(€)(&) dt > 0.
By the definition of B(t), plugging the above inequality into (18), we can get

dj(o(t))
do

<g(o@®)Bc@®)] (o @).

Integrating both sides of the above inequality from ¢ to %, we get

a(t)
J(o()) < o + / dEBEE) de.

to

Page 9 of 21
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Therefore, from Lemma 2.2 we can get

u(t) <J(o (1)

a(t)
< exp(r / g(s)ﬂ@)ds)

to

o(t) 3
X[M0+ / (l—r)g(é)ﬂ(é)eXp(—r / gmﬂ(x)dx) dé].

to to

The proof is completed. O
Remark 2 If uy = xg, o(t) = t,and r = m = 1, Theorem 3.2 reduces to Theorem 3.2 in [8].

In the following, we discuss the inequality (3). First we assume that the following con-
ditions are satisfied;
(C1) @(u) is a positive continuous and strictly increasing function on [0, o).

(Ca) hj(u), (j =1,2,3,4) are positive, continuous and increasing functions on [0, 00), and

h’};}g), (j = 1,2, 3) are nondecreasing functions. Moreover, let
hit)
(t) = #(t) j=1,2,3,4, (20)

thus y;() are nondecreasing functions, y;(¢) = 1 and

Yje1(2) _ hj (t)
yi) ko)’

=1,2,3, (21)

Jj+1 O]
then 0]

(C3) We define the following functions:

are nondecreasing, positive and continuous functions.

Hj(u):/ud—g, j=1,2,3,4. (22)

()
Then H; are positive continuous and strictly increasing functions on [0, 00). We
assume that H/’1 define the inverse function of Hj, which are also continuous non-
decreasing functions.

(C4) a(?) is a continuous function on [ty, 00), a(t) > 0, a(ty) # 0, and g;(¢, &) (j = 1,2,3)
and f (¢, &) are continuous functions on [y, 00) X [£g, 00).

(Cs) We assume that g(z,&), f(¢,&) are nondecreasing and continuous functions on
[£o, 00) X [£g,00), and

g4(t:$) :,/5' g(t’e)f(e’é)der t’%‘ € [tOr OO)

(Co) al®) + X, g6, &)h;(u(&)) >0,

Theorem 3.3 Suppose the conditions (C1)—(Cs) are satisfied, u is a positive and continuous
function on t >ty > 0, if u satisfies (3), we can get the following estimation for u:

u(t) <o~ (H;' (A5(0)), € [to,00),

Page 10 of 21
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where

Ay(t) = a(t),

As(t) = Hy (al0)) + / @(t,8)de, (23)

)= H(HA W) + [ gleo)ds, =23,

Proof Since g(t,&), f(£, &), ha(u(t)) are nondecreasing and continuous functions, by (Cs),

we can get
/to tg(ug)( / .0 (u®) de) dt
_ /toth4(u(9)) [ swereordsas
- /mtm(u@)) L o 0)/0,6) dods

- f g6, € (u(8) d,

where the first equality is obtained by swapping the order of double integral, the second
equality is obtained by 0 = £, the third equality is a simplification of the above equation
obtained by (Cs). Plugging (24) into (3), we can write (3) as

4 t
o(ut) =a0+ Y [ gleshy(ue)de.
j=1 "t
For any fixed T € [ty, 00) and for ¢ € [y, T], from the above inequality, we have
4 ¢
o) <al+ Y [ gT.0h(ue)de. (4)
j=1 't
We assume that
4 t
20 =a(0)+ Y [ (7,00 () ds, (25)
j=1 fo

thus z; (¢) is a nondecreasing and nonnegative continuous function, and we have ¢(u(t)) <
z1(8), u(t) < o (z1(1), z1(to) = alty), z1(t) > a(t). We can take the derivative with respect
to t in (25), then

4
2 (t)=d'(t)+ Y g(T, t)h;(u(®)).

j=1
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Multiplying both sides of the above inequality by n

1 L
@) Meanwhile using (20), we

have
40 dO)+ X hw@)g(T,1)
(e~ Y z1(2) (e~ (z1(2)))

_ A0+ XL e @E)g (T
- hi(9~1(z1(2)))
L), D @O
T e @) (91 (z1(0)))
- a'(t)
~ n(p~l(a(t)

3
+@(T, 0+ Y ga(T, 0y (¢ (22(0))),
j=1

integrating both sides of the above inequality from ¢, to ¢, and using the definition of (22),
we obtain

Hy(21(0)) - Hi (=1(t0)) < Hi (a(0)) - Hy (a(to)) + / a(T,8)de

to

+ Z/O g (T, € (07 (21(8))) dE,

which means
Hy(z1(0)) < Hi (a(0) + / @ Ts)ds+2 / G(T 8 (v () e, (26)

We assume that

m(t) = Hi(z1(0)) (27)

and

As(t) = Hy (A1(0) + / a(T,£)de, (28)

to

from (27) and (28), (26) can be written as

m(t)<Az(t)+Z / Gy (07 (22(6))) d

= Ax(t) + Z/ g (T, €y (o7 (HT (m(8)))) d.
j=1 7t

Then we assume that

(t) = Az t>+Z / G T, €y (07 (H (m(8)))) de, (29)
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thus z;(¢) is a nondecreasing and continuous function, and 7;(£) < z(t), z2(to) = A2(to),
As(t) < z(2).
We define a function as

u An—1 -1
Yo )2/0 (@™ (H;(8))) g =123, (30)

Y@ (H(©))
then, by (21) and (30), we can obtain
“ gl (HE))
Y= | T >
() /0 1@ (H T (8)))

/ (™ (H1(§))
h]+1((,0 1(1_1 1(E)))

O o)
-_— ]— :
- </]:11.‘1(0) hj+1(§0’1(t)) (]_L(t)) dt

Hl(w) 1
- / . S
1 hia(p71(2))

= Hjn (Hj (), j=1,2,3,

from (22), we have Hj(1) = 0, H;'(0) = 1, (H;(2))’ = m
7
respect to ¢ in (29), then multiplying both sides of it by »

. Taking the derivative with

1 —
TG P (0 = 1, we

have
2y (¢) ~ A (8) + Zlegju(T, 0y (@ (H (m (1))
Y2~ (Hy (z2(2)))) ya(p~ (Hy  (22(2))))
- A)(t) + 2}11 g1(T, )y (97 (HT (22(2))))
- y2(0~H(H;  (22(2))))
Ay (t)

= T,
e H @y e

Zg,u(T )y (o7 (HT (22(2)))
29 (H (22(0)

j=2

Again, integrating both sides of (31) from £, to ¢, and by the definition in (30) and (20), we
can obtain

t A t
Ya(ealt) - Voleatr) = [ — 2(‘5() oy / o(T,6)d

Z/ g1+1 T E J’;+1 l(H_l(ZZ(E))))

d
HIBE)) ©

AE ‘
d T,6)d
= /t‘o y2(@ L (HTH(A4()))) &+ /;0 &(T,§)dE

> /[g;+1(TyE)yju((ﬂ‘l(Hfl(Zz(E))))
o (e H(2(8)))

d§

j=2

Page 13 of 21
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< V5(A3(0)) - Yo(Ast0)) + / o (T8 de

to
3

/tg;‘+1(TrE)y;u((ﬂ'l(Hfl(@(E)))) d

(o7 (H (22(8)))

j=2

using z,(Zp) = Ax(%p), we have

(T, +
Ya(2(0) < Ya(As(0) + / ng$)015+2 / gl ”’ 1(") ((Zz(g)()z)z)(g»)) dt.

From (31), the above inequality can be written as

Hy (7 (22(0))) < Ho(H (43(0) + / (T, §)ds

to
3

/tg+1<T,s>y,+1<¢:l<H1l(zxs)))) .
2y e H )
Let
na(t) = Hy(Hy ' (22(0))) (31)
and
As(0) = Hy (H; (Ax(0))) + /t:gz(T,S)dS, (32)

thus Hy(za(t)) = H; ' (n2(¢)), and by (31) and (32), the inequality (31) can be written as

> f‘g+1(T,E)y;+1(<p‘1(H11(22(5))))

A
n2(t) < As(f) + 2}, y2(0 " (H (22(8))))

d§

3

a6y (o™ (3 (026))
= A
02 f Yol (H; ma(€)

de.

Again, we assume that

3

i 1T, )1 (™ (5 (1(6)))
B0 =A0 122/ el @)

dé, (33)

we can see that z3(¢) is a nondecreasing function on [, t], and n,(¢) < z3(t), z3(t) > As(t),
z3(to) = As(to). Differentiating z3(¢) with respect to ¢, we can obtain

g1 (T, Dy (5 (12(0))
=A
=0 =4 ,ZZ 2l (H; ()

Gor (T, a9 (5 (22(6)
A )
=40 ,ZZ 32l (H5 za(0)
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multiplying by 1 Hzlzzzi)) ;, then integrating both sides from £, to ¢, and using (C;), we
can obtain &
Lyalp T (Hy (238 M), CleT H (z8)) /t
d A d T,8)d
| rrmeen= 0% = [ eaeen® O - [ om0

+ftg4(T,S)m(w"l(Hz'l(Zs()é)))) d,

y3(o~ (Hy ' (z3(8)))
then

t -1 H—IA t
Y3(23(t)) - Y3(23(t0)) < f ﬁilEHzli AEEE;;;;AS/@MS + f @(T,&)d&

+/tg4(T,S)y4(<p‘1(H21(Z3(€))))
f y3(p 1 (Hy (z3(£))))

d§

< Y3(43(0)) - Y3(As(t)) +/ &(T,§)dE

+/‘g4(T,$)y4(<pl(Hz‘l(Zs(E))))

d )
e H@E)  ©

by z3(%) = As(%), we can obtain

t  ga( T, Ealo (3 (5 6)))
Y3(23(0) < Ys(As(0) + / p(re)ds s [ SO I
Using (31), we can obtain
Hy(Hy (2(0))) < Ha(H (As(0)) + f a(T,6) di
" gu(T,€)yale~ (Hy (23(£))))
dé&. 34
+/t0 e H@E))  © (34
Again, let
ns(t) = Hs(Hy ' (23(2))), (35)
Ault) = Hy(H; (A5(0)) + / (T, 8)de, (36)

thus H;'(z3(¢)) = H3*(n3(¢)), using (35) and (36), the inequality (34) can be written as

Lo, (T, -1 1
) = 40 +/ “ ysg()y4(( (ZS(S;)()E)))) 4%
= Ayt + f gM g)y““ﬂ'l(H L(13(8))

H(3(6))))

de.

We assume that

T, E)ya,(w‘l(H s (€))
d’
@) = Aalt) + f T mE)) o (37)
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then we see that z4(t) is a nondecreasing function on [z, ], and n3(£) < z4(t), z4(t) = A4(?),
z4(to) = Au(to).
Differentiating (37) with respect to £, we can obtain

(T, t)yale™ (H3' (n5(2))))
y3(@ H(H5 (n3(2)))))

&(T, )yale™ (H3 ' (za(1))))
3971 (H3 ' (24(0)))))

z (t) = A4 (¢) + <AJ(2) +

“LHz(za

s s . . y3le (£)))) . . . .
Now, multiplying both sides of it by ST ) then integrating both sides of it from

to to t, and using (C,), we can obtain

/ty3(‘ﬂl(H3_1(z4($)))) /(g)dsE/t%(fp1(H3’1(24($))))

A4 (E)d T,6)d
s ol s ) oy O [ rod

thus

¢ ~1(py-1
Ya(za(t)) - Ya(zalto)) < / 73l (H3' (A4(6)))

A E)d T.€)d
ol T sty @4 ¥ f (T 6)ds

< Ya(Aal0) - Ya(As(t0)) + / (T, ) de,

to

by z4(%o) = Aa(fo), we can obtain

Ya(zal®) < Ya(Aa(0)) + / au(T,8)de.

to
Using the definition of (31), we can get
t
(3 (2a(9) < H05" (4a) + [ (T, ),

to

thus
24(t) < H3 [H;l <H4(H51(A4(t))) + / a(T,§) dé)]. (38)
Using (27), (31), (33), (35) and (38), we can obtain

z1(8) = Hi (m(9)) < Hy'(22(0)) = Hy ' (n2(0)) < Hy ' (23(2)) = Hy " (n3(0))

< H' (z(0) < H' (H4(H;1<A4<t>)) . / g4(T,s>d§>,

0

then we have

u(t) < ™' (z1(0)

<g¢! [H41 (H4(H31(A4(t))) +/ @(T,é)dé)}

to

<o ' (H;'(A5(0)), €t T),
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where As(t) = Hy(H3 ' (A4(2))) + f;) 24(T, &) d§, because of T being arbitrary, we can obtain

<¢! [H—l (H4(H;1(A4(t))) + / tg4(t,s)ds>}

to

<o ' (H;'(A5(0)), telto, T
The proof is complete. d

Remark 3 If h3 = 0, we can see that Theorem 3.3 reduces to Theorem 2.3 in [9]. If
p(u(?)) = *(t), a(t) = xo, g1(£,€) = f(5), h(u(t)) = x7(¢), g2(£,) = h(s), ha(u(?)) = x(£), and
g(t,&) = g3(t, &) = 0, Theorem 3.3 reduces to Theorem 3.1 in [8]. If /11 (u1(2)) = n(u(s))w(u(s)),
hy(u(t)) = n(u(s)), and g(¢, &) = g3(¢, &) = 0, Theorem 3.3 reduces to Theorem 1 in [12].

4 Applications of the result
In this section, we apply the results of the previous section to study the boundedness of
solutions of differential equations and integral equations.

1. First, let us consider the Volterra type retarded integral equation

) £ 3
X4(t)=b(t)+/ g(é)[x2($)+/ W(A)xz(k)dk] ds, (39)

to to

which often occurs in physical and mechanical applications.

Example 4.1 We assume y (t), b(t),g(t), w(t) € C(R,,R,), and let o (¢) € C[ty,00), o'(£) > 0
and o (t) < t, o(ty) = tp. We can obtain the estimate for x(¢) as follows:

o(t) a(t) N é
20 = [0+ Boeo( [ Lle@lae+ [ Zle@( [ Iw|an)a ) ||

where

o 2 1 1
B(t)Z/ |g(5)|<§+gib(€)|+g)d‘§

to

al(t) £ 1 1
N / |g($)|[ / |w(k)|<g|b(k)| R g) dk} de.

Proof By (39), we have

) £ 3
MO \b(t)y+/ \g<s>\[yx<s>\2+/ ywmux(x)yzdx] de, (40)
taking | x (£)| = u(¢), (40) can be written as

a(t) & %
W*(0) < |b)] + / |g($)||:u2(t)+ / }w(k)|u2(k)dk] dE. (41)

to
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Here, we can conclude that (41) satisfies the conditions of Theorem 3.1 with g =4, « =
B=2p= %, a(t) = |b(t)|, h(t) = lw(t)|, f(t) = |g(t)|, using Theorem 3.1, our conclusion
obviously holds. O

2. Next, we consider the following integral equation:

ot

) L 3 4
x(®)=xo+ f(S)XS(E)[XB(EH/ W(k)xg(/\)dk] d§. (42)

to to

Example 4.2 We assume x(9),£(&), w(t) € CR,R.), x'(t) 2 0, o(¢) € [t0,00), o’(8) = O,
o (t) <t 0(to) = t, then we can get

o)
o] =ex(3 [ relpe e

o(t) 3
y [XO . / (g) lf(é)lﬁ(&)eXp<—% / lf(k)!ﬁ(/\)dk> ds], (43)

where

Q) i
0| wp ]
PO @) [ reee

56 56 [*
Qt) = %’ exp(ﬁ/ yw(g)\dg).

Proof Using (42), we have

al(t) 1 3 4
|X(t)|§xO+/ lf(s>||x(s)|5[|x(s)|3+/ |w(x)||x<x)|3dx] de,

let | x (¢)| = u(¢), the above inequality is written as

o(t) 1 & 4
ut) < 1o+ / tf(é){us(f)[f(sn f |w<x)|u3(5)dx} de. (a4)

Here, we can conclude that (44) satisfies the conditions of Theorem 3.2 with m = m = 3,
p=4r= é, uo = o, h(t) = |w(¢)|, g(¢) = |f(¢)|, using Theorem 3.2, our conclusion obviously
holds. -

3. We consider the following differential system:

(45)

s'(t) = G(t,s), tel0,00),
5(0) = ao,

where G(¢,s) is a continuous function on [0, 00) x (—00, —e/e] U [e /e, +00), ag > 0.
We assume that G(t, s) satisfies the following inequality:

Is| Is|Inls] e

G(t,9)| < 2315l + — +—. (46)

|
3 2 4
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Example 4.3 Let G(t, s) satisfy the condition of inequality (46), all solutions of differential

system (45) satisfy the following estimates:

|s(t)| < —1n<exp<—((a§ + 41!—23)1@ )e ) + 2), Vt € [0, 00). (47)

Proof Integrating the differential system (45) from 0 to £, we can get

Wl

S(0) = ao + fo G(&,(6)) d, (48)

by (46), we can obtain

t 1 t \s\
|s(t)|§a0+/0$25|s($)}d$+/ |S(s)|d§: /wdg /—d&,

taking |s(¢)| = u(t), the above inequality can be written as

(t)<ﬂ0+/‘§2\5/—d5+/ —ds/ d&/fida (49)

we can see that Eq. (49) satisfies (24) : a(t) = ao, g1(¢,&) = £2, @(t,€) = % 3(6, &) = —=

&l s>=l b () = Tl b (1) = |ul, hg(u)-|u|1n|u| ha(u) = e, 20 = 4 = |u|:%—

(} 1,2, 3) is a nondecreasing function for

Is|

In|u, h3 = |u|eln\u\ , then we can see that

u > 0. then we can obtain

/+1

d 4 4 4 %
Hi(u) = ; 2( §—u05), H{l(u):(§u+u§) ,
Hy(u) = ‘é—g ~In uil Hy () = me®,
u d U
Hs(u) = / ﬁ = In(In(u)), Hy'(u) = e,

“d.
Hy(u) = / —f =—(e“-e), H;'(u) = -In(e™" - u).
1 €
Using Eq. (23) of Theorem 3.3, we have

Al(t) = 4o,

Ax() = Hy(Ar () + [0 £ de
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4
5, 43\2
=In (a + 1_5)4 E
U 3 ’

2

4
(a§+%% t t
=Hsz|ujexp{In ——+ — | | - =
3[1 p( “ 3)} 2

Ault) = Hy (Ha(A5(0)) - /0 Lz

o~

then

u(t) < Hy' (As(t))

5 e 2
o(eo(-(( ) <) )+3)
=—In{exp| —(|a; +—= ] e +-1,
15 4

which means that u«(¢) is bounded, for ¢ € [0, 00). The proof is completed. O

ol

5 Conclusion

In this paper, we first give a new lemma about the nonlinear Gronwall-Bellman delay in-
tegral inequality, then we establish some new delay Gronwall-Bellman integral inequali-
ties with power. And the inequalities obtained in this paper are further generalizations of
some results obtained by Li et al. [9]. The results of this paper contribute to the study of
the qualitative properties of solutions of differential and integral equations. By the method

of Theorem 3.3 in this paper, we can further generalize Eq. (3) to
n t
o) <a@)+ Y [ gle.ehue))ds
j=1 "t
¢ §
+ [ewo( [ 0 u)as ) ae
to to
then we can get similar results for the estimations on u(z).
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