
Rezaei Aderyani and Saadati Advances in Difference Equations        (2021) 2021:154 
https://doi.org/10.1186/s13662-021-03305-z

R E S E A R C H Open Access

Best approximations of the φ-Hadamard
fractional Volterra integro-differential
equation by matrix valued fuzzy control
functions
Safoura Rezaei Aderyani1* and Reza Saadati1

*Correspondence:
safoura_rezaei99@mathdep.iust.ac.ir
1Department of Mathematics, Iran
University of Science and
Technology, Tehran, Iran

Abstract
In this article, first, we present an example of fuzzy normed space by means of the
Mittag-Leffler function. Next, we extend the concept of fuzzy normed space to matrix
valued fuzzy normed space and also we introduce a class of matrix valued fuzzy
control functions to stabilize a nonlinear φ-Hadamard fractional Volterra
integro-differential equation. In this sense, we investigate the Ulam–Hyers–Rassias
stability for this kind of fractional equations in matrix valued fuzzy Banach space.
Finally, as an application, we investigate the Ulam–Hyers–Rassias stability using matrix
valued fuzzy control function obtained through the Mittag-Leffler function.
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1 Introduction and preliminaries
Fractional Calculus (FC) is considered as a branch of mathematical analysis which deals
with the investigation and applications of integrals and derivatives of arbitrary order.
Therefore, FC is an extension of the integer-order calculus that considers integrals and
derivatives of any real or complex order [1], i.e., unifying and generalizing the notions of
integer-order differentiation and n-fold integration.

Ulam–Hyers stability is one of the main topics in the theory of functional equations.
Generally a functional equation is said to be stable provided that, for any function f satis-
fying the perturbed functional equation, there exists an exact solution f0 of that equation
which is not far from the given f . Based on this concept, the study of the stability of func-
tional equations can be regarded as a branch of optimization theory [2].

The origin of Ulam stability theory was an open problem formulated by Ulam, in 1940,
concerning the stability of homomorphism. The first partial answer to Ulam’s question
came within a year, when Hyers proved a stability result, for the additive Cauchy equa-
tion in Banach spaces. The result of the stability of Cauchy equations was further gen-
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eralized by Rassias. The first result on Ulam–Hyers stability of differential equations
was given by Obloza. Alsina and Ger investigated the stability of differential equations
y′ = y. The results of Alsina and Ger were extended by many authors to the stability of
the first order linear differential equation and linear differential equations of higher or-
der [3].

Here, we let G1 = [0, ξ ], with ξ > 0, G2 = (0,∞), G3 = (0, 1], G4 = [0,∞] and G5 = [0, 1]
(note G◦

5 = (0, 1) denotes the interior of G5).
Suppose W is a vector space and ζ◦ ∈ G2. We denote the set of fuzzy set (in short, F-set)

by Y . Now Y ∈ Y means Y : W × G2 → G3 satisfies the following conditions:
(C1) Y is continuous;
(C2) Y (ω, ·) is non-decreasing, where ω ∈W ;
(C3) limζ◦→+∞ Y (ω, ζ◦) = 1, where ω ∈W .

Definition 1.1 ([4–6]) A continuous binary operation ∗ : G5 ×G5 → G5 with the following
condition is said to be a continuous triangular norm (in short, CTN) if;

(ı) F ∗H = H ∗F and F ∗ (P ∗H) = (F ∗P) ∗H for all F ,H,P ∈ G5;
(ıı) F ∗ 1 = F for all F ∈ G5;

(ııı) F ∗P ≤F ′ ∗P ′ when F ≤F ′ and P ≤P ′ for every F ,F ′,P ,P ′ ∈ G5.

Here we present some CTNs.
(E1) F ∗P H = FH (: the product CTN);
(E2) F ∗M H = ∧{F ,H} (: the minimum CTN);
(E3) F ∗L H = ∨{F +H– 1, 0} (: the Lukasiewicz CTN). Note that due to the continuity

of ∗, the above axioms (characterizing general triangular norms) can be relaxed, i.e.,
it is enough to require the associativity, 0 to be an annihilator of ∗, F ∗ 0 = 0 ∗F = 0
for any F ∈ G5, and 1 is an idempotent element of ∗, 1 ∗ 1 = 1. For more details see
[5].

Definition 1.2 ([7]) Consider CTN ∗, the vector spaceW and the F-set L : W×G2 → G3.
Now (W ,L ,∗) is called a fuzzy normed space if:

(L1) L (ω, ζ◦) > 0 for every ζ◦ ∈ G2;
(L2) L (ω, ζ◦) = 1 for every ζ◦ ∈ G2 if and only if ω = 0;
(L3) L (�ω, ζ◦) = L (ω, ζ◦

|�| ) for every ω ∈W and � ∈C with � �= 0;
(L4) L (ω + ω′, ζ◦ + ζ ′◦) ≥ L (ω, ζ◦) ∗ L (ω′, ζ ′◦) for every ω,ω′ ∈W and ζ◦, ζ ′◦ ∈ G2.

Now we will present an example of fuzzy normed space by means of Mittag-Leffler func-
tion, but before that we introduce the concept of Mittag-Leffler function.

The special function

Ec(z) =
∞∑

k=0

zk

(1 + ck)
, c ∈C,�(c) > 0, z ∈C, (1.1)

and its general form

Ec,d(z) =
∞∑

k=0

zk

(d + ck)
, c, d ∈ C,�(c) > 0,�(d) > 0, z ∈C, (1.2)
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are called Mittag-Leffler function, in which C and  are, respectively, the set of complex
numbers and the Gamma function.

Consider the one-parameter Mittag-Leffler function

Ec

(
–

‖ω‖
ζ◦

)
=

∞∑

k=0

(– ‖ω‖
ζ◦ )k

(1 + ck)
, c ∈ G3,ω ∈W , ζ◦ ∈ G2.

Here, we want to show in the following four steps that (W , Ec(– ‖ω‖
ζ◦ ),∗M ) is a fuzzy normed

space.
(L1) If c ∈ G3, then Ec(0) = 1 and limω→–∞ Ec(ω) = 0, therefore we can conclude that Ec

is an increasing function for all c ∈ G3, and also we have Ec ∈ G3.
(L2) It is straightforward to show Ec(– ‖ω‖

ζ◦ ) = 1 for every ζ◦ ∈ G2, if and only if ω = 0.
(L3) For any ω ∈W and ζ◦ ∈ G2, we have

Ec

(
–

‖�ω‖
ζ◦

)
=

∞∑

k=0

(– ‖�ω‖
ζ◦ )k

(1 + ck)

=
∞∑

k=0

(– ‖ω‖
ζ◦|�|

)k

(1 + ck)

= Ec

(
–

‖ω‖
ζ◦
|�|

)
.

(L4) Let Ec(– ‖ω‖
ζ◦ ) ≤ Ec(– ‖ω′‖

ζ ′◦ ). Then we have ‖ω′‖
ζ ′◦ ≤ ‖ω‖

ζ◦ , for any ω,ω′ ∈ W and ζ◦, ζ ′◦ ∈
G2. Now, if ω = ω′, we have ζ◦ ≤ ζ ′◦. Thus, otherwise, we have

‖ω‖
ζ◦

+
‖ω‖
ζ◦

≥ ‖ω‖
ζ◦

+
‖ω′‖
ζ ′◦

≥ 2
‖ω‖
ζ◦ + ζ ′◦

+ 2
‖ω′‖
ζ◦ + ζ ′◦

≥ 2
‖ω + ω′‖
ζ◦ + ζ ′◦

,

therefore ‖ω‖
ζ◦ ≥ ‖ω+ω′‖

ζ◦+ζ ′◦ . But – ‖ω‖
ζ◦ ≤ – ‖ω+ω′‖

ζ◦+ζ ′◦ , and also

∞∑

k=0

(– ‖ω‖
ζ◦ )k

(1 + ck)
≤

∞∑

k=0

(– ‖ω+ω′‖
ζ◦+ζ ′◦ )k

(1 + ck)
, (1.3)

which implies that

Ec

(
–

‖ω‖
ζ◦

)
≤ Ec

(
–

‖ω + ω′‖
ζ◦ + ζ ′◦

)
.

Hence we have

Ec

(
–

‖ω + ω′‖
ζ◦ + ζ ′◦

)
≥ min

{
Ec

(
–

‖ω‖
ζ◦

)
, Ec

(
–

‖ω′‖
ζ ′◦

)}
,
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for any ω,ω′ ∈W and ζ◦, ζ ′◦ ∈ G2. Therefore

L (ω, ζ◦) = Ec

(
–

‖ω‖
ζ◦

)
,

defines a fuzzy norm and (W ,L ,∗M ) is a fuzzy normed space, for any ω ∈ W , ζ◦ ∈ G2

and c ∈ G3; here (W , ‖ · ‖) is a normed linear space.
Now we extend the concept of triangular norms mentioned above and [4, 6] on

diagMn(G5).
Let

diagMn(G5) =

⎧
⎪⎪⎨

⎪⎪⎩

⎡

⎢⎢⎣

g1
. . .

gn

⎤

⎥⎥⎦ = diag[g1, . . . , gn], g1, . . . , gn ∈ G5

⎫
⎪⎪⎬

⎪⎪⎭
,

where diagMn(G5) is equipped with the partial order relation:

g := diag[g1, . . . , gn], h := diag[h1, . . . , hn] ∈ diagMn(G5),

g � h ⇐⇒ gj ≤ hj for every j = 1, . . . , n.

Also, g ≺ h denotes that g � h and g �= h; g � h and gj < hj for every j = 1, . . . , n. We
define � := diag[�, . . . ,�] in diagMn(G5) where � ∈ G5. For example, 1 = diag[1, . . . , 1] and
0 = diag[0, . . . , 0].

Definition 1.3 A generalized triangular norm (in short, GTN) on diagMn(G5) is an op-
eration � : diagMn(G5) × diagMn(G5) → diagMn(G5) satisfying the following condi-
tions:

(ı) (∀g ∈ diagMn(G5))(g � 1 = g) (boundary condition);
(ıı) (∀(g, h) ∈ (diagMn(G5))2)(g � h = h � g) (commutativity);

(ııı) (∀(g, h, v) ∈ (diagMn(G5))3)(g � (h � v) = (g � h) � v) (associativity);
(ıυ) (∀(g, h, v, k) ∈ (diagMn(G5))4)(g � h; and v � k �⇒ g � v � h � k) (monotonic-

ity).

For every g, h ∈ diagMn(G5) and every sequences {gk} and {hk} converging to g and h
suppose we have

lim
k

(gk � hk) = g � h,

then � on diagMn(G5) is continuous GTN (in short, CGTN). Now we present some ex-
amples of CGTN.

(E1) Define �M : diagMn(G5) × diagMn(G5) → diagMn(G5), such that

g �M h = diag[g1, . . . , gn] �M diag[h1, . . . , hn]

= diag
[
min{g1, h1}, . . . , min{gn, hn}

]
,

then �M is CGTN (minimum CGTN).
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(E2) Define �P : diagMn(G5) × diagMn(G5) → diagMn(G5), such that

g �P h = diag[g1, . . . , gn] �P diag[h1, . . . , hn] = diag[g1.h1, . . . , gn.hn],

then �P is CGTN (product CGTN).
(E3) Define �L : diagMn(G5) × diagMn(G5) → diagMn(G5), such that

g �L h = diag[g1, . . . , gn] �L diag[h1, . . . , hn]

= diag
[
max{g1 + h1 – 1, 0}, . . . , max{gn + hn – 1, 0}],

then �L is CGTN (Lukasiewicz CGTN).
Note that

∏n
j=1 gj = g1 � · · ·� gn, for g1, . . . , gn ∈ G5 and �M =

∧
. Now we present some

numerical examples:

diag

[
6
7

,
7
9

,
3
4

, 1
]
�M diag

[
2
5

, 0,
4
7

,
3
8

]

=

⎡

⎢⎢⎢⎣

6
7

7
9

3
4

1

⎤

⎥⎥⎥⎦�M

⎡

⎢⎢⎢⎣

2
5

0
4
7

3
8

⎤

⎥⎥⎥⎦ = diag

[
2
5

, 0,
4
7

,
3
8

]
,

diag

[
6
7

,
7
9

,
3
4

, 1
]
�P diag

[
2
5

, 0,
4
7

,
3
8

]

=

⎡

⎢⎢⎢⎣

6
7

7
9

3
4

1

⎤

⎥⎥⎥⎦�P

⎡

⎢⎢⎢⎣

2
5

0
4
7

3
8

⎤

⎥⎥⎥⎦ = diag

[
12
35

, 0,
12
28

,
3
8

]
,

diag

[
6
7

,
7
9

,
3
4

, 1
]
�L diag

[
2
5

, 0,
4
7

,
3
8

]

=

⎡

⎢⎢⎢⎣

6
7

7
9

3
4

1

⎤

⎥⎥⎥⎦�L

⎡

⎢⎢⎢⎣

2
5

0
4
7

3
8

⎤

⎥⎥⎥⎦ = diag

[
9

35
, 0,

9
28

,
3
8

]
.

Then we get

diag

[
6
7

,
7
9

,
3
4

, 1
]
�M diag

[
2
5

, 0,
4
7

,
3
8

]

� diag

[
6
7

,
7
9

,
3
4

, 1
]
�P diag

[
2
5

, 0,
4
7

,
3
8

]

� diag

[
6
7

,
7
9

,
3
4

, 1
]
�L diag

[
2
5

, 0,
4
7

,
3
8

]
.

Suppose W is a vector space and
−→
ζ ∈ (G2)n for n ∈ N,

−→
ζ = (ζ1, . . . , ζn), in which ζj ∈ G2

for all j = 1, . . . , n. Note that
−→
0 ≺ −→

ζ if and only if 0 < ζj, ∀j = 1, . . . , n and
−→
ζ −→ ∞ is

equivalent to ζj −→ ∞, for all j = 1, . . . , n.
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We denote the set of matrix valued fuzzy set (MVF-set) by � . Now ψ ∈ � means that
ψ : W × (G2)n → diagMn(G3) satisfies the following conditions:

(C1) ψ is continuous;
(C2) ψ(ω, ·) is non-decreasing, where ω ∈W ;

(C3) lim−→
ζ −→+∞ ψ(ω,

−→
ζ ) = 1, where ω ∈W .

In � we define � as follows:

ψ � χ ⇐⇒ ψ(ω,
−→
ζ ) � χ

(
ω,

−→
ζ ′ ), ∀ω ∈W and

−→
ζ ,

−→
ζ ′ ∈ (G2)n.

Definition 1.4 Consider the CGTN �, a vector space W and MVF-set S : W × (G2)n →
diagMn(G3). In this case, we define a matrix valued fuzzy normed space (MVFN-space)
(W ,S ,�) as

(S1) S (ω,
−→
ζ ) = 1, for all

−→
ζ � −→

0 if and only if w = 0;

(S2) S (�ω,
−→
ζ ) = S (ω,

−→
ζ

|�| ) for all ω ∈W ,
−→
ζ � −→

0 and � ∈C with � �= 0;

(S3) S (ω + ω′,
−→
ζ +

−→
ζ ′ ) � S (ω,

−→
ζ ) �S (w′,

−→
ζ ′ ) for all ω,ω′ ∈W and

−→
ζ ,

−→
ζ ′ � −→

0 .
(S4) lim−→

ζ −→+∞ S (ω,
−→
ζ ) = 1, for all ω ∈W .

A complete MVFN-space is called matrix valued fuzzy Banach space (or MVFB-space).
For example the MVF-set S ,

S (ω,
−→
ζ ) = diag

[
Eℵ

(
–

‖ω‖
ζ1

)
,

ζ2

ζ2 + ‖ω‖ , exp

(
–

‖ω‖
ζ3

)
, Eℵ

(
–

‖ω‖
ζ4

)]
,

is a matrix valued fuzzy norm, where
−→
ζ ∈ (G2)4, Eℵ,ℵ ∈ G3, is the one-parameter Mittag

Leffler function and (W ,S ,�M ) is an MVFN-space; here (W ,‖ · ‖) is a normed linear
space.

The approximation of functional equations was studied in MVFN-spaces, fuzzy metric
spaces and random multi-normed space [8]. Also stability results for stochastic fractional
differential and integral equations were considered in [2, 3, 9–14].

Theorem 1.5 (Alternative theorem [15, 16]) Let (�, δ) be a complete G4-valued metric
space and let  : �→ � be a strictly contractive function with the Lipschitz constant ℘ < 1.
Then, for a given element ϕ ∈�, either

δ
(
τϕ,τ+1ϕ

)
= ∞,

for each τ ∈N or there is τ0 ∈N such that
(i) δ(τϕ,τ+1ϕ) < ∞, for every τ ≥ τ0;

(ii) the fixed point �∗ of  is the convergent point of the sequence {τϕ};
(iii) in the set �� = {� ∈� | δ(τ0ϕ,�) < ∞}, �∗ is the unique fixed point of ;
(iv) (1 – ℘)δ(�,�∗) ≤ δ(�,�) for every � ∈��.

2 φ-Hadamard fractional equations
In this section, we begin by introducing the definitions of the φ-Hadamard-type fractional
integral and the φ-Hadamard-type fractional derivative of Caputo type.

Finally, we introduce the concept of stability of Ulam–Hyers–Rassias (in short, UHR).
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Definition 2.1 Let (α,β) be an interval on the real line R, and φ(ς ) be a non-decreasing
and positive monotone function on (α,β], having a continuous derivative φ′(ς ) (denote
first derivative as d

dς φ(ς ) on (α,β)). The left-side φ-Hadamard-type fractional integral
with order κ > 0 and parameter ϑ > 0, of an integrable function η(ς ), regarding φ(ς ), on
[α,β] is defined as

H
α+Iκ ,ϑ

φ(ς )η(ς ) =
1

(κ)

∫ ς

α

Q(ς , ι)η(ι) dι, (2.1)

where Q(ς , ι) = ( φ(ι)
φ(ς ) )ϑ (log φ(ς )

φ(ι) )κ–1 φ′(ι)
φ(ι) , ς ∈ [α,β] and  is the Gamma function.

Definition 2.2 ([17]) Let n – 1 < κ < n with n∈N. Let J = [α,β] be an interval such that
–∞ ≤ α < β ≤ ∞, and let η,φ ∈ Cn[α,β] be two functions such that φ is non-decreasing
and φ′(ς ) �= 0, for all ς ∈ J . The φ-Hadamard-type fractional derivative of Caputo type
HC
α+ Dκ ,ϑ

φ(ς )η(ς ) of a function η of order κ > 0 and parameter ϑ > 0 is defined as

HC
α+ Dκ ,ϑ

φ(ς )η(ς ) = H
α+I (n–κ),ϑ

φ(ς )
H
α+Dn,ϑ

φ(ς )η(ς ), ς ∈ [α,β], (2.2)

where

H
α+Dn,ϑ

φ(ς )η(ς ) = φ(ς )–ϑ
(
φ(ς )
φ′(ς )

· d
dς

)n[
φ(ς )ϑη(ς )

]
.

Consider the φ-Hadamard fractional Volterra integro-differential equation, defined by

HC
0+ Dκ ,ϑ

φ(ς )η(ς ) = μ
(
ς ,η(ς )

)
+
∫ ς

0
K
(
ς , ι,η(ι)

)
dι, (2.3)

where κ ∈ G◦
5 , ϑ ∈ G5 and μ : G1 ×W →W , K : G1 × G1 ×W →W .

Let ψ : W × (G2)n → diagMn(G3) be a matrix valued fuzzy control function. The equa-
tion (2.3) is said to be UHR stable if η(ς ) is a given differentiable function, satisfying

S

(HC

0+
Dκ ,ϑ

φ(ς )η(ς ) – μ
(
ς ,η(ς )

)
–
∫ ς

0
K
(
ς , ι,η(ι)

)
dι,

−→
ζ

)
�ψ(ς ,

−→
ζ ),

for ς ∈ G5, and we can find a solution η′(ς ) of equation (2.3) such that, for some ∂ > 0,

S
(
η(ς ) – η′(ς ),

−→
ζ
) �ψ

(
ς ,

−→
ζ

∂

)
.

Using the fixed point technique (Alternative theorem), we study HUR stability of
the φ-Hadamard fractional Volterra integro-differential equation (2.3) in MVFB-space
(W ,S ,�). Our results can apply to improve recent results [17] and by methods used in
this paper we can extend some fractional Volterra integro-differential equations in MVFB-
spaces [18–20].
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3 Best approximation of a φ-Hadamard fractional Volterra integro-differential
equation

In this section, we apply a fixed point technique derived from Theorem 1.5 to study HUR
stability of functional equation (2.3) for more details we refer to [21, 22]. Consider the
MVFB-space (W ,S ,�) and MVF-set ψ : W × (G2)n → diagMn(G3). We set

� := {η : G1 →W ,η is differentiable}

and define a mapping δ from �×� to G4 by

δ
(
η,η′) = inf

{
λ ∈ G2 : S

(HC
0+ Dκ ,ϑ

φ(ς )η(ς ) – HC
0+ Dκ ,ϑ

φ(ς )η
′(ς ),

−→
ζ
)
�M S

(
η(ς ) – η′(ς ),

−→
ζ
)

�ψ

(
ς ,

−→
ζ

λ

)
,∀η,η′ ∈�,ς ∈ G1,

−→
ζ ∈ (G2)n

}
.

Theorem 3.1 (�, δ) is a complete G4-valued metric space.

Proof First, we show that (�, δ) is a G4-valued metric space.
We show that δ(η,η′) = 0 if and only if η = η′. Let δ(η,η′) = 0. Then we have

inf

{
λ ∈ G2 : S

(HC
0+ Dκ ,ϑ

φ(ς )η(ς ) – HC
0+ Dκ ,ϑ

φ(ς )η
′(ς ),

−→
ζ
)
�M S

(
η(ς ) – η′(ς ),

−→
ζ
)

�ψ

(
ς ,

−→
ζ

λ

)
,∀η,η′ ∈�,ς ∈ G1,

−→
ζ ∈ (G2)n

}
= 0,

and so

S
(HC

0+ Dκ ,ϑ
φ(ς )η(ς ) – HC

0+ Dκ ,ϑ
φ(ς )η

′(ς ),
−→
ζ
)
�M S

(
η(ς ) – η′(ς ),

−→
ζ
) �ψ

(
ς ,

−→
ζ

λ

)

for all λ ∈ G2. Letting λ tend to zero in the above inequality, we get

S
(HC

0+ Dκ ,ϑ
φ(ς )η(ς ) – HC

0+ Dκ ,ϑ
φ(ς )η

′(ς ),
−→
ζ
)
�M S

(
η(ς ) – η′(ς ),

−→
ζ
)

= 1

and so

S
(
η(ς ) – η′(ς ),

−→
ζ
)

= 1,

thus η(ς ) = η′(ς ) for every ς ∈ G1, and vice versa. It is straightforward to show δ(η,η′) =
δ(η′,η) for every η,η′ ∈�. Now let δ(η,ρ) = �1 ∈ G2 and δ(ρ,η′) = �2 ∈ G2. Then we have

S
(HC

0+ Dκ ,ϑ
φ(ς )η(ς ) – HC

0+ Dκ ,ϑ
φ(ς )ρ(ς ),

−→
ζ
)
�M S

(
η(ς ) – ρ(ς ),

−→
ζ
) �ψ

(
ς ,

−→
ζ

�1

)

and

S
(HC

0+ Dκ ,ϑ
φ(ς )ρ(ς ) – HC

0+ Dκ ,ϑ
φ(ς )η

′(ς ),
−→
ζ
)
�M S

(
ρ(ς ) – η′(ς ),

−→
ζ
) �ψ

(
ς ,

−→
ζ

�2

)
.
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Then we have

S
(HC

0+ Dκ ,ϑ
φ(ς )η(ς ) – HC

0+ Dκ ,ϑ
φ(ς )η

′(ς ), (�1 + �2)
−→
ζ
)
�M S

(
η(ς ) – η′(ς ), (�1 + �2)

−→
ζ
)

� [
S

(HC
0+ Dκ ,ϑ

φ(ς )η(ς ) – HC
0+ Dκ ,ϑ

φ(ς )ρ(ς ),�1
−→
ζ
)

�M S
(HC

0+ Dκ ,ϑ
φ(ς )ρ(ς ) – HC

0+ Dκ ,ϑ
φ(ς )η

′(ς ),�2
−→
ζ
)]

�M

[
S

(
η(ς ) – ρ(ς ),�1

−→
ζ
)
�M S

(
ρ(ς ) – η′(ς ),�2

−→
ζ
)]

�ψ(ς ,
−→
ζ ) �M ψ(ς ,

−→
ζ )

= ψ(ς ,
−→
ζ ),

and so δ(η,η′) ≤ �1 + �2. Thus, δ(η,η′) ≤ δ(η,ρ) + δ(ρ,η′). Now we are ready to prove (�, δ)
is complete. Let {ηk}k be a Cauchy sequence in (�, δ). Let ς ∈ G1 be fixed. Assume that

σ ∈ (G2)n and � ∈ G◦
5 are arbitrary and consider

−→
ζ ∈ (G2)n such that ψ(ς ,

−→
ζ ) � 1 – �.

For ε
−→
ζ < −→

σ choose k′′ ∈N such that

δ(ηk ,ηk′ ) < ε, ∀k, k′ ≥ k′′.

Then

S
(HC

0+ Dκ ,ϑ
φ(ς )ηk(ς ) – HC

0+ Dκ ,ϑ
φ(ς )ηk′ (ς ),−→σ )

�M S
(
η(ς ) – η′(ς ),−→σ )

� S
(HC

0+ Dκ ,ϑ
φ(ς )ηk(ς ) – HC

0+ Dκ ,ϑ
φ(ς )ηk′ (ς ), ε

−→
ζ
)
�M S

(
η(ς ) – η′(ς ), ε

−→
ζ
)

�ψ(ς ,
−→
ζ )

� 1 – �.

Then

S
(HC

0+ Dκ ,ϑ
φ(ς )ηk(ς ) – HC

0+ Dκ ,ϑ
φ(ς )ηk′ (ς ),−→σ ) � 1 – �

and

S
(
ηk(ς ) – ηk′ (ς ),−→σ ) � 1 – �,

i.e., the sequence both {ηk(ς )}k and {HC
0+ Dκ ,ϑ

φ(ς )ηk(ς )}k are Cauchy in complete space
(W ,S ,�) on compact set G1, so they are uniformly convergent to the mapping η : G1 →
W and HC

0+ Dκ ,ϑ
φ(ς )η, respectively. The uniform convergence leads us to the fact that η is dif-

ferentiable, i.e., an element of � and then (�, δ) is complete. �

Now we are ready to study UHR stability of the φ-Hadamard fractional Volterra integro-
differential equation (2.3) and get the best approximation with better estimate for the
pseudo-φ-Hadamard fractional Volterra integro-differential equation.
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Theorem 3.2 Let (W ,S ,�) be an MVFB-space and �1, �2, �3, �4 and ξ be posi-
tive constant such that max[�1,�2�3,�1�4,�2�3�4] < 0.5. Assume that the continuous
mappings μ : G1 × W → W , K : G1 × G1 × W → W with MVF-set ψ : W × (G2)n →
diagMn(G3) satisfy

S
(
μ
(
ς ,η(ς )

)
– μ

(
ς ,η′(ς )

)
,
−→
ζ
) � S

(
η(ς ) – η′(ς ),

−→
ζ

�1

)
, (3.1)

S
(
K
(
ς , ι,η(ι)

)
– K

(
ς , ι,η′(ι)

)
,
−→
ζ
) � S

(
η(ι) – η′(ι),

−→
ζ

�2

)
, ι ≤ ς , (3.2)

inf
ð∈G1

ψ(ð,
−→
ζ ) �ψ

(
ς ,

ξ
−→
ζ

�3

)
, (3.3)

and

S
(
η(ς ),

−→
ζ
) �ψ(ς ,

−→
ζ ), implies that S

(H
0+Iκ ,ϑ

φ(ς )η(ι),
−→
ζ
) � S

(
ς ,

−→
ζ

�4

)
, (3.4)

for every ς ∈ G1, η,η′ : G1 →W and
−→
ζ ∈ (G2)n. Let γ : G1 →W be a differentiable function

satisfying

S

(
HC
0+ Dκ ,ϑ

φ(ς )γ (ς ) – μ
(
ς ,γ (ς )

)
–
∫ ς

0
K
(
ς , ι,γ (ι)

)
dι,

−→
ζ

)
�ψ(ς ,

−→
ζ ), (3.5)

for every ς ∈ G1 and
−→
ζ ∈ (G2)n. Then we have a unique differentiable function γ0 : G1 →W

such that

HC
0+ Dκ ,ϑ

φ(ς )γ0(ς ) = μ
(
ς ,γ0(ς )

)
+
∫ ς

0
K
(
ς , ι,γ (ι)

)
dι (3.6)

and

S
(HC

0+ Dκ ,ϑ
φ(ς )γ (ς ) –HC

0+ Dκ ,ϑ
φ(ς )γ0(ς ),

−→
ζ
)
�M S

(
γ (ς ) – γ0(ς ),

−→
ζ
)

(3.7)

�ψ

(
ς ,

(1 – 2 max[�1,�2�3,�1�4,�2�3�4])
−→
ζ

max[1,�4]

)
,

for every ς ∈ G1 and
−→
ζ ∈ (G2)n.

Proof We set

� := {η : G1 →W , u is differentiable}

and introduce the G4-valued metric on � as

δ
(
η,η′) = inf

{
λ ∈ G2 : S

(HC
0+ Dκ ,ϑ

φ(ς )η(ς ) – HC
0+ Dκ ,ϑ

φ(ς )η
′(ς ),

−→
ζ
)
�M S

(
η(ς ) – η′(ς ),

−→
ζ
)

�ψ

(
ς ,

−→
ζ

λ

)
,∀η,η′ ∈�,ς ∈ G1,

−→
ζ ∈ (G2)n

}
.

By Theorem 3.1, we have (�, δ) is a complete G4-valued metric space.
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Now we define the mapping  from � to � by


(
η(ς )

)
= H

0+Iκ ,ϑ
φ(ς )

(
μ
(
ι,η(ι)

))
+ H

0+Iκ ,ϑ
φ(ς )

(∫ ς

0
K
(
ι,! ,η(! )

)
d!

)
, (3.8)

where κ ∈ G◦
5 , ϑ ∈ G5, μ : G1 ×W → W , K : G1 × G1 ×W → W . We prove  is a strictly

contractive mapping. Let η,η′ ∈�, λ ∈ G2 and δ(η,η′) < ε, then we have

S
(HC

0+ Dκ ,ϑ
φ(ς )η(ς ) – HC

0+ Dκ ,ϑ
φ(ς )η

′(ς ), ε
−→
ζ
)
�M S

(
η(ς ) – η′(ς ), ε

−→
ζ
)

�ψ(ς ,
−→
ζ ), ∀η,η′ ∈�,ς ∈ G1,

−→
ζ ∈ (G2)n.

Using properties (S2) and (S3) of Definition 1.4 and (3.8), we have

S
((HC

0+ Dκ ,ϑ
φ(ς )

(
η(ς )

))
–
(HC

0+ Dκ ,ϑ
φ(ς )

(
η′(ς )

))
, 2ε

−→
ζ
)

(3.9)

�M S
(

(
η(ς )

)
– 

(
η′(ς )

)
, 2ε

−→
ζ
)

= S

([
μ
(
ς ,η(ς )

)
– μ

(
ς ,η′(ς )

)]
+
∫ ς

0

[
K
(
ς , ι,η(ι)

)
– K

(
ς , ι,η′(ι)

)]
dι, 2ε

−→
ζ

)

�M S

(
H
0+Iκ ,ϑ

φ(ς )
(
μ
(
ς ,η(ς )

)
– μ

(
ς ,η′(ς )

))

+ H
0+Iκ ,ϑ

φ(ς )

(∫ s

0

[
K
(
ς , ι,η(ι)

)
– K

(
ς , ι,η′(ι)

)]
dι
)

, 2ε
−→
ζ

)

� S
(
μ
(
ς ,η(ς )

)
– μ

(
ς ,η′(ς )

)
, ε

−→
ζ
)

�M S

(∫ ς

0

[
K
(
ς , ι,η(ι)

)
– K

(
ς , ι,η′(ι)

)]
dι, ε

−→
ζ

)

�M S
(H

0+Iκ ,ϑ
φ(ς )

(
μ
(
ι,η(ι)

)
– μ

(
ι,η′(ι)

))
, ε

−→
ζ
)

�M S

(
H
0+Iκ ,ϑ

φ(ς )

(∫ ι

0

[
K
(
ι,ς ,η(ς )

)
– K

(
ι,ς ,η′(ς )

)]
dς

)
, ε

−→
ζ

)
.

In the last part of (3.9) there are four formulas, in the next steps we work on them to
get new formulas derived from the control function ψ . Let 0 = #1 < #2 < · · · < #k = ς ,
$#i = #i – #i–1 = ς

k
, i = 1, 2, . . . ,k and ‖$#‖ = max1≤i≤k($#i).

Step one. From (3.1) we have

S
(
μ
(
ς ,η(ς )

)
– μ

(
ς ,η′(ς )

)
, ε

−→
ζ
) � S

(
η(ς ) – η′(ς ),

ε
−→
ζ

�1

)
(3.10)

� ψ

(
ς ,

−→
ζ

�1

)
.

Step two. Using (S2) and (S3) of Definition 1.4, the continuity property of MVF-set S ,
(3.2) and (3.3), we get

S

(∫ ς

0

[
K
(
ς , ι,η(ι)

)
– K

(
ς , ι,η′(ι)

)]
dι, ε

−→
ζ

)
(3.11)

= S

(
lim‖$#‖→0

k∑

j=1

[
K
(
ς ,#j,η(#j)

)
– K

(
ς ,#j,η′(#j)

)]
$#i, ε

−→
ζ

)
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= lim‖$#‖→0
S

(
k∑

j=1

[
K
(
ς ,#j,η(#j)

)
– K

(
ς ,#j, v(#j)

)]
$#i, ε

−→
ζ

)

� lim‖$#‖→0

k∧

j=1

S

([
K
(
ς ,#j,η(#j)

)
– K

(
ς ,#j,η′(#j)

)]
$#i,

ε
−→
ζ

k

)

� inf
ð∈G1

S

(
K
(
ς ,ð,η(ð)

)
– K

(
ς ,ð,η′(ð)

)
,
kε

−→
ζ

kξ

)

� inf
ð∈G1

S

(
η(ð) – η′(ð),

ε
−→
ζ

�2ξ

)

� inf
ð∈G1

ψ

(
ð,

−→
ζ

�2ξ

)

�ψ

(
ς ,

−→
ζ

�2�3

)
.

Step three. Using (3.4) and (3.10), we get

S (H
0+Iκ ,ϑ

φ(ς )
(
μ
(
ι,η(ι)

)
– μ

(
ι,η′(ι)

)
, ε

−→
ζ
) � ψ

(
ς ,

−→
ζ

�1�4

)
. (3.12)

Step four. Using (3.4) and (3.11), we get

S

(H

0+
Iκ ,ϑ
ς

(∫ ι

0

[
K
(
ι,! ,η(! )

)
– K

(
ι,! ,η′(! )

)]
d!

)
, ε

−→
ζ

)
(3.13)

�ψ

(
ς ,

−→
ζ

�2�3�4

)
.

Form (3.9), (3.10), (3.11), (3.12) and (3.13), we have

S
(HC

0+ Dκ ,ϑ
φ(ς )

(
η(ς )

)
– HC

0+ Dκ ,ϑ
φ(ς )

(
η′(ς )

)
, 2ε

−→
ζ
)

(3.14)

�M S
(

(
η(ς )

)
– 

(
η′(ς )

)
, 2ε

−→
ζ
)

�ψ

(
ς ,

−→
ζ

�1

)
�M ψ

(
ς ,

−→
ζ

�2�3

)
�M ψ

(
ς ,

−→
ζ

�1�4

)
�M ψ

(
ς ,

−→
ζ

�2�3�4

)

�ψ

(
ς ,

−→
ζ

max[�1,�2�3,�1�4,�2�3�4]

)
,

and so

S
(HC

0+ Dκ ,ϑ
φ(ς )

(
η(ς )

)
– HC

0+ Dκ ,ϑ
φ(ς )

(
η′(ς )

)
, ε

−→
ζ
)

(3.15)

�M S
(

(
η(ς )

)
– 

(
η′(ς )

)
, ε

−→
ζ
)

�ψ

(
ς ,

−→
ζ

2 max[�1,�2�3,�1�4,�2�3�4]

)
,
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which implies that

δ
(
(η),

(
η′)) ≤ 2 max[�1,�2�3,�1�4,�2�3�4]ε, (3.16)

and so

δ
(
(η),

(
η′)) ≤ 2 max[�1,�2�3,�1�4,�2�3�4]δ

(
η,η′). (3.17)

Then  is a strictly contractive mapping with the Lipschitz constant 2 max[�1,�2�3,
�1�4,�2�3�4].

Let γ ∈�, we show that δ((γ ),γ ) < ∞. Using (3.4) and (3.5) we get

S
(HC

0+ Dκ ,ϑ
φ(ς )

[

(
γ (ς )

)
– γ (ς )

]
,
−→
ζ
)
�M S

(

(
γ (ς )

)
– γ (ς ),

−→
ζ
)

= S

(
μ
(
ς ,γ (ς )

)
+
∫ ς

0
K
(
ς , ι,γ (ι)

)
dι – HC

0+ Dκ ,ϑ
φ(ς )γ (ς ),

−→
ζ

)

�M S

(
H
0+Iκ ,ϑ

φ(ς )
(
μ
(
ι,γ (ι)

))
+ H

0+Iκ ,ϑ
φ(ς )

(∫ ι

0
K
(
ι,! ,γ (! )

)
d!

)

– H
0+Iκ ,ϑ

φ(ς )
HC
0+ Dκ ,ϑ

φ(ι)γ (ι),
−→
ζ

)

= S

(
μ
(
ς ,γ (ς )

)
+
∫ ς

0
K
(
ς , ι,γ (ι)

)
dι – HC

0+ Dκ ,ϑ
φ(ς )γ (ς ),

−→
ζ

)

�M S

(
H
0+Iκ ,ϑ

φ(ς )

[
μ
(
ι,γ (ι)

)
+
∫ ι

0
K
(
ι,! ,γ (! )

)
d! – HC

0+ Dκ ,ϑ
φ(ς )γ (ι)

]
,
−→
ζ

)

�ψ(ς ,
−→
ζ ) �M ψ

(
ς ,

−→
ζ

�4

)

�ψ

(
ς ,

−→
ζ

max[1,�4]

)
, (3.18)

for every
−→
ζ ∈ (G2)n. Then we have δ((γ ),γ ) < max[1,�4] < ∞.

Now Theorem 1.5 enables us to find an element γ0 in � satisfying the following:
(1) γ0 is a fixed point of , i.e.,

γ0(ς ) = 
(
γ0(ς )

)
(3.19)

= H
0+Iκ ,ϑ

φ(ς )
(
μ
(
ι,γ0(ι)

))
+ H

0+Iκ ,ϑ
φ(ς )

(∫ ι

0
K
(
ι,! ,γ0(! )

)
d!

)
,

which is unique in the set

�� =
{
η ∈ � : δ

(
(γ ),η

)
< ∞}

.

Taking HC
0+ Dκ ,ϑ

φ(ς ) from (3.19) we get

HC
0+ Dκ ,ϑ

φ(ς )γ0(ς ) = μ
(
ς ,γ0(ς )

)
+
∫ ς

0
K
(
ς , ι,γ0(ι)

)
dι, (3.20)
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where κ ∈ G◦
5 , ϑ ∈ G5, μ : G1 ×W →W , K : G1 × G1 ×W →W .

(2) δ(τ (γ ),γ0) → 0 as τ → ∞.
(3) δ(γ ,γ0) ≤ 1

1–2 max[�1,�2�3,�1�4,�2�3�4]δ((γ ),γ ) ≤ max[1,�4]
1–2 max[�1,�2�3,�1�4,�2�3�4] , which

implies that

S
(HC

0+ Dκ ,ϑ
φ(ς )γ (ς ) –HC

0+ Dκ ,ϑ
φ(ς )γ0(ς ),

−→
ζ
)
�M S

(
γ (ς ) – γ0(ς ),

−→
ζ
)

(3.21)

�ψ

(
ς ,

(1 – 2 max[�1,�2�3,�1�4,�2�3�4])
−→
ζ

max[1,�4]

)
,

for every ς ∈ G1 and
−→
ζ ∈ (G2)n.

Now we show that the fixed point in �� is unique. Let γ ′
0 be an element of � satisfying

(3.6) and (3.7), we prove that γ ′
0 = γ0 and γ ′

0 ∈��. From (3.6) we get

HC
0+ Dκ ,ϑ

φ(ς )γ
′
0(ς ) = μ

(
ς ,γ ′

0(ς )
)

+
∫ ς

0
K
(
ς , ι,γ ′

0(ι)
)

dι, (3.22)

and so

γ ′
0(ς ) = H

0+Iκ ,ϑ
φ(ς )μ

(
ι,γ ′

0(ι)
)

+ H
0+Iκ ,ϑ

φ(ς )

∫ ι

0
K
(
ι,! ,γ ′

0(! )
)

d! = 
(
γ ′

0(ς )
)
,

where κ ∈ G◦
5 , ϑ ∈ G5, μ : G1 ×W →W , K : G1 × G1 ×W →W .

Now we show that

γ ′
0 ∈ {

η ∈� : δ
(
(γ ),η

)
< ∞}

,

i.e., δ((γ ),γ ′
0) < ∞. We set θ = 1–2 max[�1,�2�3,�1�4,�2�3�4]

max[1,�4] , from (3.7) we get

S
(HC

0+ Dκ ,ϑ
φ(ς )γ (ς ) –HC

0+ Dκ ,ϑ
φ(ς )γ

′
0(ς ),

−→
ζ
)
�M S

(
γ (ς ) – γ ′

0(ς ),
−→
ζ
)

(3.23)

�ψ(ς , θ
−→
ζ ),

for every ς ∈ G1 and
−→
ζ ∈ (G2)n.

From (3.1) and (3.23) we get

S
(
μ
(
ς ,γ (ς )

)
– μ

(
ς ,γ ′

0(ς )
)
,
−→
ζ
) � S

(
γ (ς ) – γ ′

0(ς ),
−→
ζ

�1

)
(3.24)

� ψ

(
ς , θ

−→
ζ

�1

)
,

also, from (3.2) and (3.23) we get

S
(
K
(
ς , ι,γ (ι)

)
– K

(
ς , ι,γ ′

0(ι)
)
,
−→
ζ
) � S

(
γ (ι) – γ ′

0(ι),
−→
ζ

�2

)
(3.25)

� ψ

(
ς , θ

−→
ζ

�2

)
,
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for every ς ∈ G1, ι ≤ ς and
−→
ζ ∈ (G2)n. Now, using step two and (3.25), we get

S

(∫ ς

0

[
K
(
ς , ι,γ (ι)

)
– K

(
ς , ι,γ ′

0(ι)
)]

dι,
−→
ζ

)
� ψ

(
ς ,

−→
ζ

�2�3

)
(3.26)

� ψ

(
ς , θ

−→
ζ

�2�3

)
.

Using the triangular inequality (S3), (3.24) and (3.26) we get

S

(
μ
(
ς ,γ (ς )

)
– μ

(
ς ,γ ′

0(ς )
)

+
∫ ς

0

[
K
(
ς , ι,γ (ι)

)
– K

(
ς , ι,γ ′

0(ι)
)]

dι, 2
−→
ζ

)

� S
(
μ
(
ς ,γ (ς )

)
– μ

(
ς ,γ ′

0(ς )
)
,
−→
ζ
)

�M S

(∫ ς

0

[
K
(
ς , ι,γ (ι)

)
– K

(
ς , ι,γ ′

0(ι)
)]

dι,
−→
ζ

)

�ψ

(
ς , θ

−→
ζ

�1

)
�M ψ

(
ς , θ

−→
ζ

�2�3

)

�ψ

(
ς , θ

−→
ζ

max[�1,�2�3]

)
, (3.27)

and so

S

(
μ
(
ς ,γ (ς )

)
– μ

(
ς ,γ ′

0(ς )
)

+
∫ ς

0

[
K
(
ς , ι,γ (ι)

)
– K

(
ς , ι,γ ′

0(ι)
)]

dι,
−→
ζ

)

�ψ

(
ς , θ

−→
ζ

2 max[�1,�2�3]

)
. (3.28)

We apply (3.4) to get

S

(
H
0+Iκ ,ϑ

φ(ς )
[
μ
(
ι,γ (ι)

)
– μ

(
ι,γ ′

0(ι)
)]

(3.29)

+ H
0+Iκ ,ϑ

φ(ς )

(∫ ι

0

[
K
(
ι,! ,γ (! )

)
– K

(
ι,! ,γ ′

0(! )
)]

d!
)

,
−→
ζ

)

�ψ

(
ς , θ

−→
ζ

2�4 max[�1,�2�3]

)
,

for every ς ∈ G1, ι ≤ ς and
−→
ζ ∈ (G2)n.

Using (3.28) and (3.29) we get

S
(HC

0+ Dκ ,ϑ
φ(ς )

[

(
γ (ς )

)
– γ ′

0(ς )
]
,
−→
ζ
)
�M S

(

(
γ (ς )

)
– γ ′

0(ς ),
−→
ζ
)

= S

(
μ
(
ς ,γ (ς )

)
– μ

(
ς ,γ ′

0(ς )
)

+
∫ ς

0

[
K
(
ς , ι,γ (ι)

)
– K

(
ς , ι,γ ′

0(ι)
)]

dι,
−→
ζ

)

�M S

(
H
0+Iκ ,ϑ

φ(ς )
[
μ
(
ι,γ (ι)

)
– μ

(
ι,γ ′

0(ι)
)]
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+ H
0+Iκ ,ϑ

φ(ς )

(∫ ι

0

[
K
(
ι,! ,γ (! )

)
– K

(
ι,! ,γ ′

0(! )
)]

d!
)

,
−→
ζ

)

�ψ

(
ς , θ

−→
ζ

2 max[�1,�2�3]

)
�M ψ

(
ς , θ

−→
ζ

2�4 max[�1,�2�3]

)

�ψ

(
ς , θ

−→
ζ

2 max[�1,�2�3](1 + �4)

)
,

which implies that δ((γ ),γ ′
0) ≤ 2 max[�1,�2�3](1+�4)

θ
< ∞, then γ ′

0 ∈��. �

4 Best approximation of φ-Hadamard fractional Volterra integral equation
Now we are ready to study UHR stability of the φ-Hadamard fractional Volterra integral
equation

η(ς ) = μ
(
ς ,η(ς )

)
+ H

0+Iκ ,ϑ
φ(ς )K

(
ς , ι,η(ι)

)
, (4.1)

where κ ∈ G◦
5 , ϑ ∈ G5, μ : G1 × W → W , K : G1 × G1 × W → W and get the best ap-

proximation with better estimate for the pseudo-φ-Hadamard fractional Volterra integral
equation.

Theorem 4.1 Let (W ,S ,�) be an MVFB-space and �1, �2, �3, �4 and ξ be posi-
tive constant such that max[�1,�2�3,�1�4,�2�3�4] < 0.5. Assume that the continuous
mappings μ : G1 × W → W , K : G1 × G1 × W → W with MVF-set ψ : W × (G2)n →
diagMn(G3) satisfy (3.1), (3.2), (3.3) and (3.4).

Let γ : G1 →W be a differentiable function satisfying

S
(
γ (ς ) – μ

(
ς ,γ (ς )

)
– H

0+Iκ ,ϑ
φ(ς )K

(
ς , ι, w(ι)

)
,
−→
ζ
) �ψ(ς ,

−→
ζ ), (4.2)

for every ς ∈ G1 and
−→
ζ ∈ (G2)n. Then we have a unique differentiable function γ0 : G1 → W

such that

γ0(ς ) = μ
(
ς ,γ0(ς )

)
+ H

0+Iκ ,ϑ
φ(ς )K

(
ς , ι,γ0(ι)

)
(4.3)

and

S
(
γ (ς ) – γ0(ς ),

−→
ζ
)

�ψ

(
ς ,

(1 – 2 max[�1,�2�3,�1�4,�2�3�4])
−→
ζ

max[1,�4]

)
, (4.4)

for every ς ∈ G1 and
−→
ζ ∈ (G2)n.

Proof We set

� := {η : G1 →W ,η is differentiable}
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and introduce the G4-valued metric on � as

δ
(
η,η′)

= inf

{
λ ∈ G2 : S

(
η(ς ) – η′(ς ),

−→
ζ
) �ψ

(
ς ,

−→
ζ

λ

)
,∀η,η′ ∈�,ς ∈ G1,

−→
ζ ∈ (G2)n

}
.

By Theorem 3.1, we have (�, δ) is a complete G4-valued metric space.
Now we define the mapping  from � to � by


(
η(ς )

)
= μ

(
ς ,η(ς )

)
+ H

0+Iκ ,ϑ
φ(ς )

(
K
(
ς , ι,η(ι)

))
, (4.5)

where κ ∈ G◦
5 , ϑ ∈ G5, μ : G1 ×W → W , K : G1 × G1 ×W → W . We prove  is a strictly

contractive mapping. Let η,η′ ∈�, λ ∈ G2 and δ(η,η′) < ε, then we have

S
(
η(ς ) – η′(ς ), ε

−→
ζ
) �ψ(ς ,

−→
ζ ), ∀η,η′ ∈�,ς ∈ G1,

−→
ζ ∈ (G2)n.

Using properties (S2) and (S3) of Definition 1.4, (3.1), (3.2), (3.3), (3.4) and (4.5), we have

S
(

(
η(ς )

)
– 

(
η′(ς )

)
, 2ε

−→
ζ
)

= S
([
μ
(
ς ,η(ς )

)
– μ

(
ς ,η′(ς )

)]

+ H
0+Iκ ,ϑ

φ(ς )
[
K
(
ς , ι,η(ι)

)
– K

(
ς , ι,η′(ι)

)]
, 2ε

−→
ζ
)

� S
(
μ
(
ς ,η(ς )

)
– μ

(
ς ,η′(ς )

)
, ε

−→
ζ
)
�M S

(
K
(
ς , ι,η(ι)

)
– K

(
ς , ι,η′(ι)

)
, ε

−→
ζ
)

�ψ

(
ς ,

−→
ζ

�1

)
�M ψ

(
ς ,

−→
ζ

�2�4

)

�ψ

(
ς ,

−→
ζ

max[�1,�2�4]

)
,

and so

S
(

(
η(ς )

)
– 

(
η′(ς )

)
, ε

−→
ζ
) �ψ

(
ς ,

−→
ζ

2 max[�1,�2�4]

)
,

for every ς ∈ G1 and
−→
ζ ∈ (G2)n. Then

δ
(
(η),

(
η′)) ≤ 2 max[�1,�2�4]ε,

and so

δ
(
(η),

(
η′)) ≤ 2 max[�1,�2�4]δ

(
η,η′).

Then  is a strictly contractive function with the Lipschitz constant 2 max[�1,�2�4].
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Let γ ∈�. Then we show that δ((γ ),γ ) < ∞. Using (4.2) we get

S
(

(
γ (ς )

)
– γ (ς ),

−→
ζ
)

= S
(
μ
(
ς ,γ (ς )

)
+ H

0+Iκ ,ϑ
φ(ς )K

(
ς , ι,γ (ι)

)
– γ (ς ),

−→
ζ
)

� ψ(ς ,
−→
ζ )

for every
−→
ζ ∈ (G2)n. Then we have δ((γ ),γ ) < 1.

Now Theorem 1.5 enables us to find an element γ0 in � satisfying the following:
(1) γ0 is a fixed point of , i.e.,

γ0(ς ) = 
(
γ0(ς )

)

= μ
(
ς ,γ0(ς )

)
+ H

0+Iκ ,ϑ
φ(ς )

(
K
(
ς , ι,γ0(ι)

))
,

which is unique in the set

�� =
{
η ∈ � : δ

(
(γ ),η

)
< ∞}

.

(2) δ(τ (γ ),γ0) → 0 as τ → ∞;
(3) δ(γ ,γ0) ≤ 1

1–2 max[�1,�2�4]δ((γ ),γ ) ≤ 1
1–2 max[�1,�2�4] , which implies that

S
(
γ (ς ) – γ0(ς ),

−→
ζ
) �ψ

(
ς ,

(
1 – 2 max[�1,�2�4]

)−→
ζ
)
,

for every ς ∈ G1 and
−→
ζ ∈ (G2)n. �

5 Application
In this section, we apply the main results to solving some examples.

Example 5.1 Let (R,S ,�) be an MVFB-space. Consider η,η′ : G1 → R and define
μ(ς ,η(ς )) = ln

√|η(ς )|. Let Ec,d be the two-parameter Mittag-Leffler function in which
�(c) > 0 and �(d) > 0, define K : G1 ×G1 ×R → R as K(ς , ι,η(ι)) = Ec,d(ς – ι)η(ι) for every
ς ∈ G1 and ι≤ ς .

Then we have

S
(
K
(
ς , ι,η(ι)

)
– K

(
ς , ι,η′(ι)

)
,
−→
ζ
)

= S
(
Ec,d(ς – ι)

[
η(ι) – η′(ι)

]
,
−→
ζ
)

� S

(
η(ι) – η′(ι),

−→
ζ

|Ec,d(ς – ι)|
)

� S

(
η(ι) – η′(ι),

−→
ζ

&

)
,

S
(
μ
(
ς ,η(ς )

)
– μ

(
ς ,η′(ς )

)
,
−→
ζ
)

= S
(
ln
√∣∣η(ς )

∣∣ – ln
√∣∣η′(ς )

∣∣,
−→
ζ
)

= S

(
ln

√|η(ς )|√|η′(ς )| ,
−→
ζ

)

� S

(
ln
(

1 +
( √|η(ς )|√|η′(ς )| – 1

))
,
−→
ζ

)
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� S

( √|η(ς )|√|η′(ς )| – 1,
−→
ζ

)

� S

(√|η(ς )| –
√|η′(ς )|√

min(|η′(ς )|) ,
−→
ζ

)

� S
(√∣∣η(ς )

∣∣ –
√∣∣η′(ς )

∣∣,
−→
ζ
)

� S

( |η(ς )| – |η′(ς )|√|η(ς )| +
√|η′(ς )| ,

−→
ζ

)

� S

( |η(ς ) – η′(ς )|√
max(|η(ς )|, |η′(ς )|) ,

−→
ζ

)

� S
(
�
(
η(ς ) – η′(ς )

)
,
−→
ζ
)

= S

(
η(ς ) – η′(ς ),

−→
ζ

�

)
,

for some & ∈ G2 and � ∈ G3. Consider the MVF-set ψ : G1 × (G2)4 → diagM4(G3), that is
defined as follows:

ψ(ς ,
−→
ζ ) = diag

[
Eℵ

(
–

|ς |
ζ1

)
,

ζ2

ζ2 + |ς | , exp

(
–

|ς |
ζ3

)
, Eℵ

(
–

|ς |
ζ4

)]
,

for every ς ∈ G1,
−→
ζ ∈ (G2)4 and ℵ ∈ G3.

Let γ : G1 →R be a differentiable function satisfying

S

(
HC
0+ Dκ ,ϑ

φ(ς )γ (ς ) – ln
√∣∣γ (ς )

∣∣ –
∫ ς

0
Ec,d(ς – ι)γ (ι) dι,

−→
ζ

)

�ψ(ς ,
−→
ζ )

for every ς ∈ G1 and
−→
ζ ∈ (G2)4. Now Theorem 3.2 implies that, if max[�,&�3,��4,

&�3�4] < 0.5, we can find a unique differentiable function γ0 : G1 →R such that

HC
0+ Dκ ,ϑ

φ(ς )γ0(ς ) = ln
√∣∣γ0(ς )

∣∣ +
∫ ς

0
Ec,d(ς – ι)γ0(ι) dι

and

S
(HC

0+ Dκ ,ϑ
φ(ς )γ (ς ) – HC

0+ Dκ ,ϑ
φ(ς )γ0(ς ),

−→
ζ
)
�M S

(
γ (ς ) – γ0(ς ),

−→
ζ
)

�ψ

(
ς ,

(1 – 2 max[�,&�3,��4,&�3�4])
−→
ζ

max[1,�4]

)
,

for every ς ∈ G1 and
−→
ζ ∈ (G2)4.

Example 5.2 Let (R,S ,�) be an MVFB-space. Consider η,η′ : G1 → R and define
μ(ς ,η(ς )) = ln

√|η(ς )|. Let Ec,d be the two-parameter Mittag-Leffler function, in which
�(c) > 0 and �(d) > 0, define K : G1 ×G1 ×R → R as K(ς , ι,η(ι)) = Ec,d(ς – ι)η(ι) for every
ς ∈ G1 and ι≤ ς .
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Let ψ : G1 × (G2)4 → diagM4(G3) be defined as follows:

ψ(ς ,
−→
ζ ) = diag

[
Eℵ

(
–

|ς |
ζ1

)
,

ζ2

ζ2 + |ς | , exp

(
–

|ς |
ζ3

)
, Eℵ

(
–

|ς |
ζ4

)]
,

for every ς ∈ G1,
−→
ζ ∈ (G2)4 and ℵ ∈ G3. Let γ : G1 → R be a differentiable function satis-

fying

S
(
γ (ς ) – ln

√∣∣η(ς )
∣∣ – H

0+Iκ ,ϑ
φ(ς )Ec,d(ς – ι)γ (ι),

−→
ζ
) �ψ(ς ,

−→
ζ ),

for every ς ∈ G1 and
−→
ζ ∈ (G2)4. Now Theorem 4.1 implies that, if max[�,&�4] < 0.5, we

can find a unique differentiable function γ0 : G1 →R such that

γ0(ς ) = ln
√∣∣η(ς )

∣∣ + H
0+Iκ ,ϑ

φ(G1)Ec,d(ς – ι)γ (ι)

and

S
(
γ (ς ) – γ0(ς ),

−→
ζ
) �ψ

(
ς ,

(1 – 2 max[�,&�4])
−→
ζ

max[1,�4]

)
,

for every ς ∈ G1 and
−→
ζ ∈ (G2)4.

6 Conclusions
In this paper, we presented an example of fuzzy normed space by means of the Mittag-
Leffler function. Next, we extended the concept of fuzzy normed space to a matrix valued
fuzzy normed space and also we applied the Alternative fixed point theorem to investigat-
ing Ulam–Hyers–Rassias stability of some fractional equations in MVFB-spaces. We de-
fined a class of matrix valued fuzzy control functions for stabilizing both the φ-Hadamard
fractional Volterra integro-differential equation and the φ-Hadamard fractional Volterra
integral equation in MVFB-spaces and we have obtained best approximation for this
kind of fractional equations. Finally, as an application, we investigated the Ulam–Hyers–
Rassias stability using a matrix valued fuzzy control function obtained through the Mittag-
Leffler function.
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