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Abstract
In this paper, we introduce the functional equations

F(2x —y) + Fx +2y) = 5[F(0) + ()],

f2x —y) + fx + 2y) = 5f(x) + 4f(y) + f(-y),
fx=y)+ flx+2y) =5f(x) + F2y) + f(-y),

Fx = y) + i+ 2y) =4[ F) + F) ] + [F(=x) + F=y)].

We show that these functional equations are quadratic and apply them to
characterization of inner product spaces. We also investigate the stability problem on
restricted domains. These results are applied to study the asymptotic behaviors of
these quadratic functions in complete B-normed spaces.
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1 Introduction

Afunctionf : V — W between linear vector spaces V and W is called a quadratic function
if

flx+y)+f(x—y)=2f(x) +2f(y), xyeV. (1.1)

It is clear that f : R — R defined by f(x) = ax? is a quadratic function, where a is an ar-
bitrary constant. Indeed, a continuous quadratic function f : R — R is of this form. It is
well known that a function f : V' — W between real vector spaces V and W is quadratic if
and only if there exists a unique symmetric biadditive function B: V' x V' — W such that
f(x) = B(x,x) for all x € V (see [1-3]). The functional equation (1.1) plays an important
role in the characterization of inner product spaces [4]. In this paper, we deal with the
functional equation

f@x—y)+f(x+2y) =5[f(x) +f()]. (1.2)
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We also consider some functional equations with slight changes in the functional equation
(1.2):

S@2x—y) +f(x+2y) =5f(x) +4f (y) + f(-p),
SQ2x—y) +f(x+2y) = 5f(x) + f(29) +f (=),
fx—y)+flx+2y) = 4[f(x) +f(y)] + [f(—x) +f(—y)].

The stability of the quadratic functional equation (1.1) was first investigated by Skof [5].
Czerwik [6] studied the stability of the quadratic functional equation (1.1) in a general case
and generalized Skof’s result. For more detailed information on the stability results of the
functional equation (1.1) and other quadratic functional equations, we refer the readers
to [7—17]. We also refer the readers to the books [1, 2, 18—20].

2 Solutions of Eq. (1.2)
In this section, we show that the functional equation (1.2) is equivalent to the quadratic

equation (1.1). That is, every solution of Eq. (1.2) is a quadratic function.

Theorem 2.1 Let X and Y be real vector spaces. A function f : X — Y satisfies (1.2) if and
only if f satisfies (1.1).

Proof Let f satisfy (1.2). Replacing x = y = 0 in (1.2), we obtain f(0) = 0. Letting y = 0 in
(1.2), we get f(2x) = 4f (x) for all x € X. Then if we put x = 0 in (1.2), we infer that f is even.
Replacing x in (1.2) by x — y yields

fQx=3y)+flx+y) =5[f(x-2) +f®)], xyeX. (2.1)
Replacing y in (1.2) by 2y — x yields

f(Bx—29) +fldy —x) =5[f@) + /2y -x)], xyeX.
Interchanging the role of x and y, we obtain

fBy—2x) +f(4x—y) =5[f(y) +f(2x-y)], xyeX. (2.2)
Subtracting (2.1) from (2.2) and using the evenness of f, we get

flx—y)—fx+y) =5[f2x-y) -f(x-9)], xyeX. (2.3)
Replacing x by 2x in (1.2) and using f(2x) = 4f(x), we obtain

fldx—y)+4f (x+y) =5[4f(x) +f())], xyeX. (2.4)

Subtracting (2.4) from (2.2), we get

fBy-2x)-4f(x+y) =5[f2x—y) -4/ ()], xyeX. (2.5)
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Subtracting (2.5) from (2.1) and using the evenness of f, we get

Sfa+y)=flx-y) +f) - f2x-y) +4f(x), xyeX. (2.6)

Replacing y by 2y in (2.6) and using f(2x) = 4f(x), we obtain

fe+2y) =f(x-2y) +4f(y) - 4f (x —y) +4f (x), x,y€eX. (2.7)

If we replace y in (2.7) with —y and add the resultant equation to (2.7), then we obtain

flx+y)+fle—y) =2f(x) +2f(y), xyeX.

Hence f is quadratic. Conversely, if f is quadratic, then there exists a symmetric biadditive
function B: X? — X such that f(x) = B(x, x) for allx € X [21, Theorem 9.5]. Hence it is easy
to see that f satisfies (1.2). a

Corollary 2.2 Let f: X — Y. The following are equivalent:
(i) fCx—y)+fx+2y) =5f(x) +4f(y) +f(—y), %,y € X;
(i) f2x—y)+f(x+2y) =4[f(x) +f D] + [[ (=) +f (D)), %y € X;
(iii) f(2x—y) +f(x+2y) =5/ (x) +f(29) +f(-p), .,y € X;
(iv) fCx—y)+f(x+2y)=5[fx)+fW], xyeX;
(v) f is quadratic.

Proof (i) = (iv). Letting x = y = 0 in (i), we get f(0) = 0. Putting y = 0 into (i), we obtain
f(2x) = 4f (x) for all x € X. First put y = x into (i) and then y = —x into (i) to get f(3x) =
8f(x) +f(—x) and f (3x) = 6f(x) + 3f(—x). So, we infer that f is even. Consequently, f satisfies
(iv). To prove (ii) = (iv), letting x = 0 in (ii) and using f(0) = 0, we get f(2y) = 4f(y). Letting
y =0 in (ii), we get that f is even, and consequently f satisfies (iv). To prove (iii) = (i),
letting y = 0 in (iii) and using £(0) = 0, we get f(2x) = 4f(x) for all x € X. Then f satisfies
(i). The equivalence of conditions (iv) and (v) follows from Theorem 2.1. The implications
(iv) = (i), (i), (iii) are straightforward because (iv) implies that f is even and f(2x) = 4f(x)
for all x € X. Hence the proof is completed. O

Proposition 2.3 Let X be a normed linear space with norm | - ||. Then X is an inner

product space with respect to || - || if and only if

12 = yII> + Il + 211> = 5(1%1% + 1911%), x5 € X. (2.8)
Proof Let f: X — R be a function defined by f(x) = ||x||. If X is an inner product space,
then clearly (2.8) holds for all x,y € X'. Conversely, if (2.8) holds, then the function f sat-
isfies (1.2). By Theorem 2.1 the function f satisfies (1.1). This means that

o+ yII% + 1 = y1I* = 2[1xl1* + 2[yl1%  xyeX.

Therefore X is an inner product space (see [4]). O
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Proposition 2.4 Let Y be a real vector space, and let ¢ : Y — [0, +00) be a function satis-
Jying
(i) o) =0ifx=0;
(i) Ve(tx) = ltly/o&), t € R, x € Y
(ii) (2% —y) +@(x+2y) =5[px) + o)), %,y € V.
Then Y is an inner product space.

Proof The proof of Theorem 2.1 shows that ¢ satisfies (1.1). Then ) is an inner product
space by [22, Theorem 3.1]. d

Proposition 2.5 Letp,q,r,s € (0, +00), and let X be a normed linear space with norm || - ||.

Suppose that
22 = yII? + Il + 29117 = 5(lxl” + Iy %), %y € X. (2.9)
Thenp=q=r=s=2.
Proof Setting y = 0 in (2.9), we get
2P|l + llxll? = 5[lx]",  x € X. (2.10)
If we take x € X with ||x|| = 1 in (2.10), then we get p = 2. Letting y = x in (2.9), we get
llacll? + 37|17 = 5(1lxll" + lx[°), x€X. (211)

Setting ||x|| = 1in (2.11), we getg = 2. If we put y = 2x with |x|| = 1in (2.9) andusep = g = 2,
then we obtain s = 2. Finally, letting x = 2y with ||yl = 1 in (2.9) and using p =g =5 = 2, we
obtain r = 2. This completes the proof. O

Corollary 2.6 Let X be a normed linear space with norm || - ||. Then X is an inner product
space if and only if there exist p,q,r,s € (0, +00) such that

122 = yIIP + [l + 29117 = 5(l%ll” + I¥1°), %y € X.

3 Stability of Eq. (1.2): fixed point method
Let X be a nonempty set. A function d: X x X — [0, +00] is called a generalized metric
on X if it satisfies

(1) d(x,y)=0ifand only ifx = y;

(2) d(x,y) =d(y,x) for all x,y € X;

(3) d(x,2z) <d(x,y) +d(y,z) forall x,y,z € X.
It is clear that the only difference between the generalized metric and the metric is that the
generalized metric accepts the infinity. We will use the following fundamental theorem in
fixed point theory.

Theorem 3.1 ([23]) Let (X,d) be a generalized complete metric space, and let A : X — X
be a strictly contractive function with Lipschitz constant 0 < L < 1. Suppose that for an
element a € X, there exists a nonnegative integer k such that d(A**'a, A*a) < co. Then
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(i) the sequence {A"a};2, converges to a fixed point b € X of A;
(ii) b is the unique fixed point of A in the set Y = {y € X : d(AXa,y) < 0o};
(ili) d(y,b) < ﬁd(y, Ay) forallye ).

In this section, 0 < 8 < 1 is a fixed real number. Suppose E is a real vector space. A func-
tion || - || : E — [0, +00) is called a B-norm if it satisfies

(B1) |lxllg = 0if and only if x = 0;

(B2) ||axllg = AP |lx)lp forall A € R and x € E;

(B3) Il + ylls < llxlls + Iyl for all x,y € E.

(E, |l - Ig) is called a complete B-normed space if every Cauchy sequence {x,}5°; € E
(with respect to | - || g) converges to an element x € E. Using the idea of Cédariu and Radu
[24], we apply the fixed point method to study the stability of quadratic functional equation

(1.2).

Theorem 3.2 Let X be a linear space, and let E be a complete S-normed space. Suppose

@ : X% — [0, +00) is a given function and there exists a constant 0 < L < 1 such that

. 9(3"x,3"y)
hm —_— =

n—>00 gnp

0, ¢(3x,3x) < 9P Lo(x,x), x,y € X. (3.1)
Furthermore, let f : X — E be a function that satisfies

[f2x—9) +f(x+29) = 5/ () = 5f )| s < 0(x9),  wyeX. (3.2)

Then there exists a unique quadratic function Q : X — E such that

|V(x) - Q(x) || < Lw(x,x), xeX. (3.3)
B~ 9B(1-1L)

Proof Let Q = {g: X — E}. Define d : Q2 — [0, +00] by
d(g,h) = inf{C € [0, +o0] : ||g(x) — h(x) ||/S < Co(x,x),x EX}.

We easily to see that d is a generalized metric on Q2 and (£2,d) is complete. We define the
function T: @ — Q by (TIg)(x) = ég(3x) for all x € X. We show that d(Tg, Th) < Ld(g, h)
forall g, € Q. Let g, h € Q be such that d(g, 1) < 0o, and take arbitrary ¢ > 0. Then ||g(x) —
h(x)|lg < Co(x,x) forall x € X, where C = d(g, h) + £. Replacing x by 3x in the last inequality
and applying (3.1), we get

”g(Sx) - h(3x)Hﬁ <C9%Lp(x,x), xeX.
This means that d(Tg, Th) < LC = L(d(g, k) + ¢), and since ¢ > 0 is arbitrary, we infer that

d(1g,Th) < Ld(g, h). So T is strictly contractive on € with the Lipschitz constant L. On
the other hand, replacing y = x in (3.2) and dividing both sides by 9/, we obtain

X, X
a 5 ), x e X.

7760 ), < =5
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Hence d(Tf,f) < 97f < cc. By (i) of Theorem 3.1 we conclude that the sequence {T"f}%°,
converges to a fixed point Q € Q of T. Hence

Q: X —E, Q(x):nli%n;o@, xeX. (3.4)

Moreover, by (ii) and (iii) of Theorem 3.1 Q is the unique fixed point of A := {g € Q:
d(g,f) < oo}, and

1 1
a(f,Q) < ﬁd(Tfrf) < m

Therefore inequality (3.3) holds. Using (3.1), (3.2), and (3.4), we get

| Q2% ~») + Qx + 29) ~ 5Q() ~ 5Q0)]

i [FE@x =) fB e+ 2y)  fBM)  f(3)
71— 00 9}’1 9}’1 9}’1 9}1 ﬁ
3"x, 3"
< lim M:O, x,y € X.
n— 00 onp

So Q satisfies (1.2), and, consequently, Q is quadratic by Theorem 2.1. The uniqueness of

Q is a well-known and simple consequence of (3.3). d
Similarly, we have the following result.

Theorem 3.3 Let X be a linear space, and let E be a complete S-normed space. Suppose

@ : X% — [0, +00) is a given function and there exists a constant 0 < L < 1 such that

lim 9”ﬂ<p<%, %) =0, 9o (x,x) < Lo(3x, 3x), x,y€X.

n—00

Furthermore, let f : X — E be a function that satisfies
[f@x =) +f(x+29) = 5f () = 5f )| s < 0(x9), wyeX.
Then there exists a unique quadratic function Q : X — E such that
@ - QW < =5 ———plnx), xeX.
P=98(1-1)

Corollary 3.4 Let X be a normed space, and let E be a complete B-normed space. Suppose
8,6 >0,p,q e R, and f : X — E is a given function such that

8+ e(lxl” + 1y, p g <2B,

(2x—y) +f(x+2y) = 5f(x) = 5f ()| , <
4 I s(lxlP + 1719, p.g>28,
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forall x,y € X (resp., for all x,y € X \ {0} when at least p <0 or q <0). Then there exists a
unique quadratic function Q : X — E such that

S+e(lx[1P +]1x117)

7 ’ 1] <2 ’
o -ewl,<{ > pa <2
Z (sl + 1610, pg> 28,

forall x € X (resp., for all x € X \ {0} when at least p < 0 or q < 0), where r = max{|p|, |q|}
and s = min{p, q}.

Theorem 3.5 Let X be a linear space, and let E be a complete -normed space. Suppose
functions f : X — E and ¢ : X*> — [0, +00) are such that

[f (2% =) +f(x+29) = 5f(x) = 5f )| s < 0(x9), wyeX. (3.5)

Then f is quadratic if we have one of the following possibilities:
(1) hmnﬁoo % :Or (p(xxo) :O1 x:yEX’
(11) 1imn—>oo4'nﬂ(p(2in: zln) =0, §0(x;0) =0, x1y€X'

Proof Letting y = 0 in (3.5), we get f(2x) — 4f (x) = 5f(0) for all x € X. Then f(0) = 0, and

f(z:x) =f(), 4”f<2x_n) =f(x), xeX,meN. (3.6)

In case (i), replacing x, y by 2"x, 2"y in (3.5), respectively, and using (3.6), we obtain

@(2"x,2"y)
|Lf(2x—y) +f(x +2y) = 5f(x) = 5 (y) ”ﬁ < Ty, x,y € X. (3.7)
Taking the limit in (3.7) as n — oo yields f(2x — y) + f (x + 2y) = 5f(x) + 5f(y) for all x,y € X.
Consequently, f is quadratic by Theorem 2.1.

Similarly, we get the result in case (ii). O

Corollary 3.6 Let X be a normed space, and let E be a complete B-normed space. Suppose
p,q>0withp+q+#2B and f : X — E is a function such that

[f(2x =) +f(x +29) =5/ (%) =57 )| , < =l llyll, %y € X.
Then f is quadratic.

4 Stability of Eq. (1.2) on restricted domains

In this section, we investigate the stability of the functional equation (1.2) on a restricted
domain. As an application, we use the result to the study of an interesting asymptotic
behavior of that equation. It should be mentioned that Skof [5] was the first author to
treat the stability of the quadratic equation. Czerwik [6] proved a stability theorem on the

quadratic equation. As a particular case, he proved the following theorem.
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Theorem 4.1 Let X be a vector space, let Y be a Banach space, and let § > 0. If affunction
f X — Y satisfies the inequality

If G +9) +f(x—9) = 2f (%) - 2f )| < &

forall x,y € X, then there exists a unique quadratic function Q : X — Y such that ||f(x) —
QW) < %for all x € X. Moreover, if f is measurable or if f (tx) is continuous in ¢t for each
fixed x € X, then Q(tx) = t*Q(x) for all x € X and t € R.

In the following results, we assume that X is a normed space and Y is a complete 8-

normed space.

Theorem4.2 Letd > 0and§ > 0. Assume that a function f : X — Y satisfies the inequality

[f 2x~9) +f(x +29) ~ 5 (%) - 5f o) || , < (4.1)
forallx,y € X with ||x|| + ||y|| = d. Then there exists a unique quadratic function Q: X — Y
such that

98 +50 +1
Hf(x) Qx)”ﬂ_ 57(99 )8 xeX. (4.2)

Proof Letting y = x in (4.1), we get

lfBx)-of @), <6 lixll=d.

Replacing x by 3"x in this inequality and dividing by 9971, we get

3n+1 3
ACHL RIS ) I ;I = d.
9n+1 on 5 9/3(n+1)
Then
(3" x)  f(3"x) "8
‘ ol om = Z SFE)’ ¥l >d,n>m=0. (4.3)
k=m

This shows that {f }°°1 is a Cauchy sequence for each x € X. As Y is complete, we can
define the function Q: X — Y by

Q= tim 00, e x
Hence (4.1) implies that
Q(2x - y) + Qlx +2y) = 5Q(x) + 5Q(y), x,y€X. (4.4)

Consequently, Q is quadratic by Theorem 2.1. Letting 1 = 0 and taking the limitas n — oo
in (4.3), we obtain

8
Q@) ~f@); = g7 sl =d. (4.5)
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We now let x,y € X with x # 0 and choose m € N such that ||3”x|| > d + 2||y||. Then (4.1)
and (4.5) imply

If (2 x 3"x —y) +£(3"x + 29) = 5f (3"x) = 5f ()| , < &,

m m 8
[Q(2x3"x-y) -f(2x 8"x =), = G5
m m 6
lQ(3"x +2y) - £(3 x+2y)||ﬂ§ﬁ,
588

[57(37%) - 5Q(3"%) |, = 55—

Since Q satisfies (4.4), using the triangle inequality for these inequalities, we get

9 +50 +1

Hf()/) - Q()’)”ﬁ = ms.

It remains to prove the uniqueness of Q. Assume that S: X — X is another quadratic

function that satisfies inequality (4.2). Then we have

2(9% +5f +1)
Since Q and S are quadratic, the last inequality implies that
1 2(9% +5f +1)
”Q(x) —S(x)”ﬁ = nTﬂ”Q(nx) —S(nx)”/g = W , xeX,neN.

Taking the limit as # — 0o, we obtain Q(x) = S(x) for all x € X. This ends the proof. O

Corollary 4.3 Letd >0 and § > 0. Assume that a function f : X — Y satisfies the inequal-
ity

f (22— ) +f(x + 29) = 5f (%) - 5f(3’)uﬁ <6, max{|x|, lyll} > d.
Then there exists a unique quadratic function Q: X — Y satisfying (4.2).

Proof If ||x|| + |ly|| > 2d, then max{||x]|,||y||} > d. Hence f satisfies (4.1) for all x,y € X with
[lx]l + [yl > 2d. Therefore the result follows from Theorem 4.2. O

We apply these results to study the asymptotic behavior of quadratic functions. Jung [9]

has proved an asymptotic property of quadratic functions (see also [25]).

Corollary 4.4 Letf:X — Y. Then the following statements are equivalent:
(i) Himsupy ., y)—o0 IUf (2% =) +f(x + 2y) — 5/ (x) = 5f )lI5 = 0;
(i) 1imSuppax(ay, iy — oo IUF (2% = 3) +f (2 + 2y) = 5/ (x) = 5f W)l = 0;
(iii) f(2x —y) +f(x+2y) =5 (x) + 5/ (), %,y € X;
(iv) f is quadratic.
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Proof Since max{||x||, [|¥lI} < llzll + |yl <2max{||x||, |ly|}, conditions (i) and (ii) are equiv-
alent. The equivalence of (iii) and (iv) and (iv) = (i) follows from Theorem 2.1. To prove

(i) = (iv), by the assumption there exists an increasing sequence of positive numbers
{d,}:2, such that

1
[f2x—y) +f e+ 2) =5 @) =5 O)] y =~ Il + Iyl = b
By Theorem 4.2 there exists a unique quadratic function Q, : X — Y such that
If ) - Q@ , < £, xeXneNl, (4.6)
n

9B 45P +1

where ¢ := SFoF-1)" Since Qy is a unique quadratic function satisfying (4.6) and

, x€X,neN,

[f@-Quu@], = —= =

c
n
we infer that Q,;1 = Q,, for all #n € N. Therefore (4.6) implies that

C

[fe) - @@, = f@-Q@[, =~ xexXneN.
Taking the limit as # — 0o, we obtain f(x) = Q;(x) for all x € X. Hence f is quadratic. [

Corollary 4.5 Letf : X — Y, and let z be a fixed point of Y. Then the following statements
are equivalent:

() msupy,y)—oc0 If (2% =) +f(x + 2) = 5/ (x) - 5f (y) — zll s = 0;

(i) 1M Sup ol lyiy—oo IUF (2% =) +f(x +2y) = 5f (%) = 5/ () — zllp = 0;
(ili) fx—y)+f(x+2y)=5f(x) +5f() +z, x,y € X;
(iv) f+ éz is quadratic, that is,

o) +fa=) =2 @)+ 2 0) + 17 myEX.
Proof Define g: X — Y by g(x) := f(x) + %z. Clearly,

S@2x—y) +f(x+2y) = 5f(x) = 5/(y) — 2= g(2x — y) + g(x + 2y) — 5g(x) — 5¢(y)
for all x,y € X. Then (i)—(iv) are equivalent by Corollary 4.4. O

Corollary 4.6 Letf : X — Y, and let z be a fixed point of Y. Then the following statements
are equivalent:

(i) f2x—y) +f(x+2y) = 5f(x) = 5f(y) = 2, ||x|| + |ly|| > d for some d > 0;

(i) f2x—v) +f(x+2y)=5f(x) +5f(y) +z,x,y € X;
(iii) f + %z is quadratic.

Corollary 4.7 Letd >0 and § > 0. Assume that a function f : X — Y satisfies the inequal-
ity

| 2x =) +fx + 29) - 57 () - 57| , < 8
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for all (x,y) € X?\ E, where E := {(x,y) € X?: ||x|| <d, |y|| < d}. Then there exists a unique
quadratic function Q : X — Y satisfying (4.2).

Proof Tt is clear that {(x,y) € X?: ||lx|| + ||yl > 2d} € X2\ E. Hence the result follows from
Theorem 4.2. O

Using the same argument as in Theorem 4.2, we obtain the following result.

Theorem4.8 Letd > 0and§ > 0. Assume that a functionf : X — Y satisfies the inequality

|[f(2x —9) +f(x+2y) —5f(x) - 5/ (») Hﬁ <6, |xll = d (respectively, |yl = d).
Then there exists a unique quadratic function Q: X — Y satisfying (4.2) for all x € X.

Corollary 4.9 Letf : X — Y, and let z be a fixed point of Y. Then the following statements
are equivalent:
(i) lim SUDx|—> 00 IIf (2% = y) + f(x + 2y) = 5f (x) = 5f () — zllp = 0;
(ii) limsupy,_ o [If(2x =) +f(x +2y) = 51 (x) = 5/ (y) — zl|p = O;
(iii) fQx—y) +f(x+2y) =5f(x) + 5/ () + z for all x,y € X;
(iv) f+ %z is quadratic.

Proof Without loss of generality, we may assume that z = 0. It suffices to prove (i) = (iv)
and (ii) = (iv). We only prove (i) = (iv), and (ii) = (iv) is similarly achieved. To prove (i) =

(iv), by the assumption there exists an increasing sequence of positive numbers {d,}7°;
such that

1
[F2x=5) +f e+ 29) =57 = 5O, <~ lixll =
By Theorem 4.8 there exists a unique quadratic function Q, : X — Y such that
[f@-Qw|==, xexneN,

9P 158 +1
5(9F-1)°

leave it. O

where ¢ := The rest of the proof is quite similar to that of Corollary 4.4, and we

Corollary4.10 Letf : X — Y,and let z be a fixed point of Y. Then the following statements
are equivalent:
(i) f2x—y) +f(x+2y) - 5f(x) = 5f(y) =z, ||x|| > d for some d > 0;
(i) f2x—) +f(x+2y) —5f(x) = 5f(y) =z, ||y|l = c for some c > 0;
(iif) fQx—y) +f(x+2y) - 5f(x) = 5f(y) =z forall x,y € X;
(iv) f+ %z is quadratic.
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