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positive functions as polynomial), lump-kink (combination of two positive functions
as polynomial and exponential function) called the interaction between a lump and
one line soliton, and lump-soliton (combination of two positive functions as
polynomial and hyperbolic cos function) called the interaction between a lump and
two-line solitons. At the critical point, the second-order derivative and the Hessian
matrix for only one point will be investigated and the lump solution has one
maximum value. The moving path of the lump solution and also the moving velocity
and the maximum amplitude will be obtained. The graphs for various fractional
orders « are plotted to obtain 3D plot, contour plot, density plot, and 2D plot. The
physical phenomena of this obtained lump and its interaction soliton solutions are
analyzed and presented in figures by selecting the suitable values. That will be
extensively used to report many attractive physical phenomena in the fields of fluid
dynamics, classical mechanics, physics, and so on.
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1 Introduction

The nonlinear partial differential equation is a physical and natural model which can be
used for model constructs by scientists and researchers. Different types of differential
equations of both ODEs and PDEs in various fields of science, like fluid flow, mechan-
ics, and biology, are expressed in the special forms [1, 2]. There is no particular method
for accessing the exact type solutions of nonlinear PDEs but some approximate and an-
alytical solutions have been determined [3, 4]. As is well known, the model of many nat-
ural phenomena and the differential equations in the sciences and engineering are non-
linear and it is very important to obtain analytically or numerically accurate solutions. In
order to achieve this goal, various methods have been developed for linear and nonlin-
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ear equations, such as the Exp-function method [5], the homotopy analysis method [6],
the homotopy perturbation method [7], the (G'/G)-expansion method [8], the improved
tan(¢/2)-expansion method [9, 10], the Hirota bilinear method [11, 12, 59-67], the He
variational principle [13, 14], the binary Darboux transformation [15], the Lie group anal-
ysis [16, 17], the Béacklund transformation method [18], and the multiple Exp-function
method [19, 20]. Moreover, many powerful methods have been used to investigate the
new properties of mathematical models which are symbolizing serious real world prob-
lems [21, 22, 68, 69]. The utilized methods which employed by powerful researchers are
such methods as the Exp-function method, the multiple Exp-function method, (G’-G)-
expansion method—but we should not forget to mention that these methods continue
to attract a wave of criticism. This criticism is focused on two aspects of these methods.
First of all, it has been demonstrated that the mentioned methods can produce wrong so-
lutions. Secondly, these methods cannot produce necessary and sufficient conditions for
the existence of analytic solutions, neither in the system parameter space nor in the space
of initial conditions. These aspects can be useful for investigating in future research and
combining these methods in work which will have a link with special transformations.
The main idea of the following equations is finding the exact solution of any models
which can be expressed by a Hirota bilinear method. Big varieties of mathematical and
physical phenomena are governed by NLPDEs which play a crucial role in the nonlinear
sciences. It provides much physical information and more insight into the physical as-
pects of the problem and thus leads to further applications. Bogoyavlensky introduced
a model equation describing the nonisospectral scattering problems [23], namely, the

(2 + 1)-dimensional Bogoyavlenski equation

40, + W,y — 402 W, — 40, D = 0, (1.1)

VY, = D,

Kudryashov and Pickering [24] proposed the above equation as a member of a (2 + 1)
Schwarzian breaking soliton hierarchy. Clarkson and co-authors [25] investigated Eq. (1.1)
as one of the equations associated to nonisospectral scattering problems. Estevez and
Prada [26] presented a generalization of the sine-Gordon equation that possesses the
Painlevé feature. Zhran and Khater [27] probed the Bogoyavlensky equation by utilizing
the modified extended tanh-function method. The authors of [28] showed that the above
equation is a modified version of the following nonlinear equation:

AW, + 8W, W,y + AW, W,y + Wy = 0, (1.2)

which is called the breaking soliton equation. Also, Eq. (1.2) is a particular version of the

Bogoyavlensky—Konopelchenko (BK) equation given as
AVss + DV + Wy + AV, Wiy + W, Wy + kW, W, = 0. (1.3)
Equation BK explains the (2 + 1)-dimensional interaction of a Riemann wave propagation

along the y-axis with a long wave along the x-axis, and it also is a two-dimensional gen-

eralization of the well-known Korteweg—de Vries equation [29, 30]. This study is aimed
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at investigating the following generalized Bogoyavlensky—Konopelchenko (BK) equation
[31]:

Yy + a(6W W, + W) + B(Wawy + 3V, + 30, D)) + 1 Wy + 0, + 3Dy, = 0, (1.4)

in which ®, = ¥, and «, 8, y1,¥», and y3 are determined values. Equation (1.4) can be

written as

Dy + (6D Dy + D) + ﬁ(d)xxxy + 3®x®xy + 3q)qu>xy)
+ V1 Pux + qu)xy + y3q>yy =0, (15)

and by applying the bilinear transformation ¥ = 2(Inf),, and ® = 2(Inf), Eq. (1.5) is trans-
formed to the bilinear form

(D} + BDIDy + D,D,. + 1D} + yaD.Dy + y3D2)f f =0, (1.6)
Dif f = 2(ffaosss = Yfifens +3f)s  DiDuf f = 2fFansy — fifens = Hfifuy + 3frnfiy),
D f=2(fx~172), DD f =2~ ffe) DxDof f = 2ffy — fifi):

Dif'f = 2(ﬁw _fyz)~

The aim of this study is to construct the invariant solutions of the (2 + 1)-dimensional
fractional generalized CBS-BK equation in the following form:

DIV + W, + 3W, W), + 81 W) + 8, Dy + 830y (1.7)
+84(3W] + Wery) + 85 (302 + W)

+86(3¥, Dy + W,,) =0, W, =d,0<a <1,

in which §;,i =1,...,6, are the determined values. By employing the following fractional

transformation [32]:

tDt

T= m, (18)

Equation (1.7) changes to the nonlinear fractional generalized CBS-BK equation as fol-

lows:

Wo ot Wy + 3W, Wy + 81 Wy + 83Dy + 83Wy + 84 (W7 + W) + 85(3D5, + W) (1.9)

+86(3W, @, + W) =0, W,=d,0<a<Ll.

The propagation and the dynamical behavior of these solutions can be analyzed for the
different choices of «, the fractional order. When « = 1, N = 1 in an N-soliton, it is verified
that the velocity of the soliton cannot be influenced by the variable coefficients. Further-
more, the shape and the amplitude of the soliton cannot be affected. For « = 1, when the
arbitrary constants are supposed 83 = 84 = 85 = 8¢ = 0, Eq. (1.9) changes as a generalized
Calogero—Bogoyavlensky—Schiff (CBS) equation where has been cited in Refs. [33, 34].



Manafian et al. Advances in Difference Equations (2021) 2021:141 Page 4 of 20

While the arbitrary constants supposed &5 = 8¢ = 0, then Eq. (1.9) becomes a generalized
Bogoyavlensky—Konopelchenko (BK) equation as cited in Refs. [34—36].

We address solving the fractional generalized CBS-BK equation in the sense of the modi-
fied Riemann-Liouville derivative which has been derived by [37]. These equations can be
reduced to the nonlinear ordinary differential equations via integer orders utilizing some
fractional complex transformations. Jumarie’s modified Riemann-Liouville derivative of

order « is given by

iz Jot =D (u(r) —u(0)dr  if0<a <1,

(1.10)
[t (£)] @ ifn<a<n+l,m>1.

Dfu(t) =

We list some valuable properties of the Riemann-Liouville fractional derivative [38-40]
as follows:

x)g Z 0( ) gR L (x) x‘)‘gﬁ( ;)

o +00 x/“‘l - )
D(f(g = Lj=0 ()r(; ozil m=1f '(9) ZHklPk T &)

f(g )~f(g(0)
*7T (1) 2,

D Ly
D¥tr = (1(4}:; z/ =%y >0,

1.11)

where I" denotes the Gamma function.

In this paper, we will study the multiple rogue waves for determining the multiple soli-
ton solutions. The multiple rogue waves method used by some of powerful authors for
the various nonlinear equations, including constructing rogue waves with a controllable
center in the nonlinear systems [41], a (3 + 1)-dimensional Hirota bilinear equation [42],
the generalized (3 + 1)-dimensional KP equation [43], and the Boussinesq equation [44].
There are many new papers about this fields, such as lump solutions (constructing the
lump-soliton and mixed lump strip solutions of (3 + 1)-dimensional soliton equation [45];
utilizing the linear superposition principle to discuss the (3 + 1)-dimensional Boiti—Leon—
Manna-Pempinelli equation [46]; obtaining periodic solutions for many non-linear evo-
lution equations in the integrable systems theory [47]), rogue wave solutions (utilizing the
Hirota bilinear form of the extended (3 + 1)-dimensional JM equation to find 30 classes of
rogue wave type solutions [48]; resonant multiple wave solutions to some integrable soli-
ton equations [49]). Some important work related with recent development in fractional
calculus and its applications can be pointed out referring to the valuable papers contain-
ing studies of general fractional derivatives: theory, methods and applications by Yang [50];
anomalous diffusion equations with the decay exponential kernel by the Laplace transform
[51]; new fractal nonlinear Burgers’ equation arising in the acoustic signals propagation
by Yang and Machado [52]; time fractional nonlinear diffusion equation from diffusion
process by fractional Lie group approach [53]; the generalized time fractional diffusion
equation by symmetry analysis [54]; investigating a time fractional nonlinear heat conduc-
tion equation with applications in mathematics physics, integrable system, fluid mechan-
ics and nonlinear areas, by means of applying the fractional symmetry group method [55];
and determining the time fractional extended (2 + 1)-dimensional Zakharov—Kuznetsov
equation in quantum magneto-plasmas by using a group analysis approach [56]. In [57],
an operator-based framework for the construction of analytical soliton solutions to frac-
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tional differential equations was showed to fractional differential equations were mapped
from Caputo algebra to Riemann-Liouville algebra.

The rest of this paper is structured as follows. The Hirota bilinear scheme has been
summarized in Sect. 2. In Sects. 3-5, the lump solution, lump-kink, and lump-soliton
solution to the fractional generalized CBS-BK equation, respectively, have been given. In
Sect. 6, the conclusions have been given.

2 Hirota bilinear method
Take the fractional generalized CBS-BK of the form

PgCBS»BK(T) = \I"r + \I‘Jxxy + 3‘~I’xl1’y + 31‘Dy + Sz\lfxyy + 83“le + 84(3\1193 + \I"xxx) (21)

+85(3W5, + Wyyy) + 86(3W, Wiy + W) = 0,
Assume the Hirota derivatives according to the functions ¢(x), ¢(x) can be presented as

0 a

3 5 .
!;[Dx;‘b.w = H(a_)w - —) o(M)e(u)

, 2.2
™ (2.2)

H=x

where the vectors A = (A1, A2, A3), 1 = (41, U2, 3) and 01, 07,03 are optional nonnegative
integers. It is clear that the fractional generalized CBS-BK equation above possesses the
following Hirota bilinear:

B,cas-sx(f) (2.3)
i= (84D} + DDy + 83D% + DyD; + 32D§ +81D;Dy + ssDj + 56D§Dx)ff
= 2[4 (fFancs — Yifans + 3f22) + Waxay —fifn — Hffany + Hfanfiy)
+83(ffux = £7) + War — i)
+8(ffy _fy2) +81(fFey — i) + 85ty — Yoy + 3fyzy)
+ 86y = fiiyy = By + Bfiafiw) ]

We utilize the following relationship between the functions f(x,y, t) and ¥(x,y, 7):

W(x,y,7) = Wo + 2(Inf(x,9,7)) , (x,9,7) =2(Inf(x,5,7)) . (2.4)

According to the Bell polynomial theories of soliton equations [58], we can obtain the
following relationship:

(2.5)

]B CBS- )
Pycrs-ai (W) = [LBKV:I '

f

Theorem 2.1 f solves (2.4) if and only if V = 2(Inf), is demonstrated to be a solution to
Eq.(2.1),

(84Dy + DDy + 83D% + DD + 8,D; + 8:DxDy + 85D + 86 DD, )f .f (2.6)
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= 2[ 84 (Frnes — Aifrws + 3f2) + aeny = fiffers — Bfifrny + Bffoy)
+83(ffux = £7) + War — i)
+ 83ty —17) + 1 Wy —fihy) + 85y — YiSry + 31;)
+ 86y — Sy = Hfulyn + 3y ]

Proof By supposing 6 = 9,(Inf), from Eq. (2.4), we get

1
U=20 <«— f:exp(i‘/\lldx)

(2.7)

then, by considering f = exp(9;'60) and f > 0, the expressions fs, fy, fr, fxx fyy fays fxrs frxys

Jyys fexxs fexyys and fruxxx, respectively, can be written as

fi=0exp(3;'6),

Jy=3;10yexp(8'9),

fi =0;"0. exp(3;'0),

fux = (0% +6,) exp(3;70),

fyy ((8;6,)" + 8;"0,,) exp(d;"0),
, = (00,10, + 6,) exp(9,'0),

(09,6, +6,) exp(9;'0),

X
Saxn = (0% + 300, + 0,) exp(0;6),
S =
Sy =[0(3;"0 ) +00;'0,, +20,0,'0, + 0,,] exp(0;'0),

X

(0% +6,)0; 10, + 200, + 0, ] exp(0;6),

Frnx = [04 + 6926x +400,, + 3(9x) + exxx] exp(B; 9),
Saxyy = [(92 + ex)((ax_lgy)z + 8;16%) + 499y3§19y + 29’@8;1%
+ 206y, +2(6,)” + Oy, | exp(3;16).

Plugging (2.8)—(2.19) into (2.3) yields the bilinear form of Eq. (2.3) as

2[84 (fuxrs = Yfrnx + 3fi) + Wray = fifferr = 3fifny + Bfinfy)
+83(ffax ) + e — S0
+82(fhy — £7) + 81y — fify) + 85 (Brppy — Hiopy + 33)
+ 86y = fiiyy = 3y + 3fiafix)]

9 ?
= 2exp(28;19) |:6(/ ﬁe(x,y, T)dx) s

3> 3 3 2
+6/ H(x,y,t)dx —O0(x,9,7) |86 + 6 —0(x,9,7) ) 8a
9y2 ay 0x

33 94
+ (QG(x,y,t)>84+/W@(x,y,r)dx(ss

(2.20)

Page 6 of 20
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02 d d
+ | —0x,y,1)dxdr + 6 0(x,y,1) 8—9(x,y, )
y

9y? ox

] RE 0
+| =—0(y,1) )05+ =0 9,7) )06 + | —O(x,7,7) )51
ox dy® dy

® )+ o)
+ 2] + — » )
oxzay VT el T

= 2f? [655(3-1@”)2 +6860,(3;6yy) + 68407 + 840ax + 850, Oy + 8200y + 66,0,

X X

+ 030y + 860yyy + 810y + Opry + 91]
or it can be rewritten as

%2[54%9% — A frnn + gﬁczx) + (Fexxy = ffoxx = 3fifany + 3fanfiy) (2.21)
+83(fx = f7) + (e —fif2)
+8(ffy _fy2) + 81ty —fify) + 85 By — Hifyoy + nyZy)

+ 86y = fiiyy = 3y + 3fiafon)]
_ (84D + DiDy + 8307 + DDy + D) + 81.D,Dy + 85D + 86Dy D) f

22
in which 6 = %\II = 0,(Inf) and 9;'(-) = [ () dx. Therefore, Eq. (2.21) is the fractional gen-
eralized CBS-BK equation. Therefore, the theorem is complete. O

3 Rogue wave solutions of a (2 + 1)-D fractional gCBS-BK equation
For Eq. (2.1) with the obtained nonlinear PDE containing f, we get the combinations of
positive functions, called a lump solution function:

fly,7)= (Z am) + (Z am) + as,
i=5

i=1

(3.1)
(xlixZ;xS)xll) = (x5!x6!x7!x8) = (x)y) T, 1))

andt = #‘;1) where a;,i = 1,...,9 are the optional parameters which we are to find subse-

quently. Plugging (3.1) into Eq. (2.6), we get ten sets of nonlinear algebraic equations and
then collecting the coefficients including ¢,%,y and a constant, we obtain the following
results for determining the solution function ¥ = W, + 29,(Inf).

Case I:
W1 (%, y,t) (3.2)
_ ap(Q%53+Q81 +89)t% asy _ a5(Q%03+Q8, +8y)t
gy 4(Qayx + azy e a4)Qay + 4asx + S ren .t ag)as
a2(Q283+Q581+5)t% asy  a5(Q283+Q81 +8)t% ’
(Qarx + ayy — e as)? + (asx + < - et ag)? + ao

where Q solves §,Q2% + Q3 + 862 + 85 = 0,49 > 0 and W, (x, y, £) is the lump solution.
Case 11

a =di, ay = dy, (33)
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_(a1® + a5®) (@183 + a281) + Sa(a1a2” — anag” + 2aza5a5)

asz = ) a4 = Ay,
al +a:
as = as, a7 = ay,
(a1? + as?)(asd 81) +82(2 —ay® %)
17 +as”)\ads03 + deo1) + 02(2d1d2d6 — A7 ds + dsde
a7 = — 3 3 ’ ag = ag,

al +a?
ag = —(3((a1® + asz)z(uluz +asae) +84(ar” + a52)3 +85(a2” + ag”)* (a1 + as)
+86(a2” + ag”) (a1 + as®) (a1a; + asag)))

1(82(ara6 - 612615)2),

then the function f will be

o 2 £ 2
X,9,t) = tay+ag———— + +lasx+agy+a;—— +asg | +ao,
folx,y,t) (alx 2y Tl u4) (us 6y T D s) dag

\IJZ (xryr t)

r"‘ t"
dar(arx + azy + a3 gy + aa) +4as(asx + agy + az g gy + as)

I(a+1)
B 64

=\I’Q+

Also, indeed we need to be ensured of the well-posedness, the positivity of f>(x,y,¢) and

rational analysis and localization of the function W,, respectively, which can be stated as

A a, —das 40, (3.5)

das  di

8:(A*(a1as + asae) + 84 A% + 85 A (ar” + a62)2 +86A (a2’ + ag”)(aray + asag)) <0,
and
ai1ae¢ — dads 7{0

Moreover, by selecting the suitable values of parameters, the analytical treatment of pe-
riodic wave solution is presented in Figs. 1-3 including 3D plot, contour plot, density
plot, and 2D plot when three spaces arise at spaces y = =5, y = 0, and y = 5. By tak-
ing the new value parameters such as a; = 1,ay = 2,a4 = 2,a5 = 3,a6 = 1.2,a3 = 1,81 =
1,80 = =5,83 = 1.5,84 = 1.2,85 = 1.4,8¢ = 1.5, ¥ = 0,¢ = 2, the corresponding the mov-
ing velocity and moving pass of the obtained lump in Case II are v = 29.05009176 and
y = —1.030640668x + 1.086367345x. Also, a 2D plot of the lump-soliton by selecting the

values of the different fractional order « is depicted in Fig. 4.

Remark 3.1 Because of using a simple computation, the lump has two critical points, but

1 t* (apay-asag) “9(“12+ﬂ52)
ajag—asas ( T(a+1) +dadg — 614616) + a12+as?

we investigate only one point (x1, 1) = (

_ 1 (t“(a1a7—a3u5)
ajag-asads T(a+1)

)

+dyag — asas)). At the point (x1,y1), the second-order derivative

Page 8 of 20
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(1)

Figure 1 The plot of rogue wave (3.5) with fractional order o = 0.5

(1)

Figure 2 The plot of rogue wave (3.5) with fractional order o = 0.8

(fm

100 50 0 =30 -10071%0

Figure 3 The plot of rogue wave (3.5) with fractional order o = 1.0

and the Hessian matrix can be determined given by [12]

24/ ag(a1?+as?)(ar > +as?)

2
®1 = aa? (x,y)|(x1,y1) ==

ag? ’
82 82
Al = det a2 \Ij(x’-y) W\Ij(x’y) _ 4(a12+a52)(a12462—2a1a2a5a6+a22a52) (36)
- 92 22 B ag :
3xdy W (x,9) 92 (x,9) (1)

If ag®(a1%as?® — 2a1a2asa6 + ax*as?) > 0, then the point (x1,y;) is an extreme value point.
Based on above analysis, the point (x1,y;) is a maximum value point at Wy,,x. By using
the different values of §;,i = 1,...,5, the lump solution W(x,y) has one maximum value
containing

2\/ ag(ﬂ12 + ﬂ52)
Whax = ——.
ag
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Figure 4 The 2D plot of lump-soliton (3.5) with the
different fractional orders

—{). 2 w— (). 5 o=0.7 «=0.9

w—=1.0

Remark3.2 For three cases, it can be seen from Eqgs. (3.3)—(3.5) in which the lump solution
tends to 0 at any given time ¢ when (3}, aix:)? + (35 aixi)? — 0, or equivalently, x> +

y* — 0. By utilizing

ov ow
o —— -0, (3.7)
ox ay

in which W = Wy + 29, (In(3} , awx:)® + (35 aix;)® + ag) the moving path of this lump can

be determined as

_ 1 t*(azaz—azae) _ A/ a9(a12 +as?)
- a1u6—a2a5( [(ee+1) +dads a4a6) + a2 +az? ’ (3.8)
__ 1 t*(a1a7-azas) _

V= ajag—asas ( T(a+1) taidag ﬂ4d5),

also the moving velocity and the maximum amplitude, respectively, read

., H=4, (3.9)

V= (aza; — azas)* + (a1a; — azas)
aide — drds

and the moving pass will be

asdg — asd;  di1d7 — dsdsy/ao(ar? + as?)  (aa; —asas)x
_)/ = — .

= (3.10)
axd7; —asde (a1 + as*)(aza7 — azas) axd7 —aszde
It is worth mentioning that this rogue wave has the following features:
lim W(x,y) = W, lim W(x,y) = W,. (3.11)
x—> 00 y—> o0

4 Lump-kink solutions
In this section, for Eq. (2.1) with the obtained nonlinear PDE containing f, we get the
combinations of positive functions and exponential function called a lump-kink solution.

Necessary and sufficient conditions for positive quadratic functions to solve the Hirota
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bilinear equations conclude the study of lump solutions. Take the following function form:

4 2 8 2 12
flx,y,1)= (Z apc,») + (Z a,-xi> + exp (Z a,-xi> + di3,
i=1 i=5

-9 (4.1)

(%1,5,9,%2,6,10, X3,7,11, ¥4,8,12) = (%,%, T, 1),

where 7 = and a;,i = 1,...,13, are the optional parameters which we are to find

tot
C(a+1)
subsequently. Putting (4.1) into Eq. (2.6), we get 20 sets of nonlinear algebraic equations
and then collecting the coefficients including eXioai 7 x, y and a constant, we obtain the

following results for finding the solution function W = W, + 20,(Inf).

Case I

\Ill (xryr t) (42)

4(asx + 1‘( ) +ag)as
=Y, + .
a a0y~ a10(a1g? 13 +ain
(axy — 2a1+1 +ag)? + (asx + (a+1> +ag)? +ajz+e Fla+1)

Case Il

Wy (%, s £) (4.3)

2619e—ag(a9264+53)t+u9x+a12
= \IJO + .
(—tas(ao® + 81) + azy + as)? + (—aeas? — agdy )t + yag + ag)? + a3 + e~(@9*da+83)t+agx+arz
Case I1I:
2 o 2
ﬂgta asdaio at as
Byt =(ay+ ———+as| +|asx+ J +——+4— (4.4)
o +1) doy IMNa+1) a
2
1 361226195 - 261521110382 ¢zgx+al()y—l 519(2‘12;273‘15‘17)4412
__ +e ag“T(a+1) ,
2 (1926l10382
“I"?)(xryr t) (4.5)
agx+aioy-3 ag (2”3 Basap)” +ai

a52F(a+1)

ﬂsaloy + azt®

Aasx + FlarD

+ 42—2)015 + 2age

f3(x,9,1)

=‘-I/0+

Moreover, by selecting the suitable values of parameters, the analytical treatment of pe-
riodic wave solution is presented in Figs. 5 and 6 including 3D plot, contour plot, density
plot, and 2D plot when three spaces arise at spaces y = =5, y = 0, and y = 5. By taking the
new value parameters a; = 1.2,a3 = 1.4,a4 = 2,a5 = 1.5,a9 = 1.7,a;9 = 1.2,a1, = 1.5,8; =
3,V = 1,t = 2, the obtained lump-kink solutions in Case II are presented with two dif-
ferent fractional orders. Also, 2D plot of the lump—soliton by selecting the values of the
different fractional order « is depicted in Fig. 7.
Case 1V:

as2ag? — ag2ag? 2 as\>
falx,3,8) = (tﬂg + > 710 64y + a4> + <a7t +xds + yde + 4—5) (4.6)
1723 ag
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(f1)

)

Figure 5 The plot of lump-kink (4.5) with fractional order & = 0.5

(1)

@

Figure 6 The plot of lump-kink (4.5) with fractional order & = 0.95

Figure 7 The 2D plot of lump-kink (4.5) with the
different fractional orders

— ), 2 — ()5 =07 o=0.9
— =1.0

( a52a102—a62a92a7 +azasayp-azagag)agt

+agx+alpy+ai2
2 2 2,402
+di3+e “5\/“5 aj0”—4a6-4a9 s

Wy (x, y, 2) (4.7)

( a52a102—u62u92a7+a3a5u10—u3a6a9)a9t

agn/a52aig?-ag2ag2

Jalx,y,8)

+dgx+aipy+ai2
A(ast + xas + yae + 42—2)515 + 2age
= \I/() +

Case V:

Wy(x,y,t) (4.8)

Page 12 of 20
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4(~ta83 + xay + aq)ay + 2(—tasdz + xas + ag)as

= \IJQ +
3 .
(—ta183 + xay + as)? + 2(~tasd3 + xas + ag)? + a3 + e(-410°%-a10d1)t+ar0y+a1z

5 Lump-soliton solutions

In this section, to obtain to lump-soliton solutions, assume f to be as follows:

4 2 8 2 12
flx,y,7)= (Z a,vc,») + (Z ozm) + cosh (Z aixi) + a3,
i=5

i=1 i=9 (5.1)
(%1,5,9,%2,6,10, X3,7,11, ¥a,8,12) = (4,9, T, 1),
where t = #11) and a;,i = 1,...,13, are the optional parameters in which are to find sub-

sequently. Substituting (4.8) into Eq. (2.6), we get 24 sets of nonlinear algebraic equa-
tions and then collecting the coefficients including cosh(zg9 ax;), sinh(zg9 aix;), L,x,y
and a constant, we obtain the following results for determining the solution function
W =Y, + 20,(Inf).

Case I:

y(a1*84 + as*84 + asag)

fi= (xal - (5.2)

a

(ﬂ128134 + tl523154 - ﬂ1283 + ﬂ5ﬂ§81)fa 2
+ +ay
al(o+1)

(_d583 - 4681)1’0‘ > h aloélt"‘
+ | xas +ya6 + —————— +a +ajz3+coshlay—- —— +an ),
5+ Yade Tla+1) 8 13 10Y Tla+1) 12

25, + a5
Wy = Wy + (4<xa1 _ Y70 v a5 76 + asas) (5.3)
ay

(ﬂ125184 + ﬂ525184 - 611253 + 61561651)ta
+ + dg
ail(a+1)
(as83 + ﬂ631)ta
¢ /
+ (xas + yae — F(a ) as | /fi.

Case II:

25 28 [ 2
f= (xm _asaey (1783 +as"8s +asan)t® 44) (5.4)

a, al'(a+1)

o 2
art
+ | xas +yag+ —— +a +a
( 5+ Yade T(a+1) s) 13

aro(—aeai0*8e + asds + az)t” 4 )
12 )

h
+ COS <6110y + d6r(0{ ; 1)

Wy = (5.5)

4(xﬂ a5a6y (ﬂ1253+ﬂ5253+a5a7)£a

At D) +ag)ar +4(xas + yae + (

jp)

L+ ag)as
+ .
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Case IlI:

\/(1664853 — 86" — 885286)(— 165284853 + 5286 + 85285286 + 2/ —168,28485° + 8,285286* + 88,285%56)

a1 = 165485% — 85* — 855204 ’
(5.6)
1 ayai0*8s 1 a1(a10*86? — 2a10a1186 + 48283)
ay=-———,  az=-—-— , ag=a,
2 52 4 82
1 Ll5ll10256
as = ds, ag= —————,
5=4ds 6= 5 5
as(a10*86 — 2a10a1186 + 48283)
a; = — » ag = ag, 619=0,
48,
A/ =8502 814/=0582
an=—¢F an=——g; aig =ai
55 85
t(l
Wy =W, + U + azy + {35 + aar + asx + aey + 1y + Zi):xzs (5.7)
(a1% + axy + F(oz+1 +ag)? + (asx + agy + F(a+1) +ag)? + e T M2 4 g
The existence condition of solution is of the form
(1654853 — 364 - 835286) (—1645284553 + (152864 + 8615255236
+ 2\/—1682284855 + 822552864 + 882255456) >0
and
168485° — 86 — 885286 < 0.
CaselV:
1 tay (a10*86> + 201028186 + 48,8 11028 2
f4= L 1(a1086 1070106 23)+a1x+1/2y1 10 6+a4 (5.8)
4 89 8y
1 t6l5(61104562 + 241023156 + 45253) yﬂsﬂlozéé agas 2
+|—= +ask + —m— + ——
4 32 282 ay
+ ay3 + cosh(—taypd; + ayy + a12),
1 tay(a10*86> + 241028186 + 4828 a1d10%8
W, = W+ = | af - 1(a1086 1070106 23)+a1x+y110 6+a4a (5.9)
Ja 48, 25,
t(l5(a104562 + 2611023156 + 4-8253) yﬂ5d10286 aysads
+4( - +asx + ———— + as |,
482 282 a
in which
/=858,
ai = T,
5

\/(168485 — 86" — 855286)(~a52(168485° — 8™ — 885286) + 2¢/~0,2857(168485° — 56" —885286))
1684853 — 86* — 885286

a =
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Case V:
2 2
1 asaio(2a,° a3 — as?)
a = ai, as=— > o as = ay, as =0, (5.10)
2 a\(-ag’ai3 +2a,?)
ag = dg, ag = dy, a0 = 410, aip = ai,
_ 1 20301081 (2a:2 2 2 2,2
as = [ﬂl Ay aio 1( ay a3 —ay )(—019 a3+ 2d; )

26192(—6{926113 + 26112)26113
— 611()282 (—26114t19461132 — 8611661926113 + 4(1126196413 + 86118 — 6198)

+2a1*a9’83(~as’ars + 2a12)2],

_ 1 6110\/—166l1661926113 + 4-6112ﬂ966113 + 166118 — ﬂ98

a6

’

2 (—ao?ai3 + 2a:%)asa;

1
ar; = —E(ﬂlo\/—l6d16ﬂg2d13 + 4ﬂ12ﬂ96d13 + 16&18 - Il98((11281(—(1926113 + 2(112)

+ agar082 (2a1%ar3 — as”)))
/((—dgzﬂlg + 2&112)2619&13),

1 a10°82(as’arsar® + 2a1* — ao*) + 3a1’as(~av’ars + 2a1%)(asds + ai061)

ayn =—— ,
n=73 arag(—ag?ay3 + 2a:?)
2 2
ﬂgt“ dﬁta
=lax+ayy+ ————+as | +|agy+ ———— +a 5.11
s (” AACTSY ‘*) (” T +1) 8) (G40

(lnta
+ cosh agX +dyy + -, ——~ tain ) +ai3,
o +1)

2df,/dx

‘-I»’5=\I/ +
Tk

Also, by selecting the suitable values of parameters, the analytical treatment of periodic
wave solution is presented in Figs. 8 and 9 including 3D plot, contour plot, density plot, and
2D plot when three spaces arise at spaces x = —1, x = =3, and x = —5. By taking the new
value parameters a; = 1.2,a4 = 2,a5 = 1.5,ag3 = 1.1,a9 = 2,a19 = 1,a1p = 1.5,a13 = 3,8; =
2,85 = =2,83 = 1.5,86 = 1.5, ¥y = 1,y = 1.5,¢ = 2, the obtained lump-soliton solutions in
Case V are presented with two different fractional orders. Also, a 2D plot of the lump—
soliton by selecting values of the different fractional order « is depicted in Fig. 10. As
pointed out above the positive polynomial functions and hyperbolic cosine function have

the forms

A= A2 a3t ’ Ay = A2 a6t ’
= =\ax+ayy+ ———+aq |, = =lagy+ ——— +ag |,
! u ! 4 IMa+1) * 2 12 6y IMa+1) 8

tOt
A3 =cosh(Aj3) = cosh| agx + ajgy + gt +ai ),
Mo +1)

by investigating the asymptotic behavior of a lump and resonance soliton pairs we have

the following relations between Aj; and Ajs:

1 a9(2a,%a13 — as?) —4ag’ai3a,? + 4ar* + ast

1=3 13+
2 611(—61926113 + 26112) 2611(—61926113 + 26112)
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()]

() (@)

Figure 8 The plot of lump-soliton (5.11) with fractional order & = 0.5

(f1y

(@)

v 20 40

Figure 9 The plot of lump-soliton (5.11) with fractional order & = 0.95

+ —2611261961126113 - 2&1&4@92(113 + 4-6113(14 + 61936112

2ay(-ay’ays + 2a,2)
1
~ % ((—4a92a13a12 + 4a14 + a94)
2 4 2 2 2 4 2 4 2 4 2
X (—36!1 ag 41383 — a1 ag"ay ﬂ1382 +6ﬂ1 ag 83 —66[1 a0 52 + 2a9”ayp 52))

t*

/(a*(~as’ars + 2a,%) ar®) PRSI

also the limited relations in which arise for A;; and Aq3 are of the form

= (6" ( + Dao* (~as’ar3 + 2a12)2a14)
/((4a1* + as* - 4as*aiza,?)

2 4 2 2 2 4 2 4 2 4 2
X (—3611 ag 611333 — a1 ag ajo a1352 +6ﬂ1 a9 63 —6611 aio 62 +2a9 aio 82)),

since one can consider Aj; in its relation with A3, therefore at this time, the resonance
soliton pairs occur when Aj; contains Ajs.
Case VI:

2 2

taia ara

fG:( ! 7+xa1+ya2+a4) +<m7+xa5+y 2 5+a8) +di3 (5.12)
as ai
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Figure 10 The 2D plot of lump-soliton (5.11) with
the different fractional orders

&

w

2

=10 =S5 0 5 10 15

— ()2 w—=).5 o=0.7 o=0.9
o=1.0

h<2 (2a2%a586(a12 + as2)? + a12(a1? + a52) (2a12azas + 2a2a5° + 2a,a581 + ara;))t
+cos
a3as/2a,? + 2as?
as+/2a,% + 2as5> dfs/dx
+ X+/ 26l12+2(152—y— +ap ), \IJ6:\I’0+ f ,
ay f6
1 —ay*(a;? + as*)(3a18¢ — 8a285) + a1 + a;°as® ax*8s
82 = —— ) 84. = - )
2 6112(12 6114

83 = %(—Zalgazusél - a23a5 (a12 + a52) (3a186 - 8@85)

+aq (—3a23a5386 + al4a2a5 + a12a2a53 - 20113&7))

/(d146l5).

Remark In system (1.7), by utilizing o = 1 we get the original system. Also, by choosing
the different & we can get attractive physical interpretations of the obtained solutions. In
Figs. 1-10 the graphical illustrations of some solutions of the considered model have been
plotted.

6 Conclusion

In this article, the localized waves, lump-solitons and solutions between lumps and rogue
waves for the fractional generalized Calogero—Bogoyavlensky—Schiff-Bogoyavlensky—
Konopelchenko (CBS-BK) equation are investigated. The Hirota bilinear method is uti-
lized which contain three cases including lump, lump—kink as the interaction between a
lump and one line soliton and lump-soliton as the interaction between a lump and two-
line solitons. The second-order derivative and the Hessian matrix for only one point in-
vestigated and the lump solution for the first-order rouge wave solution is obtained with
one maximum value. The moving path of the lump solution and also the moving velocity
and the maximum amplitude are obtained. The graphs for the various fractional order «
are plotted containing 3D plot, contour plot, density plot and 2D plot. The results are ben-
eficial to the study of the mathematics physics, fluid dynamics, and applied mechanics. All
calculations in this paper have been made quickly with the aid of the Maple.
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