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1 Introdction and preliminaries

Since the French mathematician Frechet had interpreted metric space axiomatically, de-
velopments in mathematics in general, and functional analysis in particular, took new di-
rections in the year 1906. Looking at the subject of “xed point theory and its applications
in di erent “elds, we can see its extensiveness. Those theorems which are related to the
existence of “xed points and their properties are called “xed point theorems. These the-
orems play a crucial role in illustrating the nature and uniqueness of solutions for various
mathematical models. After the advent of the well-known Banach contraction principle,
metric “xed point theory has taken new dimensions, and this contraction principle gives
us a genuinely suitable basis to “nd a “xed point for self mapping. The Banach contraction
method has played a key role in promoting metric “xed point theory in the recent past.
Refer to [L..7] for more information on Banach contractions and applications. The fruit-
fulness of this basic principle has been proven by numerous generalizations in di erent
directions. Inspired by this natural idea, several investigators have tried various general-
izations of this notation.

In 1994, Matthews B] introduced the notion of partial metric space. Since then, this
theory has fascinated many researchers in proving the existence and solutions for various
mathematical models and has a wide variety of applications in di erent “elds related to
mathematics. In 2014, Asadit al. [9] extended the concept of a partial metric space and
presented some examples to show that their de“nitions are a real generalization of partial
metric space. They called this new notion am-metric space. Later on, Patddt al. [10]
extended this concept for set-valued mappings. Recently, Eshaghi Gaatdil. [11] intro-
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duced the notation of orthogonal sets and gave a new extension for the classical Banach
“xed point theorem and more details please refedf..13].

In this article, we have introduced the notation of orthogonain  -metric spaces. And
in this context, we have improved and generalized some well-known results in the litera-
ture and developed some “xed point theorems for the proposed contraction. Inspired by
the work of many scientist L4..18] regarding “xed point theorems to prove the existence
and uniqueness of solutions for certain types of integral equations related to fractional
type di erential equations, we have also developed an illustrative example and a possi-
ble application for the system of Fredholm integral equations to claim the validity of the
proposed results.

Definition 1 ([9]) A partial metric on a nonempty setk is a functionp :E x E — [0, 00)
such that, for alle, v, > € E,

(p1) w =vifand onlyif p(w, @) = p(w,v) = p(v,v);

(02) p(o, @) < p(w,v);

(03) p(w,v)=p(v,@);

(04) p(,v) < p(w,5) + p(3¢,V) ..p(5, ).
A partial metric space is a pairl, p) such thatE is a nonempty set ang is a partial metric
onE.

Notation 1 The following notations are useful in the sequel:
(1)t =min{u(w, @), u(v,v)}.
@) phy, =max{u(m, @), u(v,v)}

Definition 2 ([10]) Let E be a nonempty set. A functionu : E x E — [0,00) is called an
m-metric if the following conditions are satis“ed:

(1l) o =vifand only if u(w,w) = u(w,v) = u(v,v);

(12) Uwp < (@, v);

(13) w(@,v)=p(v,@);

(1d) w(@,v) o < (W@, 50) ) + (1G4 V) )
forall @, v, »r €E.

Then the pair €, ) is called anm-metric space.

Example 1 ([10])
(a) Let E={1,2,3. Define i on E x E as follows:

r(l,1)=1, w22)=4, wBEB,3)=5  ul1,2)=p(2,1)=9,
n(1,3)=n(3,1)=7,  wu(3,2)=p(2,3)=6.

It is easy to verify that (E, 1) is an m-metric space but it is not a partial metric

space, since pu(1,2) £ u(1,3) +1(3,2) ..u(3,3)
(b) Let E=[0,00). Then u(w,v) = |w ..v| on E is an m-metric.

Definition 3 ([19]) Let E be a nonempty set. Assume that a functiop : E x E — R*
satis“es the following conditions:
(1) @ =vifand only if u(w,w) = u(w,v) = (v,v);
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(2) oo <p(w,v)foral w, v eE;
(3) w(@,v)=u(v,o) forall w, v €E;

(4) there exists a real number s > 1 such that for all @, v, > € E we have

(W@ V) - ) < S[(W(@,52) ot ) + (1G4 V) o thnc) ] - (52, 52).

The number § is called the coefficient of the mp-metric space. The pair (E, u) is
called an mp-metric space.

Definition 4 ([10]) Let (E, ) be anm-metric space. Then:
(1) A sequence {w,} in an m-metric space (E, ) converges to a point @ € E if and only
if
nlingo(““(wn:w) . #w’n,w) =0.

(2) A sequence {w,} in an m-metric space (E, u) is called m-Cauchy sequence if

lim (u(wn,wj) ..,u,mn,wj) and lim ('U“,mn,mj ..,uwn,wj)

nj—o0 nj—00

exist (and are finite).
(3) An m-metric space (E, i) is said to be complete if every m-Cauchy sequence {z,}
converges to a point @ € E, such that

WILH;O(I«L(Z%.ZU) <A, w) =0 and WILHJO(M;’UW Ay ) =0,

Definition 5 ([13]) Let E be a nonempty set and. be a binary relation de“ned ork x E.
Then (E, L) is said to be an orthogonal set (in shorQ-set) if there existsog € E, such that

(Vv eE,mg Lv) or (YuveE, vl wy).

The elementwy is called an orthogonal element. An orthogonal set may have more than
one orthogonal element.

Example 2 ([13]) Let E = [4,00]. De“ne w L v if there existsw < v. Then by putting
wo=4, E,L) isanO-set.

Definition 6 ([11]) Let (E, L) be anO-set. A sequencdw,} is called an orthogonal se-
quence if

(VneNw, Lon.) or (VneNwy L oy).

Definition 7 ([13]) A mapping T : E — E is orthogonal continuous (or_L-continuous) in
@ € E if for eachO-sequencew,},ex € E such thatw, —» @, T(w,) - T(w). AlsoT is
said to be L -continuous onE if T is L-continuous at eachw € E.
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Example 3 ([13]) Let E =]0,1). Suppose that
w<v<i
olv <& -6

w =0,

is an orthogonal metric space withu(w ,v) = ’”T“’ If we take orthogonal sequencer, = 3
forall n > 1, then it converges to some point that does not lie Bwhenn — 0. SO E, L, u)

is not a complete metric but if we takew =[O0, %) and take an orthogonal subsequence of
@y, which isz,, < 2 for all » > 1 or we take a subsequence,, = % forall n > 1 thenit
converges to = [0, %] when n — co. So we know that the orthogonal Cauchy sequence

is convergent if its subsequence is convergent. Hence the orthogonal Cauchy sequence
converges and therefore, L, ) is an orthogonally complete metric space.

Definition 8 ([13]) Let (E, L,d) be an orthogonal metric space. TheKX is said to be or-
thogonally complete if every Cauch@-sequence is convergent.

Definition 9 ([13]) Let (E, L) be anO-set. AmappingT : E — Eissaid to bel -preserving
if To L Tvwhenever L v. AlsoT :E — E is said to be weaklyL-preserving if T L
TvorTv L To wheneverw L v.

Example 4 ([13]) LetE =[0,1), ando, :E x E — [0,00) be de“ned by
o (w,v)=|w ..v>+ [rnax{w,v}]2 forall w,v €E.

De‘ne w L v if wv <max{7, 7}. ThenE is not complete but it is an orthogonally com-
plete metric space. Letr | v andwv < 7. If {z,} is an arbitrary CauchyO-sequence in
@, then there exists a subsequenger,, } of {=,} such thatw;, =0 for all  or there exists
a subsequencém, } of {w,} such thatw,, < ;11 for all n. It follows that {=, } converges to
aw €[0,1). On the other hand, we know that every Cauchy sequence with a convergent
subsequence is convergent. It follows thé,} is convergent. Lefl : E — E be a mapping

de“ned by

(24 < 1
T(w)= { 4@ —14'}
0,@ > 5.
! 4
Also,w L vandwv < 7 andsow =0o0rv < 4—11. We have the following cases:

(@) w=0andv < ‘—1‘. Then T(w)=0and T(v) = 3.

(b) @ =0and v > 1. Then T(z)=T(v) =0.

() v= % and @ < %. Then T(v) =7 and T(w) = 7.

(d) v<iandw >1 Then T(v) =% and T(w)=0.
Each case implies thaf ()T (v) < @. HenceT is L-preserving.

Also, one can see thaf (@) .. T (v) < ;11|w ..v|. HenceT is a_l-contraction. ButT is not
a contraction. Otherwise, for two point§4 and% andforallO<c<1lwe haveT(%) ...T(%) <
c|%1 §| which is a contradiction.
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Let {z,} be an arbitraryO-sequence ino which converges tow € E. SinceT is a_L-
contraction, for eachn € N we have

1
T(wy) ..T(w) < Z|zzr,, ..
SoT is L-continuous. But it can be easily seen that is not continuous.

2 Main results
We will start this section with the de“nition of an m_ -metric space, but “rst we introduce
the following notations, which would be helpful during the proof.

Notation 2 (1) 6} 4, = min{o, (=, @),0, (v,v)}.
(2o, =max{o,(w,@),0.(v,v)}.

Definition 10 Let E be a nonempty set. A functionr, :E x E — R* is called an orthog-
onal m_ -metric on the orthogonal set E, L) if the following conditions are satis“ed:
(01.1) w=vifandonlyifo, (w,w) =0, (w,v) =0, (v,v);
(012) 01wy <0 (w,v)foral w, v €E;
(013) o1 (w,v)=0,(v,w) forall w, v € E;
(014) there exists a real number s > 1 such that for all @, v, »x € Ewith @ L 2 1 v we

have

(O‘L(ZD', V) ..JM,,U) < S[(Gl(w, ) --in,%) + (O’L(%, v) ..GL,{VU)] ..oy (52, 7).
The pair (E,o0) is called an orthogonal m -metric space.

Definition 11 Let (E,o,) be an orthogonalm  -metric space with the coe cient s > 1.
Then:
(1) An orthogonal sequence {z,} in an m, -metric space (E,o ) converges to a point
@ € E ifand only if

lim (UJ_(w,,,w) ..m_wmw) =0.
n— 00
(2) An orthogonal sequence {z,} in E is said to be m -Cauchy sequence if and only if

. _ . /

n}gnoo(aL(w,,, @j) ..aLwn,wj) and n}inoo(diwﬂ’wi ..am,n,wj),
exist and are finite.

(3) An orthogonal m, -metric space E is said to be orthogonally complete if every
m -Cauchy sequence {z,} converges to a point @ € E, such that

(WILHJO(OL(W”’W) --UJ_w,,,w) =0 and nli)rrolo(oiwmw ..am-,n,w) = O).
Definition 12 Let (E,o,) be an orthogonalm_ -metric space. ThenT :E — E is said to
be orthogonally continuous (orL-continuous atw ¢ E if for each O-sequence{w,} in E
with o (w,, @) — 0, we haver | (Tw,, Tw) — 0. Also, T is said to be_L-continuous on
Eif T is L-continuous at eachw € E.
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Definition 13 Let (E,o ) be an orthogonaim, -metric space with coe cient s> 1. Then
E is said to be orthogonally complete (0®-complete) if every Cauchy)-sequence is con-
vergentinE.

Theorem 1 Let (E,o,) be an O-complete m, -metric space with coe cients>1and T :
E — E be _L-preserving, and _L-continuous and satisfy the following condition:

01(Tw,Tv)<z0,(w,v) forallw,veEwithw L v, (2.2)

where z € [0,1).Then T has a unique fixed point @ € E and o, (w, @) = 0.

Proof By the de“nition of orthogonality, there existsawy € E such that (v € E,wo L v)
or (Vv € E,v L wy). It follows that wy L Twg or Twy L wy. Let w1 = Twy, w2 = Twy,
w3=Twy, wa=Tws,... w1 = Tw,, forallyp e N. SinceT is L-preserving,{z,} is O-
sequence. Then byA.1), we get

o (g, o) =01 (Tw,. 1 To,) <2"0, (w0, w1)
for all » € N. For any two positive integer$> n, we have

o (o) <o (Tw, 1Twj. )
<20, (. 1@j.)
< ZO‘L(ZO'L(wn...H CUj...;))

<20 (@y..29.2

<70 | (w0, j. 4).
Hence

01 (@, @) .- O Ly
< 7"(soL(wo, m1) + S0 (w1, ].y))
<2'(soL(wo, 1) + P01 (w1, w2) + P01 (w02, j.y))
< 2'(so 1 (wo, 1) + 2520 | (w0, 1) + - - + 278 L | (w0, 1))

<sz'(1+sz+(s2)’+---+---)o (o, 1)

sz"
1..sz

- oy (w-OY w_l)'

Sincez € [0, 1) ands > 0, it follows from the above inequality that

o1 (@), @) .01 m; — 0 aSH,j— 00.
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Similarly,
o\ (@), D)) .. 0Ly m; — 0 @SH,J— 00

and s00, », » — 0 asn — oo. Hence we have | (w,, @) — 0 asn — 0.0 (w,w)=0=
Olw,w- Thus {m,} is anm_ -Cauchy sequence iik. SinceE is O-complete, there exists

@ € E such that
o (), @) .01, w —> 0 asn— oo.
Now we show thatE is a “xed point of T in E.
o (w,Tw) < nlinolo sup(oy (@, @) + ;71220 sup(o L (w,, Tw))
= nlingosupal(wn,Tw)
= nli)lglosupol(TwnmlTw)

< lim supzo (w,. 1)
n—oo

and by @, 4) we have

o (w,Tw)

< nlingo supz[(tn(w,,___lTZZf) --ULmn___lTw) + (UL(TCU,W) --UlTw,UJ)]

o, (To, Tw)

<70, (Tw,w).
So

o (w,Tw)=0,

0<o0,(Tw,Tw) <20, (w,w)=0.
Thus
0,(To,To)=0, (v, To)=0, (w,w).
By (0.1), we gefTw = w. Hencew is a “xed point of T.

To prove the uniqueness property of “xed point, leb € E be another “xed point of T.
Then we haveTl"@w = @, T"v = v for all n € N. By the choice ofwy in the “rst part of the

proof, we obtain
[mo Lw andwy Lv] or [ L wgandv L wy).
SinceT is L-preserving, we have

[T"wo 1 T"w andT"wqg L T”U]
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or
[T”w 1 T"@gandT"v L T”wo]
forall n e N. Thus
o (@, v)=0,(T"w,T) <20, (w,v) <o.(@,v),
which implies that
o (w,v)=0

and so

Finally, we show that ifw is a “xed point then o (@, v) = 0. Assume thatw is a “xed
point of T. Then

O—J_(w!w) = O'J_(an!TnU) < ZJL(wvw) <O'J_(w_,w_),
thatis,o, (w,w)=0. O

Example 5 LetE =0, 10], ando, : E x E — R* be given by

o (w,v)=|w ..v)

forall @, v € E. De“ne the binary relation LonEbyw L v if wv <4w. Then (E,0.)is
an O-completem, -metric space. De“ne the mappind :E — E by

T(w)=

Letw L v. Without loss of generality, we may assume thatv < 4w . Then the following
cases are satis“ed:

(@ fw=0and0<v <4, then T(zw)=0and T(v) =

(b) Ifw =0and 4<v <10, then T(w)=T(v) =0.

() fO<v<landO0<w <4,then T(v) = 7 and T(w) = T

(d) f0<v<land4<w <10 then T(v)=7 and T(w)=0.

These cases imply thaf ()T (v) < 4T (w). HenceT is L-preserving.

Also, one can see thaffl () .. T(v)|? < &|w ..v[?forall w, v € E with L v. Hence
T is a_L-contraction with z= 1—16 But T is not a contraction. Otherwise, for two points%
and 22 and for all 0 <c < 0.25 we havéT (¥) .. T(2)> <c|¥ .. 2%

Let {w,} be an arbitraryO-sequence irE such that{z,} converges tow € E. SinceT is
a L -contraction, for eachn € N we have

v
g

2 1
|T(wn) T(w)| < 1—6|w,, o2
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Asn goes to in“nity, T is L-continuous, but it can be easily seen that is not continuous.
Therefore all the conditions of Theorem 1 are satis“ed. Hence we can conclude tiahas
a unique “xed pointin E, that is, a point 0.

Theorem 2 Let (E,o,) be an O-complete m_  -metric space with coe cients>2land T :
E — E be _L-preserving, L-contraction and _L-continuous and satisfy

0, (Tw,Tu) < Z[cu(zzr,Tw) +O‘l(U,TU)] forall w,v e Ewithw L v, (2.2)
where z € [0, 1). Then T has a unique fixed point @ € E and o, (w,w) = 0.

Proof By the de“nition of orthogonality, there existsar € E such that (v € E,wp L v)
or (Vv € E,uv L wy). It follows that wg L Twg or Twg L wy. Let wy = Two, wr = Twy,
w3 =Twy, ws=Tws,..., w1 = Tw,, forall n € N. SinceT is L-preserving,{e,} iS an
O-sequence. Then by4.2), we get

o (my, o) =01 (Tw, 1 Tw,) <z[o (@, 1T, ) +o (@), To,)]

= Z[Gi(wn...lwn) +O'J_(ZD',],ZD',,+1)] (23)

for all n € N. 0, (w,,wy+1) < 20, (.. 10,) + 2o (w,, @y+1), Which implies o, (w7,
wy+1) < no (@, 1@,), wherek = = <lasz € [0, 1). By repeating this process, we get

1z
o (), @y1) < K'oL (w0, @1).

Solim,_,« 0 (w,, wy+1) = 0. By @.3), for any two natural numberg > 5,

o (o) <o, (Tw, 1T )
<zfo (@, aTw, ) +toL(@ T 3]

= Z[O‘l(wn,..lwn) + Gi(wj---le)]

and solim,,_, o o | (wy;, @;) = 0. Thus, for every >0, we can “nd a natural number such
that o, (z,, @y+1) < % ando | (@}, wj+1) < % for all n, j > no. Therefore, it follows that

o (), @) <z[oL (@), 1@,) +oL (o). 1m))] <Z|:%+%:| < %+% =¢ foralln,j>no,
ando, (w,,@j) — 0 asn, j - oco. Hence
01 (@, @) .. 01, <& Tforalln,j>no.
Now for all natural numbersy, j, we have

o (wy, @) =0 (Tw, 1Tw,. )
<o (@, aTw, Y to (@, 1T, )]

= Z[O—J_(wn...lwn) + UL(wn...lwn)]
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<220,(w,. 1w,;)—> 0 asn— oo
and soo | (w,, w,) — 0, which implies that
o (), @j) .. O L,y <& Tforalln,j>no.
Thus {e,} is an orthogonalm  -Cauchy sequence it and

lim o, (w,, ;) O Ly = 0.
J—> 00

Thus{w,} is anm  -Cauchy sequence i&. SinceE is O-complete, there existso € E such
that

o (), @) .01y w —> 0 asn— oo,

Gl(wa w) =0 =0lwTw-
Now we show thatw is a “xed point of T in E:
o (w,Tw) < lim sup(cu(w,wn)) + lim sup(ol(w,,,Tw))
n—00 n— 00
= lim supo, (w,, Tw)
n—oo
i +
< nlingo sup[z(o L (wy. ATy, Y +o.(w, Tw))]
< lim supzo, (w,. 1w,)+ lim supzo, (=, Tw)
n—00 n—00
<zo,(w,Tw).

So

o, (w,Tw)=0,

0<0,.(Tw,Tw) <220, (w,w)=0.
Thus we have

0, (To,To)=0, (v, To) =0, (w,w).

By (0.1), we getT w = w. Hencew is a “xed point of T.

To prove the uniqueness property of “xed point, leb € E be another “xed point of T.
Then we haveTl @ = @, T"v = v for all n € N. By the choice ofwy in the “rst part of the
proof, we obtain

[mo Lw andwy Lv] or [ L wgandv L wy).

SinceT is L-preserving, we have

[T"wo 1 T"w andT"wqg L T”U]
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or
[T”w 1 T"@gandT"v L T”wo]
forall n e N. Thus

o (w,v)= O'J_(T"E',TUU)
<z[o (@, Tw)+0, (v, TV)]

= Z[GJ_(w,w) + UJ_(U,U)] =0,
which implies that
o (w,v)=0

and so

Finally, we show that ifw is a “xed point then o (w,v) = 0. Assume thatw is a “xed
pointof T. Then
o (w,w)= GL(T”w,T”w)
< Z[UJ_(w,Tw) + UJ_(w,Tw)]
=220, (w,Tw)

= ZZO—J_(w_! w)v
thatis,o, (w,w)=0. g

Theorem 3 Let (E,o ) be any O-complete m_ -metric space with coe cients>1land T :
E — E be _L-preserving, and _L-continuous mapping satisfying the following conditions:

o, (Tw,Tv) < Zmax{aj_(w,v),aL(w,Tw),aJ_(U,Tv} (2.4)

for all @, v € E, where z € [O,%). Then T has a unique fixed point @* € E and

o (w*,@*)=0.

Proof By the de“nition of orthogonality, there existsawy € E such that (v € E,wo L v)
or (Vv € E,u L wy). It follows that @y L Twg or Two L wo. Let wy = Ty, w2 =
Twy,...w,+1 = To, forall n € N. SinceT is L-preserving {E,} is anO-sequence. Then
by (2.4), we have

O—J_(w_n*'l! wr]) = al(Tw_n!Twn...;D

<zmax{oy(w,, @, 3,00 (@, To,),0L(@, 1T, )}

= ZmaX{O'J_(wn, wn,,,jb,O'J_(w_n, wn+l)l(7L(wn...lwﬂ)}
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=zmax{o (@, w,..3,01(wy, @)}

If max{o | (@, @,. 9,01 (@, @)+1)} = 0 (w1, ), then, from the above inequality, we
obtaino | (w+1, @) < 20 (wy+1, @) <o (@,+1, @), Which is a contradiction. Therefore,
we must havemax{o | (w,, @, 9,0, (@), @,+1)} = o, (w,, @, ) and again from the above
inequality, we have

o1 (wy+1,0,) <20 (@), ;...
Repeating this process, we obtain
o (wy+1, @) < 270 (w1, @0)
forall n > 0. Thus

O—J_(wn:wj) --O'J_w'n,wj'
< 2'(so (w0, m1) + 501 (1, ®].))
<7'(soL(wo, 1) + 0L (w1, w2) + P01 (02, j.y))

<2"(so (o, 1) + 520 (w1, @2) + -+ + 870 (). 1))

<sz’(l+sz+(s2)°+ -+ )o (o, 1)

sz"
1..sz

o1 (wo,@1).
Sincez € [0, %) ands > 0, it follows from the above inequality that
01 (), @}) .. 0L, —> 0 asn,j— oo.
Similarly,
o'\ (@), D)) .. 0Ly m; — 0 a@SH,J— 00
and s00 », » — 0 asn — oo. Hence we have | (w,, ) — 0asn — 0.0 (w,w)=0=
Olw,w- Thus {m,} is anm_ -Cauchy sequence iit. Sincek is O-complete, there exists
@ € E such that
o (o, @) O Loy —> 0 asn— oc.
Now we show thatw is a “xed point of T in E:
o (w,Tw) < nll)rgo sup(o (w, @) + nli)rgo sup (oL (w,, Tw))
= nli)lglosupol(wn,Tw)

= lim supo, (Tw,. 1 Tw)
n—oo
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< lim sup[zoy (@y..12), 01 (@, s Tw,. )0 (7, To)]
n—00

< lim supzo(w,. i®), lim supzo, (w,. 1@,), lim supzo, (w,Tw)
n—00 n—00 n—00

<70, (w,Tw).

So

o,(z,Tw) =0,

0<o,(Tw, To) < zmax{o.(w,w),0. (@, Tw),0L (@, Tw)} = 0. (w,w) =0.
Thus

o \(Tw, Tw)=0.(@,Tw) =0.(@,m).

By (c.1), we getT w = w. Hencew is a “xed pointof T.

To prove the uniqueness property of “xed point, let* € E be another “xed point of T.
Then we havel "o * = w*, T"v* = v* for all n € N. By the choice ofwy in the “rst part of
the proof, we obtain

[zzro L ow*andwy L U*] or [w* 1L wgandv* L wo].
SinceT is L-preserving, we have
[T"wo 1 T"w* and T"wo L T"U*]
or
[T"w* 1 T"@gand T"v* L T”aro]
for all n € N. Hence we get

oL(@*v*) =0 (T ", T"*) < zmax{o, (o *,v*),0. (", To*),0. (v*, Tv*)}
=zmax{o, (z*,v*),0.(w*, @"),0. (V" v")}
=20, (", v")
<UL(6U*,U*),

which is a contradiction. Therefore, we must have, (= *,v*) =0, thatis,@* = v*. Thus
if a “xed point of T exists then it is unique. O

3 An application to integral equation

In this section, we endeavor to apply Theorem 1 to investigate the existence and unique-
ness of solution of the Fredholm integral equation. Consider the spdee C(I) of contin-
uous functions de“ned onl =[0, 1] with the m_ -metric given by

a1 (@ (t),v() = sup <’MD

tefa,b] 2
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for all @, v € C(l). This space can also be equipped with an orthogonal givendy v €
C(l),m L v & @ <wv. Now, we consider the following Fredholm type integral equation:

w(t)=/OlG(t,S,w(t)) ds fort,se][0,1], (3.1)

whereG e C([0, 1],R).
Then (E,o ) is an orthogonal completan, -metric space.
Now, we are going to state and prove our result.

Theorem 4 Assume that, for all @, v € C([0, 1],R),
IG(t,s, (1)) +G(t,s,v(t))| < z|w (t) +u(t)], forallt,se[0,1],
where z € [0, 1). Then the integral equation (3.1) has a unique solution.

Proof De“ne T :E — E by
1
Tar(t):/ G(t,s,w(t))ds, forallt,sel0,1].
0

Observe that existence of a “xed point of the operatdr is equivalent to the existence of
a solution of the integral equation 8.1). Now, for all =, v € E, we have

/:(G(t,s,w(t));-G(t,s,v(t)))ds‘

o, (Tw,Tv)= ‘

1
<,
0

1
<z
0

1
<7 sup (M) / ds
tefah] 2 0

<20, (w,v).

Tw(t)+Tu(t)| _
f' -

G(t,s, @ (1)) + G(t,s,v(t))
( 2 )‘ds

w (1) + u(t)
o070,

Thus the condition (2.1) is satis“ed. Therefore, all the conditions of Theorerh are satis-
“ed. Hence the operator has a unique “xed point, which means that the Fredholm integral
equation 3.1) has a unique solution. This completes the proof. O

4 Conclusion and future work

In this article, we have introduced the concept of orthogonat , -metric space and proved
some “xed point theorems in this space. Furthermore, we have obtained results that ex-
tend and improve certain comparable results in the existing literature. Eventually, our re-
sults lead to the existence and uniqueness of solutions for Fredholm integral equations. As
future directions of the studies on the introduced new space, new “xed point results can
be investigated for the non-unique “xed points of self-mappings. More precisely, geomet-
ric properties of the set Fix{') can be investigated as a future problem for a self-mapping
T on an orthogonalm , -metric space in the case of non-unique “xed point.
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