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1 Introduction
In recent years, fractional di erential equations and fractional di erence equations have
been attractive areas for researchers. This is because using in modeling real problems frac-
tional order equations gives highly accurate results rather than integer order equations
[1, 2]. Studying the behavior of solutions is very important for analyzing equations, so the
existence and uniqueness, stability, and oscillation of the solutions are the areas where
researchers have worked most, recently. Many studies have been done on the oscillation
of fractional di erential equations [3..11], functional di erential equations [12..15], and
dynamic equations on time scaledp, 17]. However, few researchers addressed the oscil-
lation of fractional di erence equations [18..28].

In[29], Haider et al. introduced a new de“nition of a fractional di erence operator which
is a generalization of Riemann...Liouville and Caputo type di erence operator. This oper-
ator interpolates the Riemann...Liouville like fractional di erence (= 0) and the Caputo
like fractional di erence ( =1). The type-parameter produces more types of stationary
states and provides an extra degree of freedom on the initial condition. No one has studied,
to the best of our knowledge, the oscillation of equations involving the Hilfer di erence
operator in the literature.
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In [5], Grace et al. initiated the oscillation theory for fractional di erential equations of
the form

Dy@) +filxy)= () +folry),  Jim [ y) = by,

where D, is the Riemann...Liouville di erential operator of order , 0 < 1 and the
functionsfi, f, are continuous. The results are also stated when the Riemann...Liouville
di erential operator is replaced by Caputoes di erential operator.

In [21], Marian et al. gave similar conclusions for the oscillation behavior of the nonlin-
ear fractional di erence equations of the form

yR) A Xyt ) = @Fxyxt ), x N, @

) =20,

where  denotes the Riemann...Liouville like discrete fractional di erence operator of
order ,0< 1. In [22], Marian et al. obtained some new results for the initial value
problem (1).

In[20], KSsalar et al. considered higher order fractional nonlinear di erence equation of
the form

yE) +fA xyx+ ) = @+ xyx+ ), x Nom..l< m,

“H®) oo =0,

where  denotes the Riemann...Liouville like discrete fractional di erence operator of
order andm 1.

This paper aims to state some oscillation criteria for a class of higher order nonlinear
Hilfer fractional di erence equations. Some su cient conditions will be given for the os-
cillation of the solution of Hilfer fractional di erence equations. The results also contain
new conditions for the oscillation of the solutions of the Riemann...Liouville and Caputo
di erence equations.

2 Preliminaries
Definition 1 ([30]) Supposef is areal valued function de“ned oN, and > 0. Then the
th fractional sum off is de“ned by

X...

SI@= b oax (00 @

t=a

forx N, , wheret— is the generalized falling function and: (¢, )= (t(‘“fl’) is the th
fractional Taylor monomial.

Definition 2 ([30]) Let f be a real valued function de“ned oN, and =n. Then the
th Riemann...Liouville fractional di erence of, de“ned by

J@ =" ), & New.. ®)
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Lemmal ([30]) Letf:N, R,k No,m..l< <mandn..1< n. Then

1 o of®= @) Y miratn) S @ n. ), for
% Ngtn.. +

2w g f@)= 27 f&), forx Naw s

3 5 af@= U= a s f@forx New s

4 K fe)= K fe) forx Newm... .

Theorem 1 (Fractional sum power rule80]) Lett Oand >0.Then

it )= %(t LAt 4)

fort N,+p+
In [29], Haider et al. introduced a Hilfer like fractional di erence operator.

Definition 3 Assumef :N, R. Then the fractional di erence of ordern ... 1< <n
and type O 1lis de“ned by

AR I R R () 5)

forx  Ngs,. .

Lemma 2 The Hilfer fractional difference can be written as follows:
SS@ = T W),

where = + (n...).

Lemma 3 Letf bea real valued function definedon N, ,n...1< <nand0 1.Then
O A () S I A (O}
(@) @ L= i e,

forx  Ngi1.

Proof (i) We have

atn... a’f(x) atn... a+((]}:l))(n) " a(l)(n)f(x)

— o (m) (L)
= a+(1...})1(n...) @ Of ()

o ey & @),
(i) We have

& af@ = G ey At @
- (...) (@)
= " n ﬂ(( Y. )+ )f(x)

at +(L.)(n...)

e (m) a(n...)f(x)_ O

at(n...nt )
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In this paper, we denote the oscillation criterion of the nonlinear Hilfer like fractional
di erence equation

a y(x) +fl x!y(x+ ) = (x) +f2 x-y(x'" ) y X Na+n...y (6)

g...@...)y(x) vgin =Yk k=0,1,...n,

wheren ... 1< n(n Np)andO 1, andfi:[0,+ )x R R, k=1,2 are
continuous.

Lemma 4 ([31]; Younges inequality)

(i) Assume , O ,u>land % + % = 1. Then the following inequality holds if and only
1 1
RS ™
u v

(ii) Assume 0, >0,0<u<land % + % = 1. Then the following inequality holds if
andonly if = %

Tl ©®)
u 14

Lemma 5 The unique solution of the initial value problem (6) is

n..1
y(x) = ho px,at+n... Yy
k=0
.. )
+ hooax, (&) @O+ftyi+ ) fltyE+ )
t=a+l...
forallx Ngi1.
Proof Applyingthe ;, operator to both sides of §), we get
st 4 YX)= a0 @rRayxt ) LA xyrt ) . (10)

Using equation(i) in Lemmaa3 for the left-hand side of (L0), we have

g Q@)= e N T ()

n..1
Zyx) . By )k Xatn... ... (n...)
k=0
x KNy gy ..)
n...1
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where = + (n...).Hence,

n...1
yx)=  h auxatn...) ];"'@"')y(a+n... )
k=0
tog, @WrLxyxt ) fixyxt )
n...1
= hogexyat+n... )y
k=0
+ hoax, (€) @O+ftye+ ) Al ).
t=a+l...
This completes the proof. O

3 Mainresults
In this section, we will contemplate the following conditions:

fk(’;’y)>o, k=1,2)y=0x xo, (11)
and
filkky) @) " and  fio(x,y)  q2(x) [yl . y=0x  xo, (12)

wheregi i [x0, ) R*, k=1,2 are continuous functions anglt, >0 are real numbers.
Also, we obtain another oscillation criterion using the following condition:

Alxy) @) " and  folxy)  qe() Il y=0x o, (13)
wheregi :[xo, ) R*, k=1,2, are continuous functions angi, >0 are real numbers.

Theorem 2 Assume the conditions (11) and (12) hold for u > . If

Xoun

lixminfxl'“ hoax (1) @+Kp, @) =... (14)
t=T

and

limsupxt- v h o 1x, &) @..Ku, ) = , (15)

* =T

where K, (£) =/ ... 1)[q2(t)/u]“’(“'“)q1/( "“)(t), then every solution of (6) is oscillatory
for every sufficiently large T .

Proof Supposey(x) is a non-oscillatory solution of Eq.§). In this case, assume thaf > a
is su ciently large such that y(x) >0 forx  T.
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Let F(x) =

y(x) =

n...1

ho gecxyat+n.. Yyt

k=0
n..1
h o arkxa+n

o )l +

@) * fole,y(x+ ) .. filx,y(x+ )). Then we have

t=a+1...

h o 1x,

t=a+1...

() F()

+  hoax, () O+LtyE+ ) Sty )
t=T
n...1 T..1
hogeixa+m . )|yl + ho.a1x, () F(@) (16)
k=0 t=a+l...
foham () Oy €+ ). s )
t=T
De“ne
n..1
x)= h axatn.. )|yl
k=0
and
T..1
(x,T)= h o ax, (t) F();
t=a+1...
hence
W) @+ @D kom0 OFa@y ¢+ ).n@ e ), A7)
t=T
forx>T.Lett Tandtake =|y|, = q&)/(Lgs(t)),u=pn/ andv=p/(Y ... ). Then

we have

@) yt+ ) q() ye+ )=

Using (18) in inequality (17) we obtain

y(x)

(x) . (x’ T) . X...

t=T

ho . 1x,

Hqa(t) () (ye+ )W
R TP ST
Hq1(t) _ 1., (18)
u
Hqa(s) 1 V=K, (6).
12
© O+ (). x>T (19)
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Multiplying both sides of (19) with ( )x, we get

0< ()t yl) ()t @+ (2 @W7)

Lax, (@) (O+K @)
t=T

fort T.We consider two cases.
Case (i). Assume0< 1.Thenn=1land0< 1. Alsowe have (x) =[yolh _ {x,a+
1..)forx T,and

(Ot @= (Ot lyolh _fxa+1...)
:lyolxl xé"‘l )_1
(x..g+1..)+1)

=lyol* * o+l ). (.. D+l
=yt —— At )
x..a+ +(1..)
and
T..1
(o wT)= ()t h .ax, (8) F()
t=a+l...
( ) T..1
= -0 Pl I b ey o ()
t=a+1l

Q) o (x .. 2)

O T
_ () fod 1 (x..0)
T O) g el @
_ O "t (x..2)
O Y e O
and using the asymptotic expansion formula
. (x)x
th o+ )—1, >0,
we have
xlim (et @+ ( atr @ T) =M<, x>T. (22)

Taking the limit inferior of inequality (20) asx )

Xoon

liminfx'  h _qx, (£) () +Ky () >.M> ...
X
t=T

and we have a contradiction toX4).
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Case (ii). Assumen ... 1< <p,n 2.Thenmn...1< <pand > with = + (n...);
n..1
( b @)= ()t ho geklx,at+n... )yl
k=0
n..1 .tk
- 1. wea.nt )
O & ke
n...1

x.a.n+ +1)
x 1l (w.a.k+1l) ( .n+tk+1)

()

k=0

[yl

et (x..a.n+ +1)x (x..a.k+ )
w..a.k+ ) x -l (w.a.k+1)

()
k=0
1

) ( .n+k+ l)lyk|

n...1

O) !

oo ®at kL ))(weat g 1))

x..a.k+ ) 1

X X
¥ A oa kD) (nrken

and

T..1
(O @D= (O hoax @) FO

t=a+1...

Pl R b = ()

O) T..1 (x..0)

ﬂtqﬂl... x -l (x.t+1...)

E()

(x..2)
() gy x T (ot 1)

F(t)

T...1
) 1 (.2 Fe).

e Dy L (. t+1..)

Then using the asymptotic expansion formula, we obtain
lim ()t @)+ (bt xT) =0, x T.

Hence, taking the limit inferior of inequality 0) asx , We get

lixminfxl"' hoax () (O)+Ky, () >0,
t=T

which is a contradiction to condition (14).
Thus we complete the proof of the theorem. O
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Theorem 3 Suppose 1 and assume that (11) and (13) valid forp < . If

liminf " A T (22)
t=T

and

msupxte hoam ) ©+KW @ = (23)

* =T

where Ky, (t) is defined as in Theorem 2, then for every sufficiently large T every bounded
solution of (6) is oscillatory.

Proof Assumey(x) is a non-oscillatory and bounded solution off). Then for M;,M> R
My y(x) M x a. (24)
Suppose thay(x) >0 forx T >a. Using inequality 8) and condition (13), we get
@) yt+ ) @)y )" K, @ ¢ T, (25)

similarly to Theorem2. De“ne

n..1
@)= h aat+n... )|yl
k=0
and
T..1
(x,T)= ho_1x, (t) F(¢).
t=a+l...

Then we obtainforx T

(Oaty@) (Ot @+ (Ot (1)

f Op (26)
Lax, () @O+Ky (), x>T,
=T

and also using24)

( )xl'"Mz ( )xl... (x)+ ( )xl (x,T)

X... 27
+ (Wt hoax () @O+Ky (), x>T. @)
t=T

We consider two cases for the proof.

Page 9 of 11
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Case (i) Assume =1.Then =land (x)=h _{x,a+1.. )yl =1Iy0l, @*7T)=
T4 F(t)|. Hence, we see from7)

T..1 X...
M, |y0| F(t) h  1x, (t) (t)+l<l1, (t) , x>T,
t=a t=T
and
X... T..1
limsupat ko _ax () O+Ku () Ma.dyol ... F@) <
* =T t=a

which is a contradiction to 3).
Case (ii) Assume >1.Then >1.Asinthe proof of Theorem2, using the asymptotic
expansion formula we have

xlim ( o @+ ()t & 7T) =0, x T.

Sincelim, ' =0, from (27)
limsupa™  h _1x, (F) (O+K, (1) 0<
* =T

which is a contradiction to 3). O

Example 1 Consider the following initial value problem:

11 2 1 1 6 5 2 1 1
3Zy(x) +y x* 3 ex+3—2 8 gxi..xi tys at g e
) ) 28)
+ +1 +1 ° w3
Xt xtg e,
1
.1g, = =0
Y 3 )

where =1/3, =1/2and =2/3.y(x) = is anon-oscillatory solution of 28). Here,u =

- - — g+l _ 3 (6.3 .3 14 112y 1
2, =1/5q(x)=q(x)=¢"3and (x)= 5 (2)(§x3..x3)+((x+ 3)" ...+ 3)5)e"" 3. How-
3
ever, condition (L4) is notful‘lled because of (x) Oandliminf, «%- 7., & _{x,

&)L O+Ky, ()] 0.
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