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1 Introduction
Throughout this note the set of natural numbers is denoted by N, the set of reals by
R, the set of positive reals by R+, the Euclidean n-dimensional space with the norm
|x| = (

∑n
j=1 x2

j )1/2, x = (x1, . . . , xn), by R
n, the unit sphere in R

n by S, the n – 1-dimensional
surface measure by dσ (ζ ), σn = σ (S), the normalized surface measure dσ (ζ )/σn is denoted
by dσN (ζ ), the open unit ball in R

n by B, the open unit ball in R
n centered at a and with

radius r by B(a, r), the Lebesgue volume measure on R
n by dV (x), vn = V (B), the normal-

ized Lebesgue volume measure dV (x)/vn is denoted by dVN (x), whereas Lp
α(�) denotes

the weighted Lebesgue space on a domain � ⊆R
n with the weight w(x) = |x|α , that is,

Lp
α(�) =

{

f : ‖f ‖Lp
α (�) :=

(∫

�

∣
∣f (x)

∣
∣p dVα(x)

)1/p

< +∞
}

,

where 1 ≤ p < +∞, α > –n, and dVα(x) = |x|α dV (x) (for α = 0, the space is reduced to the
standard Lp space on the domain; see, e.g., [1]). If k, l ∈ N are such that k ≤ l, then the
notation j = k, l stands for the set of all j ∈N such that k ≤ j ≤ l.

The weighted-type space H∞
α (Rn), α > 0, consists of all measurable functions f such that

‖f ‖H∞
α

:= ess sup
x∈Rn

|x|α∣
∣f (x)

∣
∣ < ∞.

The functional ‖ ·‖H∞
α

is a norm on the space, where, as usual, we identify functions which
are dV almost everywhere equal. Weighted-type spaces on various domains frequently
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appear in the literature and are quite suitable for investigations (see, e.g., [2–7] and the
references therein).

The following integral-type operator

L(f )(x) =
1
x

∫ x

0
f (t) dt, x �= 0, (1)

is a basic linear operator which has been studied on many spaces of functions. From the
main result in [8] (see also [9]) we have that the operator is bounded on Lp(R+) space when
p > 1. This result was later improved in [10] by proving the following formula:

‖L‖Lp
α (R+)→Lp

α (R+) =
p

p – α – 1
(2)

for p > α + 1 in nowadays terminology.
Although there are many linear operators whose norms can be calculated (see, e.g., [1, 4–

28] and the related references therein), they are, in fact, quite rare since for many more
other operators the norms can be only estimated by some quantities. Some of these op-
erators are integral-type ones, a topic of a considerable recent interest (see, e.g., [11, 13–
21, 23–25, 28–34] and the related references therein).

Operator (1) was generalized in [35] by introducing the following n-dimensional
integral-type operator:

H(f )(x) =
1

V (B(0, |x|))
∫

B(0,|x|)
f (y) dV (y), x ∈R

n \ {0}, (3)

for nonnegative locally integrable functions on R
n.

In [11] it was shown that the norm of the operator H : Lp(Rn) → Lp(Rn) can be calcu-
lated. Namely, the following formula holds:

‖H‖Lp(Rn)→Lp(Rn) =
p

p – 1
, (4)

which matches the formula in (2) with α = 0.
Note that H(f )(xζ ) = H(f )(x) for every ζ ∈ S, that is, the function H(f )(x) is radial for

every f , and

H(f )(x) =
1

V (B(0, |x|))
∫

B

f
(|x|z)|x|n dV (z) =

∫

B

f
(|x|z)dVN (z),

where we have used the change of variables y = |x|z and the fact that V (B(0, |x|)) =
|x|nV (B).

In [13] the following m-linear extension of operator (3) was introduced:

Hm(f1, . . . , fm)(x) =
1

vmn|x|mn

∫

|(y1,...,ym)|<|x|

m∏

j=1

fj(yj) dV (y1) · · · dV (ym), (5)

where m ∈N, x ∈ R
n \ {0}, y1, . . . , ym ∈R

n, yj = (y1
j , . . . , yn

j ), j = 1, m,

∣
∣(y1, . . . , ym)

∣
∣ =

( m∑

j=1

|yj|2
)1/2

=

( m∑

j=1

n∑

l=1

(
yl

j
)2

)1/2

,



Stević Advances in Difference Equations        (2021) 2021:187 Page 3 of 10

fj, j = 1, m, are nonnegative locally integrable functions onR
n, and the norm of the m-linear

operator was calculated from the product of weighted Lebesgue spaces
∏m

j=1 Lpj
αjpj/p(Rn) to

Lp
α(Rn), under some conditions posed on the parameters p, α, pj, and αj, j = 1, m.
For the definition of norm of an m-linear operator and some basic examples, see, for

example, [36, pp. 51–55].
Note also that Hm(f )(xζ ) = Hm(f )(x) for every ζ ∈ S, that is, the function Hm(f )(x) is

radial for every f , and

Hm(f1, . . . , fm)(x) =
1

vmn

∫

|(z1,...,zm)|<1

m∏

j=1

fj
(|x|zj

)
dV (z1) · · · dV (zm), (6)

where we have used the change of variables yj = |x|zj, j = 1, m.
Our main aim here is to complement the results in [13] by calculating the norm of the

operator Hm :
∏m

j=1 H∞
αj

(Rn) → H∞
α (Rn) in the case α =

∑m
j=1 αj. We also explain a detail

appearing in the proof of the main result in [11].
The following known formula, which transforms integrals in the Descartes coordinates

to the polar ones in R
n, will be frequently used in the section that follows:

∫

Rn
f (x) dV (x) =

∫ ∞

0

∫

S

f (ρζ ) dσ (ζ )ρn–1 dρ, (7)

where f is a nonnegative measurable function (see, e.g., [1, pp. 149–150]).

2 Main results
This section presents and proves our main results in this note.

2.1 Boundedness of operator (5) between weighted-type spaces
First we consider operator (3). We consider it separately since its proof explains the first
main step in the proof of the general case and does not request complex calculation.

Theorem 1 Let α ∈ (0, n). Then the operator H is bounded on H∞
α (Rn). Moreover, the

following formula holds:

‖H‖H∞
α (Rn)→H∞

α (Rn) =
n

n – α
. (8)

Proof Let

fα(x) =

⎧
⎨

⎩

1/|x|α , x �= 0,

0, x = 0.
(9)

Then it is clear that

‖fα‖H∞
α (Rn) = 1. (10)
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Further, we have

|x|α
∣
∣
∣
∣

∫

B

fα
(|x|y)dVN (y)

∣
∣
∣
∣ = |x|α

∣
∣
∣
∣

∫

B

dVN (y)
(|x||y|)α

∣
∣
∣
∣

= n
∫

S

dσN (ζ )
∫ 1

0
ρn–1–α dρ =

n
n – α

for each x �= 0, from which it follows that

∥
∥H(fα)

∥
∥

H∞
α (Rn) = ess sup

x∈Rn
|x|α

∣
∣
∣
∣

∫

B

fα
(|x|y)dVN (y)

∣
∣
∣
∣ =

n
n – α

. (11)

Equalities (10) and (11) imply

‖H‖H∞
α (Rn)→H∞

α (Rn) ≥ n
n – α

. (12)

On the other hand, we have

∥
∥H(f )

∥
∥

H∞
α (Rn) = ess sup

x∈Rn
|x|α

∣
∣
∣
∣

∫

B

f
(|x|y)dVN (y)

∣
∣
∣
∣

≤ ‖f ‖H∞
α (Rn) sup

x∈Rn\{0}
|x|α

∣
∣
∣
∣

∫

B

dVN (y)
(|x||y|)α

∣
∣
∣
∣

=
n

n – α
‖f ‖H∞

α (Rn)

for every f ∈ H∞
α (Rn), from which it follows that

‖H‖H∞
α (Rn)→H∞

α (Rn) ≤ n
n – α

, (13)

and consequently the boundedness of the operator when α ∈ (0, n). From (12) and (13) the
equality in (8) follows. �

Remark 1 Note that (10) holds for each α > 0. However, if α ≥ n, then by using formula
(7), we have

|x|α
∣
∣
∣
∣

∫

B

fα
(|x|y)dVN (y)

∣
∣
∣
∣ = n

∫ 1

0
ρn–1–α dρ = +∞

for each x �= 0, from which it follows that H(fα) /∈ H∞
α (Rn). Hence, in this case the operator

is not bounded on H∞
α (Rn). From this and Theorem 1 we obtain the following corollary.

Corollary 1 Let α > 0. Then the operator H is bounded on H∞
α (Rn) if and only if α < n.

Moreover, if α ∈ (0, n), then formula (8) holds.

The following theorem deals with the boundedness of the m-linear operator defined in
(5).

Theorem 2 Let m ∈N, αj > 0, j = 1, m, and

α =
m∑

j=1

αj. (14)
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Then the operator Hm :
∏m

j=1 H∞
αj

(Rn) → H∞
α (Rn) is bounded if and only if

∫

|
y|<1

m∏

j=1

|yj|–αj
m∏

j=1

dV (yj) < ∞, (15)

where 
y = (y1, y2, . . . , ym).
Moreover, if condition (15) is satisfied, then the following formula for the norm of the

operator holds:

∥
∥Hm∥

∥∏m
j=1 H∞

αj (Rn)→H∞
α (Rn) =

1
vnm

∫

|
y|<1

m∏

j=1

|yj|–αj
m∏

j=1

dV (yj), (16)

where
∏m

j=1 dV (yj) := dV (y1) · · · dV (ym).

Proof Let the family of functions fα be defined in (9). Then clearly relation (10) holds. By
using the condition in (14), after some simple calculation it follows that

|x|α
∣
∣
∣
∣
∣

∫

|
y|<1

m∏

j=1

fαj

(|x|yj
) m∏

j=1

dV (yj)

∣
∣
∣
∣
∣

= |x|α
∣
∣
∣
∣
∣

∫

|
y|<1

m∏

j=1

(|x||yj|
)–αj

m∏

j=1

dV (yj)

∣
∣
∣
∣
∣

=
∫

|
y|<1

m∏

j=1

|yj|–αj
m∏

j=1

dV (yj) (17)

for each x �= 0.
From (6), (17) and by using the definition of norm on the space H∞

α (Rn), it follows
that

∥
∥H(fα1 , . . . , fαm )

∥
∥

H∞
α (Rn) = ess sup

x∈Rn

|x|α
vmn

∣
∣
∣
∣
∣

∫

|
y|<1

m∏

j=1

fαj

(|x|yj
) m∏

j=1

dV (yj)

∣
∣
∣
∣
∣

=
1

vmn

∫

|
y|<1

m∏

j=1

|yj|–αj
m∏

j=1

dV (yj). (18)

Equality (10) implies

m∏

j=1

‖fαj‖H∞
αj

= 1,

from which along with (18) it follows that

∥
∥Hm∥

∥∏m
j=1 H∞

αj (Rn)→H∞
α (Rn) ≥ 1

vmn

∫

|
y|<1

m∏

j=1

|yj|–αj
m∏

j=1

dV (yj). (19)
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On the other hand, we have

∥
∥Hm(f1, . . . , fm)

∥
∥

H∞
α (Rn) = ess sup

x∈Rn

|x|α
vmn

∣
∣
∣
∣
∣

∫

|
y|<1

m∏

j=1

fj
(|x|yj

) m∏

j=1

dV (yj)

∣
∣
∣
∣
∣

≤
m∏

j=1

‖fj‖H∞
αj

sup
x∈Rn\{0}

|x|α
vmn

∣
∣
∣
∣
∣

∫

|
y|<1

m∏

j=1

(|x||yj|
)–αj

m∏

j=1

dV (yj)

∣
∣
∣
∣
∣

=
m∏

j=1

‖fj‖H∞
αj

1
vmn

∫

|
y|<1

m∏

j=1

|yj|–αj
m∏

j=1

dV (yj)

for every (f1, . . . , fm) ∈ ∏m
j=1 H∞

αj
(Rn), from which by taking the supremum over the unit

balls in H∞
αj

(Rn), j = 1, m, it follows that

∥
∥Hm∥

∥∏m
j=1 H∞

αj (Rn)→H∞
α (Rn) ≤ 1

vmn

∫

|
y|<1

m∏

j=1

|yj|–αj
m∏

j=1

dV (yj), (20)

and consequently the boundedness of the operator. From (19) and (20) the equality in (16)
follows. �

Let

Im :=
1

vmn

∫

|
y|<1

m∏

j=1

|yj|–αj
m∏

j=1

dV (yj). (21)

Employing the polar coordinates yj = ρjζj, j = 1, m, and Fubini’s theorem, we obtain

Im =
1

vmn

∫

S

· · ·
∫

S︸ ︷︷ ︸
m times

∫

∑m
j=1 ρ2

j <1,ρj>0,j=1,m

m∏

j=1

ρ
–αj
j

m∏

j=1

ρn–1
j dρ1 · · · dρm dσ (ζ1) · · · dσ (ζm)

=
σ m

n
vmn

∫

∑m
j=1 ρ2

j <1,ρj>0,j=1,m

m∏

j=1

ρ
n–1–αj
j dρ1 · · · dρm. (22)

By using the m-dimensional spherical coordinates

ρ1 = r cosϕ1,

ρ2 = r sinϕ1 cosϕ2,

ρ3 = r sinϕ1 sinϕ2 cosϕ3,

...

ρm–1 = r sinϕ1 sinϕ2 · · · sinϕm–2 cosϕm–1,

ρm = r sinϕ1 sinϕ2 · · · sinϕm–2 sinϕm–1,
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where r ≥ 0 is the radial coordinate and ϕj, j = 1, m – 1, are angular coordinates, ϕj ∈ [0,π ],
j = 1, m – 2, ϕm–1 ∈ [0, 2π ), and the known fact that the associated Jacobian is

|Jm| = rm–1 sinm–2 ϕ1 sinm–3 ϕ2 · · · sinϕm–2,

in (22), we have

Im =
σ m

n
vmn

∫ 1

0
rmn–1–

∑m
j=1 αj dr

×
∫ π/2

0
· · ·

∫ π/2

0

m–1∏

j=1

(sinϕj)n(m–j)–1–
∑m

i=j+1 αi (cosϕj)n–1–αj dϕ1 · · · dϕm–1

=
σ m

n
vmn(mn – α)

m–1∏

j=1

∫ 1

0
t

n(m–j)–1–
∑m

i=j+1 αi
j

(
1 – t2

j
) n–2–αj

2 dtj

=
σ m

n 21–m

vmn(mn – α)

m–1∏

j=1

∫ 1

0
s

n(m–j)–
∑m

i=j+1 αi
2 –1

j (1 – sj)
n–αj

2 –1 dsj

=
σ m

n 21–m

vmn(mn – α)

m–1∏

j=1

B
(n(m – j) –

∑m
i=j+1 αi

2
,

n – αj

2

)

, (23)

where we have also used the fact that ϕj ∈ (0,π/2), j = 1, m – 1, which is a consequence of
integrating over a set in the first orthant, the changes of variables tj = sinϕj, j = 1, m – 1,
and sj = t2

j , j = 1, m – 1, as well as the definition of the beta function (see, e.g., [36, p. 437]).
By using the following well-known relation between Euler’s beta and gamma functions:

B(a, b) =
	(a)	(b)
	(a + b)

(see, for example, [36]), after some simple calculations, we see that the following relations
hold:

m–1∏

j=1

B
(n(m – j) –

∑m
i=j+1 αi

2
,

n – αj

2

)

=
m–1∏

j=1

	(
n(m–j)–

∑m
i=j+1 αi

2 )	( n–αj
2 )

	(
n(m–(j–1))–

∑m
i=j αi

2 )

=
∏m

j=1 	( n–αj
2 )

	( nm–α
2 )

. (24)

Combining relations (16), (23), and (24), it follows that the following corollary holds.

Corollary 2 Let m ∈ N, αj > 0, j = 1, m, and α =
∑m

j=1 αj. Then the operator Hm :
∏m

j=1 H∞
αj

(Rn) → H∞
α (Rn) is bounded if and only if (15) holds. Moreover, if (15) holds,

then the following formulas hold:

∥
∥Hm∥

∥∏m
j=1 H∞

αj (Rn)→H∞
α (Rn) =

σ m
n 21–m

vmn(mn – α)

∏m
j=1 	( n–αj

2 )
	( nm–α

2 )

=
σ m

n 21–m

vmn(mn – α)

m–1∏

j=1

B
(n(m – j) –

∑m
i=j+1 αi

2
,

n – αj

2

)

.



Stević Advances in Difference Equations        (2021) 2021:187 Page 8 of 10

Remark 2 From the above consideration and Corollary 2 we see that when αj > 0, j = 1, m,
condition (15) holds if and only if αj ∈ (0, n), j = 1, m.

2.2 A comment on the proof of the main result in [11]
As we have already mentioned, in [11] the norm of the operator H : Lp(Rn) → Lp(Rn) was
calculated in a nice way by proving formula (4). In the proof of the result the authors ap-
plied the convolution inequality ‖g ∗L‖Lp ≤ ‖g‖Lp‖L‖L1 in the group (R+, dt

t ). However, the
operator appearing there is not a convolution in the standard sense. On the other hand,
the used inequality really holds. Hence, it needs some explanations related to the inequal-
ity, which might be useful in other similar situations. Namely, the following theorem holds
and its proof is analogous to the one for the convolution operator. For some information
on locally compact groups and related topics, see, e.g., [15, 37].

Theorem 3 Let p ∈ [1,∞], f ∈ Lp(G), g ∈ L1(G), where G is a locally compact group G,
and μ be a right-invariant Haar measure on G. Then

(f � g)(x) :=
∫

G
f (xy)g(y) dμ(y)

exists μ a.e. and

‖f � g‖Lp ≤ ‖f ‖Lp‖g‖L1 . (25)

Proof If p = 1, then the result follows from Fubini’s theorem and the right-invariance of
measure μ. If p = ∞, then we have

‖f � g‖L∞ = ess sup
x∈G

∣
∣
∣
∣

∫

G
f (xy)g(y) dμ(y)

∣
∣
∣
∣ ≤ ess sup

x∈G

∫

G

∣
∣f (xy)

∣
∣
∣
∣g(y)

∣
∣dμ(y)

≤
∫

G
‖f ‖L∞

∣
∣g(y)

∣
∣dμ(y) = ‖f ‖L∞‖g‖L1 .

If p ∈ (1,∞) and if we use the notation p′ = p/(p – 1), then by using the Hölder inequality,
Fubini’s theorem, a change of variables, and the right-invariance of measure μ, we have

‖f � g‖p
Lp =

∫

G

∣
∣
∣
∣

∫

G
f (xy)g(y) dμ(y)

∣
∣
∣
∣

p

dμ(x) ≤
∫

G

(∫

G

∣
∣f (xy)

∣
∣
∣
∣g(y)

∣
∣dμ(y)

)p

dμ(x)

=
∫

G

(∫

G

∣
∣f (xy)

∣
∣
∣
∣g(y)

∣
∣1/p∣∣g(y)

∣
∣1/p′

dμ(y)
)p

dμ(x)

≤
∫

G

∫

G

∣
∣f (xy)

∣
∣p∣∣g(y)

∣
∣dμ(y)

(∫

G

∣
∣g(y)

∣
∣dμ(y)

)p/p′

dμ(x)

≤ ‖g‖p/p′
L1

∫

G

∣
∣g(y)

∣
∣
∫

G

∣
∣f (xy)

∣
∣p dμ(x) dμ(y)

= ‖g‖p–1
L1

∫

G

∣
∣g(y)

∣
∣
∫

G

∣
∣f (z)

∣
∣p dμ(z) dμ(y)

= ‖f ‖p
Lp‖g‖p

L1 ,

from which it follows that (25) holds, and since f � g ∈ Lp(G) it follows that (f � g)(x)
exists μ a.e. �



Stević Advances in Difference Equations        (2021) 2021:187 Page 9 of 10

Remark 3 Inequality (25) can be also obtained by using Minkowski’s inequality. Indeed,
by using the inequality and the right-invariance of measure μ, we have

‖f � g‖Lp =
(∫

G

∣
∣
∣
∣

∫

G
f (xy)g(y) dμ(y)

∣
∣
∣
∣

p

dμ(x)
)1/p

≤
(∫

G

(∫

G

∣
∣f (xy)

∣
∣
∣
∣g(y)

∣
∣dμ(y)

)p

dμ(x)
)1/p

≤
∫

G

(∫

G

∣
∣f (xy)

∣
∣p dμ(x)

)1/p∣
∣g(y)

∣
∣dμ(y)

=
∫

G

(∫

G

∣
∣f (z)

∣
∣p dμ(z)

)1/p∣
∣g(y)

∣
∣dμ(y) = ‖f ‖Lp‖g‖L1 .

Remark 4 By using inequality (25) instead of the corresponding one for the convolution
operator, the proof of the main result in [11] is clear and complete.

Acknowledgements
Not applicable.

Funding
Not applicable.

Availability of data and materials
Not applicable.

Competing interests
The author declares that he has no competing interests.

Authors’ contributions
The author has contributed solely to the writing of this paper. He read and approved the manuscript.

Publisher’s Note
Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 28 October 2020 Accepted: 16 March 2021

References
1. Rudin, W.: Real and Complex Analysis, 3rd edn. Higher Mathematics Series. McGraw-Hill, New York (1976)
2. Avetisyan, K.: Hardy Bloch-type spaces and lacunary series on the polydisk. Glasg. Math. J. 49, 345–356 (2007)
3. Bierstedt, K.D., Summers, W.H.: Biduals of weighted Banach spaces of analytic functions. J. Aust. Math. Soc. Ser. A

54(1), 70–79 (1993)
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